
Can. J. Math., Vol. XXXVII, No. 5, 1985, pp. 979-1007 

A UNIFORM ASYMPTOTIC EXPANSION OF THE 
JACOBI POLYNOMIALS WITH ERROR BOUNDS 

C. L. FRENZEN AND R. WONG 

1. Introduction. In a recent investigation of the asymptotic behavior of 
the Lebesgue constants for Jacobi polynomials, we encountered the 
problem of obtaining an asymptotic expansion for the Jacobi polynomials 

77 
P* (cos 0), as n —> oo, which is uniformly valid for 0 in 0, 

2 
. The 

leading term of such an expansion is provided by the following 
well-known formula of "Hilb's type" [13, p. 197]: 

( s i n - ) a ( c o s - ) V ; ^ ( c o s » ) 

( U ) = N-ann + a + l ) ( g / s . n ^ 1 / 2 , ^ 

{evlo(n--
\0a + 2O(na 

3 / 2 ) if Cn~X S 0 ^ 77 - 6 
+ i ^ + 9 _ „} if 0 S 0 ^ cn'x 

where a > — 1, /? real and N = n -^—(a + /? + 1); c and c are fixed 

positive numbers. Note that the remainder in (1.1) is always 0 ' 0(n~ ' ). 
When a = fi = 0, the Jacobi polynomial reduces to the Legendre 
polynomial, and in this case, we have the following full expansion from a 
well-known paper of Szegô [11]: 

m-\ v i \ * 

(1.2) />„(cos 9) = 2 aXey— ^-— + 0(n "' l / 2 ) , 
v = 0 

for every m ^ 1, where the coefficients av(0) are analytic functions for 
0 ^ 0 < 7T, and the O-term is uniform with respect to 0 e [0, 0O), 
0O = 0.828 . . . 77. Thus it seems natural to suggest that a corresponding 
result exists for the more general polynomial p(„\cos 0). There is 
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980 C. L. FRENZEN AND R. WONG 

indeed such a result, and the construction of this result will be the purpose 
of the present article. 

MAIN THEOREM. For a > — - , a — B > — 2m and a + B è — 1, we 

2 
have 

12 

n\ V 2 J V if ^sin 6> 
(aB) n T(n + a + 1)/ 0\W 0 ^ / « V/2 

^ W ) = ^ >(s,n-) (cos-) ( — ) 

S' Atete^P- + tf-o(jv-) 1, 
/=o W J 

(1-3) 

where 

(1.4) /V - A? + - ( a + j8 + 1), 0 G (0, 77). 

The coefficients At{0) are analytic functions for 0 ^ 0 < 77, and are explicitly 
given in (3.15). The O-term is uniform with respect to 0 G [0, 7r — c], € 6e//7g 
tfft arbitrary positive number. 

An expansion similar to (1.3) had been given earlier by Szegô in a not so 
well-known paper [12], and this paper was also not available to us until the 
recent appearance of his collected works [3]. In any case, our analysis 
differs from that of Szegô, and provides more information for the error 
term. For instance, we have the following useful consequence. 

COROLLARY 1. For a > — 1/2, a — /? > — 4 and a + ft ^ — 1, we 

have 

(1.5) 

where 

(sin-)a(cos-)Vft(cos0) 

= r(„ + a + iuj_yyjw + Aiie){^(m + 1 

/ 2 1 \ /1 - 0 cot 0) \ a2 

(1.6) ^ ( 0 ) = ( « 2 - - ) ( z ^ ) - -
/?2 0 

tan 
2 0 / 4 2 

(1.7) |a2| ^ ^ 0 2 + a , 0 ë 0 ë - . 
2 # 2 2 

77;e constant E2 is given explicitly in (4.27). 
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JACOBI POLYNOMIALS 981 

A similar two-term expansion has been given by Gatteschi [7, Eq. (22) ], 
who uses 

,-[(.+^4±i) 
2 1 - a2 - 3P2 1/2 

2 / 12 

as his asymptotic variable and shows that the remainder term is 0(n~i/2) 

foré» 
L 2 2-

If a = /} = 0, then Corollary 1 reduces to 

d.8) (^yVos*) 

= • / ( > {KW+T^{("+ iM + « 
with 

(1-9) K K - ^ / ) 2 , o s « s ï 

H) 
This result should be compared with another result of Gatteschi [6], which 
states that 

(i.io) (=J»)"2,.(«,.»./.{(. + !).} 

—r-i\'<[(" + \),} + '' 2 4(° + i) 
where 

|a'| < O.O304 if 0 < 0 ^ — 
2w 

| a 1 < 0 . 2 5 ^ 5 / 2 ^ - 3 / 2 i f - ^ ^ - ; 
2w 2 

see [13, p . 242]. Note that the second term in (1.10) differs from the 
corresponding term in (1.9), and that the remainder a' is only of the order 

n~3/2 for 6 e 0, - and not of the order n~2. 

Another useful consequence of our main theorem is the following 
expansion for the zeros of the Jacobi polynomials. 
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COROLLARY 2. Let a > - - , a + /? ^ - 1 , and let 0 < 0, < 02 

2 
< . . . < 0n < 7T be the zeros of P„\cos 0). Then, as n —» oo, 

(1.11) 

where j a J is the l-th positive zero of the Bessel function Ja(x) and t = ja/N. 
The 0-term is uniformly bounded for all values of l — 1, 2, . . . [yn]y where 
y e (0, l). 

The above results will all be used in a subsequent paper on the 
derivation of the asymptotic expansion of the Lebesgue constants for 
Jacobi series. 

For completeness, we also mention two related papers on the same 
subject. The first one is by Hahn [9], who recently obtained an asymptotic 
expansion of Stieltjes type for Jacobi polynomials, that is, an expansion 
which is uniformly valid in any compact subinterval of (0, IT) and whose 
error is numerically less than twice the first neglected term. The second 
paper is by Elliot [4], who supplied a uniform asymptotic expansion of 
P{"^\z) for z £ [ - 1 , 1]. A combination of the results in [4], [9] and the 
present paper gives a rather complete description of the behavior of the 
Jacobi polynomials. 

2. Some preliminary lemmas. The starting point of our derivation of 
(1.3) is the following extension of Mehler's integral due to Gasper [5]; see 
also [2, p. 21]. 

LEMMA 1. For Re a > — - and 0 < 0 < IT, we have 
2 

P ^ c o s 0) 
P(«.ft(1) 

2(a + j8+l)/2 
r ( a + '}(1 - cos0 r a ( l + oosdy^^'2 

(2.1) "CM-!) 
fe cos[ft + (a + j3 + l)/2]<ft 

X J° (cos<j> - cos0) 1 / 2 ~ a 

(a + p a - fi 1 cos 0 - cos <i>\ 

\ 2 2 2 1 + cos 0 ' 
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JACOBI POLYNOMIALS 983 

Later in our derivation, we shall replace the hypergeometric function 

2Fl in (2.1) by its Taylor series with remainder. An estimate for the 
remainder is given in the following lemma. 

LEMMA 2. Let m be a positive integer, Re c > Re b > — m, and 
Re a ^ — m. Then, for real and negative z, we have 

(2.2) 2Fx(a, 6; c; z) = " S ^ ^ / + z»Fm{z)9 

*=o (c)kk! 

where 

(2.3) |F™(z) | ^ 
(a)m+1l(b)m 

, ij = 0, 1, 2, 

Proof. The binomial expansion gives 

(2.4) (1 + , ) - = S' ( " ^ , + flV + *"*».<*) 

for x i? 0, where 

(m — 1)! J u 

Since R e a ^ —/w, the remainder satisfies 

(2.5) \R%\x) I ^ 7 ^ 7 ^ , i? = 0, 1, 2 , . . . . 

Now insert (2.4) in the well-known identity 

T(c) 
2Fx(a, b\ c; z) 

T(b)T(c - b) 

x JQth'\i - t)c~h~\\ - tzyadt, 

which is valid under the conditions 

Re c > Re b > 0 and |arg(l - z)\ < IT. 

Using the Pochhammer notation (a)0 = 1, 

T(n + a) 
(a)„ = a(a + 1) . . . (a + n - 1) = - ^ — - A 

T(a) 

we obtain (2.2) with 

(-i)"r(o P .+„_, _ ,_. 
r(6)r(c-6)-'o ( } 

Fm(*) = ' , ' Lt 0 - t)c-"-lR„(-tz)dt. 
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Note that the last integral exists for Re b > —m. Thus the condi t ion 
Re b > 0 can now be removed. The estimates in (2.3) follow immediately 
from those in (2.5). 

Throughout the paper , the parameters a, b and c are fixed, and are taken 
to be 

a + B a - P , 1 
(2.6) a = , b = and c = a + - . 

2 2 2 
Therefore, there is no ambiguity in suppressing the dependence of Fm on 
these parameters . 

L E M M A 3. Let Fm(z) be defined as in Lemma 2, and put 

/cos 6 — cos é\ 
(2.7) f {4>) = Fm(—— - ? ) . 

v 1 + cos 6 ' 

(i) For p = 0, 1, 2 , . . . , we have 

(2-8) f%+>) = Q. 

(ii) There exists a constant Cm v{6), depending on a, b and c, such that 

(2.9) sup \fZ\<S>) I ^ Cm „(0), v = 0, 1, . . . , m. 

An explicit expression for Cmv(6) is given in (2.14). 

Proof (i) The following identi ty is given in [8, p . 19, Eq. ( 1 ) ] : If 
f(x) = F(y) and y = y(x), then 

dn
 r Ux U2 

—nfM = —F(y) + —F'(y) 
dxn 1! 2! 

(2.10) 

+ %F"(y) + . . . + ^ \ y l 
3! n\ 

where 

Uk 

(2.11) 

In the present case, x = <j>, y = (cos 0 — cos <f>)/(l + cos 0), F = Fm and 
/ = fm,o- ^y expanding cos <£ into a Maclaurin series, it is easily seen that 
for n ^ 1 and n odd, 

M V ( c o s * - c o s 4 . Y | , _ , , . . . , * . 

dx"y 

k dn
 k_x 

y—y 
Wdxny 

k(k -
y dx"y ... + (-!)*-•v-

https://doi.org/10.4153/CJM-1985-053-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1985-053-5


JACOBI POLYNOMIALS 985 

Therefore all the U^s in (2.11), k = 1 , . . . ,« , vanish when we set 
x = <j> = 0. This proves the statement in (i). 

(ii) Here we use the following alternative identity, also given in [8, p. 19, 
Eq. (2) ]: 

(2.i3) £.fix) - 2 " ma^)j(y-)h... (n\ 
} dxvJ } i\j\h\...k\ dy«\\\} \2\t \ 3 ! / \ l \ l 

where 2 sums over all solutions in non-negative integers of the two 
equations 

/ + 2/: + 3/z + . . . -f Ik = v and TJ = i + j: + h + . . . 4- k. 

The estimate in (2.9) now follows with 

v\ 

(2.14) 

C^0) = 2 âj\h\ . . . *! 
(<*)m + r>(b)n 

X 

(c)m(ri + 1)„ 

(1 + cos(9)_T? 

(l!) /(2!y(3!) / l . . . (/!)*' 

Note that Cmv(6) depends on a, b and c. 

For convenience of later calculation, we give the following values of 

cm/oy. 

Ml) - l*rk.(i) -1-)2b 

2c 

(2-15) C 2 0 ( * U | ^ . C 2 1 ( ? ) - | < Î 2 , 0 \ 2 / I (c),2 ' 2 , , V2/ '(c 
)3(^)2 

C 
U(I) (fl)4(6)2 

(c)2(3)2 

(0)3(6)2 
1 (c)2(2)2 ' 

LEMMA 4. For a > — 1/2, puf 

(2.16) *m(0;AO 
/*oo 

J 0 cos N<j>(cos <j> — cos 0)' m + a - 1 / 2 "fmÂMb 

where fm0(<t>) is defined as in Lemma 3. Then there exists a constant Cm(0), 
depending on a, b and c, such that 

(2.17) \Rm(6;N)\ ^ % ^ , 0 =i 6 < <n. 
N 

An explicit formula for Cm{6) is given in (2.21). 
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Proof. Let 

gm/<t>) = (cos<j> - c o s 0 ) m + a , / 2 

and recall the formula 

(0 / _ ™ + • > • » -
^ / r(X - s + iy 

From (2.13), it follows that 

\gl%(0) I ̂  2 — ^ 

r l AW + a + - I 

i\j\h\...k\ ( 1 \ 

" 1 ! / V2!/ \ 3 ! 
/ i \k 
I I /^^^ JL ^^^ mw + a — 1/2 — .s 
I — I (cos <j> — cos 6) 

where 2 sums over all solutions in 

/ + 2/ + 3/i + . . . + //c = /i and $ = * + y + . . . + /c. 

In deriving this, we have taken ^ = cos <J> — cos 0 and ^(.y) = ym + a~ ' 
in (2.13). Since 

0 ^ cos <#> - cos 0 ^ 1 - cos 0 for 0 ^ <(> ̂  0 < 77, 

we have 

(cos <f> - cos 0)m~s â (1 - cos 0)m~5 for 5 ^ /x ^ w. 

Therefore, 

(2.18) |g<&(*) I ^ Dm/6)(cos <t> - cos ^ " l / 2 , 

where 

(2.19) Dmfl(0) = 2 ^ 

X 

ri m + a + - I 

/•!/!A! . . . A:! / ~ 1 \ 
l l m + a H — — ^ J 

(1 - cos0)w~5 

(i!y(2iy(3!r . . . ( / ! f 

Now we return to (2.16) and apply integration by parts m times. On 
account of (2.8), all the integrated terms vanish. Thus 
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(2.20) Rm(6; N) = =± f[ [2%}£fc**+V«*»V*-

By (2.9) and (2.18), we have 

J0(cos<J) - cos0)a 1/2<ty. X 

Taking 

(2.21) Cm(8) = [ 2 ( 7 ) ^ . ^ ) / ) ^ 

X Jo(cos<J> - cos0)a 1/2<ty, 

we complete the proof of the lemma. 

For 0 in the interval 0, - , the integral in (2.21) can be estimated by 

using the following lemma. 

LEMMA 5. For 0 ^ <> ^ 0 ^ - , 
2 

2 __ cos é — cos 0 _ 1 
(2.22) -~ ^ y 5 ^ - . 

772 0 2 - 4>2 2 

Proof. This follows immediately from the identity 

sinl I sinl I 
cos <t> - cos 0 _ 1 V 2 / V 2 / 

02 - 4>2 ~ 2 4> + 0 <j> - 0 
2 2 

and the fact that 

2 sin \L 
(2.23) - ^ - ^ 1 

77 ^ 

for 0 ^ xL ^ - . 
2 

The first inequality in (2.22) gives 

0 (cos 4 - cos tf)a-1/2d* S - ^ J 0 (02 - * 2 ) a " I / 2 ^ 
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• i a - 3 / 2 
Q2OL •GM-i) 

2a-\ T(a + 1) 

if a < 1/2, and the second inequality gives 

re 
Jo (cos * - cos Of-md* ^ 2-

a-l/202a-
I > 4- 1) 

if a > 1/2. Here we have used the definition of the Beta function 
[10, p. 37]. If a = 1/2, then trivially the above integral is equal to 6. 
Put 

f\ 

(2.24) I » 

if a 
1 

- a - 1 / 2 (;M-0 2/ -, 1 if a > -
T(a + 1 ) 2 

,-« m- +1) 
77 

2 7 ., 1 
if a < - . 

T(a + 1 ) 2 

Then we have 

re 
(2.25) J o (cos 4> - cos 0)a~]/2d<j> ^ r ,(a)02 a 

for 0 ë 0 g - . Define 
2 

(2.26) r2(a) = max (9 
(77/2)^(9^77 

Then we also have 

-la j 0 ( c o s 4 > - c o s 0 ) a _ 1 / 2 ^ . 

re 
(2.27) J o (cos $ - cos 6)a~]/2d^ ^ T2(a)02a 

for - ^ 6 ^ 7T. A combination of (2.21), (2.25) and (2.27) gives 

(2.28) Cm(0) ë T*(a)e2a\ 2 (™)cnJ0)Dm/6)} 

for 0 ë 0 ^ 77, where T*(0) = max{r,(a), T2(a) }. 

https://doi.org/10.4153/CJM-1985-053-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1985-053-5


JACOBI P O L Y N O M I A L S 

LEMMA 6. For a > —1/2, m = 1, 2 , . . . , and k = 0, 1,. . . , m — 1, we 

(2.29) [2(cos«f> - c o s 0 ) f + a _ 1 / 2 

^ V ' L j/ = 0 

2 J t + r + a - 1 / 2 

+ («2-*2r+a- , /Xjtf,*) 
vv/zere ;7ze coefficients ^kp(0) are analytic functions for 0 ^ 0 < TT and the 
remainder satisfies 

(2.30) 
J m 

d(j> 

g MkJ6)6"<(62 - * 2 )«-" 2 

/or 5om^ constant Mk m(0). An explicit expression for Mk m(6) is given in 
(2.39). 

Here are some of the coefficients: 

(2.31) ^kO(0) = 1 

ii - 6cote 
(2.32) ^ , ( 0 ) -&—o1 

0Z 

A: + a - - , 
2 r i / 3 i \ 3 

(2.33) + 

0\0J 0/ 0J 

5) 
2 M 2 / / 1 - 0 c o t 0 \ 2 

(it + a - - ) ( A : + « - - ) , 
V 2/V 2 / / 1 - 6>cotfl\ 

2! -4 Z 

Proof. From [14, p. 140, Eq. (3) ], we have 

(2.34) 2(cos <j> - cos 0) = 

sin 6 
(62 - <J>2)-

6 
1 + 2 (02 - * 2 ) '"W») 

e = 2 

where 

(2.35) </>„(0) = -1 1 -/,-i/2(«) 
?! 2"" ' ff"lJm(9) 

, o ̂  e <*. 

(Equation (2.35) was also used by Szegô in the derivation of (1.2).) Thus, 
for <j> near 0, we get 
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(2.36) [2(cos<f> - cos6)]k+a-]n 

( «in û\k + a-\/2 

[ °° lA + a - l / 

v = 2 J 

/ s i n 0 V + a ~ l / 2 v „ .2 ik oo 
2Jt + y + a - l / 2 

where ^kv{0) can be expressed as a linear combination of products of 
<J>„(0). The first few are given in (2.31)-(2.33). 

Define \m(09 <j>) as in (2.29), i.e., 

(2.37) (02 - * 2 r - \ M ( f i , <j>) 

~ ' #2 - <j>2 ' W ë / 

*> = 0 

Since the sum in (2.37) is finite, there is no problem with convergence. 
Furthermore, it is easily seen that àkm(0, <j>) is a C°°-function of <f> in [0, 0]. 
(For <£ near 0, we can argue this by using the infinite convergent series in 
(2.36).) 

To derive the estimate in (2.30), we note that 

(fj<«2 - ^ _ ,2vw + a - l / 2 

=i«-»A (0(-+«-i) 
U + a - - . . . U + a - - - À + 1 I X 

2 / V 2 
X (0 - 4>)»' + «-i/2-A 

X ^m + a - - j . . . ( m + a - - - / + À + l j 

X (0 -f ^ + « - 1 / 2 - / + X B 
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Thus, if m ^ 1 and 0 ^ / Si m, 

(2.38) ( — ) V - <>2)m+a"l/2 

ë (m + a - l / 2 ) > 2 - <f>2)"' + ° - | / 2 

+ 
= (»! + « - i /2y^ 2 - ^ « + « - 1 / 2 - / , ™ / 

This implies 

K^r [ (*2-*2)" ,+a_i /2A*^'* ) ii 
-Li(T)(^-^-i£r^..« w<̂  

( f l2 _ ^ « - 1 / 2 (m + a - \/2)\d2 - <S>2f'~'(20)' 

X 

2(7) 
\( dV<-> I 

The constant Mkm(6) should therefore be taken to be 

(2.39) Mkm(d) = 2 ( 7 ) ){lm + 2a -\)'em~' 

( d \m~i 
X max 

This completes the proof of Lemma 6. 

3. Proof of the theorem. We are now ready to prove the main result of 
this paper. First, we replace 2F\ m (2-1) by it series expansion (2.2). 
Thus 

(3-1) 
P(

n
a^\cos 6) 

2<a + / m > / 2 r ( a + 1 } 

r(0
r(« • \) 

(1 - cos <?)_a(l + cos 0)-<«+^ / 2 

•A:=0 
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where 

(3.2) b,(6) 

(-1)' m M 2 / * 

it! (• • i l (1 + COS0)* 

re 
(3.3) /A(0; tf) = J Q (cos 4> - cos 0)* + a 1/2 cos Mf*/<|>, 

and /?m(#; Af) is given in (2.16). Next, we insert (2.29) in (3.3) and 
obtain 

(3.4) Ik(6; N) 

/sin û\k + a-\/2\m-J-] / rm-k-\ 
. . . 

20 / L ,=o 

+ SkJ0; N)\ 

k + V + a(m 
N1 -k + v + a 

where 

(3.5) ^(0) = 2/c + a + "~1r 

and 

Q)r(/c + v + a + 1)^.„(0) 

2 ,2xm + a - l / 2 ^ (3.6) S,,m(0; N) = j[{ (62 - <j>2)m+a~mAk,J0; <f>) ] cos N<W>, 

^kv(0) being the coefficient given in (2.29). To the last integral, we 
shall apply repeated integration by parts, and show that for A: = 0, 1 , . . . , 
m — 1, 

(3.7) |S, JO; N) 

r(I)r(« + i) 
1 V2  

2 I \ a + 1) 
-6Z 

N" 

where MkJ0) has the same meaning as given in (2.30). To do this, we 
need the following two results: 

(3.8) 

and 

(£)' a2 ,2sm + a-\/2 

w<?> 
[ (f _ ^a-u^jq. ^ j | ^ o = Q> j Q d d 

(3.9) (£)\(f-0 2r+a-u\,J6;<l>)]\^e = 0, 

j = 0, 1 , . . . , m - 1. 

The first result follows from (2.29), (2.12) and the identity [8, Eq. 1, 
Section 0.432, p. 20] 
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(3.10) Ç-n F(x2) = (2x)"F{"\x2) 
ax 

+ n{H ~ 1)("27 2){n ~ 3) (2xf-V--V) 

n(n - !)(« - 2)(n - 3)(/i - 4)(« - 5) 

3! 

X (2x)""6F ("_ 3 )(x2) + • • • • 

with x = <j> and F(#2) = (02 — <j>2) , X being an arbitrary real number. The 
second result is a consequence of (2.38). Upon integration by parts m 
times, (3.6) becomes 

(3.11) SkJfi;N) 

-££{»(s)V-^+-"2^*«i* 
the integrated terms all vanishing due to (3.8) and (3.9). Coupling (2.30) 
and (3.11), we have 

(3.12) \SkJ6; N) | ^ ^ # V ' fQ (02 - *2)"-md*. 

The estimate in (3.7) now follows from the definition of the Beta function 
[10, p. 37]. 

Finally, we substitute (3.4) in (3.1), and put 

(3.13) B,(0) = 2 bk(d){^-)\lM 

The result is 

(3.14) P(?fi\cosO) 

n\ V 2 / V 2 / Vsin(9/ 

* ["? A,WJ^jg?> + Em(0; N)], 
L /=o W J 

where 
2 i - « 

(3.15) ,4,(0) = - r ^ / ( « ) 

GM-• Î) r 
\2 
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and 

(3.16) Em(0;N) 

, 1 - a 

+ Vsin ft// 

L*=0 v 20 / 

Clearly, the functions .4/(0) are analytic for 0 ^ 0 < TT, and from (2.17), 
(2.28) and (3.7) it readily follows that 

(3.17) EJO; N) = 0{Oa/Nm), 

the O-symbol being independent of 0 for all 0 in [0, TT — c], c > 0. This 
completes the proof of the theorem. 

The first three coefficients in expansion (1.3) are given by Ao(0) = 1, 

(3.18) Ax{0) = [a2 - - \ 
i - e cot e a2 - p2 e 

tan -
4/ 20 4 2 

and 

(3.19) A2(6) 

+ ï ( -2- ï )( i^')2]-<'2-*> 
[(« + 5)(„ + i),a„ X 

(9 1 - g cot fl 

2 80 

\2 n2x . 2 ^ — ( (a - If - Pz) tan 
32 2 J 

4. Proof of corollary 1. Before proceeding, one further result is 
required. 

LEMMA 7. Put 

/ A , 2(cos <2> — cos 0)0 
(4.1) - ^ f -, }-—- = 1 + a(0, *). 0 2 - < t > 2 sin 0 

For 0 ^ ^ ^ 0 ^ - , we have 
2 
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(4.2) 0 < o(09 *) ^ ^-(62 - <j>2) 
24 

(4.3) ~J < ofl, ft < 0 

(4.4) ~ < aw(«, *) < 0 

(4.5) 0 < — , ' % < 0 
360 ^ 02 - <j>2 

* d2 o(0, <t>) 
(4.6) < —^ ?

V % < 0. 
360 <fy2 62 - <j>2 

Proof. From 

cos <j> - cos 19 = — (02 - <#>2) - — (04 - 4>4) 

+ —(06 - </>6) - + . . . , 
6! 

we have 

cos <j> — cos 0 
, -.T - 2 (-I)"+,P„, 
v — 9 n=\ 

where 

1 

(In) 

Thus 

(02(n']) + 0 2 ( " ~ 2 y + . . . + 02<t>2("~2) + 4>2 (" - l )) . 

2(cos <j> - cos 0) sin 0 S + , 
7â Ti ~~ ""7T~ = 2L ( - 1 ) <V 

where 

e2 - <t>2 e n~ 

92" 02" + 02 ("~ V + . . . + 014>2{n~X) + 4>2" 

" (2w + 1)! (n + 1X2/1 + 1)! 

This together with (4.1) gives 

0 °° 
(4.7) o(*,*) = — - 2 (-1)"+1«„. 

sin 0 n = \ 

We wish to show that {an} is a monotonically decreasing sequence of 
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non-negative numbers. To demonstrate the non-negativeness, we rewrite 
an in the form 

= (02 - <j>2) tf2(„_1) + 02(n_2) 2 + 2 

1 (In + l)!(/i + l ) 1 

+ ^ 2 ( " - 3 , ( ^ + <j>262 + 04) + ... + (02{"-i] 

+ e2i"~\2 + ... + 4>2("-1))}. 

It is clear that an = 0. To prove that an = an + i, we write the last equation 
as 

(4.8) a „ = ( g 2 ~ * 2 ) { ^ " - ' ) 
(2« + 1)!(« + l ) 1 

+ (« - i)^2("-2v + (« - 2)02("~y 

+ . . . + 202<J>2("~2) + <t>2{"-])}. 

Multiplying the right-hand side by 9 + <j> and dividing it by the same 

quantity gives 

cjl _ 62 
(4 9) a = -

n {In 4 \)\(n 4 \)(02 4 4>2) 

X {n02n 4 (2« - 1)02('2~ V 4 . . . 4 302<j>2{n~]) 4 4>2"}. 

We now replace « by A/ + 1 in (4.8) and subtract the resulting expression 
from (4.9). Observe that 

2 

02 4 <j>2 ^ 202 < — and 
2 

772 < 4A2(« 4- 2)(2n 4 3)/(w 4 1) for n = 1, 2, 

The non-negativeness of the differences a„ — a„ + j , « = 2, 3, . . . , follows 
immediately upon comparing the coefficients of #2'\ 02("_1)<£2, • • •, 
<9V( ,?_1) and <J>2'7. Therefore, we have from (4.7) 

0 

sin 0 

Since 

«, = 1 ( ^2 _ ^ a n d 2 sinj 
' 1 2 77 6> 

the desired result (4.2) now follows. 
To demonstrate (4.3), we first note that (4.7) gives 

e °° 
<,(*,*) = — 2 (-i)7?„ 

sin 0 „ = i 
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where fin = — dan/d<t>. From the equation preceding (4.7), we also have 

ft, = l [202{n-])<t> -f .. . 
n (n + l)(2/i + 1)! 

+ ( 2 / ) ^ ~ V / _ 1 + . . . + (2n)cj> 2 / i - l 

Hence, /}„ è 0 for all w ̂  1. The fact that j8„ ^ j8w + 1, w ̂  1, is proved in 
exactly the same manner as before. Since fix = <j>/6, the results in (4.3) are 
now trivial. 

The inequalities in (4.4) are verified in a similar fashion. That is, we first 
write 

8 °° 

onto,*) = — ^ 2 (-lyv*. 
sin 0 n = \ where 

y„ = - [2^"-1> + . . . 

" (n + l)(2/i + 1)! 

+ (2/)(2/ - \)02(n~l)<i>2l~2 + . . . + (2w)(2« - 1)<J>: 
2«-2i 

and then show that yn ^ 0 and yw ^ Y„ + i-
To prove (4.5) and (4.6), we observe that coupling (4.7) and (4.8) 

gives 

aid, 6) 

= J L 2 — L - ^ {«^"-,> + (« - i)02<""V 
sin0 „ = i (2n + l)!(n + 1) 

+ . . . + 2^V(""2) + <f.2("_1)}. 

Upon termwise differentiation, we obtain 

and 

^ 02 - <£2 sin 0 w=2 

£ ~<a ±\ Û °° ^Z «Kg,») _ J L Y ,_ l V ,+i 
1,2 /»2 ,2 " " /! ^ v U €

w> d<£2 02 - </>2 sin 0 „=2 

where \n and c„ are, respectively, the first and second partial derivatives 
(with respect to <f>) of the quantity inside the curly brackets in (4.10). Using 
the argument for an again, it can be shown that A„, en ^ 0, \n ^ Xn + x and 
en ^ en + ] for n = 2, 3 , . . . . This completes the proof of Lemma 7. 
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M M 
To prove Corollary 1, we need the values of M 0 2 l - I and Mx 2I - I; 

see equation (2.39). From (2.37) with k = 0 and m = 2, and from (4.1), we 
have 

(62 - 4>2)2\2(6, <j>) = [1 + 0(6, «Of"172 - 1 

1 / 1\1 - 6co\.6,n2 2v 

= ( a - ^ )a(0, <J,) + o2(0, <t>)R2(o(6, $) ) 

1 / 1 \ 1 - 0 cot 9 „2 2 

" il* - ï)—?r-<* " * 
The second equality follows from (2.4). By using (2.34) and the fact that 

4^(0) = (1 - 0cot0) /40 2 , 

it is also true that 

(02 - 4>2)2A0 2(4>, 0) 

la -A-)(02 - <j>2)2 2 V3(0)(02 - 4>V 
v 2 / ^^o 

+ a 2 ( 0 , <t>)R2(o(0, <j>) ). 

Thus 

(4.11) AO2(0,4>) 

r a(», ^) i2 

We now digress briefly to discuss the Bessel function 

i 2m+ v 

JJLO) = 2 (-1) ' m ^ W 
m=o m\Y(m + v + \) 

77 

For 0 ^ 0 ;^ - and v ^ 0, the terms in the series alternate in sign and are 

monotonically decreasing. Hence 
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0 ^ JIB) Û 
G»)' 

-, o ^ e ^ -. 
I> + 1) 2 

Furthermore, it is well-known that 

[2 
JviW) 

irê 
sin 0 

and 

2 sin 6 „ _ 77 
- ^ g 1, 0 ^ « ^ - . 
ir 6 2 

A combination of these results gives 

•7T3/2 

(4.12) 0 Si *,(0) S 
2 2 ' - r ! r ( r + l ) 

0 ^ # g 

We now restrict 0 to the interval I 0, - I , and apply (4.12) and (4.2) to 

(4.11). This, together with (2.5) with a = —a -\—, gives 

(4.13) |A(X2(0,4>)| S À", 

where 

3/2 oo / v 

<4-"> *• - V .?„ ( ) 

+ 1152 

2/i 

2° "-° M / r ( , + 3 + 1)(M + 3)! 

Upon differentiating (4.11) once, we have by Lemma 7 

0.00456094. 

(4.15) -A o , 2 (0 , *) 

^ K, + 17280 a — -
2 

82944 

1 

where 

* .« , *, - ^ | , ( j ) 
2M 

0» + 3)ir(M + 3 + M 
= 0.00025858, 
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and upon differentiating (4.11) twice, we get 

(4.17) — Ao2(0,$) 
1 a$r ' ' 

g (*3 + -K2) « -

V24 • 360 4- (360) 2 / 

V6 - 12 - (24)2 3 6 - 4 8 - 3 6 0 / 
+ 

+ 
(24)4 • 12 

1 

where 

(4.18) K3 

4 V T W=2 V 4 

7M2f /i(/i - 1) 

(/i + 3)!r(/i + 3 + 1) 

= 0.00001807. 

Substituting (4.13), (4.15) and (4.17) in (2.39) yields 

M, 0,2 ( ; ) -
(3 + lay K, 

+ w(3 + 2a) K, a — -
2 

+ 1152 

+ 17280 

77 

+ a 
82944 I 

1 
a 

3 | 
\a 

5 

2 1 2 ' 1 2 

,4,9, + (*Y\U + ? *,) I. - il + ( - ^ - + -H?-,) 
V2/ LV 3 77 2 / I 2 ' V 2 4 - 3 6 0 4 • (360)2 / 

1 3 
X a a 

I 2 1 I 21 

+ 

+ 

/ T73 T75 \ 

r + a 
V6 - 12 - (24)2 36 • 48 • 360/ ' 

1 
a 

3 
a 

5 

2 2 2 

12 • (24)4 

1 3 5 
a \a 

2 ' • 2 
Similarly, from (2.37) with k = 1 and m = 2, and from (4.1), we 

have 
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(61 -<f>2)A12(0,<#>) = [l + 0(6, <J>)f+ m 

= o(6,<t>)Ri(o(6,<j>)). 

The last equality follows again from (2.4). Thus 

(4.20) A, 2(0, <W = ^%Rx(a(0> *) ). 

from which we can calculate 

dùiX2(d, <i>)/d<t> and d\a($, <f>)/d<t>2. 

By Lemma 7 and (2.5) with a = —a , we get 

|A, 2(0, <J>) 
24V 2/ 

2 

—A12(0, <J>) ^ l a + - ) + 
£te ' I 720V 2 / 2 -C 2 • (24/ 

and 

'</<J> 
2-A,,2(0, *) 

360V 2 / 

/ 772 7T4 \ • 

V(24)2 48 -360/ I 

-5 ' , l l 

2 _ I 
4l 

- a 
4 I I 3 • (24); 

Therefore, according to (2.39), 

(4.21) M M) 
- ( 3 + 2«)2 

24 

+ 2 • (24) 
_2 

(. + ! ) + .(3 + 2«)[^(„ 

k - ill * (i)"te(- -1) 
( * * \ \ 2 
V24Ï2 48 • 360/ I <(24)z 48 • 360 

.5 

+ 3 • (24)3 
2 1 3 

a \a 
4> I 2 ' 
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Proof of Corollary 1. Take m = 2 in (3.14) and recall (3.18). This gives 
the approximat ion in (1.5) with 

<\ 1 — a 

( 4 . 2 2 ) o 2 - • - • • 

GM-0 r 
2̂ 

« a[z>o(0)so,2(0, ;v) 

„ sin 0 
+ è , ( 0 ) — S , , 2 ( 0 ; A O 

+ 

where 

\ s in 6// J 

6O(0) = 1 and 6,(0) = (a 2 - j 3 2 ) / 4 U + - J ( l + cos 6). 

With 0 restricted to | 0, - |, we have from (3.7) 

•KiM-a -4§) 
(4.23) |S,2(0, 7V)| ^ „ , 

'•2 2 r (« + i) A?2 

/ = 0, 1, the values of Mj2\- I being given in (4.19) and (4.21). Fur ther

more, equation (2.20) gives 

(4.24) \R2(0; N)\ £-^ fQ | - ^ {g2^W2,e(^ } \ 

El
more, equat ion (2.20) gives 

Using Lemma 5 and (2.23), it is easily shown from the equat ion following 

(2.17) that for 0 ë <t> â 0 ë - , 
2 

ç 2 S ( $ ) | ë -(cos<*> - cosf l )" l / 2 

4 

a - l / 2 ( 3\0 
a + -Jy(cos4> - costf)' 

and 

|g2>(<J>) | s ( o + ^ ) ( « + l)02(cos <*> - cos 0 ) a " 1 / 2 . 

Thus, from (2.9), it follows that 
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+ (a + ^)(«+l)C2,0(^)] 

X / ( c o s * - c o s 0 ) a ]/2d<j>. i o ( c o s * 
The inequality in (2.25) then implies 

(4.25) \R2(0- N) | ^ % 2 + 2a, 0 ^ 0 ^ - , 

where 

(4.26) c2 = r l ( « ) { ^ c 4 ^ + (« + | )c2 , ( ï ) 

r , (a) being given in (2.24). Note that the estimate in (4.25) is sharper than 
that given in (2.17) when 0 is small. Coupling (4.23) and (4.25), we obtain 
the desired estimate in (1.7) with 

<4.27) E , - ' UJl) + £jlAMJÏ)] 
2 2T(« + 1)L 0,2V2/ / A ,-2\2/J 

V2 / 0 V"1/2 

+ C-,——•-— max I I 

rU)rL + ]-) osm"/2) sine 

This completes the proof of the corollary. 

In the important special case a = /? = 0, the second term inside the 
square bracket in (4.27) obviously vanishes. In view of its definition (4.26), 
the constant C2 in the third term on the right-hand side of (4.27) is also 
zero. Thus we have from (4.19) 

(4.28) E2 = M 0 2 ( - ) = 0.1253. . . . 

This gives the result stated in (1.9). 
For comparison, let us also compute a bound for the first error term 
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, 1 - a 
(4.29) £,(0; N) = 

+ 
/ 2/9 \« - i /2 

\sin 0 / 

(T« \S0,(6;N) 

see (3.16). By (3.7) and (2.20), we have 

(4.30) |S„,(0; iV) 
r 

1 \2 

(l)r(« + l) 

r(« + i) JV 

and 

1 r i-i (4.31) | / ? ^ ; ^ ) | S - ]o\^{gufa)fi0)} d<j). 

Using the same argument as for (4.25), we obtain 

C 
(4.32) |*,(0; iV) | ^ —L<9 l / i l + 2 o 

N 
0 ^ 0 ^ - , 

2 

where 

(4.33) C, = r , ( a ) { ( a + ^ ) c , , 0 ( ^ ) + ^ u ( ^ ) } -

Coupling (4.30) and (4.32) gives 

(4.34) \El(6;N)\ ^ El 

with 

1 
(4.35) £, = 

e \+a 

N 

+ c 

2<T(a + 1) 

V2 

;M4i) 

W^)° 
max 

^^^(77/2) ^ s i n 0> Vsin 0/ 

1/2 

If a = 0, then the constant C, in (4.33) is zero, in which case (4.34) 
becomes 

(4.36) |£,(0; N) 

Simple calculation shows 
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A/0, ( ^ ) = 0 . 0 8 6 9 . . . . 

Now set a = ft = 0 and m = 1 in (3.14). The resulting expression together 
with (4.36) yields 

(4.37) />„(cos0) = ( ^ ) ' / 2 - A ) { ( « + \)o) + o, 

where 

(4.38) |a| ^ 0.1089 , 0 ^ 0 ^ - ; 
n + 1/2 2 

compare with [13, p. 242]. 

5. Proof of corollary 2. We first observe that the error term QaO(N~m) 
in (1.3) can be replaced by 0a + mO(N~m) for 0 in the interval [0, 77 - c], 
c > 0. This assertion can be proved in the same manner as given in the 

proof of Corollary 1. Next we choose m > -(/} — a) and m = 2 + a. In 

view of (3.15), the /-th term under the summation sign in (1.3) is 
QlO(N~l~a). This together with the above refined estimate for the error 
term gives the asymptotic approximation in Corollary 1 without the 
condition a — fi > —4; the remainder a2 in (1.5) now, however, satisfies 
only the order estimate 

(5.1) o2 = 02O(N~2-a), 

instead of the numerical bound given in (1.7). 

Proof of Corollary 2. Let 0l be the /-th zero of P ^ ' ^ c o s 6). It is well-
known [1, p. 787] that 

(5.2) lim N6l = Jah 
n-*oo 

where j a / is the /-th positive zero of the Bessel function Ja(x). Put 

(5.3) 8, = J^ + 8aJ 

and 

(5.4) t = J-^. 
N 

Equation (5.2) implies 

(5 .5) N& t = 6>(1), as n —> 00. 
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Now we expand A^O) at 6 = t. Thus 

Ax(0) = Ax(t) + A\(Z){0 - t), 

where £ is between 0 and /. From (5.3) and (5.4), we have 

(5.6) ,4,(0,) = ,4,(0 + 0(8aJ). 

Replacing 6 by 0{ in (1.5) yields 

0 = Ja(jaJ + N8aJ) 

+ ^[Ax(t) + 0(8aJ)]Ja+i(jaJ + NSaJ) + Nao2. 

Taylor's theorem then gives 

0 = Waj) + J'aUa,,)N8aj + ^JXTlMNOa/ 

(5.7) + ~[A,(/) + 0(8aJ) }{Ja+ ,(,„,,) + J'a + l(v2)(N8aJ)} 

+ Nao2, 

where TJ, and TJ2 are between j a l andy a / + N8al. Note that the first term 
on the right-hand side of (5.7) is zero, and that by a recurrence relation, 

Therefore, upon dividing by NJ'a(jaj) on both sides of (5.7), we obtain 

(5.8) 0 = 8aJ + 0(N82
aJ) - ^ [ ^ i ( 0 + 0(8al)\ 

+ Mi(0 + O(* . , ) ]o (^ ) + o ( ^ ) . 

Now observe that in view of (5.5), the second term on the right-hand side 
is o(8a/), and that the fourth term is of the same order. Furthermore, by 
(5.1), (5.2) and (5.3), the last term is 0(t2/N3). Hence the main balance in 
(5.8) suggests that 8al — Ax(t)/N

2, i.e., 

(5-9) ^ = ° ( F ) -
Inserting (5.9) in (5.8), we have 

(5.10) S^ = ±A}«) + to(±) + ÏO^). 

The final result (1.11) now follows from (5.3) and (5.10). 
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For a similar result concerning the zeros of the Legendre function 
P;m(cos 6), see [10, p. 469, Ex. 12.5]. 
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