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In t roduc t ion . A v e c t o r m e a s u r e (countable addi t ive se t 
funct ion with va lues in a B a n a c h space) on a field m a y be extended 
to a v e c t o r m e a s u r e on the gene ra t ed cr-field, under c e r t a i n hypo
t h e s e s . F o r example , the ex t ens ion i s e s t ab l i shed for the bounded 
v a r i a t i o n c a s e [Z, 5, 8], and t h e r e a r e m o r e g e n e r a l condi t ions 
under which the ex tens ion ex i s t s [ l ] . The above r e s u l t s have as 
h y p o t h e s e s f a i r ly s t rong boundedness condi t ions on the n o r m of 
the m e a s u r e to be ex tended . In this p a p e r we p rove an ex tens ion 
t h e o r e m of the s a m e type with a r e s t r i c t i o n on the r a n g e , sup
pos ing f u r t h e r tha t the m e a s u r e is m e r e l y bounded. In fact a 
v e c t o r m e a s u r e on a cr-field is bounded (III. 4 . 5 of [3]) but i t is 
conce ivab le that a vec to r m e a s u r e on a field could be unbounded. 

The proof of the ex tens ion t h e o r e m of th is p a p e r wi l l depend 
on the following t h e o r e m of B . J . P e t t i s [3]: 

"A weakly countably addi t ive vec to r valued se t function on 
a cr-field i s countably addi t ive , tha t i s , a v e c t o r m e a s u r e " . 

To ind ica te that a union i s d is jo in t we wil l w r i t e E , + E + . . . 
J 1 Z 

ins tead of E U E (J . . . and Z E ins tead of IJE 
1 Z n n 

E x t e n s i o n t h e o r e m . A bounded v e c t o r m e a s u r e on a f ield, 
taking i t s va lue s in a r e f l ex ive B a n a c h s p a c e , ex tends uniquely to 
a vec to r m e a s u r e on the gene ra t ed cr-field. 

P roof . Le t JJL be a bounded v e c t o r m e a s u r e on a field 2 , 
taking i t s va lues in a r e f l ex ive Banach space X . Let S 1 denote 
the cr-field gene ra t ed by S and let X* denote the dual space of 
X . Denote by \ the n a t u r a l i s o m o r p h i s m of X onto X^ v (dual 
space of X*): 
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X(x) x* = x*x (xeX, x*eX*) . 

F o r e a c h x*eX* the s c a l a r se t funct ion 

x?V : E-> x?V(E) (EeS) 

i s a s c a l a r m e a s u r e on Z and so has a unique e x t e n s i o n to a 
s c a l a r m e a s u r e , denoted x JJL , on Z)1 . 

X * 

With e a c h EeZ' we a s s o c i a t e 1 the s c a l a r funct ion f on 
E 

f E (x*) = X * H L ( E ) (x*eX*) . 

It fo l lows, f r o m the u n i q u e n e s s of the s c a l a r m e a s u r e e x t e n s i o n s , 
tha t f i s a l i nea r 

and s c a l a r s a , p , 

tha t f i s a l i nea r func t iona l on X . In fac t , for x , yl<eX: 

E 

(ax* + py*)[i = orx^ji + p y*ji 

b e c a u s e e a c h m e m b e r i s a s c a l a r m e a s u r e on Z ! , and they 
co inc ide on S . T h e r e f o r e 

f (ax* + py*) = ( r f + py*)|i (E) 

= C*X*|JL (E) + p y*^ (E) 

= afE(**) + p f £ (x*) . 

We next show that , for any E e S ' , the l i n e a r func t iona l f 
y E 

i s con t i nuous . F o r a r b i t r a r y x * c X * , \ = x#|j. i s a f ini te 
s c a l a r m e a s u r e . L e t X , . . . , X be the p o s i t i v e f ini te 

1 4 r 

m e a s u r e s such tha t X, - X^, X„ - X. a r e the J o r d a n 
1 2 3 4 

d e c o m p o s i t i o n s of the r e a l , i m a g i n a r y p a r t s , r e s p e c t i v e l y of X. 
Le t Ae S ! , e > 0 be a r b i t r a r y . It i s c l e a r f r o m the proof of 
13, D[G] tha t t h e r e e x i s t s a B e 2 such that , s i m u l t a n e o u s l y , 
X.(A-B) + X.(B-A) = X. (AAB) < f (i -̂  1, . . . , 4 ) . Then , 

l l l 8 
4 

| X ( A - B ) | < Z X . ( A - B ) < | , and | \ ( B - A ) | < | , so tha t 

| | X ( A ) | - | X ( B ) | | < |X(A)-X(B) |< |X(A-B) | + | x ( B - A ) | < e . 
1 

a s sugges t ed to the au tho r by P r o f e s s o r E . G r a n i r e r 
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Since £ is a r b i t r a r y , i t follows that , for a l l x*eX*, 

sup |x* | i (A) | = sup [x*ja(A)| . 
Ae£ ' AeS 

Hence , for fixed E£2 ! , 

I *-(**) I = | * V (E)| < sup |x*^ (A) I 
AeE» 

= sup |x*]I (A) I = sup |x*|ji (A) | 
AeS AeZ 

< | |x* | | sup | |HL(A)|| . 
AeZ 

The cont inui ty e s t a b l i s h e d , for each EeZ)! , f i s an e l e m e n t of 

X** . So we have the se t function v on Z ! , with v a l u e s in X** : 

v(E) = fE (EeS«) . 

F o r d i s jo in t s e t s E , F belonging to E ! , 

f ( E + F ) ( ^ ) = ^ (E+F) = 5FJI (E) + x*^ (F) 

= fE (x*) + f F ( x * ) . 

Th i s holding for a l l x*eX* , we have 

v ( E + F ) = f ( E + F ) = f E + f F = v ( E ) + v ( F ) . 

Thus the s e t funct ion v i s f ini te ly add i t ive . 
oo 

Le t E = 2 E (E e E !) and le t xfr be an a r b i t r a r y e l e m e n t 
n n 

1 
of X* : 

v(E)x* = f_(x*) = x*ui (E) = Zx^i i (E ) 
E n 

1 

= S f (x*) = Z v(E ) x* . 
A E n 
I n 1 

Le t "jl be the se t funct ion on 2 ' with v a l u e s in X , defined: 

]I(E) = x V(E) (EeE 1 ) . Then the l a s t equa t ion b e c o m e s 
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oo 
x* Û(E) = Z x* ÏÏ(E ) . 

1 
00 

Since th i s equa t ion ho lds for al l x*eX"N w h e n e v e r E = S E 
i n 

(E £2') , the t h e o r e m of P e t t i s a s s e r t s that \x i s a v e c t o r m e a s u r e 
n 

on 2 ' . 

Le t E e S ; then for a r b i t r a r y x*eX^ , 

x* £ ( E ) = v(E) x* = f E (x*) = * ^ (E) = x* M-(E) . 

T h e r e f o r e ]I(E) = fi(E) for a l l E e S . The e x i s t e n c e of the ex t en 
s ion e s t a b l i s h e d , it r e m a i n s to p r o v e i t s u n i q u e n e s s . Le t £ be 
a second v e c t o r m e a s u r e on Z)1 ex tending JJL . By the u n i q u e n e s s 
of the s c a l a r m e a s u r e e x t e n s i o n s , 

i\, ^ 

X*JJL = x* |JL , a l l x*eX^ . 

So for g iven E E S 1 , x*|ji(E) = x* JJL(E) for a l l x*eX'P , and t h e r e f o r e 
£(E) =TI(E) . 

REFERENCES 

1. G r . A r s è n e , S. S t r â t i l â , P r o l o n g e m e n t des m e s u r e s 
v e c t o r i e l l e s . Rev . R o u m a i n e M a t h . P u r e s app l . 10 (1965), 
3 3 3 - 3 3 8 . 

2 . N. Dincu leanu , On R e g u l a r V e c t o r M e a s u r e s . Acta Sci . 
Ma th . (Szeged) 24 (1963), 2 3 6 - 2 4 3 . 

3 . Dunford- Schwar t z , L i n e a r O p e r a t o r s ( p a r t i ) . I n t e r s c i e n c e 
P u b l i s h e r s , New York (1957). 

4 . G. Fox , Note on the B o r e l me thod of m e a s u r e e x t e n s i o n . 
Canad. Math . Bu l l . 5 (1962), 2 8 5 - 2 9 6 . 

5. S. Gaina , E x t e n s i o n of v e c t o r m e a s u r e s with f ini te v a r i a t i o n . 
Rev . R o u m a i n e Ma th . P u r e s appl . 8 (1963), 1 5 1 - 1 5 4 . 

6. P . R . H a l m o s , M e a s u r e T h e o r y . D. Van N o s t r a n d (1950),. 

528 

https://doi.org/10.4153/CMB-1967-052-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-052-1


7. L. Le Blanc and G. E. Fox, On the extension of measure by 
the method of Borel . Canad. Jour. Math. 8 (1956), 516-523. 

8. M. Nicolescu, Mathematical Analysis. (Romanian) Vol. Ill 
Ed. Technica, Bucharest (i960). 

Université de Montréal 

529 

https://doi.org/10.4153/CMB-1967-052-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-052-1

