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Maximal Sets of Pairwise Orthogonal
Vectors in Finite Fields

Le Anh Vinh

Abstract. Given a positive integer , a finite field IF; of g elements (g odd), and a non-degenerate sym-
metric bilinear form B on IFj, we determine the largest possible cardinality of pairwise B-orthogonal
subsets & C ]FZ]', that is, for any two vectors x, y € &, one has B(x, y) = 0.

1 Introduction

In this short note, we study the largest possible cardinality of pairwise orthogonal
subsets in vector spaces over finite fields. Let n be a positive integer, and let I, be the
finite field of g elements, where g is an odd prime power. To put the problem in a
more general setting, instead of using the usual dot product, we consider each non-
degenerate symmetric bilinear form B on IFZ (that is, B(u,v) = B(v,u) forall u,v €
IFZ). Given two n-dimensional vectors x = (x1,...,x,) and y = (y1,...,y,) € FZ,
if B(x, y) = 0, we say that x and y are B-orthogonal, or orthogonal for short when
Bis clear from the context. Any non-degenerate bilinear form on IFj (q odd) can be
given by

(1.1) B(x,y) = Zaixiyi, a; #0,1<i<n, x=(x,...,%),

i=1

y:(yl,...,yn)EIF’;.

Let x be the quadratic character of IF;. We define x(B) € {£1} as

\(B) = [T x(a).
=1

The main result of this short note is the following theorem.

Theorem 1.1 For any non-degenerate symmetric bilinear form B on I, we define
I(B, 7)) as the largest possible cardinality of pairwise B-orthogonal subsets € C TFy.

(i) Ifnisodd, then I(B, %) = ¢~ V2 + (n+1)/2.

(i) Ifniseven and x(B) = x(—1)"/?, then I(B, Fy) = q"* +n/2.

(iii) Ifnis even and x(B) = —x(—1)"/?, then I(B, F)) = g v n/2+1.

Received by the editors March 31, 2009.
Published electronically September 15, 2011.
AMS subject classification: 05B25.

Keywords: orthogonal sets, zero-distance sets.

418

https://doi.org/10.4153/CMB-2011-160-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-160-x

Maximal Sets of Pairwise Orthogonal Vectors in Finite Fields 419

Recall that, for a given symmetric bilinear form B, we can define the quadratic
form Q: F; — I, by Q(v) = B(v,v); and for any given quadratic form Q, we can
pull out a symmetric bilinear form defined by B(u, v) = %(Q(u +v) — Q(u) — Qv)).
In particular, if B( -, ) is given in (L.I]), then Q(x) = Z?:l a;x?. Similarly, we define
x(Q) = H?:l X(a;). losevich, Shparlinski, and Xiong ([1]]) obtained the following
results using exponential sum estimates.

Theorem 1.2 ([[I, Theorem 1.2]) For any non-degenerate quadratic form Q on 7,
let IH(Q, ng) denote the largest possible cardinality of subsets of € C ng with pairwise
zero Q-distance; that is, for any two points x, y € &, one has Q(x — y) = 0.

(i) Ifnisodd, then Io(Q,IF!) = q"~/2,
(ii) Ifniseven and x(Q) = x(—1)"/2, then I)(Q,F!) = q"/>.
(iii) Ifnis even and x(Q) = —x(—1)"2, then Io(Q, Fy) = g"* 1.

We will give another proof of this theorem in this note, which uses only simple
linear algebra.

Note that in the Euclidean space R”, the maximal sets of pairwise orthogonal
vectors are simply orthogonal bases of R", and the maximal sets of pairwise zero-
distance sets are just single-point sets. However, the arithmetic of finite fields allows
a richer orthogonal structure. Another example of this phenomenon is the question,
which was first studied by Iosevich and Senger [2]], of whether a sufficiently large
subset of IFj contains a k-tuple of mutually orthogonal vectors. This problem does
not have a direct analog in Euclidean or integer geometries because placing the set
strictly inside {x € R? : x; > 0} immediately guarantees that no orthogonal vectors
are present. On the the other hand, Iosevich and Senger ([2]]) showed thatif € C 2
of cardinality

1, k=1

|8| Zcan%+ >+

i

with a sufficiently large constant C > 0, then € contains (1 + 0(1))\8|kq_(§) k-tuples
of k mutually orthogonal vectors in E (see also [6], where the author improved the
bound on the cardinality of € to |€| > Cq***~! using graph theoretic methods).

2 Maximal Subspaces in Quadratic Hypersurfaces

Since any non-degenerate quadratic form on IFZ (g odd) can be diagonalized ([55}
Theorem 3.1]), we may assume that Q is given by

n
Q(x):Za,-xf,:ai;«éO,l <i<n, x:(xl,...,x,,)EIF;’.
i=1

We fix a non-square element A € IF’;, then it is well known that (see, for example,
[1/4]) any non-degenerate quadratic form Q on I} can be reduced (by repeated
change of variables) to one of the forms Q, ., € € {1, A}, depending on the value of
x(Q), where for x = (x1,...,x,) € F?, if n = 2m is even, then

(2.1) Que®) =] —x3+x3 — X4+ + 25, | — X5,
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and if n = 2m + 1 is odd, then
QnAe(x) - x% - xg R x%mfl - x%m + Ex%rrﬁl'

For any non-degenerate quadratic form Q on IF7, let Sg denote the quadratic hyper-
surface associated with Q on IFZ, that is

SQ:{xGIFZ:Q(x):O}.

The following lemma tells us about the maximal dimension of linear subspaces in S,.

Lemma 2.1 Let W be a linear subspace of maximal dimension in Sq.
(1) Ifnisodd, then dim(W) = (n — 1)/2.

(i1) Ifnisevenand x(Q) = x(=1)"2, then diim(W) = n/2.

(iii) Ifniseven and x(Q) = —x(=1)"2, then dim(W) = n/2—1.

Proof Let (IFg)* be the dual space of ]FZ, that is, the space of all linear functionals
on IF. Recall that a symmetric bilinear form B is associated with the corresponding

linear map 6 : ]FZ — (IF;‘)* given by sending v to the linear form B(v, - ), where

(2.2) B(u,v) = 1(Qu+v) — Qu) — Q(v)).

Let W be a linear subspace in Sg, then Q| = 0, or equivalently Q(W) C Ann(W).
Since Q is non-degenerate, Q is an isomorphism. So we have

dim(W) < dim(Ann(W)) = dim(IFZ) — dim(W),
which implies that
(2.3) dim(W) < n/2.

For 1 < i < n, denote by ¢; the vector in IF; with 1 in the i-th entry and 0 everywhere
else. Suppose that n = 2m + 1. Let W = span{e; + e2,...,€m—1 + €2}, then
dim(W) = (n —1)/2and W C Sq. This proves the first claim of the lemma.

Suppose that # = 2m and x(Q) = x(—1)"2 By the classification of non-
degenerate quadratic forms on ]Fg, we assume that Q = Q,; (given in (Z1))). Let
W = span{e; + ey, ...,em—1 + €}, then dim(W) = n/2 and W C Sq. This proves
the second claim of the lemma.

Next, we suppose that n = 2m and x(Q) = —x(—l)”/z. Let O(IFZ7 Q) be the
group of all linear transformations on [F” that fix Q (which is called the orthogonal

q
group associated with the quadratic form Q). We will need the following lemma.

Lemma 2.2 Let W and V be any two linear subspaces of dimension k on ", and let
{wi,...,wx} and {vi,...,vi} be orthogonal bases of W and V, respectively. Suppose
that ||wi|| = ||vill, 1 < i < k, then there exists an orthogonal transformation O €
O(]F;, Q) such that OW) = V.
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Proof Let {wy,...,wr} and {v|,..., v} be basis of W and V, respectively. It suf-
fices to show that there exists an orthogonal transformation O € O(IFy, Q) such that
O(w;) = v;,i = 1,..., k. The proof of this claim proceeds by induction. The base
case k = 1 follows immediately from the fact that the orthogonal group with respect
to Q acts transitively on Sg. Suppose that the claim holds for k — 1; we show that

it also holds for k. Since ||w;|| = ||v1]|, there exists an orthogonal transformation
Q; that maps w; to v;. Let wj, ... ,w,ﬁ be images of w5, ..., w, under this map. Set
W' = span{wj,...,w;}and V' = span{v,, ..., w}, then W' and V' are two linear
subspaces of dimension k — 1 on v{- =2 7~ Note that [|w/|| = [|v;|| for2 <i <k.

Hence, it follows from the induction hypothesis that there exists an affine, orthogo-
nal transformation O’ on v{- = F;’_l such that O'(W’) = V/. Let O = O’ o Q'.

This concludes the proof of the induction step and the proof of Lemma[2.2] ]
Continuing the proof of Lemma 2T} let W = span{e; + e,,...,€3—3 + €212},

then dim(W) = n/2 — 1 and W C Sq. Suppose that Sg contains a linear subspace
of dimension n/2. It follows from Lemma [2.2] that there exists an n/2-dimensional
linear subspace W of S such that W/ C W. Choose any v = (vy,...,v,) € W such

that v € (W/)L. Since v € (ey;_1 +ey)" (1 <i < n/2 —1), wehave vy;_ | = —vy;
fori = 1,...,n/2 — 1. Note that v € Sg, so v3,_; — Av3, = 0. It follows that
Van—1 = Vo, = 0 or v € W', which is a contradiction. The third claim of Lemma [2:1]
follows. [ |

3 Maximal Pairwise Orthogonal Sets

We are now ready to give a proof of Theorem [Tl Let W, be the maximal linear
subspace of S, given in the proof of Lemma[2.1] Let W; be an orthogonal basis of
Wit Tt is clear that & = W, U W, is a pairwise orthogonal set. This completes the
proof of the lower bounds.

Next, we prove the upper bounds. Let £ be a pairwise orthogonal set of maximal
cardinality. Set &, = £ N Sg and & = &\&. Note that if x € &, then B(x,x) = 0.
Hence, forany x, y € €y,z € €,and A, A; € Iy, one has

B(Ax+ A\y,2) = MiB(x,2) + \,B(y,z) = 0.

By the maximality of £, we have \;x + A,y € &;. This implies that & is a linear
subspace of Sq. Suppose that xg = Y a;x; for some xg, X1, ...,xx € €1, 01, ..., €
;. Then

k

B(xo, %) = »_ ;B(xi, %)) =0,
i=1

which is a contradiction. Hence, € is a linearly independent set. It follows that
(3.1) €] = |€o] + |E1] < |Eo] + (n — dim(Ey)).

The upper bounds follow immediately from (3.I) and Lemma 2.1l This completes
the proof of Theorem[L1l ]
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4 Maximal Pairwise Zero-Distance Sets

We recall the following lemma, which is due to Iosevich, Shparlinski, and Xiong [1].
Since the proof of this lemma is short and easy, we will reproduce it here for the sake
of completeness.

Lemma 4.1 If& C IF} is a maximal subset with pairwise zero Q-distance and 0 € &,
then € is a linear subspace of Sq.

Proof Suppose that & C I} is a maximal subset with pairwise zero Q-distance and
0 € & Foranyx € &, one has Q(x) = Q(x — 0) = 0. Hence, & C S. For any
x,y € &, one has

B(x,y) = 1(Qx — y) — Q(x) — Q(y)) =0.
Therefore, for any x, y,z € € and A\, A, € F,
QA\x+ Ay — 2)
= MQx) + A3Q(») + Q(2) + 2A \B(x, y) — 2\ B(x,2) — 2)\,B(y, 2)
=0.

By the maximality of €, we have A\jx + A,y € €. This implies that € is a linear
subspace of Sg and concludes the proof of the lemma. ]

Theorem[L.2l now follows immediately from Lemmas2.Iland [4.1]

5 Remarks

Note that the upper bound (2.3)) in the proof of Lemma[2.I] can also be obtained by
a simple character sum estimate. We will need the following estimate of a character
sum with bilinear forms over finite fields.

Lemma 5.1 Let B(-, -) be a non-degenerate bilinear form in the n-dimensional
vector space I, and 1) be a non-trivial additive character on I, For any two sets
&, F C Fy with |€] = E, |F| = F, we have

) w(B(uw))] < VT

ueEyved

Proof Viewing > o 4% (B(u,v)) as a sum in v, applying the Cauchy-Schwarz
inequality, and dominating the sum over v € J by the sum over v € [, we see that

> U(Bw.v)

2

<10 Y w(Bu—u,v)

ucEvedF veljuu’eé
<IF DD DY wBw—u',v)
uu’' €€ VGIFLI’
< q"|€[|F],
since the inner sum over v vanishes unless u = u’. |
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Suppose that W is a linear subspace in Sq. It follows from (2.2) that B(u,v) = 0
for any u, v € W. Hence,

wi* =

> w(B(u,V))‘ < qw,

u,yeW

or equivalently, dim(W) < n/2.
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