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LIE ACTION OF CERTAIN SKEWS IN *-RINGS
M. CHACRON

Introduction. A *-ring is an associative ring R with an anti-automorphism
* of period 2 (involution). Call x € R skew (symmetric) if x = —x* (x = x*)
and let K(S) be the additive subgroup of all skews (symmetrics). If [a, b]
denotes the Lie product of @, b € R (that is, ab — ba) and if [4, B] denotes
the Lie product of the additive subgroups 4 and B of R (that is, the additive
subgroup generated by [a, 0], ¢« and b ranging over 4 and B) then clearly
|K, K] is an additive subgroup contained in K. We shall be concerned here
with the subrings 4 of R stable under the Lie action of [K, K], that is, such
that [4, [K, K]] € A. For R a simple 2-torsion free ring with centre Z = 0 or
such that dim,(R) > 4, the subrings 4 with the basic assumption or verifying
the stronger assumption [4, K] C 4 were studied. I. N. Herstein has shown
that if 4 C S is stable under the Lie action of [K, K] and if R is, further,
3-torsion free necessarily A C Z. More recently, Herstein proved that if
A C S is stable under the Lie action of K and if R is not the 3 X 3 matrices
over a field with characteristic 3 then 4 C S implies 4 € Z. He then derived a
general theorem for the subrings 4 stable under the Lie action of K of a 2-
torsion free simple ring R with centre Z = 0 or with dimzR > 16 namely,
either A € Zor A = R.

For R any 2-torsion free semiprime ring without necessarily an involution
the subrings 4 of R stable under the Lie action of all of R were shown by
Herstein to be either contained in Z or containing some non-zero ideal of R.
This is, in a way, the best expectation for the considered subrings 4. According-
ly, we shall exhibit here a clear-cut class of 2-torsion free semiprime #-rings R,
in which, the subrings 4 stable under the Lie action of [K, K] will behave
fairly close to the non-involutive case and of course to the simple involutive
case namely, in the event where 4 contains no ideals £ 0 of R, then the closure
of 4 under the involution (i.e. #-subring generated by 4) has all its symmetrics
central.

1. Assumptions on the ring R. In the introduction we cited some positive
facts about the subrings A of a x-ring R stable under the Lie action of R or K
or [K, K], where R was, at least, 2-torsion free and semiprime. We now discuss
briefly the extra assumptions we shall place on the ring R. Our first assumption
will be

Received September 23, 1976 and in revised form, February 28, 1978. This research was
partially supported by NRC Grant A7876 and by an SRI fellowship, Dalhousie University
branch, 1975.

700

https://doi.org/10.4153/CJM-1978-061-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1978-061-9

LIE ACTION 701

Assumption (1): R is generated as a ring by skews. In symbols: R = K.

Clearly every simple #-ring of dimension > 4 must satisfy the assumption
(above). There is one more reason for requiring such a condition. Clearly all
4-dimensional *-division rings R with * an involution of the first kind are such
that [K, K] = 0 and every subring is trivially stable under the Lie action of
[K, K]. In any event, if R is any semiprime ring then the subring K generated
by K is a semiprime ring verifying assumption (1). We proceed to

Assumption (2): R is 3-torsion free.

Herstein has given an example of a commutative subring 4 € S, 4 & Z,
stable under the Lie action of K itself; where R is the 3 X 3 matrices over a
field with characteristic 3 [4]. This makes it clear that if we are to derive a
dichotomy as cited in the introduction, we must rule out the case of character-
istic 3 or, a much more difficult condition to check, we must rule out the prime
images of R that are orders in 3 X 3 matrix rings over fields. We have decided
in favour of the first restriction for two reasons. For one thing, the argumenta-
tion works much smoother. Also the 6-torsion free assumption crops up in a
number of works on *-rings to cite only Herstein's result in the introduction.
A good compromise between the two restrictions would be to assume R with
no prime images that are orders in 3 X 3 matrix rings over fields with character-
istic 3. As a matter of fact all of the results in this paper would still be true
under this weakening of assumption (2).

Assumption (3): R = 2R.

Assumption (3) is for the sake of simplicity only. Some interesting conse-
quences of Assumptions (1) and (3) are the following.

Consequences (of Assumptions (1) and (3)):
(1) Every element x of R gives rise to a symmetric x* = 3(x + x*) and a

skew ¥~ = $(x — xx) with x = x* 4+ x~.
(2) Every symmetric s = sx is a sum of squares of skews (Baxter and
Herstein).

3) IS, S] C |K, K] (Herstein).

Invariably, in about every study on stable subrings under certain Lie
action the following fact is exploited.

PropositioN 1 (Herstein). Let A be a subring of (any ring) R and suppose
that X is an additive subgroup of R such that [A, X] € A. If T = T(A) denotes
the additive subgroup of all elements r € R such that [r, R] C A then

XIT,[T, T]IR C 4;
where X denotes the subring generated by X .

Proof. Given any triple of elements «, b, x in R we have the Jacobi identify
[a, blx = [a, bx] — bla, x]. Choose @ € T and b € [T, R]. Then [a, bx] €
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[T, R] € 4. Also bla, x] € [T, R]* C A* C 4. Thus [a, b]x € 4. We have
shown that [T, [T, R]]R € A. Taking the Lie product of the latter inclusion
with X we get
X[T,[T, RIIR C [T, [T, RIIRX + [X, (T, [T, RIIR]
CA+[X,A]CA+4=A4A.

By induction on # we obtain
XTI [T, RIR € 4,

resulting in
X[T,[T,RIIRC 4

as desired.

Since the Lie expressions [T, R], 7, [T, R]] will quite often occur in this
paper we shall make the following definition.

Definition 1. Given the additive subgroup 4 of R let:
(1) T(4) = {r € R|[r, R] € 4},

(2) 4" = [4, R],

(3) A" =14,4"] =[4,[4, R]].

An interesting corollary to Proposition 1 is the following.
COROLLARY 1. If A is a subring of R with {4, K] C A then RT(4)"R C 4.
Proof. By Assumption (1), K = R, and by Proposition 1, KT(4)"R C A.

Looking at the subring 1”7 = [K, K], obviously with the condition [V, K] C
V7, one would like to ensure that at least this subring must contain a non-zero
ideal of the ring R. Suppose not. By Corollary 1, R7" (V)R = 0. Since R is
semiprime 7°(1)"" = 0 follows.

A well-known result of Herstein asserts that if 7(1)"" = 0 then 7°(1V)' = 0
(T'(V) can be replaced by an arbitrary subset and the 3-torsion free assump-
tion is not required).

In other words [r, R] C V implies » € Z, the centre of R. Since 17 is stable
under (the Lie action of) K it follows that [k2, R] & V for all & € V— =
{3(x — x*)},ev. (Here is Herstein's argument: [k2, y] = [k2, y*] + [k2, y~] =
(k(ky" + y'k) — (by* + y'B)E) + (klk, 1 + [k k) € [k, K]
+ (klk, K] + [k, K]k) C V + (kV + Vk) = V.) Therefore k* € Z for all
ke V-

What can be asserted about a semiprime ring R with assumptions (1) and
(3) such that L = [K, K] consists entirely of square-central elements? We
claim that S © Z necessarily. We shall sketch a proof. We take a subdirect
representation of R formed by *-prime rings (i.e. *-rings, in which, any two
non-zero *-ideals have non-zero product). This reduces to the *-prime case,
which in turn reduces to the prime case. Having in hand the polynomial
identity [k, k2]2 € Z for all k; € K we are ensured that Z # 0, and conse-
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quently Z* # 0. Thus R localised at Z* becomes a simple finite-dimensional
*-ring with the same identity and L(Z*+)~! is now a Lie ideal of [K, K] con-
consisting entirely of square central elements. This reduces to the simple finite-
dimensional case with dimension < 16 (Amitsur). We then tensor R with the
algebraic closure C of the field Z*. This reduces to matrix rings over fields with
rank < 4. Except when the involution is transpose and the rank = 2, [K, K] =
K necessarily. But since R is, by Assumption (1), generated by K, [K, K] = 0
forces R = Z, contradicting the rank. Thus 0 # [K, K] forces K = [K, K].
Thus every symmetric s = sx € R is a sum of squares of elements in [K, K].
Thus S C Z necessarily. Summarizing:

ProrosiTION 2. If R 1s any 2-torsion free semiprime ring generated by skews
and if S € Z, the subring V generated by | K, K] contains a non-zero ideal. In fact
the ideal generated by squares of the elements in [K, K] must be a non-zero ideal
contained in V.

The following proposition is of independent interest [1, Theorem 1]:
ProrositioN 3. Under the assumptions of Proposition 2, K + [K, K]? con-

tains « non-zero ideal I. Consequently every symmetric s = sx € I is a sum of
squares of commutators in [K, K].

Proof. We show first that K + [K, K]? contains [K, K] Given the triple
ki, ko, k3 € [K, K] we have

lekzkg = (kgkle + kgkzkl) + (kakle - k3k2k1)
= kalki, k2] — ([k2, kslkr + kilko, k3])
+ (kikoks + kikoky) € [K, K]? + K.

As observed earlier, if k¢ € [K, K] then [ko?, R] C [K, K] 4+ [K, K]?, that is,
ke € T(K + [K, K]?) = T. Now

K[T,[K,K]IR € K + [K, K]
For, let k¢ € [K, K]and r € T. For x an arbitrary element of R:
[r, kolx = [r, kox] — kolr, x] € [r, R] + [K, K][r, R]
C K, K] + [K, K] + [K, K]([K, K] + [K, K]*)
C K, K]+ [K,K]* + [K, K] © K + [K, K]*.
Taking the Lie product with K we get
K[T,[K,K]IR C [T, [K, K]IRK + [K, K + K, K]?]
C K+ [K KPP+ [K K]+ [K,K]*=K + [K, K]~

An induction on % gives that R[T, [K, K]|R C K + [K, K]2. If the latter
ideal is zero then [7, [K, K]] = 0. In particular [k¢?, [K, K]] = 0, for all
ko € [K, K]. If R is a *-prime ring with the latter property and if S & Z then
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ko2 centralizes VV = [K, K] which contains a non-zero ideal (Proposition 2).
It follows that k¢? € Z, for all ky, and we are back to Proposition 2.

We shall conclude this preparatory section by a study of the equation
alK, K] = 0. We assume, further, that ¢> = 0 and ¢ € SU K.

ProrositioN 4. (i) The equation a[K, Kla = 0, with «®> = 0 and « = —a¥*,
implies @ = 0.

(i1) The equation o«[K, K]e = 0, with a® = 0 and « = ax, implies aKae = 0
and consequently, if a #£ 0, ak¢’a # 0, for some ko € [K, K].

Proof. (i) We may take R to be a #-prime ring. If R is not prime there must
be a non-zero ideal I of R with I M I* = 0. Choosing x, v € I we get [x, y] —
L, y]* = [x — x%, v — %], 50, alx, ¥]a — a[x, y]*a = a[x — x*,y — yx]a = 0,
whence, alx, yla = 0 = a[x, y]*xa = a[y*, x*]a. From this a[J, J]a = 0; where
J =1+ Ixisax-ideal of R. Then foru,v € J, a(u(av) — (aev)u)a = anava =
0. Thus (¢J)? = 0 giving «J = 0, whence ¢ = 0. If, on the other hand, R is
prime with involution of the second kind take any skew 0 = ¢ € Z. Then
alK, ¢Kla = a[oK, ¢K]a = 0. Without loss of generality ¢ can be assumed
invertible giving thus that ¢[R, R]a = 0, and by the above ¢ = 0 necessarily.

Next suppose that R is a regular ring. For any x, y € R,

Lxry] - [xr 3’]* = 2[3C+, y+:| + 2[x~7 y_] € [Kv K]
Therefore, alx, yla = alx, y]*e. Write @ = aba and set x = ba = x% For
any y € R:
alx, y]la = a(xy — yx)a

(ax)ya — ay(xa)
aye — ayba® = aya;

If

It

Il

alx, ylxa = (a[x, y]a)* = ay*a = aya;
eKa =0, forallk € K.

Since ¢ was a skew element the latter equation gives ¢ = 0.

We go back to a prime ring R with involution of the first kind. Exactly as in
the case aKa = 0 this gives for ¢ ## 0 that R has a central closure Q, which is a
primitive ring containing in its socle a [5], Since the property of a carries over
to Q, and hence to Ry = socle (Q), and since the latter ring is certainly a
regular ring we are done.

(i1) For (ii) observe that for any k € K, aka is a square-zero skew inheriting
the property of ¢ and apply (i). If @ # 0, but ek’ = 0 for all & € [K, K], it
follows that a(kiks + koki)a = 0, all k; € [K, K]. Because alk,, ksJa = O this
gives akik.c = 0, and consequently, a (K + [K, K])a = 0, contrary to Propo-
sition 3.

2. The dichotomy in R. We announced in the introduction that under the
assumptions (1)-(3) we were to obtain that every subring 4 with [4, [K, K]] C
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A either contains a non-zero ideal of R or the closure of 4 under * is such that
all symmetrics are central. We wish to sketch a plan of attack we shall follow
here. In the closed case (4 = Ax) we associate to 4 a canonical ideal J(4)
(i.e. if f maps R onto R then f maps J(4) onto J(4)) such that if this is the
zero ideal necessarily A+ C Z. In the general case we associate to 4 the canoni-
cal ideal J((4 + Ax)*). (Clearly if [4, [K, K]] € 4 then (4 + A%)T is a
subring generated by symmetrics inheriting the basic property of 4, so, the
dichotomy above will apply (at full force). The Lie relation between the latter
subring and 4, together with some results of Herstein to be indicated in time
will yield the desired dichotomy.

Definition 2. Let A = A* be such that [4, [K, K]] © A. If G denotes the
ideal of R generated by all k2, ranging over [ K, K], then set

J(A) = G[[4+, A*], [4+, A*]]"G.

ProrosITION 5. J(A4) s a canonical ideal of R contained in A provided 4 =
A* 1s preserved under the Lie product with [K, K].

Proof. That J(A) is a canonical ideal of R is evident from Definition 2. For
the inclusion J(4) € A proceed as follows:

[A*, [R, R]] = [4%, [K, K]] + [4%, [S, S]] + [47, [S, K]]
C [4% [K, K]] + [4+,S] S A" + [4%, S];
[[4%, A7) [R, R]] € [4%, [47, [R, R]]] € [4F, (4% + [4%, S])]
C [4*, A%] + [4%, [4%, S]] € [4%, 4] + [47, [K, K]]
C[4F, AT + A+ C 4;
[[[4+, A%], [AF, A*]], R] € [[4%, 4%], [[4%, 47], R]]
C [[4H 4], [R, R]] € 4.

By Proposition 1, [K, K](T(4))"[K, K] € A4, which gives immediately the
desired inclusion.

ProrosiTIiON 6. J(4) = 0 implies that A+ C Z.

Proof. Since J(4) is a canonical ideal it suffices to establish the result for R,
a *-prime ring. From Definition 2 tollows that K; = [[4T, 4*], [A+, A*1]] C Z.
We separate the rest of the proot according as R is prime with involution of
the first kind (I) or not (II).

Case (I1): Necessarily K, = [[4T, A*], [A*, A*]] = 0. Since |4*, A*] is
itself a Lie ideal of [K, K], it follows by an adaptation of Erickson’s [2] or
directly that [A*, A*] = 0 necessarily. The rest of the argumentation is
routine but, in view of the incidence on the final theorem, we give it explicitly.
We prove actually a slightly more general result: any commutative subring
A = Axwith [4, [K, K]] € 4 must be in fact contained in Z.

Givena € 47, letd, : x — [a, x]. From [a, d,(S)] C [S, S] follows d,2(S) C
A, and d,3(S) = 0, whence d,4(R) = d,*(S) + d.*(K) = 0 + d,*({d.(K)) = 0.
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From this either «® = 0 or « is a non-zero divisor. Actually if ¢* = 0 then
a:Sa? = a(aSa?) = a(a®Sa) = 0, so, ¢« = 0, and all symmetric nilpotents in 4
are then square-zero elements. We shall show that A contains no such elements
(but 0). For suppose the contrary. The element under consideration « is such
that [a, [«, [K, K]]] = 0, giving «[K, K]a = 0. By Proposition 4 ii) «Ka = 0
follows and aky?a # 0, some ky € [K, K]. Now ¢ = [a, k)] € 4 and ¢* =
—ako*e # 0. Thus ¢ is a non-zero divisor on R having the square-zero factor «,
which is a contradiction. This shows that A+ consists entirely of non-zero
divisors. But, 0 = d *(kex) = 4d,(k)d2(x), « # 0 in 4, k € [K, K], forces
d? = 0. (Forif d,(k) ## 0, as a € A4, it must be a non-zero divisor. If, on the
other hand, d,([K, K]) = 0, by Proposition 2, a € Z necessarily, whence
d2(x) = 0.) Then 0 = d,(kox) = 3d,(k) - d2(x) gives d,*(x) = 0, so, ¢ € Z.
Summarizing: 4+ C Z. Let ¢ € A~ If ¢ = 0, then 0 = [0, [0, [K, K]]] gives
oK, Klo = 0, and by Proposition 4, i), ¢ = 0 necessarily. From this 0 # ¢
forces 0 # o2 € Z, and ¢ is a non-zero divisor. Then for any %k € [K, K]:

0 = [¢% k] = olo, k] + [0, k]lo = 200, k];
o, k] = 0.

This shows that |e, [K, K]] = 0. Either S C Z or the latter relation forces
¢ = 0 € Z (Proposition 2). In the first case [o, [¢, ™)) = 0 and [0, [o, x1]] €
g, S] = 0 gives [o, [, x7]] = 0. Thus [o, (g, x]] = 0 resulting in ¢ € Z. This
shows that A= (= 0) C Z, whence 4 = AT+ A-C Z.

Case (1I): 1) If R is not prime, we shall prove that every subring 4 with
[[K, K], A] € A iseither central or must contain some non-zero ideal. This will
clearly take care of the case under consideration. Let P be a non-zero ideal of R
with PN Px =01t ANPEZZ (or AN\ Px € Z) then A M P is a subring
of P thought of as a ring, such that [4 N P, [P, P]] € A N I. By |7, Theorem
3], A M P contains a non-zero ideal of P, and hence of R. If, on the other hand,
ANPC Zand A N\ Px C Z, thisforcesd NP C ZinR/Pxand 4 M P« C
Z in R/P. Since the latter rings are prime rings we may assume that 4 N P =
A M P+ = 0. It follows that [4, [P, P]] = [4, [P*, Px]] = 0, whence [4,
[P 4+ P, P+ Px]] = 0 forcing [4, P + Px] = 0 [7, Lemma 2], whence
ACZ.

2) If R is prime with involution of the second kind we shall then prove that
every subring A with [4, [K, K]] C A4 is either contained in Z or such that
AZ~! contains an ideal in the localisation R(Z+)~! of R. This will show that for
the subring 4 under consideration necessarily 4 C Z. Take any central skew
o # 0. Then

[Z4, [0S, K]] © ZA.

It follows that (ZA)Z=' = A¢Z~' is a subring of R(Z*)~! satisfying
[4Z7Y [R, R]] € AZ~'. By [7, Theorem 3], A¢Z~! has the desired property.
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Definition 3. Given the subring 4 (not necessarily a *-subring) let U =
(A4 + Ax)*, and let W = [U, U]. Define J,(4) = J(W). Then J;(4) is a
canonical ideal of R and [4, [J1[4], R]] C 4.

Justification. Clearly W depends canonically on A, and as observed earlier
J (W) depends canonically on W. Thus J;(4) depends canonically on 4. For
the inclusion in the statement, let us first show that [4, [U, [R, R]]] € 4. Now

(U, [S, K] €[S, 5] € [K, K];
[U, K, K]] €[4, [K, K]] + [4%, [K, K]] € 4 + [4%, [K, K]];
(4, [U, [R, R]]] € [4, [K, K]] + [4, 4] + [4, [4%, [K, K]]].
To get the desired inclusion we must then show that [4, [4%, [K, K]]] C 4.
Leta € A, b € A%, and ¢ = [ky, k2] € [K, K]. Clearly
d = Ib*y C] - U)*v C]* = 2[(1)*)—) C:' € [Kr K]
Then
[a, [bx, c]] = [a, d] + [a, [bx, c]*] = [a, d] + [a, [c*, 0]
= [a,d] + [a, [, [k, ko]]) € [4, [K, K]] + [4, [4, [K, K]]] € 4.
Now
(4,[[U, U}, R]] = [4,[[U, U, RI] €[4, [U, [U, R}]]
C 4, [U, R, R]]] C 4.

Since W = [U, U]is a %-subring with [W, [K, K]] C W, it was observed earlier

that J1(4) = J(W) € W.Thus [4, [J1(4), R]] C [4, [W, R]] € A4, as wished.

ProrosiTION 7. J1(A4) = 0 forces the closure of A under * to be such that every
symmetric 1s central.

Proof. Case (I). We suppose that R is a prime ring with * of the first kind.
We are given that

Ji(4) = J(W) = 0.

Since W is a *-subring with [W, [K, K]] C W we get, using Proposition 5, that
w+ C Z. If W= = 0, then [U, U] € W~ gives [U, U] = 0. By Proposition 6
applied to U, UC Z follows. Let B = Z+4 4+ Z+ 4+ A. We claim that B is
a *-subring containing obviously 4 all of whose symmetrics are central. For
let x € B. Write

¥ = za;+ 2+ a;
k= Dz + 3+ ax;
x4+ xx = > z;(a; + ax) + 22 + (a + ax).

Nowa;+ax € (A4 4+ Ax)T = UC Z. Alsoa +ax € UC Z. Thusx + x* €
Z* C B. Since x was in B, x* € B follows. From this B is a *-subring with the
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desired property for its symmetric part B*. Thus the closure of A under x has
the desired property.

If, on the other hand, W~ # 0, we shall reduce to the case K = [K, K] and
will finish up this part of the proof. Without loss of generality we may assume
that Z* (if ## 0) is a field. Now W~ is a Lie ideal of [ K, K] consisting entirely
of square-central elements. By a result of Erickson [2] this can happen only if &
is an order in a simple ring Q of dimension =< 16. By the assumption on Z¥,
R = Q follows. Tensoring R with the algebraic closure C of the field Z+ we
we reach the situation

R=RQ®zC~C, n=<4

If » = 2, either the involution is symplectic in which case there is nothing to
prove or the involution is transpose in which case [K, K] = 0, so we may take
n > 2. But forn = 3 or 4, we repeat that K = [K, K] necessarily. Now 4 ® C
is a subring verifying [4 ® C, K] C A4 ® C. If A ® C = R, then for every
pair of symmetrics s, d € R:

s=20;Q¢;= 2 a*® ¢
= Z%(&"FM*) ® ¢y
d=2b;,®d; =230+ bx) @dy

[5,dl = 2 laitamb;+bx ®cd, € [U,UI®C
(%)
Thus [s, d]? € Z(R) = C, all 5, d € Rt contradicting the restriction » = 3.
We have to agree that A ® C cannot be R. Thus A ® B contains no ideals # 0
since R is simple.

We go back to any prime ring R and consider any subring B such that
[B, K] C B. We prove that either B contains an ideal or B+ C Z. This will
finish up case (I). By an argument similar to the one used in the justification of
Definition 3, we get that [B, [(B + Bx)*, R]] C B. Thus [B, [(B + B*)*, R]
C B.If (B + Bx)* contains a non-zero ideal I, then [, R] # 0 is a Lie ideal of
R with [B, [I, R]] € B. By [7, Theorem 3], B must contain a non-zero ideal.
If, on the other hand, (B + Bx)*t contains no ideals, this must be central
(Proposition 6). As in the above the closure of B under * must have all the
symmetrics central.

Case (I1): 1) We suppose that R is not prime. Since J,(4) = J(W) = 0 it
follows that W C Z. Thus [U, U] € W C Z, and hence [U, U] = 0 giving
U C Z, and we are done.

2) We suppose that R is prime with an involution of the second kind. It can
be easily checked that the expansion WZ~! of W in R(Z*)~! contains no ideals
and consequently W C Z. As in the above this gives U C Z, and the proof is
now complete.

We have all the pieces to prove the following result.
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THEOREM. Let R = 2R be any 6-torsion free x-ring generated by skews. If A
is @ subring of R with [A, [K, K]] C A, then A must be a semiprime subring with
center contained 1n the centre of R. In fact either A contains an ideal or the closure
of A under * has all its symmetrics central elements of R.

Proof. We establish first the dichotomy about 4. Let W = [U, U] and let
J1(4) = J(W) be the ideal associated to W. It was observed earlier that
(4, [J(W), R]] € 4. Now [J(W), R] is a Lie ideal of R. By [7, Theorem 3]
either [4, [J(W), R]] = 0 or A must contain a non-zero ideal of R. Suppose
that [4, [J (W), R]] = 0. Since this equation is preserved by homomorphisms
we may assume that R is a *-prime ring (for we shall prove that the closure of
A under * has the desired property on symmetrics, and centrality can be re-
duced to that case). If J(W) 5 0 and R # Z, then [J(W), R] is a non-zero
*-Lie ideal of R having for centralizer Z necessarily. This shows that J(W) =
J1(4) = 0 necessarily. We then quote Proposition 7.

Next we establish the desired properties about the prime radical and centre
of A. Clearly the centre B of 4 is a commutative subring such that [B, [K, K]]
C B. From this D = Zt4 + A + A% is a *-subring of all whose symmetrics
are central. It follows that D C Z necessarily, whence D C Z (for D is com-
mutative).

Take @ € A withada = 0and a? = 0. For every ki, ks € [K, K]

0 = alla, k1], ksla = akiaksa + aksakia.
Setting k; = k; we get akaka = 0. Thus
akiak.akia = — (aksakia)kia = 0, forall k; € K.

It follows that akwe[K, K]aksa = 0. We may suppose R a x-prime ring. If R is
not prime it was observed earlire that ¢« = 0 necessarily. The same conclusion
holds if R is prime with involution of the second kind (Proposition 4). Finally
if R is prime with involution with the first kind, clearly 4 cannot contain an
ideal I # 0. By the dichotomy above @ 4 a* € Z. Thus aa*x = axa and con-
sequently ¢ + ax is a central nilpotent, so, ¢« = —a* necessarily. Since akia is
also a ‘skew, this gives akia = 0 (Proposition 4), which in turn forces a = 0,
and the theorem is proved.

We make some further remarks about the assumptions in the theorem. The
generation by skews (Assumption (1)) was to ensure that the centralizer of
[K, K] in R must be the centre Z. More generally, if we do not insist on this
generation then the conclusion in the theorem becomes modulo [K, K]. More
precisely, in the event that the considered subring A contains no ideals # 0,
then the closure of 4 under * centralizes [K, K]. The 6-torsion freeness
(Assumption (2)) was discussed earlier (§ 1, Assumption (2)). Removing it
totally will impair the conclusion of Theorem 1. The best we can say in this
event is that if 4 contains no ideals then the closure of A4 under * is such that
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the symmetrics commute. (This requires some work.) Notice however that 4
will then satisfy a polynomial identity of fairly low degree.

To close, here is an example, as in the theorem.

Example. Let D be a 2-torsion free 4-dimensional x-division ring with centre
Z (D) having a 1-dimensional additive subgroup K (D). Let R be the 2 X 2
matrices over D with the *-transpose involution. If A4 is the subset of all
matrices of the form

[z-He 21+ ks
—z1+k z—Fk

the centralizer B of R is then all matrices of the form

z+ k t .

—t z+k]’
where z, k ¢ Z(D), K(D); t any element anti-commuting with the skews in D.
It can be verified that 4 is a *-subalgebra (and hence B), and A~ ® B~ = K.
Consequently 4 (and hence B) is stable under the Lie action of K. But

A~ & Z. This example shows also that the centre of 4 and the centralizer of 4
are different.

] v 2,216 Z(D), k, ki € K(D)

REFERENCES

1. W. E. Baxter and E. F. Haeusler, Generating submodules of simple rings with involution,
Duke Math. J. 23 (1966), 595-604.

2. T. Erickson, The Lie structure in prime rings with involution, J. of Algebra 21 (1972), 523-534.

3. I. N. Herstein, Certain submodules of simple rings with involution, Duke Math. J. 24 (1967),

357-364.

4, — Certain submodules of simple rings with involution II, Can. J. Math. 27 (1975),
629-635.

5. ——— Lecture on rings with involution (University of Chicago Press, Chicago, 1976).

6. ——— Topics in ring theory (University of Chicago, Chicago, 1969).

7. ———— On the Lie structure of an associative ring, J. of Algebra 21 (1970), 561-571.

Carleton University,
Ottawa, Ontario

https://doi.org/10.4153/CJM-1978-061-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1978-061-9

