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Abstract

This paper shows that the idempotent generalized characters associated with a Raikov System
generated by a K, set in D, = [I%2 (Z,), is contained in the closure of the characters D, in A M(D,).
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1. Introduction

We will be working with the compact totally disconnected abelian group D, =
M1 (Z,), which has dual group D, = ®% (Z,), where Z, is the multiplicative
group of order 2, Z, = {1, —1; - ). The dual group D, is canonically embedded
in AM(D,), the maximal ideal space of M(D,).

A compact perfect subset K of D, is called a K, subset of D, if for any
continuous function f: K — Z, there is a character ¢ € D, such that ¢ restricted
to K is equal to f.

It will be shown that the idempotent associated with any Raikov System
generated by a K, set is contained in the closure of the characters D, in AM(D,).
Dunkl and Ramirez (1972) have shown that the idempotent associated with the
Raikov System generated by a closed subgroup is in the closure of the characters.

As the maximal ideal space AM(D,) has the weak topology from the Fourier-
Stieltjes transforms of the measures in M(D,), an idempotent associated with a
Raikov System is in the closure of the characters if and only if the Fourier-Stieltjes
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transforms of the measures satisfy the following condition:

For all measures p concentrated on the Raikov System and for all measures »
which annihilate all the sets in the Raikov System

el < i+ »)l,
where the sup norm is taken over D,.
We will prove that Raikov Systems generated by K, subsets of D, satisfy this
bound by constructing a series of positive definite functions such that, for each
measure u and » as above, there is a positive definite function P, such that

'./;)ZPYd“ - u(l)‘<e and (LzPydv <e.
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2. Raikov systems and idempotents

Let G be a locally abelian group and let A be a subset of G. We define the
Raikov System of sets of G generated by 4, } ,, to be the collection of all
measurable subsets of some countable union of translates of sums of 4.

That is to say

1. B is measurable;
BCG:2.3x,eG,m,€L" ,fori€Z”,
% 4= 00
such that BC U x, + (m;)4

i=1

where form € Z7,

m
(m)A=4 +A+---+A={2xi:xieA,i= 1,...,m}.

A i=1
m times

We notice that & , is closed under translation, intersection, countable unions and
addition of sets.

The Raikov System @R , is now used to define a direct sum splitting of M(G)
into the L-algebra &, of measures concentrated on the sets in the Raikov System,
and the L-ideal 9, of measures which annihilate all the sets in the Raikov System.
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That is to say,

@, = {n € M(G):3B € R, such that pis concentrated on B}, and
$,={r€M(G):|v|(B)=0forall BE R ,}.

The idempotent I, associated with this Raikov system is the projection from
M(G) onto &, and hence is a homomorphism and an element of the maximal
ideal space of M(G).

The group of characters on G, G, is canonically embedded in AM(G) and the
idempotent I, is contained in the closure of the characters G in AM(G) if and
only if the projection

I,: M(G)- @&,

is bounded in the Fourier-Stieltjes transform norm, that is to say, for any measure
p € M(G)

(L)l < gl
where the sup norm is taken over G. If we have two direct sum splittings of M(G)
into an L-subalgebra and L-ideal associated with idempotents in the closure of
the characters, then the direct sum splitting

@ NE,®% +9,

is also a splitting of M(G) associated with an idempotent in the closure of the
characters of G.

3. Properties of K, sets

Let K C D, be a compact perfect K, subset of D,. Gp K is a closed subgroup of
D, and so D, =Gp K® H where H is also a closed subgroup of D,. GpK is
isomorphic to D, and the idempotent associated with the Raikov System gener-
ated by Gp K is in the closure of the characters (Dunkl and Ramirez (1972)).

If we have a Raikov splitting of M(D,) generated by a set A C Gp K then the
idempotent associated with this splitting is in the closure of the characters if and
only if the condition

N( L)Wl < lipll,

holds for all measures » in M(Gp K). For convenience therefore we assume that
GpK=D,.

For any continuous function ¢: K — Z, there is a character X € D; such that
X |x = ¢. For each character x in D, we let P, = {x € K: x(x) = —1}. We say
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that a set of characters {x, - - - x,,} determines a partition of K if
1. Px,-me,:d’ Vi#j,1<i,j<n;

n
2. k=UP,
i=1
Given two partitions & = {Py Pyp--- P} and @' = (P, , Py,....P, } of K
determined by the characters {x,, X;,...,X,} and {¢,,...,9,} respectively we
say & is an everywhere finer partition of K than 9’ if for each 1 < i < m there
exists an f; C {1,...,n} with #I, = 2 such that
p,=UPrp.
JEL
Since Gp K = D, this implies that
;= H X
JEI
As K is a K, subset of D,, for any continuous function f from K into Z, there is a
partition (in fact, trivial) ¥ = (P, , P ,...,P, } such that

=11 X IK forsome I C {1,2,...,m}.
JEI

We say that the function f can be generated by the partition %.

Given two partitions of K, ® = {P,,P,,....P, } and P = (P PP )
there exists a partition ¥’ which is everywhere finer than ¢ and %’ since, for
each | <i<mand 1 <j<n, if we have that P, N P, # & then there exists a
character w,; such that

iy

{—1 onP, NP,
1 elsewhere on K
and so the partition determined by the characters
{w,j:Px'mP¢j;& g, 1<i<m,i<j<n)
is finer than & and %’. Since K is totally disconnected there exists a partition %"
which is everywhere finer than {w,;: P, N P, # &,1<i<m,1<;j<n}andso

is everywhere finer than both ? and %".
We define a sequence of partitions of K, {%.};cz+ where

%, = (Pys P> Py, }
determined by a set of characters {¢, ¢,...,¢}, to be a “separating sequence
of partitions of K ” if

1.Vn € Z* @ ., is an everywhere finer partition of K than 9,;
2. for each continuous function f: K — Z, there is an N € Z* such that f can

https://doi.org/10.1017/51446788700023739 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700023739

(5] The maximal ideal space of M(D,) 297

be generated by the partition %, and hence f can be generated by each partition
% forn=N.

LEMMA 1. Let K be a K, subset of D,. Then there is a separating sequence of
partitions of K.

ProOF. The set of continuous functions from K into Z, is countable: denote it
by {f;: i € Z" }. We will define the sequence of partitions inductively. Let &, be
a partition of K which generates f,. Let &, be a partition of K everywhere finer
than %, which also generates f,. Inductively, let &9, ,, be an everywhere finer
partition than %, that generates f,, ; and hence also generates f,, f,,..../,.

We can now characterize elements of K, (m)K and Gp K using a separating
sequence of partitions of K. Let {%,}, .5+, where §, = (P, Pps,..., Py}, bea
separating sequence of partitions of K. We define a sequence of characters
{P%(m)Imez+ where 1 < k(m) <j(m) to be a “chain” of characters from the
separating sequence {%,}, 7+ if

P

oy D Py

¢k(2)

D P,

pe] D DPy DPypsr D .-
16}

Shem Silin+ 1y

Obviously if we have two chains {¢,)};cz+ and {¢},;)}icz+ such that for some
NEZY, ¢n) * dhny then &, # ¢, for all n=>N. We also have the
following lemma.

LEMMA 2. Given K a K, subset of D, with Gp K = D,, and {?,},c4+ a separating
sequence of partitions of K, then K is equal to the set H where

3 chain {¢"k(i)}‘, czt of characters from the separating
sequence such that

Leko(x)=—-1  VIieZ";

2.8 (x)=1  Vm#k(i), 1 <m<j(i).

H={x€C(,:

PrOOF. Obviously K C H. Let {¢;,)};cz+ be a chain of characters from the

separating sequence of K. By definition P, i S K, and so we have (), _,+ PM is

non empty, as {¢},};cz+ is a chain, and so M4+ Py, ., = {x} for some x € K

as {?},cz+ is a separating sequence of partitions of K. So we have
S(x)=—-1  VieZ"
and

$(x)=1 m#=k(i),V1<m=<ji).
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To show that K = H, we need to show that for each chain {¢},};cz+ from the
separating sequence there is a unique x € D, with

Sp(x)=—-1  Vi€eZ*

and
d(x)=1  Vm#=k(i), 1 <sm=<j(i).
Assume x, y € D, with

d’ik(i)(x) = ¢ik(i)(y) = -1 vieZt
and
S (x)=d(y)=1 Vm#k(i),1<m<j{i),

so if x and y are distinct there must exist a character x € D, such that
x(x) # x(y), but G_pT( =D,sox |1< is not identically equal to 1. As {? };c5+ is a
separating sequence of partitions of K there must be an i € Z* such that x is
generated by the functions {¢), ¢5,...,¢);} on K. Thus

oL(x) # ¢, (y) forsomel <m=<(i)

and so x = y.

As Gp K = D, every character on D, is uniquely determined by its restrictions
to K, so given {%,},c4+, a separating sequence of partitions of K, we have that
every element of D, is uniquely determined by the values of the ¢, (x) where ¢/,
are the characters from the separating sequence {%,};cz+ -

For x € Gp K = D, we define the length of x on the nth partition of K to be

u(n)
nx)= 3 2(1-81(x)) = # {6 (x) = 1,1 <i<j(n)}.

i=1

We now have a lemma.

LEMMA 3. Let K be a K, subset of D, with Gp K = D, and let {3,},c4+ be a
separating sequence of partitions of K with associated length function I(n,.). Then:

l.Forx €K, l(n,x)=1VneZ".

2. For x € (m)K\ U ' (i)K, lim

3.Forx €GpK,n€Z*
a)ifl(n,x)=0thenl(m,x) =0V m=<n,
b)I(n + 1, x) = I(n, x).

4. For x € Gp K\ U2, (i)K, lim

o d(n, X) = m.

I(n, x) = 0.

n—oo

https://doi.org/10.1017/51446788700023739 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700023739

{7] The maximal ideal space of M(D,) 299

PROOF. 1. We can see from Lemma 2 that each x € K is uniquely associated

with a chain of characters, say {¢/,;)};cz+ , from the separating sequence with
Freiy(x) = —1 VieZ*
and
o(x)=1 Vi<sms<j(i),m+k(i),

and so I(n, x) = 1.

2.x=x, t+x,+ - +x,, x; € K, all distinct. Each x; is uniquely associated
with a chain {¢}, ;y},cz+ from the separating sequence with

¢','((n,i)(xi) = -1 VvneZ*

and

of(x) =1 1<j<j(n), j#k(n,i).
As the x, are distinct there exists an N € Z* with

vy E Wy ViFEL1I<ij<m
and so

Okniy * Pkny ViFj,1<i,j<mandn=N
sol(n,x) =mforalln =N,
3. a) As GpK = D, and {%,},c4+ is a separating sequence of partitions of K,

letting

H,={xeDy,:l(i,x)=0,i=1,...,n}
we have that {H,: n € Z" } forms a base of open neighbourhoods of zero in D,.
Let x €Gp K = D, be such that /(n, x) = 0. We can write

x=x,+tx,+---+x,+h

where h€ H,,, and x; €K, i = 1,...,r are distinct, so each x; is uniquely
associated with a chain {¢7,, ;,}mez+ Where ¢%, ,(x;) = —1 and

or(x) =1 1<j<jim), j+k(m,i).
Now I(n, x) = I(n, x, + x, + - -+ +x,) = 0 so we must be able to group the x,
in pairs x;, x; with ¢} , ;, = ¢}, ;) and so

Srim.iy = Phim. j) forall m < n.

Thus

(m,x, +x,+ - +x,)=0 Vm<n
sol(m,x)=0forallm=<n.

3.b)Forx €GpK =D, let I(n + 1, x) = m. Then we can write x = x, + x,
+ -+ +x, + hwherel(n + 1, h) =0, s0
(i, h)=0, 1<is<n+]l,
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and so
(n,x)=ln,x,+x,+ - +x,)<ms<I(n+1,x).

4. Let x € Gp K and suppose that lim,_ I(n, x) = m, so for eachn € Z"* we
canfindanh € H, and x, - - - x,, € K so that

x=x,+tx,+ - +x,+h.

As {H,: n € " } forms a base of open neighbourhoods of zero we have that

x € (m)K =(m)K.

4. Positive definite functions

We will now use the separating sequence of partitions of K, {?,},,cz+, With
generating characters {¢7, ¢7',..., imy)> fOr m € Z*, to construct a sequence of
positive definite functions on D,.

LEMMA. Let r € (0,1) and n € Z* . Then the function

E": GpK-R
D x ~o
is a positive definite function on D, = Gp K.

PrOOF. Consider the nth partition of K, ¥, = {P,ﬂ, Pf’i yees ,P¢7(")}, generated by
the characters {¢7, ¢5,...,¢,)}. The measure u, , on D,

tno= o (155 )o) + (15 )sten)

i=1

is a positive measure for r € (0, 1) and has Fourier transform

o ) = 020
and so F": D, - R: x ~— r/"* s a positive definite function on D, =Gp K.
We now have the main theorem of this section.
THEOREM 1. Let K C D, be a K, subset of D, such that Gp K = D,. Then, for

each m € Z" and €,8 > 0 we can choose an h € Z" such that, for any open
neighbourhood H of zero, there exists a positive definite function F with F(0) = 1

https://doi.org/10.1017/51446788700023739 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700023739

{91 The maximal ideal space of M(D,) 301
and

L Fx)>1—¢ forxe U (K,
i=1

2. |F(x)|<8 forxe Dz\{

mOh(i)K

=1

s H}.
PrOOF. Choose an r € (0, 1) such that (1 — ™) <& and choose an h € Z" so
that r™*" < §. Now let H' be an open neighbourhood of zero of the form
H={xeD:¢(x)=1VI<j<jli),1<i<I}=H,
for some I € Z™ . So we have

{(MCJ"(»K

i=1

+H'}={xEDz:l(p,x)<m+hfor1<p<1}

={xeD,: (I, x)<m+ h}.
Now observe that F/(x) = r'"'?); so, for x € UL, (i)K,
- EX(x)|<|1~ "] <e.

For x € DA{(U™ " (i)K) + H’} we have I(I, x)>m + h, so Fl(x)<
rm+h < 8

We now prove a general theorem about Raikov idempotent generalized char-
acters in the closure of the characters of D,, given the existence of positive
definite functions with certain properties. The main result is then a corollary of
Theorem 1 and the following theorem.

THEOREM 2. Let A C D, be a compact perfect subset of D, such that, for every
meZZ", ¢8>0 and open neighbourhood H of zero, there exists an integer
h € Z* independent of the neighbourhood H and a positive definite function F on D,
with

1. F(0)=0;

m
2. |F(x)—1|<e vxe U (i)4;
i=1

3. |F(x)|<$é v x EDz\{(mCJh(i)A

 u.
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Then the idempotent generalized character 1, associated with the Raikov System
generated by A on D, is in the closure of the characters D, in AM(D,).

Proor. AM(D,) has the weak topology induced from the Fourier-Stieltjes
transforms of the measures in M(D,), so the idempotent I is in D; if and only if

(L)l <lpll, VpeEM(D,)

where the sup norms are taken over D,.
Letp € @, ande > 0. Wecan find an/ € Z* 5o that

n
p= 28 sptu
i=1
where p;, € M( U;Zl (HA), gl < e and x; € D,. We will consider the measure
37,8, * p, which is concentrated on

x; + CJ (i)A).

i=1

n

U

=1
We can assume (without loss of generality) that S = {x, x,,...,x,} is a finite
subgroup of D,. We can find a subgroup S, of S such that

S+ GpAd=5,+GpA and S,N GpA = {0)
and can find an m € Z* so that
/ m
U (x+ uo)A) c U {r+ Uaal.
xE€S i=1 YES, i=1
Now we have for each g € Z* and x # y € S, that

{x+ CJ (i)A} N {y-i— Lj) (i)A} =g

i=1

so we can choose an open neighbourhood H(q) of zero such that for all
X,y € 85,xFYy,

{(x+ Lj) (i)A) +H(q)} N {(y+ ,LjJ (i)A) +H(q)} =@.

Now choose an & € Z™ such that for every open neighbourhood H of zero there
exists a positive definite function F on D, with

1. F(0)=1,
m
2. |F(x)—1|<e Vvxe U (i)4;
i=1
m+h

3. |F(x)|<ﬁ Vxen2\{(y(i)A

+H}.
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Let H be an open neighbourhood of zero contained in H(m + h). Then we can
find a positive definite function F satisfying

1. F(0)=1;

m
2. |F(x)—1|<e vxe U (i)4;
i=1
€ m+h
3. |F(x)|<|S—| vxeDN\{| U (4| + H}.
0 i=1
Now the measure | Sy | - mg, where mg_ is haar measure on S, has positive Fourier

transform, so & =| Sy | - mg_ * F is a positive definite function on D,, and

(1) G= 3 & s F.

XESy

% has the following properties:

1. 5(0)<1+e

2. |F(x)—1|<2, xe U (y+ LmJ(i)A).

YES i=1

m+h
3. |%(x)|<s xeDN\{| Uy+ U (i)4 +H}.
YES, i=1
Let » be a measure in 1. Then
m+h
il U |y+ U(i)A) =0.
YES, i=1

So we can choose an open neighbourhood H of zero contained in H(m + h) such

that
|v|{ +H}<e

and let 9 be the associated positive definite function as in (1).

m+h

y+ U (i)4

i=1

U

YESy
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We then have, fory € D;,

k() |< (éﬁxi *.“.-)A(Y) +e

o)

+ 2ellpll + ¢

+ Lygdv

2

A
ChnE
)
ﬁ\
TlM:
°9

+e+ 2ellpll + e(llvll + 2)

N
I

.<

Q..
M:

f=]

=

*
=

A

n
ygd( Sox, +p, + V) + e+ 2ellpll + e(llvll +2)

=1

A
(léax,*wy)

2

~

<

F(0) + e+ 2elipll + e(llvll + 2)

0

(where the sup norm is taken over D;)
<(1+e)l(p+ )l +(1+e)(e) + e+ 2ellpll + e(llvl +2)
and so
el < g+ wll,

where the supremum norm is taken over D).
From this we have the corollary.

COROLLARY 1. Let K C D, be a compact perfect K, subset of D, such that
Gp K = D,. Then the idempotent associated with the Raikov System generated by K
is contained in the closure of the characters D; in AM(D,).

COROLLARY 2. Let K C D, be a compact perfect K, subset of D,. Then the
idempotent associated with the Raikov System generated by K is contained in the
closure of the characters D, in AM(D,).

ProoOF. D, = Gp K @ H for some closed subgroup H of D,. We can give D, a
finer l.c.a. topology % where

(D,)s= GpK @ H,

where H, is the group H with the discrete topology. The positive definite function
F with

1. F(x)=1 Vxe GpkK
2. F(x)=0 elsewhere
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is continuous on (D, )5 and so there exist continuous positive definite functions on
(Dz_);; as required in Theorem 2. Hence the idempotent I € ((D,)g) but ((D,)g)
C D,so I, €D,
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