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Abstract

This paper shows that the idempotent generalized characters associated with a Raikov System
generated by a K2 set in D2 = \lfL i(Z2), is contained in the closure of the characters D2 in A A/(D2).

1980 Mathematics subject classification (Amer. Math. Soc): 43 A 46.

1. Introduction

We will be working with the compact totally disconnected abelian group D2 —
n°i,(Z2),- which has dual group D2 — ©°^,(Z'2), where Z2 is the multiplicative
group of order 2, Z2 = {1, — 1; • } . The dual group D2 is canonically embedded
in AM(D2), the maximal ideal space of M(D2).

A compact perfect subset K of D2 is called a K2 subset of D2 if for any
continuous function / : K -» Z2 there is a character <f> G D2 such that <j> restricted
to Kis equal to / .

It will be shown that the idempotent associated with any Raikov System
generated by a K2 set is contained in the closure of the characters D2 in AM(D2).
Dunkl and Ramirez (1972) have shown that the idempotent associated with the
Raikov System generated by a closed subgroup is in the closure of the characters.

As the maximal ideal space AM(D2) has the weak topology from the Fourier-
Stieltjes transforms of the measures in Af(D2), an idempotent associated with a
Raikov System is in the closure of the characters if and only if the Fourier-Stieltjes
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transforms of the measures satisfy the following condition:
For all measures ju concentrated on the Raikov System and for all measures v

which annihilate all the sets in the Raikov System

where the sup norm is taken over D2.
We will prove that Raikov Systems generated by K2 subsets of D2 satisfy this

bound by constructing a series of positive definite functions such that, for each
measure [i and v as above, there is a positive definite function Py such that

< e and
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2. Raikov systems and idempotents

Let G be a locally abelian group and let A be a subset of G. We define the
Raikov System of sets of G generated by A, <&,A, to be the collection of all
measurable subsets of some countable union of translates of sums of A.

That is to say

1. B is measurable;
B C G: 2. 3;t, G G, mt G Z + , for / G Z + ,

6ft = J

such that B C U *, +

where for m G Z+ ,

(m)A =A+A +A =

i=\

xi,: xt
A, i' = 1 , . . . , m \.

J1=1
m times

We notice that F̂L̂  is closed under translation, intersection, countable unions and
addition of sets.

The Raikov System <SlA is now used to define a direct sum splitting of M(G)
into the L-algebra &A of measures concentrated on the sets in the Raikov System,
and the L-ideal iA of measures which annihilate all the sets in the Raikov System.
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That is to say,

&A = {/Li e M(G): 3B E <SLA such that /x is concentrated o n B } , and

iA = {VEM(G):\P\(B) = 0 for all 5 G < 3 l J .

The idempotent /^ associated with this Raikov system is the projection from
M(G) onto &A and hence is a homomorphism and an element of the maximal
ideal space of M(G).

The group of characters on G, G, is canonically embeddedjn AA/(G) and the
idempotent IA is contained in the closure of the characters G in AM(G) if and
only if the projection

IA : M(G) - &A

is bounded in the Fourier-Stieltjes transform norm, that is to say, for any measure
\i G M(G)

HU</0"lloo< II/**!!»
where the sup norm is taken over G. If we have two direct sum splittings of M(G)
into an L-subalgebra and L-ideal associated with idempotents in the closure of
the characters, then the direct sum splitting

<£, n &2 © 3, + $2

is also a splitting of M(G) associated with an idempotent in the closure of the
characters of G.

3. Properties of K2 sets

Let K C D2 be a compact perfect K2 subset of D2. Gp K is a closed subgroup of
D2 and so D2 —G^pK® H where H is also a closed subgroup of D2. Gp/C is
isomorphic to D2 and the idempotent associated with the Raikov System gener-
ated by Gp K is in the closure of the characters (Dunkl and Ramirez (1972)).

If we have a Raikov splitting of Af(D2) generated by a set A c Gp K then the
idempotent associated with this splitting is in the closure of the characters if and
only if the condition

holds for all measures v in M(Gp K). For convenience therefore we assume that
G p K = D 2 .

For any continuous function </>: K -» Z2 there is a character x G D2 such that
X \K = <t>. For each character x in D2 we let Px = {x E K: x(x) = - 1 } . We say
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that a set of characters {xi • • • x«} determines a partition of K if

Xi Xj •* ' '-^ '

n

Given two partitions 9 - {PX), PXi,. ..,PXn) and 9' = {P^,P^,...,P^J of K
determined by the characters (Xi> X2>--->Xn)

 a n d {^i>-•-.^m) respectively we
say 9 is an everywhere finer partition of K than 9' if for each 1 < / < m there
exists an /, C {!,...,«} with #It > 2 such that

ye/,

Since Gp ̂ T = D2 this implies that

<>, = n xj-

As ^ is a K2 subset of D2, for any continuous function/from K into Z2 there is a
partition (in fact, trivial) 9 - {PXi, PX2,... ,PXJ such that

/ = II Xy L- forsome/C { 1 , 2 , . . . , / H } .

We say that the function/can be generated by the partition <•?.
Given two partitions of K, 9 = {P^, P^,...,P^} and 9' = {PXi, PXi,.. .,PXJ,

there exists a partition 9'" which is everywhere finer than 9 and <3" since, for
each 1 < /' < m and 1 < / ' < « , if we have that Pv n f, ^ 0 then there exists a
character w,y such that

1 elsewhere on K

and so the partition determined by the characters

{w,y: PXi fl P f ^ 0 , 1 *£ / < m, i <j < n)

is finer than 9 and 9'. Since K is totally disconnected there exists a partition 9'"
which is everywhere finer than {«(J: Px <1 P^ ¥= 0, I ^ i < m, I <j ^ n] and so
is everywhere finer than both 9 and 9'.

We define a sequence of partitions of K, {<3>,}/6Z+ where

determined by a set of characters {<j>\, <J>2,... ,<^(()}, to be a "separating sequence
of partitions of K " if

1. V n G Z + (3)
n+j is an everywhere finer partition of .K than P̂B;

2. for each continuous function / : K -* Z2 there is an TV G Z + such that / can
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be generated by the partition 9N and hence/can be generated by each partition
% for n> N.

LEMMA 1. Let K be a K2 subset of D2. Then there is a separating sequence of
partitions of K.

PROOF. The set of continuous functions from K into Z2 is countable: denote it
by {/: / £ Z+ }. We will define the sequence of partitions inductively. Let <3'1 be
a partition of K which generates/,. Let 92 be a partition of K everywhere finer
than <?, which also generates f2. Inductively, let %+l be an everywhere finer
partition than *$n that generates fn+l and hence also generates/,, f2,... ,/„.

We can now characterize elements of K, (m)K and GpK using a separating
sequence of partitions of K. Let {%}neZ+ , where % = {P^, P^, . . .,P^J, be a
separating sequence of partitions of K. We define a sequence of characters
{^*(»)lez* where 1 < k(m) <j(m) to be a "chain" of characters from the
separating sequence {'3>

n}nGz+ if

/»i D P&i D PAi D • • • D PA. D P6»+i D • • • .

Obviously if we have two chains {<J4(,)},GZ+ and {<#H(,)},ez+
 s u c n that for some

JV e Z + , ^ ( W ) ^ </£ w , then ^ ( n ) ^ < ( 1 I ) for all n>N. We also have the
following lemma.

LEMMA 2. Given K a K2 subset o/D2 with Gp K = D2, and {%}ie7+
 a separating

sequence of partitions of K, then K is equal to the set H where

3 chain {</>'*(,)},eZ+ of characters from the separating

sequence such that
# = U e C 2 : _j v . e z + .

PROOF. Obviously K Q H. Let {</>;t(,)},ez+ be a chain of characters from the
separating sequence of K. By definition P^ C K, and so we have n , e Z + P ^ is
non empty, as {<&(,)},(EZ+ is a chain, and so n , s Z + P ^ . = {x} for some x £ K
as {(3>J,eZ+ is a separating sequence of partitions of K. So we have

itk(i)(x)=-\ V/£Z+

and

^(x) = l, m #*(«), VI <m<y(0-
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To show that K = H, we need to show that for each chain {$t(l-)}/eZ+ from the
separating sequence there is a unique x G D2 with

<J4(0(X) = - I v / e z +

and

#,(*) = 1 Vm**( i ) , l <

Assume x, _y G D2 with

and

C ( * ) = * U J O = 1 V m * k(i), 1 < m <j(i),

so if x and y are distinct there must exist a character x e D2
 s u c n that

x(x) ¥= x(y% but Gp A" = D2 so x I* is not identically equal to 1. As {<3',},6Z+ is a
separating sequence of partitions of K there must be an / G Z+ such that x is
generated by the functions {<£',, <J>2,... ,$(/)} on A". Thus

* i . ( ) *t.(^) for some

and so x = y.

As Gp K = D2, every character on D2 is uniquely determined by its restrictions
to K, so given {<3',},gZ+ , a separating sequence of partitions of K, we have that
every element of D2 is uniquely determined by the values of the <J4(JC) where <jfk

are the characters from the separating sequence
For x G Gp K = D2 we define the length of x on the n th partition of K to be

/ ( « , * ) = 2 x ( l - t f ( x ) ) = # { # : «?(*)= - 1 , 1
1 = 1

We now have a lemma.

LEMMA 3. Let K be a K2 subset of D2 with GpK = D2 a«rf let {%}neZ+ be a
separating sequence of partitions of K with associated length function /(«,.). Then:

\.Forx £K,l(n,x)= 1 V/i G Z + .
2. V
3. For x G Gp K, n G Z+

a) ifl(n, x) = 0 then l(m, x) = 0 V w < «,
b) /(« + l , x ) > /(«, x).

4. ~^
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PROOF. 1. We can see from Lemma 2 that each x G K is uniquely associated
with a chain of characters, say {$k(i))iez+ , from the separating sequence with

<t>1
kO)(x) = -\ v / e z +

and

#,(*)= 1 \/\<m<j(i),m^k(i),

and so /(«, x) = 1.

2. x = x{ + x2+ • • • +xm, xt G K, all distinct. Each x, is uniquely associated

with a chain {<J>I(n,,)}n6Z
+ fr°m t n e separating sequence with

^ ( . . 0 U ) = - 1 V « G Z +

and

<£(*,-) = 1, K y < / ( n ) , 7 **(« , ' • ) •

As the xt are distinct there exists an N G Z+ with

and so

<&(„,,) * ^ ( n , 7 ) v ' * . / . ! < «.y < m and n>N

so /(n, x) = m for all n's* N.
3. a) As Gp A" = D2 and {^,},gZ+ is a separating sequence of partitions of K,

letting

# „ = { X G D 2 : / ( I , J C ) = 0 , i = l , . . . , « }

we have that {Hn: n G Z+ } forms a base of open neighbourhoods of zero in D2.
Let x GGpK = D2 be such that /(«, x) = 0. We can write

x = x, + x2 + • • • + x r + h

where /i G Hn+X and x; G /C, i = l , . . . , r are distinct, so each x, is uniquely

associated with a chain {4>£(m,0}mez+ where </>£(„,,,)(*,) = - 1 and

<^(x,) = 1, 1 < y < y ( « ) . J * k{m, i).

Now l(n, x) = /(n, x, + x2 + • • • +xr) = 0 so we must be able to group the xt

in pairs x,, Xj with <#(n 0 = ̂ ( n ; ) , and so

Thus

/(w, X[ + x2 + • • • +xr) = 0 V w < n

so /(m, x) = 0 for all m < n.

3. b) For x G Gp K = D2 let /(n + 1, JC) = w. Then we can write x = xx + x2

H hjCm + h W h e r e ' ( " + 1, A) = 0, SO

l{i,h) = 0, 1 < / < « + 1,

https://doi.org/10.1017/S1446788700023739 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700023739


300 Jane Lake [8]

and so

l(n, x) = l(n, x} + x2 + \-xm) < m < l{n + 1, x).

4. Let x G Gp K and suppose that limn^00 l(n, x) — m, so for each n E Z+ we
can find anh E Hn and x, • • • xm G A" so that

x = x, + JC2 + • • • +xm + h.

As {//„:« G Z+ } forms a base of open neighbourhoods of zero we have that

x<= {m)K = (m)K.

4. Positive definite functions

We will now use the separating sequence of partitions of K, {(3>
m}mez+ , with

generating characters {$"{, <#T,... ,<^m )} , for m G Z + , to construct a sequence of
positive definite functions on D2.

LEMMA. Let r E (0,1) and n E Z + . 77ie« the function

Fr
n : Gp A -» R

is a positive definite function on D2 = Gp A.

PROOF. Consider the «th partition of K, % — {P^, P^2, • •. , / " ^ ( n ) } , generated by
the characters {<j>", $ j , . . -,</>"(„)}• The measure /*„ r on D2

1 = 1

is a positive measure for r E (0,1) and has Fourier transform

and so iv": D2 -» R: x ~-»/•/(">J£) is a positive definite function on D2 = Gp K.

We now have the main theorem of this section.

THEOREM 1. Let K c D2 be a K2 subset of D2 such that Gp K = D2. 77ien, /or
w G Z + and e, S > 0 we can choose an h G Z + jwcn <na/, /or any open

neighbourhood H of zero, there exists a positive definite function F with F(0) = 1
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and
m

1. F(x)> 1 -e forxE \J (i)K,

2. |F(JC) | < 5 for xED2\\
m + h \ ]

U(i)K \+H .

PROOF. Choose an r £ (0,1) such that (1 — rm) < e and choose an h G Z+ so
that rm+h < 8. Now let H' be an open neighbourhood of zero of the form

H' = [x G D2: ̂ (x) = 1 V 1 <y <y(0, 1 < « < / } = # ,

for some / G Z+ . So we have
m + h \ "I
U (i)K\ + H'i = (JC GD2: l{p,x) < w + A for 1 <^ < /}

/=i / J

= { x G D 2 : l(I,x)<m + h).

Now observe that F/(x) = r ' ( / x ) ; so, for x G U ^ , (i)K,

|1 - F / ( x ) | < | l - r m | < e .

For x eH2\{(U^h(i)K) +H'} we have /(/, JC) > m + h, so F/(x) <

5.

We now prove a general theorem about Raikov idempotent generalized char-
acters in the closure of the characters of D2, given the existence of positive
definite functions with certain properties. The main result is then a corollary of
Theorem 1 and the following theorem.

THEOREM 2. Let A C D2 be a compact perfect subset of D2 such that, for every
m G Z + , e, S > 0 and open neighbourhood H of zero, there exists an integer
h G Z + independent of the neighbourhood H and a positive definite function F on D2

with
1. F(0) = 0;

m

2. | F ( x ) - l | < e VxG \J
l'— 1

3. | F ( x ) | < 8 V x 6 D 2 \ U (I'

l'— 1
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Then the idempotent generalized character IA associated_with the Raikov System
generated by A on D2 is in the closure of the characters D2 in AM(D2).

PROOF. AAf(D2) has the weak topology induced from the Fourier-Stieltjes
transforms of the measures in Af(D2), so the idempotent IA is in D2 if and only if

IK^/O'HOO^HMIL V M G M ( D 2 )

where the sup norms are taken over D2.
Let n & &A and e > 0. We can find an / e Z+ so that

n

1 = 1

where /i, e M(U'J=l(j)A), \\ft\\ < e and xt G D2. We will consider the measure
2"= i &Xl * Mi which is concentrated on

n I I \

U U+ \JU)A\.
/=! \ ,= 1 /
7=1

We can assume (without loss of generality) that S = {*,, x2,... ,xn] is a finite
subgroup of D2. We can find a subgroup So of S such that

S + GpA = S0 + GpA and So n Gp^ = {0}

and can find an m G Z+ so that

U ( *+ U d - ^ l c U [y+ U (i)
XBS \ J = l

Now we have for each q G Z+ and X ^ J I G ^ J ) that

U (/)4 n L + U (/

so we can choose an open neighbourhood H(q) of zero such that for all
x, y G 50,x =̂>>,

lix+ U(i)A^+H(q)\nlly+ U (i)^) + H(q)\ = 0.

Now choose an h G Z+ such that for every open neighbourhood H of zero there
exists a positive definite function F on D2 with

1. F ( 0 ) = l ;
m

2. | F ( x ) - l | < e V x G U (i)A;

3. | F ( x ) | < ^ V x G D 2 \ U (i)A\+H .
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Let H be an open neighbourhood of zero contained in H(m + h). Then we can
find a positive definite function F satisfying

2. \F(x)-l\<e V x £ U (i)A-,
1 = 1

3.
m + h

V * E D 2 \ \ \ \ J ( i ) A \ + H .
1 = 1

Now the measure \S0\ ms where ms is haar measure on 50 has positive Fourier
transform, so ^ = | So \ ms * F is a positive definite function on D2, and

(1)
X<ESO

the following properties:

1. #(<))< 1 + e .

2. |«F(x) - l |<2e , x £ U

3. |ff(x)|<e, x e D2\ j+ U (iM +n\-

Let v be a measure in / , . Then

I j m + h

U Iv + U (i)A
y<ES0\ 1 = 1

= 0.

So we can choose an open neighbourhood H of zero contained in H(m + h) such
that

and let ^be the associated positive definite function as in (1).
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We then have, for y E D2,

V

[12]

[ yVdl 2 «*/*/»,-

n

2 8x,- * ju,

+e

[
D2

/ y$d\ 2 «*,•/»,
• ' D 2 \ =1

2e||jtt||

2e\\p\\ +e(\\v\\ +2)

2)

+2)

(\\v\\ + 2)

(where the sup norm is taken over D 2 )

< (1 + e)| |( / i + J 'f l l^ + ( 1 + e)(e) + e + 2e||/A|| + e(\\v

and so

H M I I . < » / » + H I ,

where the supremum norm is taken over D .

From this we have the corollary.

COROLLARY 1. Let K C D2 be a compact perfect K2 subset of D2 such that
Gp K = D2. Then the idempotent associated with the Raikov System generated by K
is contained in the closure of the characters D2 in AAf(D2).

COROLLARY 2. Let K C D2 be a compact perfect K2 subset of D2. Then the
idempotent associated with_ the Raikov System generated by K is contained in the
closure of the characters D2 in AM(D2).

PROOF. D2 = Gp K © H for some closed subgroup H of D2. We can give D2 a
finer l.c.a. topology *$where

( D 2 ) ? = GpK@Hd

where Hd is the group H with the discrete topology. The positive definite function
Fwith

1. F(x) = 1 V* £ Gp/iT

2. F(JC) = 0 elsewhere
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is continuous on (D2)$- and so there exist continuous positive definite functions on
as requiredjn Theorem 2. Hence theidempotent/*- e ((D2)g:)"but ((D2)gr)"
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