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FORMAL FIBERS AND BIRATIONAL EXTENSIONS
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Introduction

Suppose (i?, m) is a local Noetherian domain with quotient field K and

m-adic completion R . It is well known that the fibers of the morphism

Spec(i?) —* Spec(R), i.e., the formal fibers of R, encode important information

about the structure of R. Perhaps the most important condition in Grothendieck's

definition of R being excellent is that the formal fibers of R be geometrically regu-

lar. Indeed, a local Noetherian ring is excellent provided it is universally catenary

and has geometrically regular formal fibers [G, (7.8.3), page 214]. But the struc-

ture of the formal fibers of R is often difficult to determine. We are interested

here in bringing out the interrelatedness of properties of the generic formal fiber

of R with the existence of certain local Noetherian domains C birationally domi-

nating R and having C / m C is a finite i?-module.

The possible dimensions of the formal fibers of a local Noetherian ring are

considered in [Ma2] and in [R3]. Following Matsumura in [Ma2], we use a(A) to

denote the maximal dimension of a formal fiber of a local Noetherian ring A If

(/?, m) is a local Noetherian domain with quotient field K and m-adic completion

R, then Matsumura shows [Ma2, Corollary 1, page 262] that a(R) is the dimen-

sion of the generic formal fiber R[K\. He also observes that if R is of positive

dimension, then a(R) < dim(i?) — 1, and he proves that if R is a local ring of

positive dimension and finite type over a field, then a(R) — dim(i?) — 1 [Ma2,

Theorem 2].

If A: is a field, n > r > 1 are integers, and xu... >xn are indeterminates, then

two interesting examples considered in [Ma2] are the rings

. . jXr\\ U v + 1 , . . . ,xn\ (Xl>...,Xn)
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and

Br,n ~ kYXv . . . ,Xγ\ (χlt.,.tXr) LUV+lf . . . ,XMJJ .

For each of these n-dimensional regular local rings, Matsumura proves that the

dimension of the generic formal fiber is n — 2. He then raises the question of the

existence of local Noetherian rings A such that 0 < a{A) < dim (A) — 2. In

answer to this question, examples are constructed in [R3j to show that for any

integers ny t with 0 < / < n — 2, there exists an excellent regular local ring of

dimension n for which the generic formal fiber has dimension t.

If p is a prime ideal in the generic formal fiber of R, then a natural construct

related to p is the birational extension C = (R /p) Π K. More generally, if a is an

ideal in R such that each associated prime of a is in the generic formal fiber of R,

then R canonically embeds in i?/a and the nonzero elements of R are regular

elements of i?/a, so K canonically embeds in the total quotient ring of R / a and

as subrings of the total quotient ring of R/a, one can define C = (R /a) Π K.

The integral domain C is readily seen to be local, to dominate R, and to have as

its residue field the field R/m = R/mR. We are interested in describing C as an

extension of R. This type of construction has previously been considered in a

number of papers [V], [Rl], [01], [02], [BR], [H], [W]. Using examples of Nagata

[Na, Example 5, page 207] and Ogoma [01], we observe in Section 4 that in gener-

al the ring C = C/?/p) Π K need not be Noetherian.

If a is a finite intersection of prime ideals in the generic formal fiber of i?,

then in addition to i?/a, it seems natural to also consider the integral closure B of

i?/a in its total quotient ring. Using a slightly weakened version of Nishimura's

criterion for a Krull domain to be Noetherian, we show in Theorems 1.6 and 1.12

that if for all but finitely many of the primes q 3 a of R the ring 7?/(q Π R) is

complete, then C = B Π K is a normal analytically unramified semilocal Noethe-

rian domain and C/mC is a finite-dimensional vector space over R/m.

Taking for R the examples Arn and Brn of Matsumura mentioned above, we

observe in (1.22) that Theorems 1.6 and 1.12 apply for any ideal a that is a finite

intersection of prime ideals of maximal height in the generic formal fiber and give

an uncountable family of 2-dimensional analytically unramified semilocal Noethe-

rian domains birationally containing R. In (1.23) and (1.24), we show that

Theorems 1.6 and 1.12 apply to certain primes that are maximal in the generic

formal fiber of the examples constructed in [R3, Section 3]. This yields, for any

integers n and / with 0 < / < n — 2, examples R where dim(i?) = n, p is a

prime maximal in the generic formal fiber of R, ht(p) = t, and the associated

analytically irreducible normal local Noetherian domain C birationally dominating
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R with C/itiC a finite i?-module is of dimension n — t. In fact, we know of no

example of an excellent Henselian local domain whose primes maximal in the

generic formal fiber fail to satisfy the assumptions of Theorem 1.6. An indication

that this might always be true for an excellent Henselian local domain are the

results of [HRl] in which we show that an excellent Henselian local domain R with

a(R) — 0 has complete homomorphic images R / a for any ideal a of height 2 or

larger.

In Theorem 1.26, we present some alternative conditions to those of (1.6) in

order that C — (R/a) Π K be Noetherian. As a corollary, we deduce in (1.27)

that if dim(i?/a) = 1, then C is Noetherian and C = R/a. Therefore if

dimCfi?) > 1 and a(R) = dim(2?) — 1, then R is birationally dominated by a

one-dimensional local domain C that is analytically ramified, and so, in particular,

not a Nagata ring, so not excellent. We observe in Corollary 2.4 that the existence

of a dimension one prime ideal p in the generic formal fiber of R is equivalent to

the existence of a rank one discrete valuation domain V that birationally domin-

ates R and has its residue field finite algebraic over i?/m.

In Section 2 we make use of the fact that to each semilocal Noetherian domain

C birationally containing R with m contained in the Jacobson radical of C and

C / m C a finite i?-module, there is naturally associated an ideal a in R, the kernel

of the canonical map φ : R-+ C that extends the inclusion R c_> C. We observe in

(2.2) that C is a finite integral extension of R/a inside the total quotient ring of

R/a. Therefore to each such semilocal Noetherian domain C, there is naturally

attached an ideal a in R (this ideal a having the property that each associated

prime of a is in the generic formal fiber of R) and a finite integral extension B of

R/a inside the total quotient ring of R/a such that C = B Π K. In Theorem 2.5,

we use these observations together with Theorems 1.6 and 1.12 to deduce for

certain local Noetherian domains (i?, m) a one-to-one correspondence between

prime ideals p of height α = α(R) in the generic formal fiber of R and analytical-

ly irreducible normal local Noetherian domains C such that C birationally domin-

ates R, dim(C) = n — α, and C / m C is a finite 7?-module. We also obtain a

one-to-one correspondence between finite intersections of these prime ideals of

height α and normal semilocal analytically unramified Noetherian domains C that

birationally dominate R such that each maximal ideal of C has height α, and

C/mC is a finite i?-module. For certain other local Noetherian domains

(i?, m), we obtain in Theorem 2.7 a one-to-one correspondence between prime

ideals p of R that are maximal in the generic formal fiber of R and analytically

irreducible normal local Noetherian domains C that birationally dominate R and

have α(C) — 0 and C / m C is a finite i?-module. Here again there is an analogous
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statement that applies to ideals that are finite intersections of these primes and to

an appropriate family of normal semilocal Noetherian domains which birationally

dominate R.

In Section 3 we consider conditions under which C — (i?/p) Π K is excel-

lent. In considering geometric regularity of the formal fibers, the field characteris-

tic naturally plays an important role and we have some distinctions according to

the characteristic of R. We observe in Theorem 3.5 that with R and p as in

Theorem 1.6, if R is excellent and contains a field of characteristic zero, if i?/p is

normal and each prime ideal q > p is extended from R, then C = (J?/p) Π K is

excellent.

Using examples of Nagata and Ogoma, we show in Section 4 the existence of

birational extensions of the form C — (i?/p) Π K which are not Noetherian.

From Ogoma's example we obtain two examples, one is the existence of a height 2

prime ideal in the generic formal fiber of a localization of a polynomial ring in 6

variables over a field such that the birational extension associated to this prime is

not Noetherian, and the other is a prime ideal of height one in the generic formal

fiber of a non-excellent Nagata ring whose associated birational extension is not

Noetherian. We observe in (4.10) that if (R, m) is a countable local Noetherian

domain, then the generic formal fiber over R is a Jacobson ring, and dim(i?/p) = 1

for each p e Spec (I?) that is maximal in the generic formal fiber of R.

Our notation is basically as in [Mai]. We say that an integral domain S bira-

tionally dominates the local domain (i?, m) if R <Ξ 5, S is contained in the quo-

tient field of R, and m S is contained in the Jacobson radical of S.

1. From generic fiber to birational extension

Let (jf?, m) be a local Noetherian domain with quotient field K and suppose

R is a Noetherian extension domain of R that is faithfully flat over R. If a is an

ideal of R such that every associated prime of a lies over 0 in R, then R canoni-

cally embeds in R / a and the nonzero elements of R are regular elements of

R /a. Therefore K canonically embeds in the total quotient ring of R / a and we

can consider the birational extension C = K Π (R /a) of R.

In terms of elements of R and the ideal a, we note the following.

• » *

(1.1). With notation as above and C = K (Ί (R / a ) , we have

C = {a/b:a, b e R, b Φ 0, and a e a + bR*}.
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PROPOSITION 1.2. Suppose B is an extension ring of R / a with the property that

every nonzero element of R is a regular element of B and let C — K Π B.

( i ) For a, b & R, b Φ 0, we have a/b ^ C €> a ^ bB ^ a is in the preimage

of bB in R . Therefore a sufficient condition in order that a/b ^ C is that

a e a i- OK .

(ii) We have (R / a ) [K] is a subring of the total quotient ring of B, and if

£ * = B Π (i?*/a) [K\, then B f) K = B* f) K. Therefore in considering

the structure of the ring C — B Π K, we may assume that B Q

(R*/*)[K1.

We note the following general facts.

PROPOSITION 1.3. Suppose B, as in (1.2), is an extension ring of R / a such that

every nonzero element of R is a regular element of B and C — K Π B. Then

( i ) For any nonzero element y €= C, we have yC = yB Π C. In particular, any

element of C that is a unit of B is also a unit of C, so if B is local, then the

contraction to C of the maximal ideal of B is the unique maximal ideal of C

and if B is semilocal, then so is C and each maximal ideal of C is the con-

traction of a maximal ideal of B.

(ii) If S is a multiplicatively closed subset of C, then S C — K Π S B.

Therefore each prime ideal of C is the union of prime ideals of C that are

contracted from B. In particular, every prime ideal of C of height one is the

contraction of a prime ideal of B.

(iii) If B is a Krull domain, then C — K Π B is a Krull domain, and each

height one prime of C is the contraction of a height one prime of B. More

generally, if B is a finite direct product of Krull domains, then C is a Krull

domain and each height one prime of C is the contraction of a height one

prime of B.

Proof (i) We note that if b ^ B and yb — x^- C, then b = x/y ^ KΓi B= C,

so x €= yC. The other assertions in (i) follow from this.

(ii) It is clear that S"1 C Q K Π S " 1 ^ , and if x e K Π S~ι B, then there

exists 5 e S such that sx e K Π B = C. Hence x e S"1 C.

(iii) It is well known that the intersection of a Krull domain and a subfield of

its quotient field is again a Krull domain [B2, page 7], and in the case where B is

a Krull domain, the assertion about height one primes follows from well-known

properties of the essential valuation rings of a Krull domain [B2, Corollary 2, page
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10]. If B is a finite direct product of Krull domains, say B = Bλ 0 * φ Bn, then

the fact that every nonzero element of R is regular in B implies that for each

i, i — 1 , . . . ,n, the canonical surjection of B to B{ restricts to an isomorphism on

R. Thus K naturally embeds in the quotient field of B{ and C{ = K Π B{ is well

defined. We have C — Γ\n

t=1 Cr Therefore C is a Krull domain and each height

one prime of C is the contraction of a height one prime of one of the C, and thus

also of one of the Bt •

THEOREM 1.4. Suppose (i?, m) is a local Noetherian domain, and for t €= m, let

R — (R, t) denote the completion of R in the topology defined by the powers of the

principal ideal tR. Assume that a is an ideal of R each of whose associated primes

contracts to 0 in R, and that B is a finite integral extension of R / a having the prop-

erty that every nonzero element of R is a regular element of B. Let C — K V\ B. Then

C is a semilocal domain and every maximal ideal of C contains m. Let C — (C, t)

denote the completion of C in the topology defined by the powers of tC. Then C is a

finitely generated (R / a) - submodule of B. Therefore C is Noetherian, C/tC is

Noetherian, C/mC is a finite-dimensional vector space over R/m and the maximal

ideals of C are finitely generated. If R is universally catenary and a is of positive

height, then C is not a spot over R.

Proof Let x be an indeterminate over B. We have R[[x\] <Ξ C[[x\] Q

B [[x]]. Using [Na, (17.5), (16.1)], we have i?* = R[[x]]/(x - t)R[[x]] and C* =

C [Lr]]/(r — f)C[[x]]. Since B is a finitely generated R -module, B is complete

in the tB-aάic topology, so that B = B* = B[[x]]/(x — t)B[[x]]. From part (i) of

(1.3) we have that tB Π C = tC. Using this, it follows that

(x- f)B[[x]] Π CILr]] = C r - t)C[[x]].

Therefore the canonical map C —* B = B is an injection. We have

with the composite map being finite. Therefore C is a finitely generated

(R /a)-submodule of B. In particular, C is Noetherian. Moreover, for any posi-

tive integer n, we have fB Π C — fC by (1.3)(i), so

R/tnR->C/tnC= C*/tnC* <^>B/fB

with the composite map being finite. Therefore C/t C is a finitely generated

i?-module, so C/tn C is Noetherian and any ideal of C containing a power of t is

finitely generated. Since t ^ m, C / m C is a finitely generated i?/m-module, and
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we have the injection

R/m c_> C / m C = C / m C .

Since B is a finite integral extension of R /a, β is semilocal, so by (1.3)(ί), C is

semilocal and every maximal ideal of C is the contraction of a maximal ideal of B

and therefore contains m and thus is finitely generated.

If R is universally catenary, then the dimension formula holds for any spot

over R [Mai, Theorem 15.6, page 119]. Since each maximal ideal of C is the

contraction of a maximal ideal of B, the residue field with respect to each maximal

ideal of C is finite algebraic over j?/m; and since C is birational over R, if C

were a spot over R, then dim(C) = dim(i?). But if C is a spot over i?, then C is

Noetherian and dim(C) = dim(C ). Since dim(C ) = dim(i? /a), we conclude

that a of positive height implies C is not a spot over R. •

COROLLARY 1.4A. With notation as in Theorem 1.4, t/dim(i? /a) = 1, then

C — B Π K is a one-dimensional semilocal Noetherian domain. Moreover, the comple-

tion C of C is a subring of B and B is a finitely generated C-module.

Proof Since every nonzero element of R is a regular element of B, every

associated prime of 0 in B contracts to 0 in R. From (1.3), it follows that

dim(C) = 1 and every nonzero prime ideal of C contains m. Therefore C — C,

so by Theorem 1.4, B is a finitely generated C-module. •

We will use the term normal ring as in [Mai, page 64]. Thus a ring A is

normal if for each prime ideal p of A, the localization Ap is an integrally closed

domain. It is well known that a normal Noetherian ring is a finite direct product of

normal Noetherian domains and thus a finite direct product of Krull domains.

COROLLARY 1.4B. With notation as in Theorem 1.4, assume that B is also a

normal ring. Then C — B Π K is a semilocal Krull domain. If dim (C) — 2, then C

is Noetherian.

Proof By (1.3)(iii), C is a semilocal Krull domain. By Theorem 1.4, every

maximal ideal of C contains m and is finitely generated. If dim(C) — 2, then by

Nishimura's criterion [Nil, Theorem, page 397], C is Noetherian. •

We use the following weakened version of Nishimura's criterion [Nil] for a

Krull domain to be Noetherian.
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LEMMA 1.5. Let C be a Krull domain. If C/p is Noetherian for all but at most

finitely many of the height one primes p of C, then C is Noetherian.

Proof It suffices to show that each prime q in C of height greater than one

is finitely generated, for it then follows that C/p is Noetherian for each height

one prime of C, and C is Noetherian by [Nil, Theorem, page 397]. Let wl9. . . ,wr

be the height one primes of C for which C/w, may not be Noetherian, and choose

a ^ q — (wL U U w r). Then aC = Πy= 1p/', where the p ; are height one

primes not in the set {wlf. . . ,wr}. Therefore each C/p;- is Noetherian. By Nishi-

mura [Nil. Lemma, page 397], it follows that C / p ; ' is Noetherian, and hence by

[Na, (3.16)], C/aC is Noetherian. Thus q is finitely generated. D

QUESTION 1. Is it enough to assume in (1.5) that for each prime q of C there

are at most finitely many height one primes p <Ξ q such that C/p is not

Noetherian?1

We remark that if A is a complete reduced local Noetherian ring, then the

integral closure A of A in its total quotient ring is a finite A-module. This is clear

in view of: (i) the well-known result that this is true in the case where A is an

integral domain [Na, (32.1)], (ii) the fact that the total quotient ring Kf of A is a

finite product of fields, say K' = Kλ Θ * * Θ Kni (iii) the fact that the idempotent

elements of K' are integral over A, and (iv) the fact that A = A[ Θ * ®An,

where A{ is the canonical image of A in K{ and Ai is the integral closure of the

complete local domain At.

THEOREM 1.6. Suppose (R, m) is a local Noetherian domain with quotient field

K and a is a finite intersection of prime ideals of the completion R of R that are in the

generic formal fiber of R. Suppose R/a, <Ξ B, where B is a ring normal and finite over

i?/a and having the property that each minimal prime of B lies over 0 in R, or

equivalently, having the property that each nonzero element of R is a regular element of

B. In particular, B can be the integral closure of R/a in the total quotient ring of

R/tii. Let C = B Π K. Assume that for all but at most finitely many of the primes

q Ξ> a of R, the ring R / (q Π R) is complete. Then we have

( i ) C is a normal semilocal Noetherian domain and the residue field at each

maximal ideal of C is a finite algebraic extension of R/m. Moreover, any height one

prime of C that contains mC is a maximal ideal of C.

1. Added in proof: Ray Heitmann has given an affirmative answer to this question.
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(ii) dim(C) = dimCB) = dim(i?/a).

(iii) For all but at most finitely many of the height one primes w of C, we have

C/w and R/(w Π R) are complete and C/w is a finite R/(w Π R)-

module. Moreover, C / u is complete for every prime u of C of height greater

than one.

(iv) C/mC is a finite-dimensional vector space over R/m.

(v ) If R is universally catenary (or equivalently quasi-unmixed [Mai, (31.6) and

(31.7]) and if a has positive height, then C is not a spot over R.

Proof. Consider the commutative diagram of rings and natural maps:

R -> B

ΐ ΐ
0 -> R — C

ΐ ΐ
o - > o

The rows and columns in this diagram are exact, and it follows from (1.2)

that C is a semilocal Krull domain and that each height one prime of C is the

contraction of a height one prime of B. Since B is a finite integral extension of the

complete local ring i?/a, B is semilocal and the residue field with respect to each

maximal ideal of B is finite over R/mR = R/m. Therefore each maximal ideal of

C is the contraction to C of a maximal ideal of B and each residue field with

respect to a maximal ideal of C is finite over R/m. Moreover, m is contained in a

height one prime w of C implies that w is the contraction of a height one prime of

B containing m and the preimage in R of this prime is therefore mi?. It follows

that this height one prime of B is maximal and hence that w is maximal in C.

We note that the preimage in i? of each height one prime of B is a prime ideal

of R that properly contains one of the minimal primes of a, and only finitely many

height one primes of B have the same preimage in R. Let πlf. . . ,πr be the prime

ideals of R that contain a and are such that R/(π{ Π R) is not complete, and let

7c[,... ,π's be the finitely many primes of B which correspond to the ττf. Let w be a

height one prime of C that is not the contraction of one of the 7Γ . Let π' be a

height one prime of B that contracts to w in C, let π be the preimage of π' in R,

and let π0 = π Π R. Then R/π0 is complete and R/πo = R/π0R C-+R/π. Thus

π0R = 7Γ and we have inclusions R/πQR — R/π0 c_> C/w t-+B/π\ As the

composite inclusion R/π§R—*B/πf is finite, C/w is a finite module over

R/πJϊ = R/πQ. Therefore C/w is complete and Noetherian and dim (C/w) =

dimCB/πO. By Lemma 1.5, C is Noetherian.
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Since B is a finite integral extension of i?/a, dim(β) = dim(i?/a) and B is

a complete semilocal Noetherian ring; and since B is also normal, B is a finite pro-

duct of complete normal local Noetherian domains (cf. [Na, (17.7)]). We have seen

that for all but at most finitely many of the height one primes TΓ of B, we have

dimCB/π) = dim(C/w), where w = π Π C. Since we have dimOB) = 1 +

maχ{dimCB/7r)} and dim(C) = 1 + maχ{dim(C/w)}, where π and w range

over these sets, we see that dimCB) = dim(C). We have also seen that C/w is

complete and a finite module over R/(w Π R) for all but at most finitely many of

the height one primes w of C. If u is a prime of C of height greater than one, then

u contains infinitely many height one primes of C. It follows that the only primes

of C that contain mC are maximal, for if u is a prime ideal of height greater than

one, then there exists a height one prime w of C contained in u such that C/w is

complete and is a finite module over R/(w Π R). Since C / u is a homomorphic

image of C/w, C / u is also complete.

We have seen that C is a semilocal Noetherian domain for which the residue

field at each maximal ideal is a finite-dimensional vector space over i?/m and

that the only prime ideals of C that contain mC are maximal. It follows that

C/mC is a finite-dimensional vector space over R/xxx.

If R is universally catenary, then the dimension formula holds for any spot

over R [Mai, Theorem 15.6, page 119]. Since the residue field with respect

to each maximal ideal of C is finite algebraic over R/m by part (i), and since C is

birational over R, if C were a spot over R, then dim(C) = dim(i?). But by part

(ii), dim(C) = dim(i?/a), so a is of positive height implies dim(i?/a) <

dim(i?) = dim(i?). Therefore C is not a spot over R. Π

QUESTION 2. Does the hypothesis on a in Theorem 1.6 imply that each

minimal prime p, of a is maximal in generic formal fiber of RΊ

QUESTION 3. Suppose (R, m) is an excellent local Henselian domain and

p <Ξ R is maximal in the generic formal fiber of R, does it follow that there are at

most finitely many primes q Ξ> p of R such that i?/(p Π R) is not complete? As

we remark in (1.14), examples of Nagata show this may fail for an R that is not

excellent.

EXAMPLE 1.6A. Let (i?, m) be a local Noetherian domain with a(R) =

dimCff) — 1. Then any ideal a in R that is a finite intersection of prime ideals of
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maximal height in the generic formal fiber of R satisfies trivially the assumptions

of Theorem 1.6.

Matsumura has shown in [Ma2, Theorem 2] that if (R, m) is a local domain

of positive dimension that is essentially of finite type over a field (i.e., R is a

geometric local domain), then a(R) = dim(R) — 1. If n > 2 and (R, m) is an

^-dimensional geometric local domain over a field k0, then in order to find a bira-

tionally dominating DVR C such that C / m C is a finite i?-module, we can proceed

as follows: using for example [Ma3, Theorem 24, page 89], we obtain an extension

field k of k0 and a "normalization" Ro for R

R o = k[y19...,yn](yi Vn) c_>i?

i.e., R is essentially finite over Ro and dim(i?0) = dim(i?) = n. If φ : Ro—* R is

the canonical map on completions extending the inclusion Ro C—• R, then it

follows that φ is injective and finite. In order to find a prime ideal p 0 of Ro with

ht(po) = w — 1 and p 0 Π i?0 = (0), we pick elements wlf . . . ,^w_x ^ £[[#„]]

which are algebraically independent over k[yn]. An easy calculation shows that

the prime ideal p 0 = (yx — wγyn, . . . 1yn_ι — w^yJRo is in the generic formal

fiber of Ro. Moreover, we have ht(p0) = n — 1 and R0/p0 — Bo is a DVR. Since

R is finite over i?0, there is a prime ideal p of R lying over p0. Since R is essen-

tially finite over Ro and p Π Ro — (0), it follows that p Π R = (0). We also have

i?/p is finite over i? 0 /p 0 , so (R/p) is a one-dimensional complete local domain

and its integral closure B is a DVR that is a finite extension of £ 0 . Let Ko Q K

denote the fields of fractions of Ro £Ξ R, respectively, and let Co — BQ Π Ko and

C = B Π K Then Co ^ C are DVRs that birationally dominate 7?0 Q R, and the

residue field of C is a finite algebraic extension of k, so C / m C is a finite

i?-module.

We note that if K is separable over Ko, so in particular if char(/c) = 0, then

C is essentially finite over Co. Since the cardinality of a transcendence basis of

the power series ring over the polynomial ring is not enumerable, for any geomet-

ric local domain R of dimension n > 2, it follows from (2.3) that this construction

provides an uncountable set of DVRs birationally dominating R (even if R is

enumerable).

In order to show that the completion of C as in (1.6) lies between R/a and

B, we need some facts about complete local rings.

LEMMA 1.7. Let I be an ideal in a Noetherian ring A and
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an exact sequence of finitely generated A-modules. If Mf and M" are I-adically com-

plete, then so is M.

Proof Let A denote the /-adic completion of A. We have the following com-

mutative diagram with exact rows:

0 > Mf > M > M" > 0

n Ί
 hϊ

0 • M'®Ά • M<g)Ά • M"®Ά • 0

Since Mr and M " are /-adically complete, / and /z are isomorphisms. By the five

lemma [Ma, page 281], g is also an isomorphism, so M = M® A and M is

/-adically complete. Π

COROLLARY 1.8. Let m be an ideal in a Noetherian ring A. If I, J are ideals of

A such that A/1 and A/J are m-adically complete, then so is A/(/ Π J).

Proof We have the exact sequence

and the isomorphism 1/(1 Π J) = (I + J) //, so the result follows from (1.7). D

LEMMA 1.9 ([Bl, Exercise 8, page 118]). Let I be an ideal in a Noetherian ring

A and let N be the nilradical of A. The ring A is I-adically complete if and only if

A/N is I-adically complete.

Proof It is immediate that if A is /-adically complete, then so is its homo-

morphic image A/N. To prove the converse, assume that A/N is /-adically

complete, but A is not. Let J ζ^N be maximal with the property that A/J is not

/-adically complete. Passing from A to A/J, we may assume that / = 0 and that

for each nonzero a ^ N, A/aA is /-adically complete. Choose a ^ N such that

a Φ 0, but a2 = 0, and consider

By assumption, A/aA and aA are /-adically complete. It follows from Lemma 1.7

that A is also /-adically complete. This contradiction completes the proof. D
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COROLLARY 1.10. Let m be an ideal in a Noetherian ring A. If A/p is

m-adically complete for each minimal prime p of A, then A is m-adically complete.

Proof Let N be the nilradical of A. By Corollary 1.8, A/N is m-adically

complete. Then by Lemma 1.9, A is m-adically complete. D

With notation as in Theorem 1.6, we are interested in saying more about the

structure of the normal semilocal Noetherian domain C. We use the following fact

about completions.

Remark 1.11. Suppose (R, m) is a local Noetherian ring, / is an ideal of R,

R is the m-adic completion of i?, and R — (Ry I) is the /-adic completion of R.

If R/I is complete in the m-adic topology, then R — R.

Proof If R/I is complete, then by Lemma 1.8, R/I is complete for each

positive integer n. And the fact that R/In is complete implies that R/ΐ1 — R/In R.

By definition, R* = \im(R/Γ). Therefore R* = lim(R/Γ R) = R. D

THEOREM 1.12. With notation and hypotheses as in Theorem 1.6, let n denote

the Jacobson radical of C and let C denote the n-adic completion of C. Then we have

R/a <Ξ C <Ξ B. Thus C is reduced, so C is analytically unramified and if B is an

integral domain, then the n adic completion of C is an integral domain, i.e., C is

analytically irreducible. Moreover, If B is a domain, or is equidimensional, then C is

universally catenary.

Proof We choose ί ^ m such that for all primes q 3 (t, a)J?, i?/(q Π R)

is complete. It follows that t is not in any of the finitely many height one primes w

of C such that C/w is not complete. Then, as in the proof of (1.4), we have that

C — (C, t) , the completion of C with respect to the powers of tC is contained

in (B,ty=B. By Corollary 1.10, C/tC = C*/tC* is n-adically complete.

Hence by (1.11), C = C is contained in B. We have R C_» C c_> B, so the cano-

nical map R~-+ B — B which has kernel a factors through C. Therefore R/SL^ C

<Ξ B. Since B is reduced, C is reduced, and if B is a domain, then C is a domain.

In order that C be universally catenary, it suffices that C be equidimensional

[Mai, Theorem 31.6, page 251]. Since i?/a £Ξ C <Ξ B, if B is equidimensional,

then C is equidimensional, so C is universally catenary. •
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(1.13) If (R, m), R, a, and C are as in Theorem 1.6, then we remark that

a(C), the dimension of the generic formal fiber of C, is either 0 or 1. We have

a(C) = 0 if and only if each minimal prime of a is maximal in the generic formal

fiber of R. We do not know whether it can happen in this situation that a(C) > 0,

but if it does, then the generic formal fiber of C is a one-dimensional semilocal

ring. A related question is whether the generic formal fiber is always a Hubert (or

Jacobson) ring. If this is true, then the hypothesis of Theorem 1.6 implies that

a(C) = 0.

(1.14) Suppose (i?, m) is a local domain with completion R. In connection

with Theorems 1.6 and 1.12, it would be interesting to have conditions on a prime

p <Ξ R in the generic fiber over R that imply that for all but finitely many of the

primes q ^ p of R, the ring i?/(q Π R) is complete. We remark that if this condi-

tion holds, then there are no containment relations among the finite number of

primes q of R that properly contain p and are such that R/(q Π R) is not com-

plete. For if we have p < qx < q2 with R/(q2 ^ R) n o t complete, then for each of

the infinitely many primes q with p < q < q2, it follows that R/(q Π R) is not

complete since R/ (q2 Π R) is a homomorphic of i?/(q Π R).

It seems to us that it may possibly be that if R is excellent and Henselian and

p <Ξ R is maximal in the generic fiber over R, that it then follows that there are

only a finite number of primes q ^ p of R such that R/{q Π R) is not complete

(cf. Section 3). Without the hypothesis that R is excellent, examples given by

Nagata [Na, (E3.1), page 206] show that one can have a(R) = 0 with R a regular

local such that R is purely inseparable over R and there exist infinitely many

primes q of R such that R/(q Π R) is not complete.

The following result from [R], [Ni2] plays a role in our considerations.

LEMMA 1.15 ([R, Lemma 2, page 174], [Ni2 Lemma 1.2, page 156]. Let A be a

Noetherian semilocal ring with Jacobson radical m and let A denote the m-adic comple-

tion of A. Suppose that I Ξ̂ m is an ideal of A and that A is I-adically complete. If

J is a nonzero ideal of A such that for all sufficiently large positive integers n, the

ideal J+ Γ A is extended from A, i.e., (A Π (J + Γ A))A = / + Γ A, then J is

also extended from A, i.e., we have J — (J Π A)A.

Remarks 1.16. Suppore (R, m) is a local Noetherian domain and R is the

completion of R. In considering prime ideals or finite intersections of prime ideals

in the generic formal fiber of R and the corresponding birational normal semilocal

extensions C of R, it is of interest to know more about the ideals of R that are

extended from R. We note:
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(1) If q is an ideal in R such that R/(q Π R) is complete, then q =

(q Π R)R. Moreover, if a is any ideal of R having the same radical as q,

then q Π if and a Π if have the same radical in R. By Lemma 1.9,

i?/(q Π R) is complete iff i ?/(a Π R) is complete. Therefore a is also

extended from R.

(2) In relation to Lemma 1.15, it can happen that R is /-adically complete

and p is a prime ideal of R such that p + IR is extended from R, but p is

not extended from R. This is illustrated in Example 1.17.

EXAMPLE 1.17. Let A: be a field, let x, y, z be indeterminates over k, and let

R = k[x](x)[[y, z]]. Consider ω = ΣΓ=0 <*>& e Λ[[x]], with a0 Φ 0, such that

ω, x are algebraically independent over k. We have R = A[Lr, 2/, 2]] and

p = (α>£ — y)R is a prime ideal in R. Since ω is invertible in /c[[x]], p + yR =

, an ideal that is extended from R. We prove that p Π i? = 0.

. Suppose F £ p Π if, and write

F = Σ ( Σ guWy'z!),
c=o i+j=c

where ^ / ; e A[x](Λ.}. Substituting y = ω^, we have

°°

FOr, ω2, z) = Σ ( Σ gij(x)ωt)zc.

c=o ί+y=c

Since ω, x are algebraically independent over k,

F(x, ωz,z) =0t=ϊ Σ g^x)*) = 0

for all c & each ^ i 7 U ) = 0 <=> Fix, y, z) = 0. Therefore p Γ\ R = (y - ωz)R Γ\

R = 0, and p is not extended from R. O

Using (1.15), we observe in Proposition 1.18 that there are many examples

for which the hypotheses of Theorem 1.6 is satisfied.

PROPOSITION 1.18. Let (i?, m) be an n-dimensional local Noetherian domain.

Suppose I is a nontrivial ideal of R such that R is complete in the I-adic topology. Ifp

is a nonzero prime ideal in the generic formal fiber of R such that dim(i?/p) — 2,

then for all but at most finitely many of the primes q Ξ2 p of R , the ring

R/(q Π R) is complete.
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Proof. We first observe that dim(p + IR) = 1 for otherwise p + / R is

mi? primary for each positive integer k and hence extended from i?, and this im-

plies, by (1.15), that p is extended from R, which it is not. Let q n> p be any

prime ideal of i? properly containing p and not containing p + /. Then for each

positive integer k, q + / is mi? -primary and hence extended from i?, so by

(1.15), q is extended from i?. Therefore i?/(q Π i?) is a one-dimensional local do-

main which is complete with respect to the nonzero ideal / + (q (Ί i?)/(q Π i?),

so i?/(q Π i?) = i?/q. D

(1.19) We note that Theorem 1.6 implies that with (i?, m) and p as in (1.18)

there exists a 2-dimensional normal local Noetherian domain C birationally domi-

nating i? such that C / m C is a finite i?-module. It is often the case that if

(i?, m) is an w-dimensional local Noetherian domain containing a nonzero ideal /

such that i? is complete in the /-adic topology then a(R) = n — 2, so there exist

prime ideals p in the generic formal fiber of i? such that ht(p) = n — 2. For ex-

ample, if A: is a field, n > r > 1 are integers, and xlf. . . ,xn are indeterminates,

then in [Ma2, Example 3], Matsumura shows that the w-dimensional regular local

ring

Brn = k[xlf... ,xr]{Xι_Xγ)[[xr+1,... ,xn]]

has a(Br>n) = n - 2.

(1.20) In [Ma2, Theorem 3], Matsumura considers the situation where

(i?0, m0) and (i?, m) are local Noetherian domains such that i?0 is a subring of

i?, m Π i?0 = m0, i?/m = i?0/m0, i?0 is complete and dim(i?) > 1, dim(i?0) > 0.

Matsumura proves in this situation that α(i?) < dim(i?) — 2. For a certain class

of these rings, we observe in (1.21) that we have a situation where the hypothesis

of (1.6) is satisfied.

PROPOSITION 1.21. Let (i?, m) and (i?0, m0) be local Noetherian domains as in

(1.20). //p ̂  Spec(i?) is in the generic formal fiber of R and dim (i?/p) = 2, then

for all but at most finitely many of the primes q 3 p of R, the ring R/ (q Π i?) is

complete.

Proof. Since m 0 is not contained in p, we have dim (i? / (p + m 0 i?) < 1.

Hence p + m 0 is contained in only finitely many primes of i?. Let q 3 p be a

prime of R that properly contains p and does not contain m0. We have

Π i?0) U Λ / ( q Π i?) c ^
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We note that (q + m 0 R) is mi?-primary, so R/(q 4- m o i?) is Artinian and

hence a finite i?0/m0-module. Since Ro is complete it follows (cf. [Mai, Theorem

8.4] that R/q is a finite i?0-module. Hence R/(q Π R) is a finite module over the

complete r ingi? 0 /(q Π Ro) and therefore complete. Π

(1.22) We remark that if A: is a field, n > r > 1 are integers, and xl9. . . ,xn

are indeterminates, then Proposition 1.12 applies to the ring

A r > n = A t f ^ , . . . ,xr]] [xr+1,... ,xn] {Xi Xn)

as it does also to the ring Brn discussed in (1.19). In [Ma2, Example 2], Matsu-

mura constructs a family of prime ideals p in the generic formal fiber of Ar>n such

that ht(p) = n — 2. By Theorem 1.6 and Proposition 1.21, these prime ideals p

correspond to 2-dimensional normal local Noetherian domains C birationally

dominating and residually finite over Arn. It is interesting to note that for both the

example Arn and the example Brn of (1.19), the cardinality of the prime ideals p

in the generic formal fiber with ht(p) = n — 2 is uncountable. Therefore it

follows from (2.3) below that the cardinality of the 2-dimensional normal local

Noetherian domains birationally dominating and residually finite over these rings

is uncountable.

(1.23) In [R3, Section 3] for every n, t e N with 0 < t < n ~ 2 there is con-

structed a local excellent domain

with dim04^,) = n and a(AnJ) = t. Here Rs is a local excellent domain of dimen-

sion 5 + 1 = ^ — / — 1 with a(Rs) = 0. (For notational purposes, 5 =

dim(7?5) — 1.) The ring Rs is not complete, but has the property that i? 5 /a is

complete for each nonzero ideal a of Rs. The completion Rs of Rs is the formal

power series ring K[[Xlf.. ,,XS, T]], and the completion of Ant is

a formal power series ring in n variables over a field K of characteristic 0.

Using the Weierstrass preparation theorem, as in the proof Claim (a) of [R3,

Section 3], it is readily seen that

( * ) Any prime ideal p in An>t that is not contained in (Vl9. . . ,Vt+1)Antt is

such that p is extended from An>t and AnJ/(p Π AnΛ) is complete. On the other

hand, if q = (Vl9. . . ,Vt+ι)Ant, then Ant/(q Π AΛtt) has Rs as a homomorphic im-

age and hence is not complete.
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It follows that the prime ideals in the generic formal fiber of Ant are con-

tained in (Vlf. . . ,Vt+1)AΛtt and that the prime ideals p of maximal height t in the

generic formal fiber satisfy the hypothesis of Theorem 1.6. If p is one of these

prime ideals and B is the integral closure of Ant/p and L is the quotient field of

Ant, then by Theorems 1.6 and 1.12, C = ΰ Π I is a normal local Noetherian do-

main of dimension n — t ~ s + 2 and Ant <Ξ C <Ξ B.

We do not know whether there are maximal ideals of height less than t in the

generic formal fiber of Ant. If such a prime ideal p exists, then for each of the

infinitely many primes q such that p C q C (Vlf. . .,Vt+ι)AHtt, the ring Ant/ (q Π

Ant) is not complete, so the hypothesis of Theorem 1.6 would not be satisfied for

this p.

(1.24) FURTHER APPLICATIONS. In relation to the hypothesis of Theorem 1.6, we

consider the generic formal fiber of the ring B of Corollary 3.2 of [R3]. This ring

B is an example of an excellent local domain whose generic formal fiber admits

maximal ideals of different heights. Building on the ring Ant of [R3, Section 3] dis-

cussed above in (1.23), the ring B is constructed as follows: let S = AnJ, let m 5

denote the maximal ideal of S, let Wbe a variable, and let B = S[W](πisW). Recall

that we have

Rs = K[[XV ... ,XS, fl] and S = HXU... ,XS, T,Vλ Vt+J].

We obviously have

B = Ki\X,,...,Xs, T, V, Vt+1, WΆ = $[[W\]

and n = s + t + 2 and dim(B) = n + 1. We consider the canonical injections

i,m ^ SVLWίϊ = B.

It follows from [Ma2, Example 2] that the dimension of the generic formal

fiber of S[Wi(m~fW), is n - 1 = dim(β) - 2, so a(B) = n - 1 = dim(5) - 2.

Using Proposition 1.21, we see that every prime ideal p of maximal height in the

generic formal fiber of B satisfies the hypothesis of Theorem 1.6. Therefore to

each of these prime ideals p of B is associated a 2-dimensional normal local

Noetherian domain birationally dominating and residually finite over B.

It is shown in [R3, Corollary 3.2] that there exist prime ideals p maximal in

the generic formal fiber of B with ht(p) < t + 1. To see this, take p 0 ^

Spec(S) with ht(p0) = t and p 0 in the generic formal fiber of S, and

β ^ ϋΓ[[7]] to be a non-invertible element that is algebraically independent over

5. Then p^ = (W — β, po)2? is a prime ideal of B of height t+1 and the fact
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that β is algebraically independent over S implies that if L is the quotient field of

S and C = (S/p 0) Π L, then β is algebraically independent over C, so p^ Π

B = (0) and p^ is in the generic formal fiber of B.

Now we observe that any prime ideal p of height t + 1 which is maximal in

the generic formal fiber of B and contains a monic polynomial in W (as, for exam-

ple, the pβ), then p satisfies the hypothesis of Theorem 1.6, i.e., for all but at most

finitely many prime ideals q ^ p of B, B / (q Π B) is complete. For if q 3 p, then

since p contains a monic polynomial f(W) in 5TW7], we have q is a minimal prime

of (f(W), qo)B, where q0 = q Π S. If q0 is not contained in (Vi, . . . ,Vt+1)S,

then as noted in ( * ) in (1.23), it follows that S/(q 0 Π S) is complete, so

S/(q 0 Π S) = S/q0. It follows that B/(q Π B) is a finite integral extension of

S/(q 0 Π S) = 5/q 0 and hence is also complete. Therefore the only possible

prime ideals q 3 p of B that are such that 5 / ( q Π 5 ) is not complete have the

property that q Π S = q0 <Ξ (F L , . . ,,Vt+ι)S. With ht(p) = t + 1 and p containing

a monic polynomial in W, each of these primes q that properly contains p is such

that (Vlf.. .,Vt+ι) c q, and there are only finitely many such primes q.

(1.25) We remark that there are two kinds of prime ideals p f in B that are

maximal with the property that B/p{ is not complete. One of these sets consists of

just one element, the prime ideal px = (Xίf . . . ,XS, T, Vί9 . . . ,Vt+1)B, a prime

ideal of height n and dimension 1. The other prime ideals p of B maximal

with respect to the property that B/p is not complete are all of the form

p 2 = (Vlf. . . ,Vt+1, f(W))B, where /(WO is a monic polynomial of positive degree

in 5[FF]. Each of the prime ideals p 2 is of height t + 2 and dimension 5 + 1 . We

ask if there is a connection between the ideals maximal in the generic formal fiber

of an excellent local domain R and the set of prime ideals p ^ Spec(i?) for which

i?/p is complete. We refer to [HR1] for more investigation into this question.

In Theorem 1.26, we present some alternative conditions to those of (1.6) in

order that C be Noetherian.

THEOREM 1.26. Suppose (i?, m) is a local Noetherian domain with quotient field

K and m-adic completion R and a is an ideal of R with the property that each associ-

ated prime of a is in the generic formal fiber of R. Suppose B is a finite integral exten-

sion of R / a having the property that every nonzero element of R is a regular element of

B, and letC = BΠK.

( i ) If for each nonzero prime ideal u of C there exists a ^ u Π R such that

a + a R is extended from R for all sufficiently large positive integers n,

then C is Noetherian.
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(ii) If B is a normal ring and if for each prime ideal u of C of height greater

than one there exists a ^ u Π R such that a + a R is extended from R for

all sufficiently large positive integers n, then C is a normal Noetherian do-

main.

In both (i) and (ii) we have that the completion C of C is such that i f/a <Ξ C <Ξ B.

Proof. Let u be a prime ideal in C and assume a e u Π R is such that a +

a R is extended from R for all sufficiently large n. By (1.15), a is extended from

R — (R, a) , the completion of R with respect to the powers of aR. Let a =

a Π R . Then R/a is the completion of if /a . We note by replacing B if neces-

sary by B Π (if/a) [if], we may assume that B Q (if/a) IK]. Let K* denote the

total quotient ring of R /a and let B — B Π K . Since 5 is a finitely gener-

ated if/a-module and since B <Ξ (if/a) [if], there exists a nonzero element ί ^ R

such that ££ £ R/a. It follows that £B* Q i?*/a*. Therefore 5 * is a finitely

generated i? /a -module. Since C — B Π if, by (1.3)(i), we have aB Π C =

. Thus

R/aR^C/aC (~>B*/aB*

with the composite map being finite. Therefore C/aC is a finitely generated

i?-module and hence is Noetherian. It follows that u is a finitely generated prime

ideal of C. In (i), we conclude that each prime ideal of C is finitely generated, so C

is Noetherian; while in (ii), each prime ideal of C of height > 1 is finitely gener-

ated. Since in (ii), B is a normal ring, C — B Π K is a Krull domain by (1.3)(iii),

and so is Noetherian by [Nil].

As in Theorem 1.4, we have inclusions of the formal power series rings

RVLxϊϊ <= C[[x\] c B*[[xΊl and if* = (if, aV = RίίxϊlΛx - a)R[[x]], C* =

C[[x]]/(x - a)C[[x]], and £ * = B*[[x]]/(x ~ a)B*[[x]]. From part (i) of (1.3),

we have aB Π C = αC, and from this it follows that

Or - Λ ) C [ [ Z ] ] = Or -

Therefore the canonical map C —• β is an injection. We have

with a* the kernel of the map R*-+B*. Thus if*/a* £ C* £ β* Since C and

C have the same completion C, we conclude that if/a Ξ̂ C Q B. •

COROLLARY 1.27. Suppose (if, m) is a local Noetherian domain with quotient

https://doi.org/10.1017/S0027763000004529 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000004529


FORMAL FIBERS AND BIRATIONAL EXTENSIONS 2 1

field K and m-adic completion R and a is an ideal of R with the property that each

associated prime of a is in the generic formal fiber of R. Suppose B is a finite integral

extension of R / a having the property that every nonzero element of R is a regular ele-

ment of B. If dim(i?/a) = 1, then C = B Ω K is Noetherian, dim(C) = 1, and if

C is the completion of C, then R/a,^ C Ξ̂ B. Therefore, in the case where B = i?/a,

we have C = R/SL and

( i ) if'a is prime, then C is analytically irreducible,

(ii) if a is an intersection of primes, then C is analytically unramified, while

(iii) if a. is properly contained in rad(a), then C is analytically ramified.

If (i?, m) is any local Noetherian domain of dimension n > 1 such that a(R) = n —

1, then there exists a one-dimensional local Noetherian domain C that birationally

dominates R and is analytically ramified.

Proof. Since dim(i?/a) = 1 and each associated prime of a is in the generic

formal fiber of R, the only prime ideal of R containing a that has a nonzero

contraction to R is the maximal ideal m i . From (1.3)(ii) it follows that each height

one prime of C is the contraction of a height one prime of B. Since B is semilocal

and dimCB) = 1, by (1.3) dim(C) = 1 and each nonzero prime ideal u of C con-

tains m. Since every primary ideal for the maximal ideal of R is extended from R,

it follows that for any nonzero a e m the ideal a + aR is extended from R.

Hence by Theorem 1.26, C is Noetherian and R / a £ C Q B.

To see the existence of C = (R/a) Π K that is analytically ramified, we take

p to be any dimension one prime in the generic formal fiber of R and take a to be

any p-primary ideal with a < p. O

Remark 1.28. An argument like the one in Theorem 1.26 is used to show

that numerous counterexamples are Noetherian [BR], [H], [01], [02], [03], [Rl], [W].

These constructions start with the localization R = k[xλ, . . . ,xn]iXί Xn> of a

polynomial ring over an infinite countable field k. Following [BR], after choosing a

suitable enumeration ip)i&n of a set of representatives of the prime elements in R,

we set:

qΛ= Up, and R= Π (R, q y .

Then ideals a in R are constructed with a Π R = (0). The ideal aR satisfies the

hypothesis of Theorem 1.26(i), so if K is the quotient field of R, then C =
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(R/aR) Π K is a local Noetherian domain. It is also true that C = R/aR. It is

shown in [BR] that there is considerable flexibility in this construction of a. For

example, with R = k[x, y, z, u, w\{xytZtUW), it is possible to obtain R and prime

ideals a that extend to R to give a chain of prime ideals pL < p 2 < p 3 such that

ht(p, ) = i and p 3 Π R = (0). With C, = (fl/p,) Π ϋΓ, it follows that C, < C2

< C3 is a chain of normal local Noetherian domains birationally dominating R and

having residue field k such that d\m{Ct) = 5 — i, 1 < i < 3.

To make this construction work the field k has to be countable and infinite

and the prime ideals p, in the generic formal fiber of R have to be chosen careful-

ly. We show in Section 4 that in general if p is a prime ideal in the generic formal

fiber of R that is not maximal in the generic formal fiber, then C — (R/p) Π K

need not be Noetherian.

2. From birational extension to generic formal fiber

In the discussion below relating birational extensions of R to extensions of R,

we use the following remark concerning tensor products.

(2.1) Suppose (i?, m) is a local Noetherian domain with quotient field K and

i?* is an i?-algebra that is faithfully flat over R. Then R* ®RK= R*[K\ is a

localization of R inside the total quotient ring K of R , and for any birational

extension C of R, we have R <S)R C = R [C], the composite of R and C in K .

(2.2) Suppose (i?, m) is a local Noetherian domain with quotient field K and

completion R. If C is a semilocal Noetherian domain birationally dominating R

such that m is contained in the Jacobson radical of C and C / m C is a finite

i?-module, then there are ideals of R and of the birational extension R[C] of R

that are naturally related with C. Let C denote the mC-adic completion of C and

φ : R —* C the canonical map on completions extending the inclusion R c ^ C. Let

a = ker(0). We have

R c + t f / a c_> C

with C a finite i?/a-module by, for example, [Mai, Theorem 8.4, page 58], and

the map R—*R/& an injection since the composite map 7?—> C —* C is an injec-

tion. We note also that since C is faithfully flat over C, the nonzero elements of R

are regular elements of R/SL <Ξ C. Therefore every associated prime of a in R is

in the generic formal fiber of R and the nonzero elements of R are mapped by φ to

regular elements of i?/a. Let φr denote the canonical map of R[C] = Rd&R C to

C that extends φ and the canonical injection of C-+ C, let b = ker(0'), and set

D = R[C] /b. Then
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R/aQ DQ C

with C a finite integral extension of J?/a. Thus D = R[C] /b is a complete semi-

local Noetherian subring of C and C is a finitely generated Z)-module. Moreover,

if n is the Jacobson radical of C, then C/n = D/nD = C/nC . Hence by

Nakayama's lemma (cf. [Mai, Theorem 2.2]), Ό— C. Therefore any element of

C — R[C] /b is multiplied by a nonzero element of i? into i?/a. Since C is a

finitely generated i?/a-module, it follows that there exists t^R, t Φ 0, such

that tC Q R/a. Thus if we set A = ( # / a ) Π if, then fC = tC Π jfiΓ £ A We re-

cord the following conclusions from these observations.

THEOREM 2.3. With notation as in (2.2), we have

( i ) There is a nonzero conductor of A— (R /a) Π K into C, so if A is Noethe-

rian, then C is a finitely generated A-module.

(ii) If C is reduced, i.e., C is analytically unramified in the mC-adic topology,

then associated to C there is an ideal a of R that is a finite intersection of

primes in the generic formal fiber of R such that C is a finite integral exten-

sion of i ?/a inside the total quotient ring of R/a.

(lii) // C is analytically irreducible, then there is a prime ideal p of R in the

generic formal fiber of R such C is a finite birational extension of R /p. In

particular, C is the contraction to K of a finite birational integral extension of

R/p.

(iv) // C is analytically unramified and normal, if a is the kernel of the canonical

map of R—> C, and if B is the integral closure of R/& in its total quotient

ring, then C = B Π K.

Proof. The assertions in (i), (ii) and (iii) follow from the observations in (2.2),

and to see (iv), it suffices to show that if C is an analytically unramified normal

semilocal Noetherian domain with quotient field K and if B is the integral closure

of C in the total quotient ring of C, then C — B Π K. If x ^ K is integral over

the the faithfully flat extension C of C, then as in [Na, proof of (37.4)], we have

x — a/b, with a, b ^ C and an ^ (an~ b, . . . ,abn~ , bn)C for some positive

integer n. Therefore a1 e (an~ιb,.. .,bn)C Π C = (an~ιb,.. .,bn)C, and it follows

that x is integral over C. Since we are assuming that C is normal, it follows that

x<Ξ C. D

We have the following corollary of (1.27) and (2.3).
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COROLLARY 2.4. Suppose (R, m) is a local Noetherian domain of positive dimen-

sion. Then a(R), the dimension of the generic formal fiber of R, is dim(i?) — 1 if and

only if R is birationally dominated by a Noetherian valuation domain V such that

V/mV is a finite R-module.

One of the interesting aspects of the normal local Noetherian birational exten-

sions C of R gotten in Theorem 1.6 is that, by Theorem 1.12, if B is an integral

domain, then C is an integral domain, i.e., C is analytically irreducible. This

allows us to make the following one-to-one correspondence. (We remark that in

general a normal local Noetherian domain need not be analytically irreducible [Na,

Example 7, page 209].)

THEOREM 2.5. Let (i?, m) be an n-dimensional universally catenary local Noeth-

erian domain with quotient field K and m-adic completion R. Let a denote the dimen-

sion of the generic formal fiber R ®R K = R[Kl of R, and assume that for each prime

p <Ξ R with p Π R = 0 and ht(p) = a the condition o/(1.6) is satisfied, i.e., for all

but at most finitely many of the primes q ^ p, the ring i?/(q Π R) is complete.

( i ) There is a one-to-one correspondence between the primes p of height a in the

generic formal fiber of R and analytically irreducible normal local Noetherian

domains C such that C birationally dominates R, dim(C) = n — a, and

C/mC is a finite R-module.

(ii) There is a one-to-one correspondence between ideals a of R that are a finite

intersection of prime ideals of height a in the generic formal fiber of R and

normal semilocal analytically unramified Noetherian domains C that

birationally dominate R such that each maximal ideal of C has height a,

and C/mC is a finite R-module.

Proof We have already observed in (2.3) that to each such C there is associ-

ated an ideal a of R that is a finite intersection of primes in the generic formal fi-

ber of R and that if B is the integral closure of R /a, then B Π K = C. With our

assumption that R is universally catenary it follows that for any prime p of R, we

have ht(p) + dim(i?/p) = n [Mai, Theorem 31.7]. Thus to each such C we have

associated an ideal a that is a finite intersection of prime ideals of height a in the

generic formal fiber of R and if C is also analytically irreducible, then the

associated ideal a is a prime ideal.

Conversely, to each such a, Theorems 1.6 and 1.12 imply that if B is the

integral closure of R/a, then B Π K = C is an analytically unramified normal
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semilocal Noetherian domain such that each maximal ideal of C contains m and is

of height α, and C/mC is a finite i?-module. •

(2.6) We remark that Theorem 2.5 applies to several of the examples discus-

sed in Section 1. If (R, m) is a geometric local domain as in Example 1.6A, then

there is a one-to-one correspondence between prime ideals p of dimension 1 in

the generic formal fiber of R and rank-one discrete valuation domains C such that

C birationally dominates R and C/mC is a finitely generated i?-module. We also

have a one-to-one correspondence between finite intersections of prime ideals of

dimension 1 in the generic formal fiber of R and normal semilocal Noetherian

domains C of dimension 1 such that C birationally dominates R and C/mC is a

finitely generated i?-module. Since any normal semilocal Noetherian domain of

dimension 1 is analytically unramified, it is not necessary to hypothesize this

condition on the C in making the above correspondence. For the examples

(R, m) with a(R) < άim(R) - 1 discussed in (1.22)-(1.24), Theorem 2.5(i) im-

plies the existence of a one-to-one correspondence between prime ideals p in the

generic formal fiber of R of height a(R) and normal analytically irreducible local

Noetherian domains C such that C birationally dominates R, C/vaC is a finitely

generated i?-module, and dim(C) = dim(i?) — a(R). Similarly, Theorem 2.5(ii)

implies the existence of a one-to-one correspondence between finite

intersections of these primes and normal semilocal analytically unramified Noethe-

rian domains C that birationally dominate R with each maximal ideal of C of

height a(R) and C/mC a finite i?-module.

It is known [R3, Corollary 3.2] (cf. (1.24) above) that in general, prime ideals

maximal with respect to being in the generic formal fiber need not have the same

height. We note the following result that is similar to (2.5).

THEOREM 2.7. Let (i?, m) be a local Noetherian domain with quotient field K

and m-adic completion R. Assume that for every prime ideal p of R that is maximal in

the generic formal fiber of R the conditions of (1.6) are satisfied, i.e., for all but at

most finitely many of the primes q >̂ p of R, R / (q Π R) is complete.

( i ) There is a one-to-one correspondence between the primes p of R that are max-

imal in the generic formal fiber of R and analytically irreducible normal local

Noetherian domains C that birationally dominate R and have a(C) — 0 and

C / m C is a finite R-module.

(ii) There is a one-to-one correspondence between ideals a of R that are finite

intersections of prime ideals maximal in the generic formal fiber of R and
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analytically unramified normal semilocal domains C which birationally

dominate R, have a(C) = 0, and have C/mC is a finite R-module.

Proof. By Theorems 1.6 and 1.12, with each such a we get that if B is the

integral closure of R/a in its total quotient ring, then C = B Π K is a normal

semilocal Noetherian domain with mC contained in the Jacobson radical of C and

C/mC a finite i?-module, and also C £Ξ B, so C is analytically unramified, and if

a is prime, then C is analytically irreducible. Moreover, the fact each minimal

prime of a is maximal in the generic formal fiber of R and C <Ξ B implies that

a(C) — 0. Conversely, if C has the stated conditions and a is the kernel of the

canonical map R—*C, then by parts (ii)—(iv) of Theorem 2.3, C = B Π K where

B is the integral closure of R/a in its total quotient ring. The fact that a(C) = 0

implies that each minimal prime of a is maximal in the generic formal fiber of R,

and we have that a is prime if and only if C is analytically irreducible. •

(2.8) As we have remarked earlier, it seems difficult to determine the heights

of all prime ideals maximal in the generic formal fiber of a local Noetherian do-

main. Using the fact that a complete local Noetherian ring of positive dimension is

of uncountable cardinality, we note in (4.10) below some good properties of primes

maximal in the generic formal fiber of a countable local Noetherian domain. But,

for example, it seems to be unknown whether all prime ideals maximal in the

generic formal fiber of an uncountable geometric local domain of dimension n are

of height n — 1. We remark that Theorem 2.7 applies to the example B of [R3,

Corollary 3.2] discussed in (1.24) if and only if the two classes of prime ideals

maximal in the generic formal fiber of B indicated in (1.25) are indeed the only

prime ideals maximal in the generic formal fiber of B.

(2.9) We remark that if C as in (2.5) or (2.7) is either one-dimensional or ex-

cellent, then the number of maximal ideals of C is the same as the number of

minimal primes of C [Na, page 122 and (37.9)], [K, Corollary 5], and hence the

same as the number of minimal primes of the ideal a of R corresponding to C But

the existence of normal local Noetherian domains of dimension 2 that are analyti-

cally unramified but not analytically irreducible [Na, Example 7, page 209] shows

that the correspondence can give a local C for which the associated ideal a has

more than one minimal prime.

3. On the excellence of birational extensions

With notation as in the introduction, since it is usually the case that the bira-
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tional extension C = (R/a) Π K is not a spot over R (cf. Theorem 1.6 (v)), it is

to be expected that R may excellent and yet C fail to be excellent. Indeed, it is

often the case that there exist Noetherian C birationally dominating R which fail

to be excellent.

Remark 3.1. If dim (I?) > 1 and a(R) = dim(7?) - 1, then by Corollary

1.27, there exists a one-dimensional local Noetherian domain C — (R/a) Π K

birationally dominating R that is analytically ramified and therefore not excellent.

(3.2) As we mentioned in the introduction, the condition that the formal

fibers of a Noetherian ring A be geometrically regular is an important part of the

definition that A be excellent. If (i?, m) is a local Noetherian domain, if a is a

finite intersection of prime ideals in the generic formal fiber of R all of the same

dimension, if B is the integral closure of R/a and C = B Π K, and if for all but

at most finitely many of the primes q Ξ2 a of R, the ring R/(q Π R) is complete,

then by Theorem 1.12, C is universally catenary. Therefore C is excellent if and

only if the formal fibers of C are geometrically regular [G, (7.7.3), page 214].

In considering geometric regularity of the formal fibers, the field characteris-

tic naturally plays an important role and we have some distinctions according to

the characteristic of R. For example, we have

PROPOSITION 3.3. Suppose (R, m) is α local Noetherian domain with field of

fractions K and dim(i?) = n > 1. Suppose p ^ Spec(i?) is in the generic formal

fiber of R and dimCSVp) = 1. Then C — (i?/p) Π K is a one-dimensional local

Noetherian domain. If R is of characteristic zero, then C is excellent. On the other

hand, if R is regular of characteristic p > 0 and contains a perfect coefficient field k,

then C is not excellent.

Proof. By (1.27), C is an analytically irreducible one-dimensional local

Noetherian domain. Therefore C is universally catenary [Mai, Theorem 31.6,

page 251], and the formal fibers of C are regular, so if char(C) = 0, the formal

fibers of C are geometrically regular and C is excellent [G, (7.83), page 214]. On

the other hand, suppose char(i?) = p > 0 and R is regular with a perfect coeffi-

cient field k. To show that C fails to be excellent, or even be a Nagata ring, it suf-

fices to show that the field of fractions L of C is not separable as an extension

field of K, the field of fractions of C [Ma3, Theorem 71, page 237]. The integral

closure of C is a complete DVR of the form kr[[t\\ where kr is a finite algebraic

extension of k, so L — kf((t)). Let xv.. .,xn be a regular system of parameters for
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i?. Then we have [K{x\/p
 9 . . . ,x?p) : K] = pn > p, while x?p, . . . ,x?p €=

kΊ[t1/p]], so [Ux[/P, . . . ,xl'p) :L] < p. Therefore L/K is not linearly disjoint

from K /K, i.e., L/K is not separable. •

EXAMPLE 3.4. Suppose A: is a perfect field, x, y are indeterminates over k

and R — k[x, y](XtV). If p is a nonzero prime ideal in the generic formal fiber of i?,

then the one-dimensional local Noetherian domain C = (7?/p) Π k(x, y) is excel-

lent if char(/c) = 0, and is not excellent if char(/c) = p > 0.

THEOREM 3.5. Suppose (R, m) is a local domain containing afield of character-

istic 0 and p is a prime ideal in the generic formal fiber of R such that R/p is

normal and each prime ideal q of R with q > p is extended from R and for all but

at most finitely many of the q, i?/(q Π R) is complete. If R is excellent, then

C = CR/p) Π K is excellent.

Proof. To show that C is excellent, it suffices to show that C is universally

catenary and that the formal fibers of C are geometrically regular. By Theorem

1.12, (i?/p) = C is the completion of C and C is universally catenary. Let u be a

nonzero prime ideal of C and let v = u Π R. Since i?/p — C is faithfully flat

over C, there exists a prime ideal q/p of i?/p that lies over u in C. Therefore

qΠR = uf)R = y. By hypothesis, the prime ideal q of R is extended from R.

Hence vR — q, and vC = (q/p)C = uC. If V = R — v, then since R is excellent,

the formal fiber V~ι(R/q) is regular. We have i?/q = C/uC, and K £ [/ =

C — u, so f7" (C/u) is a localization of V" (i?/q) and hence is regular. Since R

and hence C contains a field of characteristic zero, it follows that the formal

fibers of C are geometrically regular. Therefore C is excellent. •

We remark that examples to which Theorem 3.5 applies are described in

(1.22)—(1.24) above. Another situation in which C is excellent is the following.

EXAMPLE 3.6. Let A: be a field of characteristic zero, let xlf . . . ,xd, y> t

be indeterminates over k, let S be the d-dimensional regular local ring

S = k[xίf . . . tXdi(xv...,χd), a n d suppose τ — ΣJLi b{y
l ^ k[[y]] is a formal power

series algebraically independent over S[y]. Let B be the d + 2-dimensional regu-

lar local ring R = S[y, t](ms>ytt). Then R is the formal power series ring k[[xu . . .,

Xd> y> ίΠ a n d P = (t ~~ τ)R is a height one prime in the generic formal fiber of R.

Let K denote the field of fractions of R. We wish to observe that C = (i?/p)

Π K is a d + 1-dimensional excellent regular local domain.

https://doi.org/10.1017/S0027763000004529 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000004529


FORMAL FIBERS AND BIRATIONAL EXTENSIONS 2 9

Proof. It is clear that V = k(y, τ) Π /c[[|/]] is a rank-one discrete valuation

domain with completion /c[[z/]].

If for n G N we define

Σ 7 i—n

bty ,
t=n

then we have the relations

rΛ = K + τn+1y.

Hence if we define

« L̂y ) HΛ ^yiTn-()n) n \} i dj j t n n-> (xι,...,xd,y,τn-bn)f

then each Vn is a 2-dimensional regular local domain, each Cn is a

d + 2-dimensional regular local domain, and we have

V = lim(Fn) and F t ^ , . . . ,xd] {yιXv^ ιXd) — lim(Cw).

Moreover, V[xlf. . . ,xd]iyXι> >Xd) — A is Ά d + 1-dimensional regular local domain

that is a spot over the rank-one discrete valuation domain F Since V is of charac-

teristic zero, F i s excellent, and hence A is excellent.

We have R = S[y, r ] ( m iVtT) as in the following diagram

> S[[y, t]] S[[y, t]]/(t - τ) = Sίίy]]

ΐ ΐ T
> Sly, t]{msιVft) -^-* 5[z/, τ ] ( m s ^ r )

and with this identification, we have that A is birationally dominated by

C = (i?/p) Π K, and A = R/p, so A = C. Therefore C is a d + 1-dimensional

excellent regular domain local as we wished to show. Π

(3.7) In considering a situation where S, rather than being k[xv . . . ,xd](x ,...,#),

is assumed to be a local Noetherian domain such that

k[xlt... ,xd] iXι Xd) e s c jc[[xlf... ,xd]]

and such that 5 has completion k[[x1, . . . ,x j], then more is required of

T C k[[y]] in order to be able to realize C = CftVp) Π X a s such a nice directed

union. This situation is considered in [HR2].
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4. Non-Noetherian birational extensions associated with prime ideals in the

generic formal fiber

In this section we present two non-Noetherian examples of birational exten-

sions associated with prime ideals in the generic formal fiber of a local Noetherian

domain. The first example is due to Nagata and shows that the assumptions in

Theorem 1.6 are not necessarily satisfied if the ring is not excellent (or at least

not a Nagata ring). Therefore in a non-excellent local Noetherian domain R there

are possibly prime ideals p maximal in the generic formal fiber of R such that for

infinitely many prime ideals q Ξ> p, the ring R/(q Π R) is not complete.

The second example is a modification of Ogoma's counterexample to the caten-

ary chain conjecture. It actually provides two examples, the first shows that there

is a height 2 prime ideal in the generic formal fiber of a localization of a polyno-

mial ring in 6 variables over a field such that the associated birational extension

to this prime is not Noetherian. This shows, in particular, that even in the case

where R is excellent, it is not possible to extend Theorem 2.5 to a one-to-one cor-

respondence between all prime ideals in the generic formal fiber of R and certain

normal local Noetherian birational extensions of R. Ogoma's example also provides

a prime ideal of height one in the generic formal fiber of a non-excellent Nagata

ring whose associated birational extension is not Noetherian.

We would like to mention that in the case where R is a localization of a

polynomial ring over a field, we do not know whether there is a height one prime

ideal in the generic formal fiber of R for which the associated birational extension

is not Noetherian. In this case, we have obtained only normal local Noetherian

domains C such that dim(C) = dim(i?) — 1, or birational spots over R with

dim(C) = dim(i?), including R itself. These examples involve the concept of a

power series remaining algebraically independent modulo a family of prime ideals.

They are presented in [HR2].

We use S(i?) to denote the field of fractions of an integral domain R.

NAGATA'S EXAMPLE. We consider the 3-dimensional regular local domain

constructed by Nagata in [Na, (E3.1) and (E5.1), pages 206-208]. Let k be a field

with char(λ ) = 2 and [k : k2] = °°, and let if be the subring of the formal power

series ring k{[x, y, z]], R = k2[[x, y, z]][k]. Nagata shows that R is a

3-dimensional regular local domain with completion R = k[[x, y, z]], R < R,

and R is integral over R. In particular, a(R) = 0.

Let {bm, cn}mnGN be 2-independent elements in k and set
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d= y[ Σ, b{x ) + z\2u ctx

i=ι

Then Nagata shows that the integral closure T of the local Noetherian domain

A = R[d] is not Noetherian.

We note that

PROPOSITION 4.1. ( i ) a (A) = 0.

(ii) The completion A of A is a nonreduced ring with exactly one minimal prime p.

(iii) A/p = R, in particular, A/}} is regular.

(iv) 2 (A) Π (A/p) = Γ.

ii) We have

A = R[u]/(u2 - d2) QR,

where u is another variable, and hence

A = Rίu] /(u - d2) = Rίu] /{u - d)2.

This shows A is not reduced and has exactly one minimal prime p = (u — d)A.

( i ) We have the following inclusions

R t-+A c_+J? C-+Ά = R®RA

with the extensions R <—>A and hence R C—• A being finite. Since a(R) — 0, we

also have a (A) = 0.

(iii) We clearly have A/p = R.

(iv) The ring 2(A) Π (A/p) is a local Krull domain birationally dominating

A and hence 7", and since A/p is integral over i?, we have 2(A) Π (A/p) ^ Γ,

so2(A) Π (A/p) = Γ. D

(4.2) This example of Nagata shows that the hypothesis in Theorem 1.6 about

the prime ideals maximal in the generic formal fiber of the local Noetherian

domain R need not hold if R is not a Nagata ring.

OGOMA'S EXAMPLE. We first recall Ogoma's construction in order to explain

the modifications needed for our purposes. Let k be a countable field of infinite

but countable transcendence degree over its prime subfield. Let x, y, z, w be vari-

ables over k and let S = k[x, y, z, w]{xyzw). As shown in [01], there is a

certain enumeration {pq}neN with px — w of a set of representatives of the prime
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elements of S. We define

ft. = Π p,

and
oo oo oo

g = x + Σ tf; tf;

;, h = y + Σ bβ] and / = 2 + Σ cfl),

where ajt bjf cj are elements in k chosen to give special properties of the power

series g, h, I *= k[[x, y, z, w]] — S . The special choice of the enumeration

{/>w}weN not only gives that g, h and / are algebraically independent over S, but

also yields that g, h, I form part of a regular system of parameters for S and

(g, h, ί)S is a height 3 prime ideal in the generic formal fiber of S [01, page

158]. Ogoma's counterexample to the chain conjecture is the local Noetherian do-

main

R = k(x, y, z, w) Π (S/(gh, gί)S).

We use this example to show that if u, v are additional variables, then a certain

birational extension of the localized polynomial ring

A = k[x, y , z, w, u, v]ix>y>ZtW>UιV)

is not Noetherian.

Since the elements gh, gl are algebraically independent over

S = k[x, y, zy w](XtytZtW),

the prime ideal (u — gh, v — gΐ)A is in the generic formal fiber of A. (It is not

maximal in the generic formal fiber as we show below.) Let

C = k(x, y, z, w, u, υ) Π (A/(u — gh, υ — gΐ)A).

We clearly have

C = k(x, y, z, w, gh, gΐ) Π k[[x, y, z, w]].

CLAIM 4.3. The maximal ideal m c of C is generated by x, y, z, w.

Proof. Let

n n n .

gn = x + Σ arfj, hn = y+ Σ brfj and ln = z + Σ crfj.
1 1 1

Then by identifying C with k(x, y, z, w, gh, gl) Π k[[x, y, z, w]] as in the fol-

lowing diagram
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A — k[[x, y, z, w, u, υ]] —• A/(u — gh, υ — gl)A = k[[x, y, z, w]]

T „ T

A = k[x, y , z, w, u, v](x>y>z>w>u>v) ^ k[x, y , z, w, gh, gΐ\{x,y>z>Wrgh>gl)

we see that

(gh-gnhn)/qn

n and (gl - gnln) / qn

n e C.

This shows that any polynomial in (x, y, z, w, gh, gl) k[x, y, z, w, gh, gl] is in

the ideal (x, y, z, w)C.

To show that the maximal ideal of C is generated by x, y, z and w, it is

enough to show that

C/wC = k[x, y, z\{x>y>2).

Since wC = wk[[x, y, z, w]] Π C, wC is a prime ideal of C, and we have

k[x, y, z]ix>yfZ) Q C/wC £Ξ k[[x, y, z, w]] /(w) = k[[x, y, z]].

An element of C has the form θ = F/G, where F, G ^ k[x, y, z, w, gh, gί\.

If G is a unit of C, or equivalently of k[[xf y, z, w]], then it is clear that

the image of θ in C/wC is in k[x, y, z]{x>y>z), Suppose G is not invertible in

k[[x, y, z, w\] and write G — weG' ^ k[[x, y, z, w]], where G' &wk[[x, y, z, w]].

Since F/G ^ C, it follows that F ^ weC. Pick ^ ^ N with n > e and write:

gh = ^ΛAΛ + ί > M and #/ = ^M/Λ + qn

nτn,

where σn, τn ^ C. Regarding F, G as polynomials in k[x, y, z, w] [gh, gl], we

have

F(gh, gl) = F(g-nAΛ, ^rt/M) + qn

nFx and G(^rA, ^/) = G(gnhn, gjn) + qn

nGλ,

where Flf Gι e C. Since n > e, it follow that

^ ( # A , ^w/rt) = wef0 and G(^A, ^nU = V̂o>

with /0, ^ 0 ^ S. Therefore, we have

θ = F/G = (/0 + (qΐ/wW/igo + qn

n/we)G^).

Since (qn/we) ^ tί C and ̂ 0 ^ M C, the image of θ in C/wC is the same as that of

fo/gQ. Therefore C/wC = /c[x, z/, z](XiVtZ), which completes the proof of Claim 4.3.

D

CLAIM 4.4. C is not Noetherian.
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Proof. Suppose C is Noetherian. Since the maximal ideal of C is (x, y, z,

w) C and

5 = k[x, y, z, w]{x>y>z>w) Q C c k[[x, y, z, w]] = S,

it follows [Bl, Proposition 11, page 74] that C= k[[x, y, z, w]] and C is a

4-dimensional regular local domain. Since gh, gl ^ C, we see that each of the

height one prime ideals gC, hC, IC contracts to C to a principal height one prime

of C, say gC Π C = g,C, hC Π C = hxC, and IC Π C = lγC. Since (g, h, DC is

of height 3, the prime ideals gC, hC, IC are distinct. We have gh, gl ^ gC Π

C = giCy and (A, /)C is of height 2, so #C = gλC. It follows that ^ C and hγC

are distinct height one primes of C. We have gh ^ /^C and ghC — g^hC Q hγC

<Ξ hC. Since ^i £gχC, we conclude that AjC = hC. In a similar way, it follows

that lλC = /C. Therefore the height 3 prime ideal (g, h, t)S = (glf hv IJS is ex-

tended from C and (gv hu lx)C is a prime ideal of C height 3. But this stands in

contradiction to the fact that C is of transcendence degree 2 over S and (g, h, l)S

Π 5 = (0). We conclude that C is not Noetherian. D

Remark 4.5. There are several questions one might ask about the non-

Noetherian local Krull domain C. Since m c = (x, y, z, w)C, the mc-adic comple-

tion of C is C = k[[x, y, zf w]], and since C is not Noetherian, there exists a

finitely generated ideal in C that is not closed in the mc-adic topology [Na, 31.8),

page 110]. Since C = S(C) Π C, principal ideals in C are closed. But it is un-

clear to us whether C is a UFD or whether there exists a nonunit principal ideal

aC such that aC Π C is of height greater than one.

Remark 4.6. The ring C provides also an example of a birational extension

of a 5-dimensional regular local domain D associated with a height one prime

ideal in the generic formal fiber of D.

Proof. To construct D we consider the ring B = k(x, y, z> w, gh) Π

k[[x, y, z, w]]. The ring B is, after relabeling the variables, the ring considered

in [Rl]. It is shown in [Rl] that B is a 4-dimensional regular local domain with

completion k[[x, y, z, w]]. Moreover, B is a Nagata ring that is not excellent. Let

t be another variable and let D — B[t]{m tt). Then D is a 5-dimensional regular

local domain. Since gl is algebraically independent over B, the prime ideal

(t — gl)D is in the generic formal fiber of D, and we have

C = 2l(D) Π Φ/(t- gί)D).
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Remark 4.7. The prime ideal (u — gh, v — gl) <Ξ k[[x, y, z, w, u, v]] = A

is not maximal in the generic formal fiber of A. Indeed, since A is countable and A

is equidimensional, it follows from (4.10) below that each prime ideal maximal in

the generic formal fiber of A is of dimension one and height equal to dimG4) — 1

= 5. It is relatively easy to see that (u — gh, υ — gl, g — hl)A is a prime ideal

in the generic formal fiber of A that properly contains (u — gh, v — gί)A.

Proof. Since g, h, I are part of a regular system of parameters of 5 =

k[[x, y, z, w]] and (g, h, l)S — q is a height 3 prime in the generic formal fiber

of S, and since A — S[u, υ]im M>v) and A = S[[u, υ]], we have

u, v]] = S[[u, v]]/(g- hDSίίu, v]] = A/(g- hl)A= T

is a 5-dimensional regular local domain containing A and the image q' in T of qA

is a height 2 prime of T with q' Π A = (0). If h', V are the images of h, I in T,

then q' = (h\ V)T. We have that (0) < A T < q' is a chain of prime ideals of T,

so (A', l')A[h', Γ] = u is a height 2 prime of A[h\ V] with u Π A = (0). It fol-

lows that 2G4)[A', Γ] is 2-dimensional and therefore a polynomial ring in 2 vari-

ables over 2 04), so A7, Γ are algebraically independent over A.

The image of (u - gh, v — gl, g - hl)Ά in A/(g - hl)A= T is (w—

(AT) A', # — (A70/0T, and A', Γ algebraically independent over A implies that

(AT)A', (AT)/ ' are also algebraically independent over A Therefore the prime

ideal (M - (AT) A', i; - ( A T ) Γ ) Γ is in the generic fiber over A. It follows that

(w — gh, υ — gl, g — hί)A, is in the generic formal fiber of A. D

Remark 4.8. With notation as in (4.6), it is interesting to observe that

B = (S[[u]]/(u - gh)S[[u]] Π

and D = £ [ f l ( m ,y) = 5[z;] ( m y ), where the last isomorphism is obtained by map-

ping t to v, With this identification, D is a 5-dimensional regular local domain

that birationally dominates A — S[u, v](m >u>v) and we have the following diagram.

A = S[[u, v]] > A/(u - gh)A = D > D/(v - gl)D = C

T ΐ T
A > Z) • C

where the maps in the top row are surjections and in the bottom row are birational

inclusions. We observed in (4.7) that (u — gh, υ — gl, g — hi)A = w is a height

3 prime ideal in the generic formal fiber of A. The image of w in D is a prime

ideal in the generic formal fiber of D that properly contains (v ~ gΐ)D. Since D is
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countable and the completion D of D is equidimensional, it is true for D, as for A,

that every prime ideal maximal in the generic formal fiber of D is of dimension

one and height equal to dim(ΰ) — 1 = 4.

LEMMA 4.9. Suppose (R> m) is a countable local Noetherian and (5, n) is a

complete local Noetherian ring that dominates R. If dim (S) > 1, then there exist un-

countably many height one prime ideals p of S such that p Π R = (0). Moreover, all

but countably many of the height one primes of S are in the generic fiber over R.

Proof Since R is Noetherian and countable, Spec(i?) is countable, and since

S is complete and dim(S) > 1, n properly contains any countable union of height

one primes of S, cf [Bu, Lemma 3, page 371], so S has uncountably many height

one prime ideals. But each nonzero prime ideal of R can be the contraction of at

most finitely many height one primes of 5. Therefore only countably many of the

height one primes of S have a nonzero contraction to R, and there exist uncount-

ably many height one prime ideals p of S such that p Π R = (0). D

PROPOSITION 4.10. Suppose (R, m) is a countable local Noetherian domain with

dim(i?) = n > 0, and let R denote the m-adic completion of R. //p e SpecG?) is

in the generic formal fiber of R and if dim(i?/p) > 1, then there are uncountably

many prime ideals of the generic formal fiber of R that contain p. Hence the generic for-

mal fiber of R is a Jacobson ring, and for each prime ideal p of R that is maximal in

the generic formal fiber of R, we have dim(AVp) — 1. If R is equidimensional we also

have ht(p) = n — 1. Moreover, for each prime ideal q ^ SpecG?) with ht(q) > 0,

there exists a prime ideal p C q such that p Π R = (0) and ht(q/p) = 1.

Proof If p e Spec(i?) is in the generic formal fiber of R, then 5 = R/p is

a complete local domain that dominates R. If dim(S) > 1, then by (4.9) there exist

uncountably many prime ideals of S in the generic fiber over R, so p is contained

in uncountably many prime ideals in the generic formal fiber of R. We conclude

that the generic formal fiber of R is a Jacobson ring, and dim(i?/p) = 1 for each

prime ideal p maximal in the generic formal fiber of R. Since R is catenary, if R is

equidimensional, then ht(p) = n — 1 for each such p.

Suppose q ^ SpecG?) with ht(q) > 0. If ht(q) = 1, then for any minimal

prime p c q of R, we have p Π R = (0). On the other hand, if ht(q) > 1, then as

in (4.9), q properly contains the union of any countable set of height one prime

ideals contained in q, so there exist uncountably many height one primes of R con-

tained in q. By (4.9), all but countably many of these height one prime ideals are
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in the generic formal fiber of R. Hence there exists a height one prime u c q in R

such that u 0 R — (0). Passing to S — R/λx and iterating the argument if neces-

sary on R c_> S, we conclude the existence of a prime ideal p c q in i? such that

pΠ i? = (0) and ht(q/p) = 1. D
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