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IN SEARCH OF A PAPPIAN LATTICE IDENTITY

BY

ALAN DAY*

§1 Introduction In [8] and subsequent papers, Jonsson (et al) developed a
lattice identity which reflects precisely Desargues Law in projective geometry
in that a projective geometry satisfies Desargues Law if and only if the
geometry, qua lattice, satisfies this identity. This identity, appropriately called
the Arguesian law, has become exceedingly important in recent investigations
in the variety of modular lattices (see for example [2], [3], [9], and [12]). In this
note, we supply two possible lattice identities for the Pappus’ Law of projective
geometry.

The main difference between a possible pappian equation and the known
arguesian one is that any pappian equation must place some restriction on the
dimension of the modular lattice. This is necessary because of the well known
fact that there is a lattice embedding of the non-pappian projective plane over
the quaternions into the 5-dimensional projective space over the complex
numbers.

Another problem is that even in a projective plane, the geometric pappian
law (as opposed to the desargusean law) contains definite inequality statements
(all six points on the two lines must be distinct from each other and also from
the intersection point of the two lines). Moreover if equalities occur, the
conclusion of Pappus is patently false. (See Heyting [5] for one possible version
of a generalized Pappus proposition).

This second problem is handled by imposing configuration restrictions on
four variables of the equation. We will consider two distinct configurations:
3-frames and line pairs. The first notion is due to von Neumann [11] and in the
form we use, to Huhn [6]. The second notion seems new and generalizes that of a
3-frame. Our “equations” then are of the form

(Fs(ao, a4, by, b)) > A =p)
and

(LP(ay, a;, by, b)) > A =p).

The above sentences translate into real-life equations because being a 3-frame
or a line-pair is, as we shall see, a projective property.
The first problem is solved by the form of the equational part, A <p. It is not
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clear to the author precisely why this occurs but the F; configuration forces the
affine dimension to be less than 6 and the line-pair configuration further restricts
the affine dimension to less than or equal to 3.

The author wants to thank Professors Andras Huhn, Bjarni Jonsson, Werner
Poguntke, Bill Sands, and Walter Taylor for the stimulating discussions which
led to these results.

§2 Preliminaries. All results in this paper apply to , the variety of all
modular lattices. All lattices are assumed to be modular.
A subset {a,, ..., a,, Ca,-..,C,} of a (modular) lattice is called an n-frame
if
Ln Ln
F1) [la=a-2 q (@li
i jFi
(F.2) ay+tcyy=a;+ta,=a; +cy
and
a;cy=a,4; = acy;  (all i)

The canonical example of an n-frame occurs in the subspace lattice, L(K"),
of an n-dimensional vector space over a division ring K where {e, ..., e,} is a
basis for K" and a; =(e;), c;;=(e;—e¢;), i=1, ..., n, the subspaces generated by
the given vectors.

We then can define ¢; = (cy; +¢4;)(a; + @), i# to produce elements satisfying

a;t¢;=a;+a;=a;+c;
a;c; = a;a; = a;c;;.
We refer the reader to Von Neumann [11: Part II, Chap. V] for all necessary
computational results.

An equivalent notion due to Huhn [7] is that of an n-diamond which is a

subset {ag, a, ..., a,} of a (modular) lattice satisfying

(D, 1) Znai = }:n a; (alli)

j#FEi

o,n 0o,n
(D,2) a;- ) a=[la (alli#))
.
By Herrmann and Huhn [4], there is a natural bijective correspondence
between n-frames
{ay, ..., a4, Cay ..o\ Ct

and n-diamonds {a,, a,, . . ., a,}. This allows one to alternate freely between
these equivalent concepts.
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An n-diamond (hence an n-frame) is a projective configuration in that:

2.1 TueoreM ([4]). There exist (modular) lattice polynomials dy, d,, ..., d,
in n+1 variables such that

1) dolxgy ..., %,)s ..., de(xg,--.,x,) is an n-diamond.
2) {xo, ..., x,} is an n-diamond if and only if x; = d;(xo, . . - , x,,) for all i.

A possible set of such polynomials is given by:

O,n O,n

U:H Z a;
ijFEI
O,n,0,n Oo,n
«=L(2(a" ) a))
i A k#ij

d=+x)v=u+xv (all i)

A (modular) lattice is called n-distributive if for all x, ¥o,..., ¥n
o,n
X - Z Vi =

2.2 TueoreM ([7]). A modular lattice is n-distributive if and only if it does
not contain a non-trivial (n+1)-diamond (or (n+1)-frame).

"Z"(x : Of Yj>

i j#i

(An n-diamond {x,, ..., x,} is trivial if two (and hence all by [4]) of the
variables are equal.)

§3 Pappus’ law in projective planes. We consider a projective plane as an
irreducible complemented modular lattice of dimension 3, L, (see Crawley and
Dilworth [1]) whose points are the atoms of L and whose lines are the
coatoms.

3.1 DerINITION. A projective plane (L, +, -) is called pappian if given distinct
lines a# b and pairwise distinct points

aO’ a17 aZSas bO’ bls bZS b
with a;# ab# b; all i, then the (distinct) points
(ap+by)(a,+ by), (ag+ by)(a,+ by),

and (a;+ b,)(a,+ b,) are collinear.
Our first result is a characterization of pappian planes that will provide our
basic equation.

3.2 THEOREM. A projective plane (L, +, -) is pappian if and only if for any
points

aO’ a17 a2a b07 b17 b2
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of L,ay<ay+a, and by=b,+ b, imply
(ap+by)(a; +bp)(a,+by+by)(by+ ag+a;)=(a,+ by)(ay+ b,)+(a,+b,)(a; +b,)

Proof. The condition is clearly sufficient for a pappian plane since the
requirements of the pappian condition give

a,t+by+b,=byta,+a,=1.

In order to prove necessity we must show the implication holds in all
“trivial” or ‘‘degenerate’ cases. We let

A =(ag+by)(a, +by)(a,+by+ b)) (b, +ay,+a,),
p =(a,+by)(ag+b,) +(a,+by)(a, +b,)

and assume
a,=ayg+a, and b,=b,+b,.

Case 1. ay= a,
In this case we have x = a,= a, = a, which gives

A= (x+b;)(x+by)(x+by)(x+by+b;)
0.2
=[] (x+b)
p=(x+by)(x+by)+(x+b)(x+by)=A.

By the symmetries of the implication we can now assume a, # a, and b, # b,.
Case 2. a,=a,(=x)
The simple calculations are:
A= (ay+by)(x +by)(x +by+by)(by+ay+x)
=(ay+by)(x+by)(x+a,+b,)
p = (x+by)(ay+by)+(x+b)(x+b,)
= (x+bg)(ag+ by)+x+b,(x+ b,)
=(x+by)(x+ag+b,)+b;(x+by)=A.

Again by symmetry we can now assume for i#j a;#a; and b;# b. This
allows us to consider the lines

a=ayta,=ayta,=a,ta,
and b=by+b,=bo+b,=b,+b,

Case 3. a=b

In this case if p=a(=b) we are done. Therefore we need only consider
possibilities that p=0 or p is a point. The following subcases exhaust these
possibilities.
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Subcase 3a. (a,+ by)(ay+b,)=0
Since a = b this forces a, = b, # a,=b,. But then

p=(a,+by)(a,+by)=(by+b,)(a; +ap)=a=A.
Subcase 3b. (a,+ by)(a,+b,)=(a,+b;)(a;+b,)
Now joining this equality with a, produces:
a,+by=(a,+by)a = (a,+by)(a,+ay+b,)
=a,+(a,+by)(ay+b,)
=a,+(a,+by)(a; +by)="""

=a,+b,.

Since by # b, this gives a,+b,=a,+b,=a. Similarly joining with b, gives
ap+b,=a,+b,=a and therefore p=a=A.

We can now assume a and b are distinct lines each containing three distinct
points. We need only show now that the intersection of the lines, ab, can be
assumed distinct from the given 6 points.

Case 4. a,=ab
A =(ag+by)(a, +by)(ab+b)(b,+ a)
=(ao+by)(a; +bo)b(a+b,)
= (b, + agb)(by+ a,b)(a+b,).
But a,=b and the g;’s distinct gives aob =a,;b=0. b, # b, implies
A =byb(a+b,)=0=p.
Case 5. ap=ab
A =(ab+b,)(a,+ by)a,+b)b,+a)
=b(a+b,)a,+by)(a+b,), since a,+b=1
=(a+b;)(by+ a,b)(a+b,)
=by(a+by)(a+b,), since a;b=0
p>(a,+ by)(ab+b,)
=(ay+by)b(a+b,)
= (by+ a,b)(a+b,)
=by(a+b,), since a,b=0

=

https://doi.org/10.4153/CMB-1981-030-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1981-030-0

192 A. DAY [June

Again using symmetry we are left with showing the implication for the 6
points on 2 lines in a pappian configuration. This proves the necessity.

We should note that, although our condition is a universal implication for
points in a projective plane, it cannot a universal implication for all elements of
the plane (L, +, -).

To see this one need only consider a plane that has at least 4 distinct points
on each line. Let a,, a,, by, b; be these points and let a, = b, =0. Then A is the
line and p =0. To make the implication work for all possible substitutions we
will impose configuration restrictions on the four variables a, a,, b, and b,.

§4 The line-pair configuration. Of the two special configurations we will
consider, the line-pair provides the sharper results.

4.1 DeriniTiON. A quadruple (ay, a;, by, by) in a (modular) lattice is called a
line-pair if
ao(by+by) = a,(by+by) = by(as+ a;) = by(ag+ a,).

Clearly any 3-diamond is a line pair for any ordering of the four elements.

4.2 LEMMA. Line-pair is a projective configuration in that there exists (modu-
lar) polynomials d,, d;, e,, e; in four variables x,, X;, Yo, y; such that (1)
(dy, dy, ey, €1) is a line-pair (2) (ay, a;, by, by) is a line-pair if and only if

a; = d;(ay, a, by, by) and b; = e;(ao, ay, by, by).
Proof. Let g =xo(yo+yi)+xi(yo+yi)+yo(Xo+x1) +y:i(xo+x;) and d;=
xi+q7 eizyi+Q7 l':Oa 1
di(eg+e)=(x; +q)(yot+ yi+q)
=(x;+q)(yo+ y1)
=q+x(yoty1)
= q‘
Similarly e;(dy+d;) = q hence (d,, d, ey, €;) is a line-pair.
Finally for a line pair (a,, a;, by, by) it is clear that

a;=d;(aoy, a,, by, by) and b, = e;(ay, a,, by, b,).

4.3 NortaTiON. Let (ay, a4, by, by) be a quadruple in a modular lattice. We
will write LP(a,, a,, by, b,) if the quadruple is a line-pair and let 0, be the
common value

ao(bo+by) = bo(ag + ay) = a,(bo + by) = by(ao + a,).
Easy consequences of the definitions are

4.4 Lemma. If LP(ay, a4, by, b;) in a modular lattice L then for all i, j,
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k {0, 1}:

(1) a=(a+ aj)(ai +by)

(2) b=(b;+ bj)(ak +b,)

(3) Op= aibj

(4) {a;, b, b,) and {(a;, a;, b)) are distributive sublattices of L.

4.5 DerFINITION. A line-pair (a,, ay, by, by) is called degenerate if it is not an
anti-chain (i.e. no two are comparable).

If a;=b; for some i, j€{0, 1} then by (4.4.3) a,=0., =a;, by, b;,. Therefore a
line-pair will be degenerate if and only if a, is comparable with a; or b, is
comparable with b;.

4.6 LemMA. In a projective plane (L, +, ), a line-pair (a,, a,, b,, b;) is non-
degenerate if and only if it is a complete quadrangle of points.

Proof. If a,+a;=1 then b,= by(a,+ a;)=0.p=b,. Therefore a,+a,; and
by+ b, are lines in L. Moreover they must be distinct lines since otherwise
ag=ag(ap+a,)=ao(by+b;)=0.p<a.
Similarly we must have a;Z b,+b; and b;% a,+ a,.
We now are in a position to present our equation and show that it reflects
the geometrical property of pappian planes.
4.7 DEeFINITION. A modular lattice L is called pappian if for all
a,b,eL i=0,1,2:LP(a,, a,, by, by)
and a,=<a,+a, and b,=<b,+ b, imply A <p where

A =(ag+by)(a;+b,)(a,+by+by)(b+ay+a,)

and

p=(ay+by)(a,+b,)+(a,+b;)(a,+b,)

4.8 TueoreMm. Let L be a modular lattice. If (ay, a,, by, b;) is a degenerate
line-pair then for all a,<a,+a, and b,=by+ by, A <p.

Proof. Observe first of all that we may assume without loss of generality that
0.p <a, and 0, = b, for replacing a, and b, by a,+0,p, and b,+0,p does not
change the values of A and p. Moreover we need only consider the case where
ay = a, for the others will follow by symmetry. Therefore let a, = a, hence

Op<a,=a;=ay,ta,.
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We compute:
A =(a;+bo)(ag+ b,)(b, + a,)(ar+ by + by)
=[ay+ by(a; +by)l(by+ a;)(a, +by+b;), since ap=a,
= (ag+boby)(a; +by)(ay + by +by), by (4.4)
=[ay+ bob,(by+ by)(a, +by)l(a,+by+b;), since a,=a,
=[ag+ byb,(b,+ a,(by+b,))(ay+by+b,), since b,=<b,+b,
=(ag+bybby)(ay+by+b;), since 0;p=<b,
=byb b, + aga,(a,+ by, + by)
=byb, b+ ay(a,+ a,(by+b,)), since a,=a,
=byb,b,+aya,, since 0,p=a,
=p.

4.9 TueoreM. Let L be a projective plane. Then L is pappian as a geometry if
and only if L is pappian as a (modular) lattice.

Proof. If L is pappian as a geometry then by (4.8) we need only check the
lattice pappian implication for non-degenerate line pairs (a,, a,, by, b;). By
(4.6) we may then assume that (a,, a,, by, b;) is a complete quadrangle of
points. By (3.2) we need only worry about a, and b, having the values 0 or
ayta, (by+b, resp.). If a,=0,

A =(ag+ b,)(a,+by)(by+by)(b+a,+a,)
=0=p
since (a,, a;, by, b;) is a complete quadrangle. If a,=a,+ a,
p=(ap+a,+by)(ay+b,)+(as+a,+by)(a, +b,)
=qayta,tb,=A

again since (a, a,, by, b;) is a complete quadrangle.

The converse is obvious.

We close this section with some remarks on our pappian ‘“‘equation”
(LP(ay, a,, by, b;) and a,=a,+a, and b,=b,+b,) imply A <p.

The point is that this implication is an equation in disguise. One only
replaces a,, a;, by, b; in the A =<p by the polynomials d,, d;, ¢, and e; of (4.2)
respectively and then replace a, and b, by a,(d,+d,) and b,(e,+e;) respec-
tively. Moreover as mentioned in the proof of (4.8) we may always assume
a,, b,=0,p, so we could replace a, and b, by (q+a,)(d,+d;) and (q+b,)
(eo+ey).

§5 Dimension restrictions of the pappian identity. As mentioned in the
introduction the projective space PGs(C) cannot satisfy the pappian identity as

https://doi.org/10.4153/CMB-1981-030-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1981-030-0

1981] LATTICE IDENTITY 195

it contains the non-pappian projective plane over the quaternions. Therefore
our equation must force some restriction on the size of an n-frame (or
equivalently n-diamond) that can sit inside a pappian (modular) lattice.

5.1 THEOREM. A pappian modular lattice does not contain a non-trivial
4-frame.

Proof. Let {a,, a,, a;, a,, €15, C13, C14} be a 4-frame in a modular lattice L
and define

Xo = C14 X1 = (C1a+€23)(C12t C34)
Yo=0a,+a, yi=a,+a;

We claim that LP(x,, x4, Yo, y;)- Now standard (see [11]) n-frame calcula-
tions show that

Xo+ Xy =(Crat caa)(Crat Caatcrg) =crat ey
This gives
Yo(Xo+X1) = (a; + a5)(c14+ C23)
=(a;+a,tas)(a,+a,+a,)(cis+cy3)
=ca,+a,+as)+c5(a+ay+a,)
=0p,
the zero of the 4-frame.
x1(yo+y1) = (crat c23)(cra+ csa)a; + a, + a,)
= (3t cra(a; + ay+ a3))(cip + c34(a; + a, + as))
= Cy3€15 = 0p.
Similarly y,(xo+x;) = 0p = xo(yo+ v,).
Therefore (x,, x1, Yo, 1) is a line-pair with 0, p = 0.
Now let x, =0f and compute A and p (assuming Or <y, =y,+y,)
A = (x0+ y1)(x1 + y0) (Yo + y1)(y2 + X0 + x1)
= (y1+x0(yo+ YD) (Yo + X1(yo + y))(y2 + X0+ X1)
= Yoy1(y2+xo+x4)
p = Yo(y2+x0) + y1(y2 +x4)
= Yo(yo+ y1)(y2+x0) + y1(yo + y1)(y2 + x1)
= yo(y2+ Xo(Yo + Y1) + y1(y2 + X1 (yo + y1))
=YoY2 1 y1Y2.
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Now let y, = (a;+c,3)(as+cy,) to produce:
A=(a,+a,)(a;+as5)cia+crst(a;+c3)(as+cpy)]
= ay[cia+(a;+cx3)(as+cpptcp3)]
=ay(crsta,+¢z3)
= a,
and
p=(a;+ay)(a;+cy3)(as+cp,)+(a;+as)(a; +cy3)(as+cypn)
=a,(as+cp)+a(as+cy,)
=0p.
Therefore L is not pappian.

5.2 CoroLLARY 1. Every pappian modular lattice is 3-distributive.

5.3 CoroLLARY 2. Let Vi be a vector space over a division ring K. Then
L(Vy) is a pappian lattice if and only if dim(Vy)=2 or dim(Vg)=3 and K is a
field.

One must mention at this time the alternative special configuration for the
variables (ao, a;, by, b;). Let F;(aq, a;, by, b;) mean that {ag, a,, by, b;} is a
3-diamond in a modular lattice and define a modular lattice to be frame-
pappian if F(ay, a;, by, b;) and a,=a,+a, and b,=<b,+ b, imply A =<p. Since
every 3-diamond is a line pair we have that pappian implies frame-pappian.
The relevant statements from section 4 apply to frame-pappian modular
lattices but the two concepts are distinct.

5.4 THEOREM. A frame-pappian (modular) lattice does not contain a non-
trivial 6-frame.

Sketch of proof. Let L be a modular lattice and let
Fo={a,c,:i=1,...,6;j=2,...,6}
be a non-trivial 6-frame in L. By letting
Xo=a,+a,,
X1 = Cy3t+ Cay,
Yo = €35t C465
and
y; = as+ag

we have F;(xq, X1, Yo, ¥1). Now take x,=c,, and y,=c,s. Then A =c¢;s and
p=0g That is, L is not frame-pappian.
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5.5 CororLLArY 1. Frame-pappian modular lattices are 5-distributive.

5.6 CoroLLARY 2. Let Vi be a vector space over a division ring K. Then
L(Vy) is a frame-pappian lattice iff dim(Vy)=2 or 3=dim(Vg)=S5 and K is a
field.

Proof. Any 3-diamond (or equivalently 3-frame) in L(Vy) with dim(Vg) =5
produces an interval sublattice [Of, 1¢] isomorphic to L(Wy) with dim(Wg)=
3. Since we may assume a,, b;€[0p, 1¢], we are only working in L(Wk).

5.7 CoroLLARY 3. Pappian is strictly stronger than frame-pappian.

Now if A is a finite dimensional algebra over a field K with dim Ag =n,
there is a natural embedding of L(AY) into L(Kg"). This in particular gives us
an embedding of L(Hg) into L(CY) (into L(Rg’)) or in other words PG,(H) is a
sublattice of PGs(C) (is a sublattice of PG;;(R)). Since PG,(H) is not a pappian
projective plane, we must have that PG,(C) is not pappian in any sense.
Therefore the above result, 5.4, tells us that frame-pappian is probably as weak
as possible for any sought for lattice identity. By 5.1, line-pair-pappian is
probably as strong as possible since it restricts the geometries to projective
planes.

§6 Concluding remarks. A pappian identity would be of even greater inter-
est if one could show that for modular lattices pappian implies arguesian. Such
a proof might shed more light on the situation for projective planes. The
historical notes of Seidenberg in [10] show that even for projective planes this
implication has caused problems. This author knows of no such lattice theory
proof at this time but in a forthcoming paper with Andras Huhn several results
on the relations between pappian, arguesian and 2-distributive lattices will help
perhaps to clarify the problem.
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