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OSCILLATION CRITERIA FOR SEMILINEAR 
EQUATIONS IN GENERAL DOMAINS 

BY 

W. ALLEGRETTO 

Oscillation theory for nonlinear ordinary differential equations has been 
extensively developed in recent years by several authors. We refer the reader 
to the recent paper by Noussair and Swanson, [2], where an extensive bibliog­
raphy may be found. The situation is somewhat different for the case of second 
order partial differential equations, an area which has recently been virtually 
untouched, except for the establishment of criteria which depend on a compari­
son with suitable linear equations and therefore are essentially linear in nature. 
A bibliography of such results may also be found in [2]. Of a more general 
nature have been the paper by the author [1], and the more recent work of 
Noussair and Swanson, [2]. Although the methods employed and the equations 
considered in [1] and [2] are different, both papers obtained results only for a 
class of exterior domains of jRn, of which the typical example is the comple­
ment of a bounded sphere. In this note we establish some oscillation criteria for 
more general unbounded domains and, therefore, answer at least partially one 
of the open questions mentioned by Noussair and Swanson at the end of their 
paper, [2]. 

Let x = ( x 1 , . . . , xn) denote points of the n-dimensional Euclidean space Rn. 
We denote by Dt differentiation with respect to xl and by |x| the Euclidean 
length of x. The partial differential equation under consideration is the 
semilinear uniformly elliptic equation: 

n 

(1) X Di(aij(x)Dju) + c(x,u) = 0, aij = aji 

for xeG, where G denotes an unbounded domain of jRn. We shall assume 
that aijeC\G) for i,j = 1 , . . . , n_ and that c(x, t) always satisfies the 
following properties: (i) c(x, f)e C°(Gx K1); (ii) c(xy t)t~x is nondecreasing in 
t G (0, oo) for every xeG; (iii) -c(x, t) = c(x, -t) for all (x, t) e G x R1; c(x, t)>0 
for all (x, t) e G x (0, oo). These global assumptions are made for convenience. It 
will be apparent from the sequel that the behaviour of the coefficients of (1) or 
of the domain G in any bounded subset of Rn is immaterial to our considera­
tions. 
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We observe that we do not require the atj to be radial functions, as was the 
case in [2]. Also, it will be clear by the presentation that by means of the 
results of [1] we could also treat the more general nonsymmetric equation: 

n n 

(2) X A(a iy(x)DJii)H-2X bj(x)Dju + c(x,u) = 0 

at the expense of complicating the presentation. 
About G we shall only assume that there exists a family of bounded spheres 

{Sk}k = i, where Sk has center at xk and radius Rk, k = 1 , . . . , such that: 
(i) S k d G ; 
(ii) xkeSk-u Sk<£Sk-U xii^x] if iV; ; 
(iii) for any integer N there exists an integer K such that if k>K then 

Skcz{jc||jc|>N}. 

As a consequence of conditions (i), (ii), (iii) we can introduce with any such 
family {Sk}k = i another family of spheres {Dk}k=i, where Dk also has center at 
xk and radius dk chosen so small that Dk+1czSk and D k c Sk-Dk+1 for 
fc = 1 , . . . . It is sufficient, for example, to choose the dk so that the following 
inequalities are satisfied: 

d i < m i n ( K i ; |x2 — Xi|) 

dk+2<min(.Rk+i — |xk+2 —xk+i|; |xk+2 —xk+i| — dk+i, |xk+3~~ Ĵc+2|) 

for k = 0 , 1 . 
Clearly a sequence {£>k}k=i can be chosen explicitly in any specific example 

and in many ways. The possible values of the radii will depend on the geometry 
of the case in question, and not on the coefficients of equation (1). We illustrate 
these remarks by considering two very special examples where the calculations 
are relatively simple. Consider first the case where G is a cylindrical domain: 

(3) { I n_1 1 

JC X (xi)2<R2;xn>-R\. 
In this case all the spheres can be chosen of fixed radius and with centers on 
the xn axis. For example, we can choose the families {Sk}k=i; {Dk}k = 1 by the 
formulas 

(4) 

(5) 

Sk = \x\ ^(xi)2 + (xn-(k-l)8R)2<R2\ 

Dk = \x\ ï ( x ' ) 2 + (x B - ( f c - l )SR) 2 </Li 2 l ?4 

for fc = l , 2 , . . . , where 5, JU- denote any numbers satisfying: 0 < 2 / x < 5 < 6 + 
/u, < 1. Examples of noncylindrical domains can also be given where the spheres 
can be chosen of fixed radii. As an example of a domain where the radii must 
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depend on k we consider the domain G given by: 

(6) G = {x|0<x"<(lW^ 

In this case we can, for example, choose {Sk}Z=2, {AJk=2 according to the 
formulas: 

(8) *-{-||^(>--'4-^e)*<i5?}-
With Si, Di chosen conveniently, simple calculations show that these families 
satisfy the conditions required. 

The following extension of the classical three sphere theorem will be needed 
in the sequel: 

LEMMA 0. Let w>0 satisfy the differential inequality: 

n 

X D i(a i JD /W)<0 

in the annular domain Sp-Dp, that is: dp<\x-xp\<Rp. Then for all x in 
Sp — Dp the following estimate holds: 

u(x)>hp(\x-xp\) inf [w(x)], 
| x -x p | = dp 

where, for dp < r < JRP, 

J e x p l - j cp(p)p 1 dp\ds 

np\j) — - R p j= j~s T , 

J exp - J cp(p)p_1 dpi ds 

and cp is any function in C°([dp, Rp]) such that for all xeSp- Dp 

\x xp\ 

~ (xl-xp)(x'-xp) 
Li,j = l aij I 12 

•<c p ( |x -x p | ) . 

Proof. Consider the annulus dp<\x-xp\<Ra where Ra \ Rp. Since u is 
positive, by an extension of the three sphere theorem [4, p. 132], it follows that 
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in this annulus we have: 

exp - cp(p)p~l dplds 

u(x)2= inf [U(x)y^=^ l—^ J 

J e x p l - J cp(p)p l dplds 
p\=dp 

Jdp I Jd, 

The conclusion now follows by letting jRa -» JRP. 

We recall that equation (1) is oscillatory iff any nontrivial solution of (1) has 
a zero in {x \ x e G and |JC| > R} for any given JR > 0. 

LEMMA 1. Let u denote a solution of (1) which is positive in \JT=i St. Then for 
all xeSi ( i > / + 2) the following estimate holds: 

u(x)>Tgi(x), 

where: 

\fi(x) if xeSt-Dh 

T is a constant depending on the value of u on Si and {SjUi, and f is given by: 

/i(*) = { n ^ - i t l xy -^ - i l + ^ j h i t l x - J c l ] i > / + l, 

where hp is given in Lemma 0. 

Proof. Since w>0 in UT=i -Si, it follows that u satisfies the inequality 

X Di(ai/DjM)<0. 

By Lemma 0 we conclude that for x e St - Dh 

u(x)s>fe,(|x-jc,|)- inf [u(x)l 
|x-x,| = d, 

Repeating the procedure for Sl+i gives for xeSi+1-Dl+1, 

(9) u(x)>hl+1(\x-xl+1\)i inf [u(x)l 
\x-xl+1\ = dl+1 

But by the previous result, 

inf [u(x)]> inf \[u(x)'§hl(\xi+1-Xi\ + dl+1) 
|x-x,+ 1 | = d,+1 |x-x, | = di 

Substituting into (9) gives: 

u(x) > r | f i M*/+i -Xj\ + dj+i)|hi+i(|x -x ï + i | ) 
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where 
- i - i 

r = ini (u(x))-\l\hj(\xj+1-Xj\ + dj+1)\ . 
|x-X||=d, L/ = l -I 

The conclusion of the Lemma now follows by induction. 

THEOREM 1. Let the above structure and notation hold. Assume further that 
(atj) is bounded as a form and that, for any constant r > 0 , 

(10) UmfjJÎ-f [ ^ ^ W = +°o, 

then all solutions of (1) oscillate. 

Proof. By assumption (iii) on c(x, t), if u is a solution of (1) which does not 
oscillate, then we may assume that u is positive in ljr=iSi for some integer /. 
By Lemma 1 it follows that if x e Sk and fc > / + 1 then u(x) > rgk(JC), for some 
constant T. We next appeal to the Swanson-Picone identity as was done in [1] 
to conclude that for any <£eC£(Sk), 

0< f { É a.p^D^-0-^^^) dx 
Jsk U,--i u J 

By the monotonicity of c(x, t)t~x this implies: 

Jsk I Tgk J 

To obtain a contradiction we merely have to find a function <f> which makes the 
integral on the right hand side negative. Condition (10) is sufficient for the 
existence of such a 4> as an immediate consequence of Theorem 2 of [5]. 

To illustrate the above theorem we consider as a special example the 
n-dimensional Emden-Fowler equation: 

Aw + d(jc)wT = 0 

for two different types of subdomains G<=^Rn, n > 3 . Here we assume that d is 
a nonnegative continuous function and that y is the ratio of two odd positive 
integers, y > l . Assume first that G is the cylinder given by (3) with {Sk}Z=û 
{Dk}Z=i as defined by (4), (5). In this case, hp(r) = (R2~n-r2-n)/(R2-n-d2'n), 
and consequently: 

A (R2-n-(8 + n)2-nR2-"\ (R2-n-\x-Xir
n\ 

hW IÀ\ R2-n-n2-"R2-n )\R2-n-ix,2-nR2-n) 
= r i - Ç g + jot)2""]'-1 R2-"-\x-xi\

2-n 

L l-n2-" J R2-"(l-iS~n) ' 
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Since Dk <= {x \ \x-xk\<R/2}, then 

r 7" 1 d(x)gr\x) dx 
'{x||x-xk|<R/2} L TgkyX) J J{x||x-xfc|<jxR} 

\c{x>Të;[x))}dxJ 
L Tgk(x) J J{x||x-x 

IL jLt " I J J{x||x-xk|<^R} * 

for some positive constant r0. Condition (10) of Theorem 1 is thus implied by 
the simple criterion: 

k - o o ^ L /X " I J J { x | | x - X k | < ^ k } J 

Consider next the case where G, {Sk}k=i, {Bk}k=i are as given by (6), (7), (8) 
respectively. Repeating the procedure of the previous example, we find: 

^( izM^jqj ( i ) n " 2 - | x - j c | 2 ~ " 

( i ) - 2 - ( 4 i ) " - 2 ' 

Since once again Dkcz{x\ \x-xk\<RJ2} condition (10) is guaranteed by the 
criterion: 

x J d(x){(\x - xk_i| (fc - l))2~n - 1 } 7 - 1 • dx! - +oo. 

Other examples can be given for domains in the shape of spirals and for the 
more general operator (1). Although the calculations for such cases are theoret­
ically straightforward, they can become very lengthy and complicated. 

We conclude by observing that the procedure used in Theorem 1 can be 
replaced in special cases by simpler considerations which take advantage of the 
specific global structure considered. As an example, we state: 

LEMMA 2. Assume G contains the infinite rectangle: 

E={x\x1>0, 0<xl<a for i = 2 , . . . , n } . 

If for all constants T > 0 the ordinary differential equation: 

(11) y"(0 + y(t){C(t) - (7T2/a2)(n - 1)} = 0 

is oscillatory then all solutions of: 

(12) Aw + c(x, u) = 0 

oscillate in G or, for all k sufficiently large, satisfy inf{x|xeEjXi=k}(|w(x)|) = 0, 
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where: 

at)=^~ \ [£fc™)]n «„*(£,•) dx2 • • • ix-, 
OL JixIxeCx^t} L TO) J i==2 \ « / 

(D = exp(-(7r/a)x\n-l)1/2)f\sm(-xl). 
i=2 \ a / 

Proof. Assume to the contrary that there exists a solution u of (12) which is 
positive in E for xl>k and whose infimum on the cross section is not 
eventually always zero. We observe that, by the Hopf maximum principle, if 
xeEH{x\ k<xx<k + m; a-p<xl<p for i = 2 , . . . ,n} then u(x)> 
vm,p(x) where: 0 < ]8 < a, 

vmAx) = <\>mAxl) El sin» ^ (xl - a + 0) I 
i=2 \ 2 p - a / 

and $m,0 solves the boundary value problem: 

V-V^— ) 2 (n- l )^> = 0; <^(fc)= inf [u(x)]; >̂(fc + m) = 0. 
\lp-a/ {x\xeE;xl = k} 

Letting /3 —> a and then m —» +<» it follows that for some constant r0 depend­
ing only on k and the values of u on x1 = fc, U(X)>T0Û)(X) for all x e 
£f l{x | xx>fc}. Again a contradiction will be obtained if for some m > 0 and 
function </> e C O ( £ n { x | f c < x 1 < k + m}) the following inequality holds: 

(13) f I^f-^^d^O. 
JEn{x\k<x1<k+m} i = l Toû) 

A direct calculation shows that the function i/^(x1)nr=2sin((7r/û;)jcI), where ijj 
denotes a solution of (11), with r = r0 and t/f(/c) = ijj(k + m) = 0, satisfies (13) 
and the result follows. 

COROLLARY 1. Let the conditions of Lemma 2 hold, except assume now that 
JE<= G. Then equation (12) is oscillatory. 

Any of the results for ordinary linear differential equations can now be 
employed to obtain an oscillation criteria for (12) in G much as was done in [1] 
for the case of an exterior domain. As an example we state: 

COROLLARY 2. Let the conditions and notation of Lemma 2 and Corollary 1 
hold. Assume further that, for all constants r > 0 , 

(14) hm| r ^ r f I d(jc)o)7"1 f [ sin2(-x*) dx}~(n-l)k] = 
k—L Où UEn{x|0<x1<k} i=2 \OL I J a J 

+00. 
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144 W. ALLEGRETTO 

Then all solutions of the previously considered Emden-Fowler equation oscillate 
in G. 

Proof. Condition (14) may be rewritten as: 

£»[na')-5(B- i)H-+°B-
Equation (11) is then oscillatory by the well known Leighton-Wintner test, [3]. 

Since the particular type of equation as well as the type of domain consi­
dered were of key importance in the proof of Lemma 2, the problem of 
establishing an analogue of Lemma 2 for the general equations (1), (2) remains 
open. 
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