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Abstract

We construct a (gl2, �(Q?)) and Hecke-equivariant cup product pairing between overconvergent modular forms

and the local cohomology at 0 of a sheaf on P1, landing in the compactly supported completed C?-cohomology
of the modular curve. The local cohomology group is a highest-weight Verma module, and the cup product is
non-trivial on a highest-weight vector for any overconvergent modular form of infinitesimal weight not equal
to 1. For classical weight : ≥ 2, the Verma has an algebraic quotient �1 (P1,O(−:)), and on classical forms,
the pairing factors through this quotient, giving a geometric description of ‘half’ of the locally algebraic vec-
tors in completed cohomology; the other half is described by a pairing with the roles of �1 and �0 reversed
between the modular curve and P1. Under minor assumptions, we deduce a conjecture of Gouvea on the Hodge-
Tate-Sen weights of Galois representations attached to overconvergent modular forms. Our main results are es-
sentially a strict subset of those obtained independently by Lue Pan, but the perspective here is different, and
the proofs are short and use simple tools: a Mayer-Vietoris cover, a cup product, and a boundary map in group
cohomology.

1. Introduction

In this work, we show that cuspidal overconvergent modular forms of infinitesimal weight ≠ 1 give rise
via an explicit construction to highest-weight vectors in the compactly supported completed cohomology
of the modular curve (Theorem A below). Using this result, we compute the Hodge-Tate-Sen weights of
the Galois representation attached to an overconvergent eigenform (possibly of infinite slope!) outside
of weight 1 and assuming the residual representation is absolutely irreducible (Corollary B below).
This verifies a conjecture of Gouvea [9, Conjecture 4] in most cases. Our result mirrors the classical
picture, where complex cuspidal modular forms are naturally identified with highest-weight vectors in
the corresponding automorphic representation of GL2 (R).

In fact, just as in the complex case, what one obtains more canonically is a map from the associated
Verma module: our maps are most naturally formulated as cup products between overconvergent modular
forms and local cohomology groups on P1, giving a direct connection between the structure of completed
cohomology and classical geometric representation theory.

After preparing an earlier draft, we learned of a preprint by Lue Pan [14] giving a complete description
of the Hodge-Tate-Sen decomposition of the highest-weight vectors in the locally analytic part of
completed cohomology. In particular, [14, Theorem 5.4.2] essentially subsumes our Theorem A and
goes much further. There are two advantages of the approach we present here:

© The Author(s), 2021. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in
any medium, provided the original work is properly cited.

https://doi.org/10.1017/fms.2021.16 Published online by Cambridge University Press

doi:10.1017/fms.2021.16
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/fms.2021.16&domain=pdf
https://doi.org/10.1017/fms.2021.16


2 Sean Howe

1. Our proof is brief and relatively straightforward; a reader interested in the results of [14] might stop
here first to get a quick geometric perspective on why overconvergent modular forms should relate
to locally analytic vectors in completed cohomology in the first place.

2. By swapping the role of �0 and �1 between the modular curve and P1, it is easy to see that there
is a dual geometric picture connecting to work of Boxer-Pilloni [3] on higher Hida theory (see also
Remark 1.2.12 below for an explanation of how this may fit into the Shimura isomorphism of [14]).

1.1. Summary of construction and results

The idea of our construction can be stated very naively using the geometry of the Hodge-Tate period

map. We fix a prime-to-? level  ? (a compact open subgroup of GL2(A
(?)

5
)) and write:

1. -/C? for the perfectoid compactified modular curve of prime-to-? level  ? and infinite level at ?
2. I for the ideal sheaf of the boundary (cusps) on -
3. cHT : - → P1 for the Hodge-Tate period map
4. 0 = [0 : 1] ∈ P1 (Q?)

5. � ⊂ GL2,Z? for the upper triangular Borel stabilizing 0 ∈ P1(Q?) = P
1 (Z?), # ⊂ � for its unipotent

radical, and #0 = # (Z?)

6. I = G/H for the canonical coordinate on P1 at 0

The topological closure of the canonical component of the ordinary locus in - is the fiber -{0}, and
any cuspidal overconvergent modular form can naturally be identified with a function in �0(- |I | ≤n , I)

for some n depending on the radius of overconvergence (as in [4, 10]).
On the other hand, a result of Scholze [18] implies that the compactly supported C?-completed co-

homology �̃1
2,C?

of the tower of modular curves can be computed as the analytic cohomology �1 (-, I).

If we consider the cover of - by - |I | ≤n and - |I | ≥n , then both of these and their intersection - |I |=n
are affinoid perfectoids, and thus the analytic cohomology �1 (-, I) is computed by the Čech/Mayer-
Vietoris complex for this covering. As a consequence, we find classes in �1(-, I) are represented by
functions in �0 (- |I |=n , I).

To obtain the class attached to an overconvergent modular form, we do the simplest possible thing
that is not obviously trivial: we send the function 5 in �0 (- |I | ≤n , I) attached to an overconvergent

modular form of weight ^ to the class [ 5
I
]. A simple computation verifies that this is a highest-weight

vector of weight Lie(^) − 2; the key point then is to verify that it is not zero! This is accomplished by
composing with a certain restriction map to functions on the generic fiber of the Igusa tower -◦0/#0 –
this composition can be computed explicitly and identified with multiplication by 1 − Lie(^) (which
explains why weight one is excluded from our results!).

When the modular form is defined over a finite extension of Q? , then the whole construction can be
carried out over that extension, and we find that the resulting vector lands in the Hodge-Tate weight zero
part of completed cohomology. From this, we deduce that the Galois representation attached to any1

overconvergent modular form of weight not equal to 1 defined over Q? admits zero as a Hodge-Tate-
Sen weight (Corollary B), proving a conjecture of Gouvea previously known only for classical modular
forms and finite slope overconvergent modular forms.

Restricting from overconvergent to classical modular forms, we find our construction gives a ge-
ometric realization of the Hodge-Tate weight zero part of the locally algebraic vectors in completed
cohomology via a simple cup product between classical modular forms and the Borel-Weil-Bott real-
izations of algebraic representations in the first cohomology of line bundles on the flag variety P1. In
fact, comparing with work of Faltings and Emerton, we find that this describes ‘half’ of the locally al-
gebraic vectors; the other half come from swapping the role of �1 and �0 between the modular curve
and P1.

1Under the assumption that the residual representation is absolutely irreducible.
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1.2. Interpolation of cup products and the main result

The explicit description in terms of functions summarized above is useful for computations but at first
glance appears rather ad hoc. To understand the situation more clearly, we identify our map with a cup
product.

The modular sheafl on - is naturally identified with c∗HTO(1), and thus we obtain cup product maps

�0(-, l: ⊗ I) ⊗ �1 (P1,O(−:)) → �1 (-, I). (1.2.0.1)

The right-hand term in the pairing is an algebraic representation of GL2 (Q?) that is non-zero for : ≥ 2.
If we pass to smooth vectors for the GL2 (Q?)-action on the left, we obtain the space of classical weight
: cusp forms (cl

:
. Pairing a classical form with a distinguished highest-weight vector in the algebraic

representation gives exactly the class [ 5 /I] described in the summary above: indeed, this highest-weight
vector is represented by the meromorphic section H−:/I on P1, and the section H of O(1) pulls back to
the canonical trivialization of l via cHT. Theorem A below will show this pairing is injective.

The group �1(P1,O(−:)) admits a natural surjection from the algebraic local cohomology of O(−:)
at 0,�1

{0},alg (P
1,O(−:)) – representation-theoretically this can be identified with the surjection from the

corresponding highest-weight Verma module to the algebraic representation. These local cohomology
classes can be paired with overconvergent modular forms, giving an extension of (1.2.0.1): When we
pair with a classical modular form, the map factors through the algebraic representation, but in general,
it does not. Moreover, while the algebraic representations cannot be interpolated outside of classical
weights, the local cohomology Verma modules can be interpolated geometrically along with the cup
product pairing with overconvergent modular forms. We explain this now.

1.2.1. Overconvergent and classical modular forms

For ^ a continuous C?-valued character of Z×? , we define a �(Q?)-equivariant sheaf O(^) on the germ

of 0 = [0 : 1] ∈ P1. We write l^ = c−1
HTO(^). When ^ is the classical character I ↦→ I: , O(^) extends

to the standard GL2(Q?)-equivariant sheaf O(:) on P1.
We consider the space of overconvergent sections

�0,† (-{0}, l
^ ⊗ I) = colimn→0�

0 (- |I | ≤n , l
^ ⊗ I).

It admits an action of �(Q?). Moreover, because each neighborhood |I | ≤ n is stabilized by some
Γ0(?

=), the action of �(Z?) on any section extends, and it makes sense to define the subspace of
smooth vectors, denoted with a superscript sm, as those stabilized by some compact open subgroup of
GL2(Q?). We write

(†^ = �
0,† (-{0}, l

^ ⊗ I)sm.

We consider (†^ as a (gl2, �(Q?))-module with trivial gl2-action. For : ∈ Z, restriction gives a natural
(gl2, �(Q?))-equivariant injection

(cl
: ↩→ (

†
:
. (1.2.1.1)

Remark 1.2.2. The traditional definition of overconvergent cusp forms of weight ^ coincides with the
invariants ((†^ )

� (Z?) . We prefer the larger space (†^ here as it is better suited for representation-theoretic
arguments. In particular, it is convenient to have the map (1.2.1.1) available rather than twisting the
weight to see all classical forms. In that vein, we note that if j is a finite order character of Z×? , then

we have a canonical identification of (gl2, �(Q?)) representations (†j^ = (
†
^ (j

−1), where the notation
(j−1) on the right denotes a twist by

[
0 1

0 3

]
↦→ j−1 (3 |3 |?).

In particular, when Lie^ = : ∈ Z, we usually just consider ^ = I: .
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1.2.3. The pairing

To compute �̃1
2,C?

= �1(-, I), we take the colimit over n of the Mayer-Vietoris sequences2 for the

covers of - by - |I | ≤n and - |I |>0:

0→
� 0,† (-{0} ,I)

⊕� 0 (-|I |>0 ,I)
→ colimn�

0 (-0< |I | ≤n , I) → �1(-, I) → 0. (1.2.3.1)

Remark 1.2.4. Merging two terms gives the local cohomology sequence

0→ �0(- |I |>0, I) → �1
-{0}
(-, I) → �1(-, I) → 0.

We write �1
{0} (P

1,O(^−1)) for the analytic local cohomology of O(^−1) at 0 ∈ P1; its elements are
represented by sections in a punctured neighborhood of 0 (see 2.3). There is a natural identification
O(^)∗ = O(^−1), and thus we obtain a pairing

(†^ ⊗ �
1
{0} (P

1,O(^−1)) → �1(-, I) = �̃1
2,C?

(1.2.4.1)

by pairing an overconvergent modular form with a section on a punctured neighborhood to ob-
tain an element in colimn�

0 (-0<I≤n , I) and then mapping to �1(-, I), where the result becomes
well-defined.

We show that (1.2.4.1) factors through a map of (gl2, �(Q?))-modules to the locally analytic

vectors �̃1,loc−an
2,C?

. The space �1
{0} (P

1,O(^−1)) contains a canonical Verma module +^−1 of highest-

weight Lie^ − 2 spanned by germs of sections meromorphic at 0; and to describe (1.2.4.1) further, it is
convenient to consider the restriction to +^−1 ,

(†^ ⊗ +^−1 → �̃
1,loc−an
2,C?

. (1.2.4.2)

By the equivariance properties of cHT, the prime-to-? action on +^−1 is trivial, and thus the prime-
to-? action on the left is concentrated in (†^ . In particular, for any prime-to-? Hecke eigensystem p, we
obtain an induced map on eigenspaces

(†^ [p] ⊗ +^−1 → �̃1
2,C?
[p] .

+^−1 is irreducible unless Lie^ = : ≥ 2, when +^−1 admits an algebraic quotient. We write the kernel
as + ′

^−1 , a Verma module of highest-weight −: .

Theorem A. If Lie^ ∉ Z≥1, then (1.2.4.2) is a (gl2, �(Q?)) and prime-to-?Hecke equivariant injection.

For ^ = I: , : ≥ 2, the kernel is (cl
:
⊗ + ′
−:

, and the pairing

(cl
: ⊗ �

1(P1,O(−:)) ↩→ �̃
1,loc−an
2,C?

induced by passing to the quotient is identified with the restriction of the global GL2(Q?) and prime-to-?

Hecke equivariant cup product

�0(-, l: ⊗ I) ⊗ �1 (P1,O(−:)) → �1(-, I).

Remark 1.2.5. If Lie^ = 1, then pairing with a classical form is easily seen to give zero (see the second
part of Lemma 4.2.1). For non-classical weight one forms, we expect that the pairing can be non-zero:
for example, for a non-classical weight one specialization of a Hida family.

2We verify the necessary vanishing in Lemma 3.2.1 so that one can compute the cohomology of I using these covers by
quasi-Stein perfectoids rather than affinoid perfectoids, although one could also arrange the entire argument using only covers by
affinoid perfectoids.

https://doi.org/10.1017/fms.2021.16 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2021.16


Forum of Mathemetics, Sigma 5

Remark 1.2.6. If we fix an eigensystem corresponding to a finite slope form, then, comparing with [5],
we find that our maps3 witness in most cases the full locally analytic Jacquet module of the corresponding
representation of GL2 (Q?).

1.2.7. A simple proof

The main point in Theorem A is the injectivity on the generating highest-weight vectors, and it admits
a remarkably simple proof: we take the long-exact sequence in continuous group cohomology for the
#0-action on the short-exact sequence (1.2.3.1), from which we extract a map

�1 (-, I)#0 → �1(#0, �
0,† (-{0}, I)). (1.2.7.1)

To verify a class is non-trivial, we can apply (1.2.7.1) and then restrict to a neighborhood of either a
cusp or an ordinary point, where the action of #0 is explicit. By the construction of (1.2.4.2), we have
a function representing the cohomology class of the image of a highest-weight vector in �1(-, I) and
a precise formula for the action of #0 on it; thus we can compute exactly a representing cocycle for the
restriction of its image under (1.2.7.1) to verify the class is nonzero.

Remark 1.2.8. The majority of this material was worked out several years ago, but the author was
unable to prove this injectivity at the time. The idea to use (1.2.7.1) was inspired by Ana Caraiani’s
talk in the Recent Advances in Modern ?-adic Geometry (RAMpAGe) seminar on 6 August 2020
on her joint work with Elena Mantovan and James Newton. They use the restriction map on O+/?=-
cohomology from the diamond -/#0 to the Igusa variety -◦

{0}/#0 to compare the ordinary part
of completed cohomology with ordinary ?-adic modular forms à la Hida. Our map in continuous
group cohomology is a pedestrian reinterpretation of this restriction map that is well-adapted to our
setup.

1.2.9. A Galois corollary

We say a weight ^ is defined over Q? if Lie^ ∈ Q? (equivalently, ^ is valued in Q?). Any such ^ is
valued in a finite extension of Q? , and thus it makes sense to discuss overconvergent modular forms of

weight ^ defined over Q? (any one of which is defined over some finite extension of Q?).

In particular, if we fix an overconvergent modular form 5 defined over Q? , then all of the spaces and
maps involved in pairing with 5 via (1.2.4.2) are defined already over a finite extension of Q? , and we
deduce that the image lies in the Hodge-Tate weight zero part of �̃1

2 . Using this observation, we establish
the following result, which was conjectured by Gouvea [9, Conjecture 4] for weights : ∈ Z without
the hypothesis on the residual representation and was previously known for finite slope and classical
forms.

Corollary B. If 5 is an overconvergent eigenform defined over Q? of weight ^ with Lie^ ≠ 1, and the

attached Galois representation d is such that d is absolutely irreducible, then d 5 has Hodge-Tate-Sen

weights (0,Lie^ − 1).

Remark 1.2.10. This result without the restriction Lie^ ≠ 1 and under the weaker hypothesis that d be
irreducible is shown in [14, Theorem 1.0.7], along with a converse (under some minor hypotheses).

1.2.11. The Hodge-Tate weight zero part of locally algebraic vectors

In the following,  ? ⊂ GL2 (Z?) is a compact open subgroup, and + is the Q?-local system on the
(open) modular curve . ?

attached to the Tate module of the universal elliptic curve. By a computation
of Faltings [8],

�1
ét,2 (. ?

, (Sym:+)∗) ⊗ C? = (
cl, ?

:+2 (1 − :) ⊕ ("
cl, ?

:+2 )
∗,

3In the ordinary split case, one must invoke the existence of an overconvergent pre-image under \:−1 for the evil twin and then
also apply (1.2.4.2) in weight 2 − :, just as in [5, Remark 7.6.3].
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where "cl
:+2 is the space of classical modular forms, the superscript  ? denotes invariants and the

parentheses denote Tate twists. Using the identification det+ = Q? (1) and applying Emerton’s [5,
Theorem 7.4.2] computation of locally algebraic vectors in �̃1

2 , we conclude that the Hodge-Tate weight
zero part of (�̃1

2)
loc−alg ⊗ C? is identified with

(⊕

:≥0

(cl
:+2 ⊗

(
(Sym:+)∗ ⊗ det+

))
⊕

(⊕

:≥0

("cl
:+2)

∨ ⊗ Sym:+

)
. (1.2.11.1)

If + = Γ(P1,O(1)), then Serre duality identifies

(Sym:+)∗ ⊗ det+ = �1(P1,O(−:) ⊗ ΩP1 ) ⊗ det+ = �1(P1,O(−: − 2)),

where here we have used the equivariant identification $ (−2) = ΩP1 ⊗ det+ . Thus, we may rewrite the
first summand in (1.2.11.1) as ⊕

:≥2

(cl
: ⊗ �

1(P1,O(−:)).

This is exactly the part recovered by our cup product map as in Theorem A. On the other hand, the
second half can be rewritten as

⊕

:≥0

colim ?
�1 (- ?

, l−: ⊗ I) ⊗ �0 (P1,O(:)). (1.2.11.2)

This can realized similarly as a cup product at infinite level where the roles of �1 and �0 are reversed
between the infinite-level modular curve and P1.

Remark 1.2.12. One can also interpolate the cup products giving (1.2.11.2) by pairing the local
cohomology of l^ ⊗ I on the ordinary locus of finite-level modular curves with overconvergent sections
on P1. Using a method similar to the proof of Theorem A, we can prove a non-degeneracy for these
pairings, but unfortunately only in integral weight.4

Moreover, in integral weight, any element in the kernel of the surjection from local cohomology
to global cohomology is represented by a modular form on the complement. After applying the non-
trivial Weyl element, we obtain an overconvergent modular form inducing the same map via the pairing
considered in Theorem A – thus, outside of classical eigensystems, we see nothing new in classical
weight, so we have not included the details.

We note that these local cohomology groups on the modular curve side are essentially those studied
by Boxer-Pilloni [3]. Moreover, they are Serre-dual to overconvergent modular forms, and we expect that
this pairing or a variant may fill in the missing geometric description of the space "`,1 for non-integral
weights appearing in the Shimura isomorphism described in [14, Theorem 5.4.2] (see also also the
paragraph following [14, Theorem 1.0.1]), completing the analogy with the classical Eichler-Shimura
theory described there.

1.2.13. Variant in classical weight

For classical weights, it is perhaps more natural to replace 0 with all of P1 (Q?) so that we obtain
GL2(Q?)-equivariant cup products

�0,† (-P1 (Q?)
, l: ⊗ I)sm ⊗ �1

P1 (Q?)
(P1,O(−:)) → �̃1

2,C?
.

These are related to our previous considerations in the following way: the obvious restriction
map realizes �0,† (-P1 (Q?)

, l: ⊗ I)sm as the smooth induction of (†
:
. Moreover, there is a natural

4Our method here hinges on having a section representing the local cohomology class that is defined on (some part of) the
opposite ordinary locus – in particular, to obtain such a representative, the sheaf itself must extend across the supersingular locus.
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inclusion

�1
{0} (P

1,O(−:)) ↩→ �1
P1 (Q?)

(P1,O(−:)),

and restricting to �1
{0} (P

1,O(−:)) factors through the map to (†
:

on the left.
One can furthermore define dual pairings as in Remark 1.2.12 in this setting, and the spaces of

overconvergent sections on P1 appearing in these dual pairings are related by an analytic local duality
to the local cohomology groups �1

P1 (Q?)
(P1,O(−:)), essentially as in work of Morita [13, Section 5].

1.3. Organization

In Section 2, we set up basic notation, introduce the overconvergent sheaves O(^) on P1, and study their
local cohomology. In Section 3, we recall some facts about overconvergent modular forms and establish
the fundamental exact sequence (1.2.3.1). In Section 4, we construct the cup product pairings and prove
most of Theorem A. Finally, in Section 5, we discuss the comparison between completed cohomology
and the cohomology of I and verify that certain operations in representation theory commute with
passage to the Hodge-Tate weight zero part, allowing us to complete the proof of Theorem A and prove
Corollary B.

2. Constructions on P1

2.1. Conventions

2.1.1. Groups and representations

We write GL2 for the algebraic group of invertible 2 × 2 matrices and � ⊂ GL2 for the subgroup of
invertible upper-triangular matrices. Let

#0 =

[
1 Z?
0 1

]
⊂ �(Q?).

We write gl2 (respectively, b) for the Lie algebra of GL2 (respectively, �) over Q? , and

=+ =

[
0 1
0 0

]
, =− =

[
0 0
1 0

]

for the raising and lowering operators, respectively, in gl2. A (gl2, �(Q?))-module is a barreled locally
convex HausdorffQ?-vector space5+ equipped with an action ofgl2 and a locally analytic representation
of �(Q?) such that

1. The two induced actions of b on + agree, and
2. For any - ∈ gl2, 1 ∈ �(Q?), and E ∈ + , 1 · - (E) = (1-1−1) (1 · E).

We refer the reader to [16] for the notion of a locally analytic representation; however, the representations
we consider are so explicit that no general theory is really necessary to make sense of the computations.

2.1.2. Geometry

In the following, � is a complete extension of Q? , and P1 denotes the projective line over � , viewed
as an adic space over Spa(�,O� ). We take the dual action on P1 so that GL2 acts via the standard

5For our purposes, we will only need Banach spaces, Fréchet spaces and colimits thereof. We will often be working with
representations on vector spaces over a complete extension �/Q? ; but, for example, a representation on an �-Banach space is
in particular a representation on a Q?-Banach space! In particular, even though � will often be C? , we will never perform any
operations that require caution over the fact that C? is not spherically complete.
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representation on O(1) in the basis G, H:

for W =

[
0 1

2 3

]
, W · G = 0G + 2H and W · H = 1G + 3H.

Writing I = G/H for the standard local coordinate at 0 = [0 : 1] ∈ P1, we have

W · I =
0I + 2

1I + 3
. (2.1.2.1)

We will denote subspaces of P1 defined using |I | with subscripts, such as P1
|I | ≤1/? for the affinoid ball

of radius 1/? around 0. Note that when we write |I | ≤ 1/?=, what we really mean is |I | ≤ |?= |; that is,
1/?= should be interpreted as lying in |Q×? |.

2.2. Overconvergent line bundles

2.2.1. Reduction of structure group

The geometric torsor of bases for O(−1) on P1 is the projection map

A2\{(0, 0)} → P1. (2.2.1.1)

We will consider the following reductions of structure group: for n = 1/?=, = ≥ 1, we write Z?,n for
the affinoid n-neighborhood of Z? in A1. In other words, Z?,n is the disjoint union of affinoid disks
�n (:) : |C − : | ≤ |?= | of radius 1/?= as : varies over a set of representatives for the residue classes
Z?/?

=.
We writeZ×?,n for the units inZ?,n or, equivalently, the affinoid n-neighborhood ofZ×? . The restriction

of (2.2.1.1) to �n (0) × Z×?,n ⊂ A
2\{0} is a geometric Z×?,n -torsor

)n → P
1
|I | ≤n .

It is equivariant for the action of Γ0(?
=) =

[
Z×? Z?

?=Z? Z
×
?

]
⊂ GL2 (Z?). The corresponding sheaf of

sections Tn ⊂ O(−1) is a sheaf-theoretic reduction of structure group for O(−1) from G< to Z×?,n . We

fix a canonical trivializing section over P1
I≤n :

4 : [I : 1] ↦→ (I, 1).

These trivializations are compatible along the natural inclusions for n ′ ≤ n ,

Tn ′ ↩→ Tn |P1
I≤n ′

.

2.2.2. Overconvergent sheaves

Fix ^ a continuous character of Z×? valued in � . Any such character extends uniquely to Z×?,n for n

sufficiently small. For such an n , we obtain a line bundle on P1
|I | ≤n

by pushing out via the reciprocal

character ^−1:

O(^) := Tn ×Z×?,n ,^−1 O

(independent of the choice of n up to canonical isomorphism). The canonical trivialization 4 of Tn gives
a canonical trivialization 4^ = (4, 1) of O(^). When ^ is the character I ↦→ I: , we have a canonical
identification O(^) = O(:) |P1

|I |≤n
, and the section 4^ of O(^) is identified with H: . In general,

[
0 1

2 3

]
· 4^ = ^(1I + 3)4^ . (2.2.2.1)
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We note that O(^) has an obvious action of Γ0(?
=) for = sufficiently large. In fact, the �(Z?)-action

extends naturally to an action of

[
Q×? Q?

0 Z×?

]
on the germ of O(^) at 0: if we fix n sufficiently small to

define l^ via the torsor )n , then one can check that for any W in this group, there is an nW ≤ n such that
the action of W on A2\{0} restricts to a map )n |I≤nW → )n . We extend this to an action of �(Q?) by
letting diag(?, ?) act trivially.

Remark 2.2.3. This essentially arbitrary choice for the action of diag(?, ?) will not matter in any of
our final results, although it is desirable to make a choice that assigns inverse values for the action
of diag(?, ?) on O(^) and O(^−1) so that the canonical identification O(^)∗ = O(^−1) is �(Q?)-
equivariant. Indeed, the choice is cancelled out in all of our main results because the representations
appearing (see also e.g. (1.2.4.1)) are always a tensor of one space of sections constructed from O(^)

and another from O(^)∗ = O(^−1) – thus, no matter what choice we make here, diag(?, ?) will act
trivially on the resulting representation.

For ^ = I: , it would be more natural in some ways to let diag(?, ?) act by ?: because then this
would agree via restriction with the standard GL2(Q?)-equivariant structure on O(:). However, there
is no natural way to interpolate this choice for other ^, and in the end, it is perhaps more useful to have
uniform formulas by always taking the action to be trivial.

It will be useful to have an explicit formula for this action: in a sufficiently small neighborhood of 0,
if we write

O(^) = OP1 · 4^

then from (2.1.2.1), (2.2.2.1), and the fact that diag(?, ?) acts trivially, we find
[
0 1

2 3

]
· ( 5 (I)4^ ) =

( [
0 1

2 3

] [
|3 | 0
0 |3 |

] )
· ( 5 (I)4^ ) (2.2.3.1)

= 5

(
0I + 2

1I + 3

)
^(1 |3 |I + 3 |3 |)4^ (2.2.3.2)

whenever the final equation ‘makes sense’: that is, when 5 and the locally analytic function ^ are defined
on their inputs – in particular, by inspection of the formula, we find that for any fixed matrix in �(Q?)
and 5 defined on a fixed ball around 0, the result is defined on some fixed (potentially smaller) ball
around 0, just as we knew already from the above conceptual interpretation of the action!

2.3. Local cohomology representations

2.3.1. Recollections on local cohomology

For / ⊂ P1 a closed set and F a sheaf defined on an open neighborhood * ⊃ / , we consider the local
cohomology6 group �1

/
(*,F) (for the analytic topology on P1). It fits into a functorial exact sequence

0→ �0(*,F)/�0(*\/,F) → �1
/ (*,F) → �1(*\/,F). (2.3.1.1)

For / ⊂ * ′ ⊂ * there is a natural restriction map

�1
/ (*,F) → �1

/ (*
′,F)

and by the excision property, it is an isomorphism (this will be obvious by direct computation in
all cases we consider). Moreover, (2.3.1.1) is compatible with the restriction maps on all terms, and
restriction satisfies the natural compatibilities with respect to / ⊂ * ′′ ⊂ * ′ ⊂ *. In particular, we can

6Or relative cohomology, or cohomology with supports, depending on your tastes!
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unambiguously write

�1
/ (P

1,F) := �1
/ (*,F)

for any choice of* as above, and this abuse of notation makes sense even though F may not be defined
on all of P1 (in particular, we will apply this to the sheaves O(^) of the previous section).

We note further that for / ′ ⊂ / , there is a corestriction map

cores : �1
/ ′ (P

1,F) → �1
/ (P

1,F),

and these corestrictions satisfy the obvious compatibility for / ′′ ⊂ / ′ ⊂ /. Moreover, for any choice
of *, the exact sequence (2.3.1.1) is functorial for / ′ ⊂ / ⊂ * via corestriction in the middle and the
natural restriction maps on the other terms that appear.

2.3.2. Representations on local cohomology

We now consider the local cohomology groups of the sheaves O(^) along the closed subsets ( = {0} and
( = |I | < n for n = 1/?= sufficiently small. Here |I | < n must be read in the language of adic spaces – it
is then the complement of the open affinoid |I | ≥ n and thus closed. Its interior is the adification of the
rigid analytic ball defined by the same inequality, and the boundary is a single rank-two point where |I |
is infinitesimally smaller than |?= |.

We state the main properties of these groups as a lemma; in the proof, we will use (2.3.1.1) to make
the groups themselves completely explicit.

Lemma 2.3.3.

1. For n = 1/?= sufficiently small, �1
|I |<n
(P1,O(^)) is canonically an orthonormalizeable �-Banach

space with a locally analytic action of Γ0(?
=+1).

2. For n ′ = 1/?< < n = 1/?=, the corestriction map

�1
|I |<n ′ (P

1,O(^)) → �1
|I |<n (P

1,O(^))

is injective, completely continuous (i.e. a compact operator) and Γ0(?
<+1)-equivariant. In particular,

it is a map of (gl2, �(Z?))-modules.

3. The corestriction maps

�1
{0} (P

1,O(^)) → �1
|I |<n (P

1,O(^))

are injective and induce an isomorphism

�1
{0} (P

1,O(^)) = lim
n
�1
|I |<n (P

1,O(^)). (2.3.3.1)

In particular, �1
{0} (P

1,O(^)) is a nuclear Fréchet space with the structure of a (gl2, �(Z?))-module.

Moreover, the action of �(Q?) on the germ ofO(^) at 0 extends this to the structure of a (gl2, �(Q?))

module.

Remark 2.3.4. The dual of the nuclear Fréchet space �1
{0} (P

1,O(^)) is canonically identified with

the space of compact type �0,† ({0},Ω(^−1)) via the residue pairing (cup to �1
{0} (P

1,Ω) then pass to

�1 (P1,Ω) = �).

Proof. For n0 sufficiently small and n ≤ n0, (2.3.1.1) with* = P1
|I | ≤n0

gives

�1
|I |<n (P

1,O(^)) = �0 (P1
n ≤ |I | ≤n0

,O(^))/�0(P1
|I | ≤n0

,O(^)). (2.3.4.1)

Indeed, O(^) is a line bundle, so its �1 vanishes on the affinoid P1
n ≤ |I | ≤n0

.
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Using that O(^) = OP1 · 4^ , we see that

�0 (P1
n ≤ |I | ≤n0

,O(^)) =

{(∑

:∈Z

0: I
:

)
4^ | lim

:→∞, :≥0
|0: |n

:
0 = 0 and lim

:→−∞, :<0
|0: |n

: = 0

}
.

This is an orthonormalizeable Banach space with norm given by the sup over the terms appearing in
the two limits. The subspace �0 (P1

|I | ≤n0
,O(^)) is closed; indeed, it is given by those power series with

0: = 0 for : < 0. The quotient �1
|I |<n
(P1,O(^)) is thus also a Banach space, and the induced norm can

be computed on any representative
(∑

:∈Z

0: I
:

)
4^

as sup:<0 |0: |n
: . In particular, this norm is independent of the choice of n0, and we also immediately

obtain that the corestriction maps for n ′ < n are compact.
The Γ0(?

=+1) action for n = 1/?= exists because Γ0(?
=+1) preserves the ball |I | < n , and it is an

immediate computation from (2.2.3.2) that it is locally analytic (using the local analyticity of ^). The
equivariance for corestriction is immediate, so we have now established points 1. and 2. in the statement
of the lemma.

To prove 3., we again apply (2.3.1.1) with* = P1
|I | ≤n0

to see

�1
{0} (P

1,O(^)) = �0(P1
0< |I | ≤n0

,O(^))/�0(P1
|I | ≤n0

,O(^)).

Indeed, O(^) is a line bundle, so its �1 vanishes on the quasi-Stein P1
0< |I | ≤n0

.

The limit formula (2.3.3.1) is then immediate by comparing with (2.3.4.1) and using the trivial
identity

�0(P1
0< |I | ≤n0

,O(^)) = lim
n
�0 (P1

n ≤ |I | ≤n0
,O(^)).

It remains only to check that the �(Q?) action induced by the action on the germ satisfies the correct
compatibility with the gl2-action under the adjoint action, and this can be verified, for example, with
the explicit formula (2.2.3.2). �

2.3.5. The Verma module

The computations in the proof of Lemma 2.3.3 show that �1
0 (P

1,O(^)) can be unambiguously identified
with the the set of tails {(∑

:<0

0: I
:

)
4^ | ∀C > 0, lim

:→∞
|0: |C

: = 0

}
.

In this presentation, the Fréchet topology is given by the norms for C > 0



(∑

:<0

0: I
:

)
4^


C

= sup |0: |C
: .

The actions of gl2 and �(Q?) are then obtained by applying (2.2.3.2) to compute naively and then
truncating the resulting Laurent series back to its tail. In particular, short computations show

1. =− acts as 3
3I

,

2. I−14^ is a highest-weight vector of weight (−1,Lie^ + 1), and
3. The action of �(Q?) preserves the set of tails truncated at any finite power.
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It follows that the subspace +^ of meromorphic tails is a (gl2, �(Q?))-module (topologized with the
colimit topology over the finite truncations) whose underlying gl2-representation is the Verma module of
highest weight (−1,Lie^ + 1). In particular, when Lie^ = : ∈ Z≤−2, it admits an algebraic quotient, and
the kernel + ′^ has highest-weight vector I:4^ of weight (:, 0). For ^ = I: , : ≤ −2, +^ is the algebraic

local cohomology group, the quotient is �1(P1,O(:)), and the kernel + ′^ is �0
alg(P

1\{0},O(:)) with

I:4^ = G
: .

3. Constructions on modular curves

Recall from Section 1.1 that - is the perfectoid infinite-level compactified modular curve of prime-to-?
level  ? of [18]. It admits a Hodge-Tate period map

cHT : - → P1

such that over the open perfectoid modular curve . , the pullback of

0→ O(−1) ⊗ det→ Γ(O(1)) ⊗ O→ O(1) → 0

is GL2(Q?)-equivariantly identified with the Hodge-Tate sequence for the Tate module of the universal
elliptic curve,

0→ l−1(1) → O
2 → l→ 0. (3.0.0.1)

Here we use the canonical trivialization of the Tate module at infinite level so that the �!2 (Q?)-action
on the middle term is via the standard representation.

Remark 3.0.1. The notation O(:) on P1 refers to the standard line bundles, whereas l−1(8) on -

denotes a Tate twist of the sheaf l−1 on - . This should not cause any confusion in what follows, as we
will never use Tate twists on P1. Instead, Tate twists can be replaced on P1 by twisting the GL2(Q?)-
action via the determinant because, on - , Q? (1) has a trivialization transforming via the determinant
under GL2 (Q?) – indeed, Q? (1) is the determinant of the Tate module of the universal elliptic curve.

3.1. Overconvergent modular forms

As in the introduction, we define

l^ = c−1
HTO(^) and (†^ = �

0,† (-{0}, l
^ ⊗ I)sm.

The action of �(Q?) on the germ of O(^) at 0 equips (†^ with a natural (gl2, �(Q?))-module structure,
with gl2 acting trivially.

We briefly recall (see also [4, 10, 2]) why the �(Z?)-invariants in (†^ agree with the classical definition
of overconvergent modular forms of weight ^: to show the line bundles l^ descend to finite level, one
first observes that the torsor of bases Tn |-|I |≤n has a  ?-invariant section for  ? ⊂ Γ0(?

=) sufficiently
small, which follows from the density of O- (- |I | ≤n )sm in O(- |I | ≤n ) established in [18, Theorem 3.1.2-
(iii)]. This allows one to descend Tn to an étale7 torsor away from a neighborhood of the boundary
in the image of - |I | ≤n in the modular curve of finite level Γ0(?

=) ?. One argues by hand to extend
to the cusps, as over the canonical component of the ordinary locus 4^ agrees with the standard Katz
trivialization. The resulting torsor at finite level can now be pushed out to give a descent of l^ , and the
overconvergent sections along the canonical ordinary locus will be exactly the �(Z?)-invariants in (†^ ;
the choice of the specific = in Γ0(?

=) is irrelevant here as passing to a sufficiently small n allows one
to move between = (classically via overconvergence of the canonical subgroup, or from this perspective
just using that the orbit of |I | ≤ n under any Γ0(?

=) is a disjoint union of translates of the ball).

7It is only étale because the  ? with an invariant section may not equal Γ0 (?
=) .
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At this point, one can, for example, compare with the construction of Pilloni [15], which carries out
the same idea at finite level to reduce the structure group mod ?= for the Hodge-Tate integral structure.

3.2. The fundamental Mayer-Vietoris sequence

Recall that I denotes the ideal sheaf of the boundary (cusps) m- of - . To obtain the quasi-Stein version
of the Mayer-Vietoris exact sequence (1.2.3.1), we first establish a vanishing lemma:

Lemma 3.2.1. For any 8 ≥ 1 and any X = 1/?= > 0,

�8 (- |I |>0, I) = 0 and �8 (-X≥ |I |>0, I) = 0

Proof. Arguing as in [18, Theorem 3.1.2-(iii)], we find that - |I | ≥n is affinoid perfectoid for any
n = 1/?# > 0. Indeed: there is some neighborhood * of∞ such that -* is affinoid perfectoid, and we
can spread out to obtain an affinoid perfectoid containing - |I | ≥n using the action of diag(?, 1)Z; then
- |I | ≥n is affinoid perfectoid as a rational subdomain. Similarly, we find -X≥ |I | ≥n is affinoid perfectoid
for X ≥ n as it is again a rational subdomain.

With this established, the arguments for the two statements are essentially the same, so we just show
that �8 (- |I |>0, I) = 0. Write *= = - |I | ≥1/?= , an affinoid perfectoid. Because m- is strongly Zariski
closed8, we have an exact sequence

0→ I→ O- → Om- → 0

which is moreover exact after evaluation on an affinoid perfectoid. Because O- and Om- both have
vanishing higher cohomology on affinoid perfectoids (the intersection of an affinoid perfectoid in -
with m- is affinoid perfectoid in the perfectoid space m-), the long exact sequence of cohomology gives

�8 (*=, I) = 0 for 8 ≥ 1.

We now carry out the standard argument to bootstrap up to vanishing on the quasi-Stein space
- |I |>0 =

⋃∞
8=1*8 (see also e.g. [12, Theorem 2.6.5]9). Because the higher cohomology vanishes on*=,

we can compute �8 (- |I |>0, I) using the Čech complex for the cover {*8}8≥1. This Čech complex is the
limit of the Čech complexes for {*8}1≤8≤=.Moreover, the transition maps from =+1 to = are surjective in
each degree, so the derived limit of this sequence of complexes is the limit (see also [19, Tag 091D]). The
Čech complex for {*8}1≤8≤= has vanishing higher cohomology (because it computes the cohomology
of I on*=); thus, applying [19, Tag 0CQE], we conclude that �8 (- |I |>0, I) = 0 for 8 ≥ 2 and

�1 (- |I |>0, I) = '
1 lim�0 (*=, I).

It remains to show this '1 lim is zero. We write �= = �0 (*=, I), �+= = �0(*=, I
+), �= = �0 (*=,O),

and �+= = �0(*=,O
+). Then �= is a C?-Banach space with unit ball �+=, and �= is a closed subspace

and thus a Banach space with unit ball �+= (which is equal to �= ∩ �+=). Because *= is a Weierstrass
subdomain of *=+1, the image of �=+1 in �= is dense. It follows from [18, Lemma 2.2.9-(ii)] that the
map �=+1 → �= also has dense image. We write | | · | |= for the Banach norm on �= with unit ball �+= . We
note that for 5 ∈ �=+1 ⊂ �=, | | 5 | |= ≤ || 5 | |=+1.

As usual, the first derived limit is computed as the cokernel of the map

k :
∏

=≥1

�= →
∏

=≥1

�=, ( 5=)= ↦→ ( 5= − 5=+1)=,

8This is shown in [18] but can also be verified by explicit computation for the modular curve or as a general consequence of [1,
Remark 7.5], which shows Zariski closed always implies strongly Zariski closed.

9Unfortunately, we cannot just invoke this result, as the ideal sheaf is not pseudocoherent.
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so we must show that k is surjective. Thus, suppose (H=)= ∈
∏
=≥1 �=. By density of �=+1 in �=, we can

inductively choose G1 = 0, then G2 such that | |H1−G2 | |1 ≤ 1/?, then G3 such that | |H2 +G2−G3 | |2 ≤ 1/?2,
and so on, so that

k((G=)=) − (H=)= ∈
∏

=≥1

�1/?= (�=)

where �1/?= (�=) denotes the ball | | 5 | |= ≤ 1/?= in �=. Thus it suffices to show this product is in the
image of k. But given

(H=) ∈
∏

=≥1

�1/?= (�=)

one can construct an explicit inverse (G=) by setting

G= = H= + H=+1 + H=+2 + . . .

which clearly converges since for any < ≥ =, | |H< | |= ≤ ||H< | |< ≤ 1/?<. �

Remark 3.2.2. The proof of Lemma 3.2.1 applies to the ideal sheaf of any Zariski closed subset of
a perfectoid space that can be written as an increasing union of affinoid perfectoids *= with *= a
Weierstrass localization of*=+1.

Applying Lemma 3.2.1, we find that for any n = 1/?= > 0, we can compute �1(-, I) using the Čech
sequence for the cover by - |I | ≤n and - |I |>0. This is simply a Mayer-Vietoris sequence, and taking the
colimit over n → 0 gives

0→
� 0,† (-{0} ,I)

⊕� 0 (-|I |>0 ,I)
→ colimn >0�

0(-0< |I | ≤n , I) → �1(-, I) → 0. (3.2.2.1)

4. Pairings

4.1. Global cup products

For any ^, there is an obvious pairing

〈, 〉 : (l^ ⊗ I) ⊗ l^
−1
→ I.

When ^ = I: , combining this with the identification l: = c−1
HT (O(:)) and pullback of sections, we

obtain global GL2 (Q?) and prime-to-? Hecke-equivariant cup product maps

�0 (-, l: ⊗ I)sm ⊗ �1(P1,O(−:)) → �1 (-, I) (4.1.0.1)

and

�1(-, l: ⊗ I)sm ⊗ �0 (P1,O(−:)) → �1(-, I). (4.1.0.2)

The GL2 (Q?)-representations on the domains of (4.1.0.1) and (4.1.0.2) are locally algebraic by
construction, and thus both maps factor through the locally algebraic vectors for the GL2 (Q?)-action
on �1 (-, I).

4.2. Local cup product and compatibility

We define a pairing

(†^ ⊗ �
1
{0} (P

1,O(^−1)) → �1(-, I) (4.2.0.1)
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by sending 5 ⊗ 2 to [〈 5 , c∗HT6〉], where 6 is any representative of the class 2 in

colimn >0�
0 (P1

0< |I | ≤n ,O(^
−1)) ։ �1

{0} (P
1,O(^−1)), (4.2.0.2)

and the square brackets indicate application of the map

colimn >0�
0 (-0< |I | ≤n , I) ։ �1 (-, I)

appearing in (3.2.2.1).
This is well-defined because for

ℎ ∈ �0,† ({0},O(^−1)) = colimn >0�
0(P1
|I | ≤n ,O(^

−1)),

the kernel of (4.2.0.2), the section 〈 5 , c∗HTℎ〉 extends to an element of �0,† (-{0}, I) and thus maps to
zero in �1 (-, I) (see also (3.2.2.1)).

Recall that we defined in 2.3.5 a Verma module +^−1 ⊂ �1
{0} (P

1,O(^−1)), and, when ^ = : ≥ 2, a
submodule + ′

−:
⊂ +−: .

Lemma 4.2.1.

1. For : ∈ Z≥2, the restriction of (4.2.0.1) to (cl
:
⊗ + ′
−:

is zero.

2. For : = 1, the restriction of (4.2.0.1) to (cl
:
⊗ +−1 is zero.

Proof. In both cases, the highest-weight vector is I−: H−: = G−: . Thus, for B ∈ (cl
:
,

〈B, I−: H−:〉 = 〈B, G−:〉

extends to a section on �0 (- |I |>0, I) (because B is a global section and G−: has a pole only at 0), and
thus [〈B, G−:〉] vanishes. �

In particular, the lemma implies that for : ≥ 2, we obtain an induced pairing

(cl
: ⊗ �

1 (P1,O(−:)) → �1(-, I).

It is immediate from the explicit description of cup products in terms of Čech classes that this agrees
with the global pairing (4.1.0.1).

4.3. Local analyticity, continuity and equivariance

We now show

Lemma 4.3.1. The map (4.2.0.1) is continuous and factors through a map of (gl2, �(Q?))-modules

(†^ ⊗ �
1
{0} (P

1,O(^−1)) → �1(-, I)loc−an.

Here the domain (†^ ⊗ �
1
{0} (P

1,O(^−1)) is topologized as the colimit of

, ⊗ �1
{0} (P

1,O(^−1)) for, ⊂ (†^ , dim, < ∞,

and the codomain �1(-, I) is considered a Banach space with unit ball the image of �1(-, I+). The
map (4.2.0.1) is �(Q?)-equivariant by construction, so Lemma 4.3.1 is reduced to showing that for any

fixed 5 ∈ (†^ , the map induced by pairing with 5 is continuous as a map �1
{0} (P

1,O(^−1)) → �1 (-, I)

and factors through a gl2-equivariant map

�1
{0} (P

1,O(^−1)) → �1(-, I)loc−an.

https://doi.org/10.1017/fms.2021.16 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2021.16


16 Sean Howe

We will show this by extending our pairing for any fixed radius of overconvergence n to a pairing
with the local cohomology of |I | < n in P1; these same groups were also used to define the gl2-action
on �1

{0} (P
1,O(^−1)) in 2.3. The key point is that the gl2-action on these larger groups is induced by a

locally analytic Γ0(?
=)-action, and the extended pairings will be Γ0(?

=)-equivariant by construction;
thus we will obtain the desired statement as soon as we also have continuity. We now carry out this
strategy:

If we fix n = 1/?= > 0, then we can also compute �1 (-, I) using the Mayer-Vietoris sequence for
the covering by - |I | ≤n and - |I | ≥n . The Mayer-Vietoris sequence for the covering by - |I | ≤n and - |I |>0

maps to it naturally via restriction, and thus we obtain a commutative diagram:

�0(- |I |=n , I)

(( ((❘❘
❘❘

❘❘
❘❘

❘❘
❘❘

❘

�0(-0< |I | ≤n , I) // //

55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦

))❙❙❙
❙❙

❙❙
❙❙

❙❙
❙❙

❙❙

�1(-, I)

colimn ′>0�
0(-0< |I | ≤n ′ , I)

(4.2.0.2)

66 66❧❧❧❧❧❧❧❧❧❧❧❧❧❧

Imitating the steps of the previous section for n sufficiently small and using the top-right arrow in place
of (4.2.0.2), we obtain a pairing

�0(- |I | ≤n , l
^ ⊗ I)sm ⊗ �1

|I |<n (P
1,O(^−1)) → �1(-, I). (4.3.1.1)

By Lemma 2.3.3, �1
|I |<n
(P1,O(^−1)) has a locally analytic action of Γ0(?

=+1) that induces the gl2-

action on �1
{0} (P

1,O(^−1)). By construction, (4.3.1.1) is Γ0(?
=+1)-equivariant.

Also by construction, the diagram

�0(- |I | ≤n , l
^ ⊗ I)sm ⊗ �1

|I |<n
(P1,O(^−1))

(4.3.1.1)

**❯❯❯
❯❯

❯❯
❯❯

❯❯
❯❯

❯❯
❯❯

❯

�0(- |I | ≤n , l
^ ⊗ I)sm ⊗ �1

{0} (P
1,O(^−1))

Id×cores

OO

res×Id
��

// �1(-, I)

(
†
^ ⊗ �

1
{0} (P

1,O(^−1))

(4.2.0.1)

44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐

comparing the two pairings commutes. Thus, at the price of shrinking our space of overconvergent
modular forms by enforcing a radius of convergence, we enlarge the local cohomology group that we
are allowed to pair with.

Now, any 5 ∈ (†^ extends to a smooth section over some - |I | ≤n , n = 1/?=, so the pairing with 5

extends to �1
|I |<n
(P1,O(^−1)). We may choose a compact open subgroup  ? ⊂ Γ0(?

=+1) fixing 5 , and
the resulting map

�1
|I |<n (P

1,O(^−1)) → �1 (-, I) (4.3.1.2)

is then  ?-equivariant. In particular, since the action of  ? on the left is locally analytic, (4.3.1.2)
will factor as a gl2-equivariant map through �1(-, I)loc−an as soon as we know that it is a bounded
(equivalently, continuous) map of Banach spaces – the point here is that the convergent power series
describing the orbit maps on the left will then remain convergent after applying the map!
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This boundedness is straightforward after unraveling the definitions: we can write 5 = 0 · 4^ for
0 ∈ �0(- |I | ≤n , I). Because - |I | ≤n is affinoid, there exists # ≥ 0 such that

1 := ?# 0 ∈ �0 (- |I | ≤n , I
+) = �0 (- |I | ≤n , I) ∩ �

0(- |I | ≤n ,O
+).

On the other hand, it is immediate from the description of the Banach norm in 2.3 that the elements
in the unit ball of the Banach space �1

|I |<n
(-,O(^−1)) are all represented by elements 2 · 4^ for

2 ∈ �0 (P1
|I |=n

,O+). Pairing gives

[〈 5 , 2 · 4−1
^ 〉] = [〈0 · 4^ , 2 · 4^−1〉] =

1

?=
[12] .

Now, 12 ∈ �0(- |I |=n , I
+), and thus [12] is in the image of �1 (-, I+), the unit ball in �1 (-, I). We

conclude that the map (4.3.1.2) is bounded.
This completes the proof of Lemma 4.3.1. In particular, we find the restriction of (4.2.0.1) to (†^ ⊗+^−1

is a map of (gl2, �(Q?))-modules.

4.4. Proof of Theorem A

We now prove Theorem A, assuming the identification �1(-, I) = �̃1
2,C?

. This identification will be

explained in Lemma 5.2.2 (there is a bit to say here because only the torsion comparison is given in [18]).
We begin by verifying that the map is injective on the subspace of generating highest-weight vectors,

(
†
^ ⊗ I

−14−1
^ . It suffices to verify it on the #0-invariants,

((†^ )
#0 ⊗ I−14−1

^ ,

since anything in (†^ can be moved into ((†^ )
#0 using the action of diag(?, 1)Z.

Lemma 4.4.1. For Lie^ ≠ 1, the restriction of (4.2.0.1) to ((†^ )
#0 ⊗ I−14^−1 is injective.

Proof. Taking continuous #0-group cohomology in (3.2.2.1), we obtain as part of the boundary a map

X : �1 (-, I)#0 → �1(#0, �
0,†(-{0}, I)).

We describe it explicitly: For any class [6] ∈ �1 (-, I)#0 and W ∈ #0, we can express W · 6 − 6 uniquely
as 0W − 1W for 0W ∈ �0,† (-{0}, I) and 1W ∈ �0 (- |I |>0, I). Then X([6]) is the class represented by the
cocycle W ↦→ 0W .

For 5 ∈ (†,#0
^ , we will show that X([〈 5 , I−14^−1〉]) ≠ 0. We can compute a representing cocycle

explicitly by the above recipe: Using (2.2.3.2), we find

[
1 D
0 1

]
· 〈 5 , I−14^−1〉 = 〈 5 , (1 + DI)^−1(1 + DI)I−14^−1〉 (4.4.1.1)

= (I−1 + D(1 − Lie^) + . . .)〈 5 , 4^−1〉 (4.4.1.2)

where . . . is divisible by I. Subtracting off 〈 5 , I−14^−1〉, we are left with

(D(1 − Lie^) + . . .)〈 5 , 4^−1〉.

This is an element of �0,† (-{0}, I), so

0 [
1 D
0 1

] = (D(1 − Lie^) + . . .)〈 5 , 4^−1〉 and 1 [
1 D
0 1

] = 0.
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Thus, X([〈 5 , I−14^−1〉]) ∈ �1(#0, �
0,†(-{0}, I)) is represented by the cocycle

[
1 D
0 1

]
↦→ (D(1 − Lie^) + . . .)〈 5 , 4^−1〉.

To verify this cocycle represents a non-zero class, we are free to restrict to any locus inside the
canonical ordinary locus -◦

{0}. We will thus check that it is non-zero after restriction to a rational open
in a standard perfectoid torus inside the ordinary locus, where it will follow from a classical computation
in ?-adic Hodge theory. Because I = 0 here, we note that the cocycle simplifies to

[
1 D
0 1

]
↦→ D(1 − Lie^)〈 5 , 4^−1〉. (4.4.1.3)

Fix an ordinary elliptic curve �/F? , and then choose a trivialization of the étale part of the Tate
module of � to obtain a Serre-Tate coordinate @ on the formal deformation space. The generic fiber
of the formal deformation space is the open rigid analytic disk � : |@ − 1| < 1, and, after choosing a
trivialization of Z? (1), we obtain canonical #0 level structure on the universal deformation �univ/� –
that is, we have

0→ Z? → )?�univ → Z? → 0

where the first Z? spans the canonical subgroup. By a standard argument (see also, e.g., [11, 7.2] for the
same construction on the Igusa formal scheme), splitting this extension can be accomplished by passing
to the open perfectoid disk

�̃ ∼ lim�
@ ↦→@?

←−−−−− �
@ ↦→@?

←−−−−− � . . . .

Indeed, already at the level of formal schemes the map @ ↦→ @?
=

sends an extension of ?-divisible groups

1→ `?∞ → � → Q?/Z? → 1

to

1→ `?∞/`?= = `?∞ → �/`?= → Q?/Z? → 1,

and this factors through an isomorphism with the degree ?= cover of � parameterizing splittings of the
?=-torsion extension

1→ `?= → � [?=] →
1

?=
Z?/Z? → 1

because

� [?=]/`=? ↩→ (�/`?= ) [?
=]

projects isomorphically onto 1
?=
Z?/Z? . This space of splittings is a torsor for `?= =

Hom( 1
?=
Z?/Z? , `?= ), and under the identification of this cover with @ ↦→ @?

=

, the covering action is
just by multiplication of the coordinate @.

We thus obtain a map �̃ → - . Now, we can hit any component of -◦
{0} by changing our trivialization

of Z? (1), and because the overconvergent modular form 5 comes from finite level, we can choose this
trivialization so that the pullback of 5 does not vanish on �̃ (otherwise, there would be a finite-level
modular curve where 5 vanished on an open subset of each connected component of the canonical
ordinary locus, and thus 5 would be zero). Moreover, one finds that the action of #0 on - is identified
with the natural action of Z? (1) on �̃ – this is the infinite-level consequence of the interpretation of the
covering action at the finite level in terms of splittings discussed above.
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Now, by (2.2.2.1), the restriction to -{0} of 〈 5 , 4^−1〉 is #0-invariant (because I = 0 here). We further
restrict to the affinoid perfectoid �̃ |@−1 | ≤ |? | , with ring of functions �, and write 6 ∈ � for the non-zero
and Z? (1)-invariant restriction of 〈 5 , 4^−1〉. Our restricted cocycle is then

[
1 D
0 1

]
↦→ D(1 − Lie^)6.

In particular, the class it represents in group cohomology is the image of (1 − Lie^)6 under the
composition

�Z? (1)
∼
−→ �1(Z? (1), �

Z? (1) ) → �1(Z? (1), �),

where the first isomorphism is given by evaluating at our choice of generator for Z? (1). It is a standard
result that the second arrow is also an isomorphism (see also [17, Lemmas 5.5 and 6.18]); thus, because
Lie^ ≠ 1 and 6 ≠ 0, we conclude the cohomology class is non-zero. �

Remark 4.4.2. More canonically, the cocycle after restriction to �̃ in the proof above is identified with
the differential form 〈 5 , 4^−1〉

3@

@
. In fact, it should be possible to make this identification over the generic

fiber of the entire Igusa formal scheme (with 3@

@
replaced by the differential form identified with 4I2 via

Kodaira-Spencer). One runs into a delicacy here because the generic fiber of the Igusa formal scheme
does not fit directly into the framework of [17]; however, it should be possible to directly compute with
the Faltings extension on the perfectoid Igusa tower (as opposed to standard torus coordinates) to obtain
this identification.

This concludes the proof of Theorem A when Lie^ ∉ Z≥2, as in this case +^−1 is irreducible. For
^ = I: , : ≥ 2, we can only conclude that the kernel is of the form, ⊗+ ′

−:
for some subspace, ⊂ (†

:
:

Indeed, any gl2-submodule " ⊂ (†
:
⊗ +−: will be generated by its highest-weight vectors, but if we

write * for the one-dimensional highest-weight space generating +−: and * ′ for the one dimensional
highest-weight space generating + ′

−:
, then the highest-weight vectors in " are given by

" ∩ ((†
:
⊗ *) ⊕ " ∩ ((†

:
⊗ * ′),

and for" the kernel we have just shown the first summand is zero; thus the second gives the subspace, .
We obtain an induced injection on

, ⊗ +−:/+
′
−: = , ⊗ �

1 (P1,O(−:)).

In Section 4.2, we saw that (cl
:
⊂ , and that the induced map on (cl

:
⊗ �1 (P1,O(−:)) is identified with

the global cup product. Thus, it remains only to show that, is no larger than (cl
:
.

To show this, we observe that the cup product is already defined over Q? , and thus the image lands
in the locally algebraic vectors in the Hodge-Tate weight zero part of �̃1

2 . On the other hand, Lemma
5.2.3 below implies that taking locally algebraic vectors commutes with passage to the Hodge-Tate
weight zero part, and thus the computation in 1.2.11 shows that the locally algebraic vectors of type
�1 (P1,O(−:)) in the Hodge-Tate weight zero part are abstractly isomorphic to (cl

:
⊗ �1 (P1,O(−:)).

Since the map on , ⊗ �1 (P1,O(−:)) is an injection and (cl
:
⊂ , , admissibility of (cl

:
implies that ,

must in fact be equal to (cl
:
.

Remark 4.4.3. Using a  ?-equivariant Mayer-Vietoris sequence to compute

�1(-, Sym:
O

2
- ⊗ I) = �1(-, I) ⊗ Sym:C2

? ,

and then taking  ?-invariants, one naturally recovers the Hodge-Tate filtration

0→ �1(-/ ? , l
−: ⊗ I) (:) → Hom ?

((Sym:C2
?)
∗, �̃1

2,C?
) → (

 ?

:+2(1) → 0
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essentially by Falting’s [8] method (the key point is that if we pass to sheaves of smooth vectors in
(3.0.0.1), then the induced boundary map is naturally identified with the Kodaira-Spencer isomorphism).
It follows from a result of Emerton (see Theorem 5.2.1 below) that the natural map

�1
2 (. ? % , Sym:Q2

?) → Hom ?
((Sym:Q2

?)
∗, �̃1

2)

is an isomorphism, and we recover Falting’s Hodge-Tate decomposition. Using this interpretation,
one can compute that our global cup product is identified with (: − 1) times the canonical splitting
of the Hodge-Tate filtration composed with Emerton’s isomorphism. The dual cup product (1.2.11.2)
is identified on the nose with the inclusion in the Hodge-Tate filtration composed with Emerton’s
isomorphism.

5. The Hodge-Tate weight zero part of completed cohomology

In this section, we recall more carefully the relation between completed cohomology and �1 (-, I) and
prove Corollary B. The main point is to verify that passing to the Hodge-Tate weight zero subspace com-
mutes with natural representation theoretic operations (locally algebraic vectors, Hecke eigenspaces).
This is carried out in a few simple lemmas, and then Corollary B is a straightforward consequence of a
weak form of local-global compatibility for completed cohomology and the Galois equivariance of our
cup-product constructions.

5.1. First lemmas

Definition 5.1.1. If � ⊂ C? is a finite extension of Q? and + is a unitary �-Banach representation of
�� , we write

HT�0 (+) = (+ ⊗̂�C?)
�� ,

where here we take the semilinear action on + ⊗̂�C? . When � is apparent from the context, we will
drop the superscript.

Recall that any (continuous) finite-dimensional representation of �� on an �-vector space can be
equipped with the structure of a unitary representation (i.e. fixes an O� -lattice). Any two lattices induce
equivalent norms, and thus we can work with finite-dimensional representations without fixing any extra
information.

If + is finite-dimensional, then the Hodge-Tate weight zero part of + in the classical sense is
HT�0 (+) ⊗� C? ⊂ + ⊗� C? . For our purposes, we will work only with the invariants HT�0 (+), however.

Lemma 5.1.2. Suppose + and , are unitary �-Banach representations of �� , and ( is a collection

of bounded �� -equivariant operators + → , . We write +( for their simultaneous kernel, a closed

subspace of + . Then

HT�0 (+() = HT�0 (+)( .

Proof. After possibly replacing the norm on+ with an equivalent norm, we may choose an orthonormal
basis for +( and then extend it to an orthonormal basis for + . Using this basis, it is clear that +( ⊗̂C? =

(+ ⊗̂C?)( . Taking�� -invariants commutes with passage to the kernel of the operators in (, so we obtain

(+( ⊗̂C?)
�� =

(
(+ ⊗̂C?)

��

)
(
,

and we conclude. �

Lemma 5.1.3. If + is an �-Banach space with the trivial �� -action and, is an �-banach space with

a unitary �� -action, then

HT�0 (+ ⊗̂,) = + ⊗̂HT�0 (,).
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In particular, if one of + or, is finite dimensional,

HT�0 (+ ⊗,) = + ⊗ HT�0 (,).

Proof. After passing to an equivalent norm on+ , we may choose an orthonormal �-basis {48}8∈� . Then

+ ⊗̂, = ⊕̂8∈� (48 ⊗,)

is an orthonormal decomposition. Thus, any element of (+ ⊗̂,)⊗̂C? has a unique expression as (48⊗F8)8
for {F8}8∈� a collection of vectors in, ⊗̂C? such that for any n > 0, there is a finite set � ⊂ � such that
| |F8 | | < n for all 8 ∈ �\�. The �� -invariants are then precisely those vectors with

F8 ∈ (, ⊗̂C?)
�� = HT�0 (,) for all 8 ∈ �,

and this is exactly + ⊗̂HT�0 (,). �

5.2. Compactly supported completed cohomology

Recall from [6] that the (degree one) compactly supported completed cohomology of the modular curve
with Q?-coefficients is defined as

�̃1
2 := (lim

=
colim ?

�82 (. ? ? ,Z/?=)) [1/?],

where the . ? ? are finite-level (open) modular curves. Completed cohomology with C?-coefficients
�̃1
2,C?

is obtained by replacing Z/?= with OC?
/?= in the definition. Both are equipped with their

obvious Banach topologies, and �̃1
2,C?

= �̃1
2 ⊗̂C? . Before explaining the identification of �̃1

2,C?
with

the analytic cohomology �1(-, I), we recall a result of Emerton that we will need later on:

Theorem 5.2.1 (Emerton). For , an an algebraic representation of GL2/Q? and  ? ⊂ GL2(Q?) a

compact open subgroup, there is a canonical identification

HomQ? [ ? ] (,, �̃
1
2) = HomQ? [ ? ] (,, �̃

1,loc−an
2 ) = �8 (. ? ? ,V, ∗ )

where V, ∗ denotes the natural Q? local system on . ? ? constructed from the dual representation

,∗. In particular, it is a finite-dimensional Q?-vector space.

Proof. The identity of the first two terms is immediate because  ?-algebraic vectors are locally analytic.
The second identity follows from taking  ?-invariants in equation (4.3.7) on page 63 in [6] (note that
�̂1
2 = �̃

1
2 in this case, as explained at the top of page 58 of [6]). �

Lemma 5.2.2. There is a natural �Q?
-equivariant isomorphism �1(-, I) � �̃1

2,C?
, where the right-

hand side is equipped with the semilinear action.

Proof. In [18, Theorem 4.2.1], it is shown that the map 9!Z/?
= → I+/?= (for 9 the immersion of the

open modular curve into the compactified modular curve) induces an almost isomorphism

�8 (-, I+/?=) �0 �̃
8
2 (Z/?

=) ⊗ OC?
/?=. (5.2.2.1)

It remains to show this passes to the limit: We write m- for the boundary. Because m- is strongly Zariski
closed, we have for each = an (almost) exact sequence

0→ I
+/?= → O

+
-/?

= → O
+
m-/?

= → 0.
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By the almost version of [17, Lemma 3.18], using a basis of affinoid perfectoids, we find that the second
two terms have almost vanishing '8 lim for 8 ≥ 1. Thus, taking the long-exact sequence and using almost
surjectivity of O+

-
→ O+

m-
, we conclude that so does the system I+/?=, so that

RlimI
+/?= =0 lim I

+/?= = I
+. (5.2.2.2)

By [19, 0D6K], we have an exact sequence

0→ '1 lim�0(-, I+/?=) → �1(-,RlimI
+/?=) → lim�1(I+/?=) → 0.

But by the 8 = 0 case of (5.2.2.1) and vanishing of compactly supported �0, the first term is almost
zero, and by the 8 = 1 case the right is almost equal to �̃1

2,OC?
. By (5.2.2.2), the middle term is almost

�1 (-, I+), and finally, inverting ?, we obtain the desired isomorphism. It is Galois-equivariant because
it comes from the map 9!Z/?= → I+/?=. �

We now verify that taking locally algebraic vectors commutes with passing to the Hodge-Tate weight
zero part, which was used in the proof of Theorem A.

Lemma 5.2.3. The natural inclusion

(�̃
1,loc−alg
2 ⊗ C?)

�Q? →
(
HT
Q?

0 (�̃
1
2)

) loc−alg

is an isomorphism.

Proof. It suffices to show that for any choice of an irreducible algebraic representation , of GL2/Q?
and a compact open subgroup  ⊂ GL2(Q?), the statement holds after replacing locally algebraic
vectors everywhere with the,-isotypic part for the  -action. Expressing these vectors via the standard
evaluation maps, this means we need to show that

((
, ⊗ HomQ? [ ] (,, �̃

1
2)

)
⊗ C?

)�Q?
= , ⊗ HomQ? [ ] (,,HT0 (�̃

1
2)).

To see this, we first apply Lemma 5.1.2 to HomQ?
(,, �̃1

2) with ( the set of operators (: − Id) for : ∈  
to obtain

HT0

(
HomQ? [ ] (,, �̃

1
2)

)
= HT0

((
HomQ?

(,, �̃1
2)

)
(

)

=

(
HT0(HomQ?

(,, �̃1
2))

)
(

=

(
HT0(,

∗ ⊗ �̃1
2)

)
(

=

(
,∗ ⊗ HT0 (�̃

1
2)

)
(

=

(
HomQ?

(,,HT0(�̃
1
2))

)
(

= HomQ? [ ] (,,HT0 (�̃
1
2)).

Here, to pass from the third line to the fourth, we have used Lemma 5.1.3. Tensoring with , and
applying Lemma 5.1.3 again, we obtain

HT0

(
, ⊗ HomQ? [ ] (,, �̃

1
2)

)
= , ⊗ HomQ? [ ] (,,HT0(�̃

1
2)).
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By Theorem 5.2.1, HomQ? [ ] (,, �̃
1
2) is finite dimensional, so the completed tensor product in the

formation of HT0 on the left is just a tensor product, and thus the left-hand side is equal to

((
, ⊗ HomQ? [ ] (,, �̃

1
2)

)
⊗ C?

)�Q?
. �

5.3. Proof of Corollary B

As always, we have fixed a prime-to-? level  ? . For Σ a finite set of primes containing ? and those
ramified in  ?, let T = TΣ be the tame Hecke algebra generated by the spherical Hecke operators at
primes ℓ ∉ Σ. Let � ⊂ C? be a finite extension of Q? and 5 a ?-adic modular form of level  ? defined
over � . If 5 is a T-eigenform, there is an associated maximal ideal p of T[1/?] and, after possibly
enlarging � , a semisimple 2-dimensional representation d = d( 5 ) of �Q over � .

Assume that d is absolutely irreducible. As a consequence of [7, Lemma 5.5.3], there is an �-Banach
space + on which �Q?

acts trivially such that

�̃1
2,� [p] = �̃

1
� [p] = + ⊗ d. (5.3.0.1)

Here, for the first equality, we use that the kernel of the surjective map �̃1
2,�
→ �̃1

�
comes from the

zero-dimensional cohomology of the boundary – this cohomology is Eisenstein, so, by the condition on
d, we can localize away from it.

Suppose now in addition that 5 is cuspidal overconvergent and of weight ^ with Lie^ ≠ 1. Applying
Lemmas 5.1.2 and 5.1.3, we deduce that

HT�0 (�̃
1
2,� ) [p] = + ⊗ HT�0 (d).

Because the pairing of Theorem A can be constructed already over � , 5 gives rise to non-zero elements
in the left-hand side. Thus, HT�0 (d) ≠ 0, so 0 is a Hodge-Tate-Sen weight of d. The determinant of the
Galois representation attached to any ?-adic modular form of weight ^ is a character with infinitesimal
weight Lie^ − 1, and thus we conclude that the Hodge-Tate-Sen weights of d are 0 and Lie^ − 1.

Remark 5.3.1. Here we are taking thef-Hodge-Tate-Sen weights with respect tof our fixed embedding
of � in C? , but it follows from this result that for any embedding f : � → C? the f-Hodge-Tate-Sen
weights of d are 0 and f(Lie^) − 1.
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