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REGULAR NEIGHBORHOODS OF
IMMERSED MANIFOLDS

J. W. MAXWELL
1. Introduction. Let X and Y denote polyhedra, 2 : X — ¥ a PL immer-

sion. A regular neighborhood of X associated with ¢ is a regular neighborhood
(e, Ry(X)) of X together with an immersion j: R;(X) — Y such that the

diagram
Ri(X)
e J
X —7—+Y

commutes and for each x € X there is a neighborhood N of e(x) in R;(X)
such that j|V is an embedding and j(N) is a neighborhood of f(x) in Y. In
[7], the existence of induced regular neighborhoods is shown. For X and ¥ PL
manifolds this was done in [1]. The properties of the regular neighborhood
associated with an immersion are also provided in [7]. For example,ifi : X —» ¥V
is an embedding,
X Rrx)-L-v

is a regular neighborhood of X associated with 7 where R,(X) is a regular
neighborhood of 2(X) in ¥ and j is inclusion.

A PL homotopy f : X X I — Y between two immersions of a polyhedron X
in a polyhedron Y is a regular homotopy if the associated map F: X X I —
Y X I defined by F(x, t) = (f(x, t), t) is an immersion. f is a pseudo-regular
homotopy if there is some PL immersion F: X X I — ¥V X I with

FH Y X {i}) =X X {i,i=0,1
and f = p1F where p1 : ¥V X I — Y is the natural projection.

The following theorem is taken from [7].

THEOREM 1. Let 1 : X X I — M be an immersion of the polyhedron X X I
in the PL manifold M, with i (0M) = X X dl and dim M — dim (X X I) = 3.
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Let i, be the immersion defined by ©,(x) = 1(x,t) forallxin X, t = 0or 1, and let

X 2R, (X)L oM

be associated regular neighborhoods. Then there is a homeomorphism h : R (X) —
R, (X) such that hey, = e.

The following is an immediate corollary to Theorem 1.

COROLLARY 2. Let i1 and 12 denote immersions of the polyhedron X into the
manifold M with dim M — dim X = 3. Then if i1 and i» are pseudo-regularly
homotopic, the associated regular neighborhoods are equivalent.

In this paper we are concerned with the setting where X is an n-dimensional,
compact, connected, orientable PL manifold of dimension » = 3 and Y is a
2n-dimensional PL manifold. It is actually possible, in this setting, to drop
the codimesion restriction of Theorem 1 using the fact that a regular neigh-
borhood of a manifold determines a block bundle [9]. However, the codi-
mension restriction of Theorem 1 is satisfied in our situation automatically. A
superscript is used to denote dimension.

The following is the main theorem:

THEOREM 3. Suppose M" is a compact, connected, orientable PL manifold and
Q™ is a PL manifold without boundary. Then any two homotopic immersions of
M into Q" are pseudo-regularly homotopic provided n = 3.

With same setting as in Theorem 3 we have the following:

COROLLARY 4. If f and g are homotopic tmmersions of M"™ into Q¥*, then
(e, R;(M)) s equivalent to (e, R,(M)).

In [4] Hudson shows that the isotopy classes of embeddings of S X .S ! in
R?* are non-trivial for n = 3. Corollary 4 shows, however, that their regular
neighborhoods are equivalent.

In [2] one finds an example to show that Theorem 3 fails when one considers
immersions of M™ into Q? for ¢ < 2n.

Finally, in [1] one has that regular homotopy classes of immersions of .S" in
R correspond bijectively with m,(Vay.) =~ 7y (Vona) 5 0 for #n = 4 where
Viwn and Vs, , are respectively the PL and classical Stiefel varieties [9; 5].
Thus Theorem 3 shows that pseudo-regularly homotopic does not imply
regularly homotopic, cf. concordance implies isotopy.

All work is done in the PL category. [3] and [11] form standard references.
Int and 8 are used to denote interior and boundary respectively, B” denotes
the standard # dimensional simplex and S"~! its boundary, and ‘“~"’ denotes
“is PL homeomorphic to’".

2. We now proceed to prove Theorem 3.

THEOREM 3. Suppose M™ is a compact, connected, orientable PL manifold and
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0% 1s a PL manifold without boundary. Then any two homotopic immersions of
M" into Q¥ are pseudo-regularly-homotopic provided n = 3.

Proof. Let fo and f; denote homotopic immersions of M into Q. We claim that
one can assume, without loss of generality, that dim Sz( f;) = 0,7 = 0, 1; that
is, fo and f; are general position maps. To see this one can examine the proofs of
the general position theorems of Hudson in [3] and see that if a map is an
immersion, then the shift to general position can be accomplished through a
homotopy of immersions. Thus if fo and f; fail to be general position maps,
each is regularly homotopic to such a map. Now let F: M X I —-Q X I
denote a map arising from the homotopy between f, and f; with the property
that F(x, t) = (fo(x), ¢) for ¢ in [0, 1/3] and F(x, t) = (fi(x), ¢t) for ¢ in
[2/3, 1]. Shift F into general position keeping fixed an Q X 9dI. Denote this
new map again by F. F is an immersion except for a finite number of branch
points all of which lie in int (M X I). We now proceed to alter the map F
on int (M X I) so as to eliminate the branch points.

Let A be a PL arc in int (M X I) which passes through all branch points of
S2(F) but otherwise misses S:(F). Then F(\) is an arc in int (Q X I). Let N
and P denote regular neighborhoods of N and F(\) respectively which are
chosen so that F|N is a proper map between N and P. Here proper means
F-1(9P) = ON. N and P are homeomorphic to B"*! and B**! respectively.
Since the branch set of F, denoted Br(F), is in the interior of N, F is an
immersion on a neighborhood in NV of dN. Let N’ denote the closure of the
complement in N of a collaring of 9V chosen small enough that Br(F) C int N'.
As before F|oN’ is an immersion and F maps 9N’ into int P. dN' ~ .S" and
int P ~ R, Thus F|dN’ extends to an immersion E : N’ — int P as the
obstruction to such an extension lies in m,(Vapp1,) = 0. Let W = (M X I)
—int N’ and define F/ : M X I — Q X I by

, _ JF(x,t) for (x,t) € W
Fl(x,t) = {E(x, t) for (x,t) € N'.

At this point we must consider the intersection of F(W) with E(N’) as this
intersection is the only source of branch points for F’. First we shift E(N’)
into general position with respect to F(W) keeping Q X 4l fixed and also
keeping E(dN’) fixed. This shift can be achieved by an arbitrary small isotopy
(see [3, Lemma 4.6]). Letting F’ again denote the resulting new map, we have
F'|W is still an immersion, in fact is unchanged, and F’|N’ remains an im-
mersion. F'(int W) N F’'(int N’) consist entirely of double points of trans-
versal intersection. Therefore Br(F’) must lie on dN’. In fact, each point
of Br(F’) is a limit point for one or more pairs of rays of Sy’ (F’). By an altera-
tion described in the proof of Lemma 1 of [8] we may assume that each point
of Br(F") is a limit point for precisely one pair of rays of Sy’ (F’). Thus Sz (F’)
consists of transversal intersections together with simple closed curves folded
by F’ at a pair of branch points. Let p; and p. denote the branch points of
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a simple closed curve which is folded by F’. Let a denote a PL arc in
int (M X I) joining p; to p» and missing the remaining portion of S.(F’).
Then F’'(a) is an arc in int (Q X I). Let 4 and B denote regular neighborhoods
of @ and F’'(a) respectively such that F'|4 : 4 — B is a proper map. Then
A ~ B*'and B ~ B**1, Using, [8, Lemma 4] we see that F’|04 extends to an
immersion of 4 into P. Repeated application of this procedure to each simple
closed curve in Sy (F’) containing a pair of branch points leads to an immersion
F': M X I— QX Isuch that F''|M X {i} = fi, 1 = 0, 1 as was desired.

The author wishes to thank the referee for a suggestion which allowed
removal of an unnecessary hypothesis in Theorem 3.

REFERENCES

1. A. Haefliger and V. Poenaru, La classification des Immersions combinatoires, Publs. Math.
Inst. Ht. Etud. Scient. No. 23 (1964), 75-91.
2. M. W. Hirsch, On tubular neighborhoods of piecewise linear and topological manifolds, in
Conference on the topology of manifolds (Edited by John G. Hocking; Prindle, Weber,
and Schmidt, Inc., Boston, 1968).
. J. F. P. Hudson, Piecewise linear topology (W. A. Benjamin, New York, 1969).
Knotted tori, Topology 2 (1963), 11-23.
. D. Husemoller, Fibre bundles (McGraw-Hill, New York, 1966).
. L. Ivansic, Improper embeddings and unknotting of P.L. manifolds, Michigan Math. J. 19
(1972), 33-44.
. W. B. R. Lickorish and L. C. Siebenmann, Regular neighborhoods and the stable range,
Trans. Amer. Math. Soc. 139 (1969), 207-230.
8. J. W. Maxwell, Obstructions to embedding n-manifolds in (2n-1)-manifolds, Trans. Amer.
Math. Soc. 181 (1973), 423-435.
9. C. P. Rourke and B. J. Sanderson, Block bundles: I, II1I, Ann. of Math. 87 (1968), 1-28;
431-483.
10. A. Smith, Piecewise linear immersions, Proc. Cambridge Philos. Soc. 68 (1970), 45-55.
11. E. C. Zeeman, Seminar on combinatorial topology, 1.H.E.S. Paris 1963 (1966), mimeo-
graphed notes.

S U W

N

Oklahoma State University,
Stillwater, Oklahoma

https://doi.org/10.4153/CJM-1974-143-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1974-143-1

