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( rece ived J a n u a r y 14, 1969) 

In th is p a p e r we cons ide r a spec i a l c l a s s of l inear o p e r a t o r s 
defined on a cone K in a Banach space X . This c l a s s of o p e r a t o r s 
is the n a t u r a l g e n e r a l i z a t i o n of a c l a s s of o p e r a t o r s which has app l ica t ions 
in the t h e o r y of in t e rpo la t ion s p a c e s . In p a r t i c u l a r , us ing the c r i t e r i a 
developed in T h e o r e m 1, i t i s p o s s i b l e to c h a r a c t e r i z e those sequence 
s p a c e s X such that e v e r y l i nea r o p e r a t o r A of weak types (p , p) and 
(q , q) i s a cont inuous mapping of X into i tself . F o r de ta i l s of this we 
r e f e r the r e a d e r to [3] . 

We begin with a sequence of o p e r a t o r s { E(m)} each defined on 
K , and cons ide r o p e r a t o r s of the f o r m T = S {t(m) E (m) : m = 1, . . . , oo} , 
w h e r e t(m) >_ 0 . Under the a s s u m p t i o n that {E(m)} f o r m s a 
"monotone s e m i g r o u p " we a r e able to e s t a b l i s h condi t ions under which 
T wil l m a p K cont inuously into i tself . 

The method used a l lows us to give p r e c i s e in fo rmat ion about the 
s p e c t r a l r a d i u s of T in t e r m s of a n u m b e r (3 a s soc i a t ed with {E(m)} . 

1. P r e l i m i n a r y r e m a r k s . We a s s u m e that X is a r e a l Banach 
s p a c e and that K C X is a c losed n o r m a l cone in X so that 
K + K C K , a K c K for a > 0 , K is a c losed subse t of X , and 
t h e r e i s an £ > 0 such that x, y e K , | |x | | _> 1 , | |y | | _> 1 imply 
| |x + y| | > e . 

The dua l cone K ! is the se t of l inear funct ionals x1 e X1 such 
that <x,xf^> > 0 for a l l x e K . Since K is n o r m a l , X' = K1 - K' and 
if we define p(x) for x G X by 

(1) p(x) = sup { | <x, x'> | : x* e K', | |x ' | | < 1} , 

then p is a n o r m on X and t h e r e is y > 0 such that 

*Th i s work was suppor ted in p a r t by N . S . F . g r a n t G . P . 6 1 1 1 . 
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(2) y | | x | | < p(x) < ||xf| for a i l x € X 

(see [5, pages 226-227] ) . 

If T is a l inea r o p e r a t o r mapp ing K into itself, the p a r t i a l 
n o r m and p a r t i a l s p e c t r a l r a d i u s of T a r e the n u m b e r s 

(3) | | T | | = | | T | | K = 8 u p { | | T x | | : x e K , | | x | | < l } 

(4) r ( T ) = r K ( T ) = l im || T n | | K
1 / n 

n~*oo 

These t e r m s a r e due to Bons a l l [ 1 ] . If II T II < oo we w r i t e T e [K] . 

Def ini t ion. A monotone s e m i g r o u p of o p e r a t o r s on K i s a 
s equence {E(m)} of n o n - z e r o l inea r o p e r a t o r s leaving K i n v a r i a n t 
and sat isfying 

(a) E ( l )x = x for a l l x € K 

(b) E(mn)x = E(m)E(n)x for x € K, m , n e Z+ = { 1, 2, . . } 

(c) <E(m+l)x , x'>j< <E(m)x, x») for x e K, x1 e K f, m £ Z + . 

LEMMA 1. Let {E(m)} be a monotone s e m i g r o u p on K and 

h(m) = | |E (m) | | . If p = sup{ - log h (m) / l og m : me Z + } , then 

(3 - lira {- log h (m) / l og m} < 0 . 
m-> oo 

Proof . F r o m (b) of the defini t ion, we have h(mn) <_ h(m)h(n) , 
while f rom (c) we obta in y h(m) < h(n) for m > n , w h e r e y is as in (2). 

Now define g(k) = log h(2 ) / l o g 2 for k = 0 , 1 , 2 , . . . and not ice that 
g ( k + i ) £ g(k) + g ( i ) . Then, by a we l l -known r e s u l t , if p = - inf g ( k ) / k , 
then p = l im ( -g(k) /k) ( see [4, page 244]). Given m , choose 

k-> oo 
k k+1 

k = [log m / l o g 2] so that 2 < m < 2 . Then we have 

(5) T h ( 2 k + i ) < h(m) < Y
_ 1 h ( 2 k ) . 
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Taking l o g a r i t h m s in (5) dividing by log m and let t ing m**- oo, we 
obta in 

(6) l im log h (m) / log m = -(3 . 
m-*- oo 

To s e e that p = sup {-log h ( m ) / l o g m } , note that j u s t as for 2 we 
have 

k k k k 
inf log h(m ) / log m = l im log h(m )/ log m = - p , 
k k-> oo 

so that log h (m) / log m > -(3 . 

Since h(m) >_ m we m u s t have p _> 0 ; for o t h e r w i s e h(m) -*• oo 
which c o n t r a d i c t s 7 h(m) < h( l ) . 

Now if 3* = {t(m)} is a sequence of non-nega t ive n u m b e r s , we 
define 

oo 
(7) t ( s , - J ) = S t ( m ) m " S , for r e a l s 

m = l 

If the s e r i e s d i v e r g e s we wr i t e £, (s , IT) = oo, and s ince t, i s n o n - i n c r e a s i n g 
we m a y define £( f °o, JT) a s the r e s p e c t i v e l i m i t s . 

We define the a b s c i s s a of convergence of t, by o* so 

(8) *• = f (rj) = inf {s : Ç,(s , 3*) < oo} . 

We m a y or m a y not have t, [<r , T) < oo , but we do have £, ( <r , JT) = l im t, (s,rr) 
o o i 

S (T 
* O 

Note that t, is cont inuous on ( <r , oo) . 
o 

2 . S ta tement of m a i n r e s u l t s . Our m a i n r e s u l t s give c r i t e r i a 
for T G [K] w h e r e 

oo 
(9) Tx = S t (m)E(m)x , 

m = l 
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w i t h d o m a i n t h e s e t of x G X f o r w h i c h t h e s e r i e s c o n v e r g e s in t h e 

w e a k < ^ X , X ' ^ t o p o l o g y . 

N o t e t h a t if (3 < oo, t h e o n l y s i t u a t i o n in w h i c h w e do n o t o b t a i n 

a n e f f e c t i v e c r i t e r i o n f o r T ç [K] i s w h e n £, (IT , T) < oo, (3 = 7 and 

| | E ( m ) | | ^ m f o r a n i n f i n i t e s e t of m . 

T H E O R E M 1 . L e t X b e a r e a l B a n a c h s p a c e , K a c l o s e d 
n o r m a l c o n e , and { E ( m ) } a m o n o t o n e s e m i g r o u p of o p e r a t o r s o n K . 

Jf 3* i s a s e q u e n c e of n o n - n e g a t i v e n u m b e r s , d e f i n e T , £, , cr > P b y (9) , 

(8) , (7) , (6) r e s p e c t i v e l y . T h e n 

00 

(a) if 2 t ( m ) l | E ( m ) | | T _ < 00, t h e n T e [K] a n d 
m = l 

T | | K < 2 t ( m ) | | E ( m ) | | K ; 
m = l 

(b) _if (3 > j , t h e n T , [K] ; 

(c) if T c [ K ] , t h e n 6 > a- ; — _ Q 

(d) _if T e [K] and T < 00, t h e n Ç,(p,cT) < °° Î 

(e) if (3 > T , t h e n ^ p . t f ) = r (T ) . 
o k 

C O R O L L A R Y 1 . Jf p < 00 and £, ( T ,3") = oo, t h e n t h e f o l l o w i n g 

a r e e q u i v a l e n t . 

(a) T L [K] 

( b ) Ç , ( i p , 3 - ) < 00 

(c) 2 t ( m ) | | E ( m ) | | K < 00. 

C O R O L L A P v Y 2 . X (3 < 00, ajid || E ( m ) || = m " ^ e x c e p t f o r a 

f i n i t e s e t of m , t h e n T e [ K ] if and o n l y if £, (p , rT) < 00 . 

E | | E ( m ) | l = m ~ P f o r a l l m , t h e n || T |l = r ( T ) = £ (p, ÎT) . 
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The proof of Theorem 1 is somewhat involved so we first indicate 
a number of examples. 

3. Examples. 

1. Let X be a Banach space of sequences {x(n)} on which there 
is a function norm p of the type defined by Luxemburg [6]. In 
particular ||x|| = p(|x|) and |x(n)| <c | y(n) | for all n implies 
p(|x|) <_ p(|y|) • The operators E(m) defined by 

(10) (E(m)x)(n) = x(mn), n e Z + 

clearly form a semigroup. 

For the cone K, take the set of all non-negative, non-increasing 
sequences in X. Then x(mn) <• x(n) for all n so {E(m)} is a 
monotone semigroup. This semigroup appears naturally in [3]. 

P
 1 / p 

For illustration, let p(|x|) = {s|x(n)|p} so x = i P . Then 

(11) ||E(m)||K = sup{||E(m)x|| : ||x|| < 1, x e K} = m"1 / p . 

Here Corollary 1 applies, so if {t(m)} is a non-negative sequence 

T||K = 2 t(m)m"1/P 

m= 1 

Suppose, on the other hand, that for our cone we take P , the set of 

non-negative sequences in X = & , and let {t(m)} be decreasing. 
Then, by using rearrangements of sequences one can see that 

l |T | | p= | |T| |K 

However, ||E(m)|| = 1 for all m, so we do not have 

00 

| |T | | = 2 t(m)||E(m)|| . The reason that our corollary does not 
•^ m = l ^ 

apply here is that { E(m)} is not monotone on P . 
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2 . After examining T h e o r e m 1, one m i g h t con jec tu re that £,((3,^) < oo 
would imply T e [K] , and p e r h a p s that ^((3,^) = r (T ) , even when 
6 - (7 . However , this is not t r u e even when E is defined by (10) as 

o 
our next example s h o w s . 

Q 

Let k _> 16 > e and define h by 

f i , for m = 1, 2, . . . , k - 1 
(12) h(m) = . _p 

I m log m , for m _> k 

If we choose (3 so that 

(13) (3 > log log k / l og k 

then h can be s e e n to be n o n - i n c r e a s i n g , and sa t i s fy h(mn) <C h(m)h(n) 

for m, n e Z . 

Now define a function n o r m p on s e q u e n c e s by 

(14) p ( | x | ) = sup { | x ( n ) | / h ( n ) : n € Z + } . 

If we take X to be the se t of s e q u e n c e s with p ( | x | ) < oo, and K as in 
Example 1, we can eas i ly show that | | E ( m ) | | „ = h(m) . 

Now take for 3T the sequence defined by 

6-1 -2 
(15) t ( l ) = 1 and t (m) = m (log m) for m > 2 . 

Then 

oo oo 

(16) 2 t (m)h(m) = oo and £ t ( m ) m < oo , 
m = l m = l 

But h is i tself in X so the f i r s t p a r t of (16) shows that || T || = oo and 
yet we have ^,((3,^) < oo. It is a l so c l e a r that r (T ) = oo ^£((3, -7). 
B e c a u s e of (13) we can obtain e x a m p l e s for any (3 > 0 by choos ing k 
sufficiently l a r g e . 
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4. P r o o f s of the m a i n r e s u l t s . We begin by in t roducing the 

s equences «T = {t (m)} , & = { r ( m , \ )} c o r r e s p o n d i n g to a s equence 

3* = { t ( m ) } ; 3* is defined fo rma l ly by 

(17) U s , , T k ) = ^ ( s , T ) k , k = 0 , 1 , 

and & by 
X 7 

°° - k - 1 
(18) r ( m , x ) = 2 X V ( m ) (poss ib ly oo ) 

k=0 k 

if r ( m , \ ) < oo for a l l m , we denote by R the o p e r a t o r Zr (m, x )E(m) . 
X 

The following l e m m a gives the pe r t i nen t in format ion about R . 
X 

LEMMA 2. (a) If <r (cT) < oo, then the s e r i e s (18) c o n v e r g e s 
— o — 

for a l l m G Z , _if X > t ( l ) . 

(b) If T e [ K ] , then r (T) > t ( l ) . 

_ 1 
(c) R € [K] if and only if X > r (T) and in this c a s e R = (x - T) . 

X k x 

(d) F o r X > t ( l ) , let <r = cf (ft ) . Then <r is the unique 
— 1 o x 1 3— 

solut ion of U s , 3") = \ if X < t(<r ,-7) or e l s e (r, q o> ( J ) if ' \ > Ç,((T ,3"). o 1 o ~~ o 
F u r t h e r m o r e , 

(19) t ( s , f t J = (X- ^ ( s ^ T ) ) ' 1 for s ><r (ft ) . 
X O X 

Proof , (a) By fo rmula (17), if s > <r and X >£(S»-T )> then 
o 

00 00 

(20) (X - Ç , ( s , T ) ) " 1 = 2 x " k _ 1 4(s ,cT)k = s r ( m , X)m"S = ^(s.f t ) 
k=0 m = l 

which shows that r ( m , X) < <» for X > £,(s , 3") and hence for 

X > l im C(s,-T) = t ( l ) . 
s -*- oo 
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(b) if T e [K] , t h e n fo r x f K , x ' c K ' w e h a v e 

( T k x , x ! ) > t (1) < E ( l ) x , x ' > = t ( l ) k ( x , x » ) 

k k 
N o w a p p l y i n g (2) w e o b t a i n || T || _> t ( l ) y f r o m w h i c h r ( T ) _> t ( l ) 
f o l l o w s . 

- 1 
(c) If X > r ( T ) , t h e N e u m a n n s e r i e s f o r (X - T) x c o n v e r g e s 

and i t i s c l e a r l y e q u a l to R x . C o n v e r s e l y if b o t h R e [K] , T e [K] 
X X 

t h e n a d i r e c t c o m p u t a t i o n g i v e s T R x = R T x = XR x w h i c h s h o w s 
X X X 

t h a t R = (X - T) , and h e n c e X > r ( T ) . ( S e e [ 1 , T h e o r e m s 5 a n d 6 ] . ) 
X 

(d) If £(<r , cT) > X > t ( l ) , and s s a t i s f i e s X > £,(s,3), t h e n 
o 

F o r m u l a (20) i s v a l i d , and s h o w s t h a t £,(s , ft ) -> oo a s s d e c r e a s e s t o 
X 

to t h e s o l u t i o n T of \ = Ç, (s , cT) , s o a- (R ) = <r . 
1 o x 1 

In c a s e X > Ç,(f >%)> t h e r e l a t i o n (20) s h o w s t h a t cr (ft ) < T (,T). 
—• o o X "~ o 

- 1 
H o w e v e r , s i n c e X > 0 , r ( m , X) > X t ( m ) s o t h a t £,(s , tT) < X^(s , ft ) 

X 
w h i c h s h o w s <r (ft ) > cf ('T) . 

o X ~~ o 

P r o o f of T h e o r e m 1 .. (a) F o r x e K , x 1 ç X ! , and 

II x II I 1 » II x ' 1 1 1 1 w e h a v e ( E ( m ) x , x 1 ) < || E ( m ) || . T h u s , w e 

o b t a i n \ T x , x 1 ) = 2 t ( m ) ( E ( m ) x , x ' ) < 2 t ( m ) II E ( m ) II __ , w h i c h p r o v e s 

(a) o n t a k i n g s u p r e m u m s f i r s t o v e r x 1 , t h e n o v e r x . 

(b) B y d e f i n i t i o n of p , g i v e n e > 0, t h e r e i s a n m (e) s o t h a t 

-(3 -(3 +£ 
m < E ( m ) L < m f o r m > m (E) . C h o o s e E > o s o t h a t 

_ M
 M K — — o 

(3 - e > (r and £,((3 - E , 3") < oo, a n d t h e n a p p l y p a r t ( a ) . 

(c) We f i r s t n o t e t h a t t h e m o n o t o n e c o n d i t i o n ( E ( m + 1 )x, x ' / < \E(m)x,x.y 
i m p l i e s t h e f o l l o w i n g i n e q u a l i t y if T e [K] and || E ( m ) Il = h ( m ) . 

2 k + 1 - l 
(21) h ( 2 k + 1 ) 2 k S S k m - S t ( m ) < C s | | T | | K 

m = 2 
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-1 -1 -S 
w h e r e c = y o r Y 2 acco rd ing to whe ther s < 0 or s > 0 

s — — 
To s e e th is for s > 0 , le t x e K , x* e K1 with [|x|| < 1, | | x ' | | < 1 

k s 
Then, s ince (2 / m ) < 1 , 

2 k + 1 - l 
T| | > (Tx, x»> > 2 t (m)<E(m)x, x f> 

m=2 

2 k + 1 - l 

<r K + l \ Ire 

E(2 )x, x 1 / 2 S t (m)m 
m=2 

Now, if s < (f and s + E < cr , then £,(s + e , 3") = oo. Using th i s , one 
o o 

can show that t h e r e is a sequence G of va lues of k for which 

S m t(m)-» oo 

™ - ? k 
m-Z 

But , then f r o m (21) we have 2 p < 2 P h(2 )2 -*- 0 as k -* oo, 
th rough G . This shows p > s and s ince s < <r is a r b i t r a r y tha t 

6 > <r . 
— o 

(d) By p a r t (c), we have p > <r , so that if t, ( <r , 3") < oo t h e r e 

is nothing to p r o v e . Hence a s s u m e £,(<r ,3*) = oo . Let X > r ( T ) , and 

<r. be the solu t ion of ^ ( s , ^ ) = \ . Then by L e m m a 2(d) , ^ = <r (ft ) 
1 1 o X 

Since R e TKl, (c) imp l i e s that 6 > y (ft ) = ° \ , and hence 
X r — o X 1 

(22) CtP.ÏT) < t ^ . * ) = X< oo. 

(e) We a s s u m e p > <r so T e [K] and we wish to show r (T ) = ^ ( p , ^ ) . 

If l,(<r . 3") = » , (22) shows that Ç, ((3, IT) < r (T) s ince X > r (T ) i s a r b i t r a r y . 
o "~ 

in c a s e £(<r , 3") < oo we can again d e r i v e (22) provided X < £>(<? , 3') and 

hence we have ^ (P ,^ ) < r (T ) a l w a y s . 
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K 
< oo 

On the o the r hand, p > <r i m p l i e s £(6,-7) < £(<r , 7 ) (un less 
o o 

T = t ( l ) I which can be handled d i r e c t l y ) . Let £ > 0 be chosen so 
Ç,(P, 7) + E = \ < £(<r , 7 ) and let <r = <r (R ). By L e m m a 2(d) we 

o 1 o X 
s e e that cr < (3 . But by p a r t (b) of the t h e o r e m this i m p l i e s R e [K] 

•*• A 

and hence X > r (T ) , o r s ince e > 0 is a r b i t r a r y that £((3,7) > r (T ) , 
comple t ing the proof of (e) . 

P roof of C o r o l l a r y 1 . Since £(cr ,7 ) = oo, we have £ ( p , 7 ) < oo, 

if and only if (3 > <F SO the equ iva lence of (a), (b), (c) fol lows f r o m 

p a r t s (a) and (d) of T h e o r e m 1. 

P roof of C o r o l l a r y 2 . Jf £ ( p , 7 ) < oo then S t(m) || E(m) | 

and hence T e [K]. Conve r se ly if T e [K] and rr < oo , then £(p, 7) < co 

by T h e o r e m 1 (d). If c = oo, T { fKl s ince this would imply 6 > cr 
o — o 

(by T h e o r e m 1 (c)) , con t r ad i c t i ng p < oo . 

If | |E (m) | | = m for a l l P, then T h e o r e m 1 ( a ) , and the fact 

that r (T ) < || T| | g ives 

(23) r ( T ) < | | T | | < £ ( p , 7 ) . 

Thus for p > cr , T h e o r e m 1 (d) g ives r ( T ) = £((3,7) which p r o v e s the 
o 

r e q u i r e d r e s u l t . F o r p = cr , we can p r o v e that r ( T ) > £ ( p , 7 ) by 

a s s u m i n g the c o n t r a r y and choos ing X with r (T) < X < £ ( p , 7 ) . The 
a r g u m e n t leading to (22) then goes th rough a s be fo re and c o m p l e t e s the proof . 

R e m a r k s . 1. The proof of C o r o l l a r y 2 shows that the r e l a t i o n 
r (T ) > £ (p ,7 ) is a lways val id with equal i ty in c a s e p t <r . In v iew of 

the second example of Sec t ion 3 , th i s is a l l that can be c l a imed in 
g e n e r a l , 

2, The a s s u m p t i o n that E ( l ) x = x for a l l x e K is u n n e c e s s a r y 
for the r e s u l t s of T h e o r e m 1 as one s e e s by r e p l a c i n g the cone K by 
K = E(1)K. 

3 . Ex t ens ions to s e m i g r o u p s of the f o r m E(s)E( t ) = E(s t ) , s, t ç R 
can be m a d e . A p a r t i c u l a r c a s e was d i s c u s s e d in [2], and i m p r o v e m e n t s 
of the r e s u l t s given t h e r e can be m a d e along the l ines of the proofs given 
h e r e . 
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