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Let p be an odd prime and let G be a non-abelian finite p-group of exponent p? with
three distinct characteristic subgroups, namely 1, GP and G. The quotient group
G/GP gives rise to an anti-commutative Fp-algebra L such that the action of Aut(L)
is irreducible on L; we call such an algebra IAC. This paper establishes a duality

G < L between such groups and such TAC algebras. We prove that IAC algebras are
semisimple and we classify the simple TAC algebras of dimension at most 4 over
certain fields. We also give other examples of simple IAC algebras, including a family
related to the m-th symmetric power of the natural module of SL(2,F).
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1. Introduction

Building on earlier work by Taunt [17] and by the first and the third authors in
collaboration with Palfy [7], we continue, in this paper, our investigation into the
structure of finite groups with a unique non-trivial and proper characteristic sub-
group. Such a group is said to be UCS. In [7], finite UCS p-groups were studied.
The exponent of a finite UCS p-group is either p or p?. If p is an odd prime and G
is a UCS p-group of exponent p?, then the Frattini quotient V = G/®(G) is an irre-
ducible Aut(G)-module and V is an epimorphic image of the exterior square A2V,
An epimorphism A2V — V can be viewed as an anti-commutative multiplication
on the vector space V which turns V' into a non-associative and anti-commutative
algebra £(G) defined in §3. Further, by theorem 1.1(a) below, the automorphism
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group of £(G) is induced by Aut(G), and is irreducible on V. The main results of
this paper explore the connection between G and L(G).

To state the first main theorem of the paper, let UCS,2 denote the set of isomor-
phism classes of finite UCS p-groups of exponent p? and, for an odd prime p, let
IAC,, denote the set of isomorphism classes of finite-dimensional anti-commutative
algebras L over the field F,, of p elements such that Aut(L) is irreducible on L.
Such an algebra will be referred to as an TAC algebra.

THEOREM 1.1. If p is an odd prime, then the map G — L(G) is a bijection between
UCS,2 and IAC,,. Further, if G € UCS,2 and L = L(G) then the following hold.

(a) There is an isomorphism Aut(G)/Autc(G) = Aut(L) where Aute(G)
denotes the group of central automorphisms of G.

(b) There is a bijection between the set of subalgebras of L and the set of powerful
subgroups of G that contain ®(G).

(¢) The bijection in part (b) restricts to a bijection between ideals of L and
powerfully embedded subgroups of G containing ®(G).

(d) For k > 2, we have that G** € UCS,2 and L(G*F) = L%,

The first statement of theorem 1.1 follows from theorem 3.5, while parts (a), (b),
(c) and (d) follow from theorem 3.6, proposition 4.4 and from theorem 4.3.

In the second part of the paper, we prove several results about small-dimensional
IAC algebras over various fields, which can be summarized in the following theorem.

THEOREM 1.2. The following are valid for a field F.

(a) A finite-dimensional TAC algebra over F is the direct sum of pairwise
isomorphic simple IAC algebras.

(b) If char(F) # 2, then a non-abelian 3-dimensional TAC algebra over F is a
simple Lie algebra.

(c) Suppose that F is a finite field of ¢ = p’ elements where p is an odd prime.
Then the number of isomorphism types of 4-dimensional IAC algebras over
Fis (i) 0if p=>5, (i) 1 of f is even or p==+1 (mod 5), and (iii) 2 if f is
odd and p = £2 (mod 5).

(d) If m>2, m=2 (mod 4), and either char(F) =0 or 2m < char(F), then
there is an (m + 1)-dimensional IAC algebra L over F whose automorphism
group contains a subgroup isomorphic to SL(2,F) acting absolutely irreducibly
on L.

Theorem 1.2 follows from theorem 4.2, proposition 5.1, and theorems 5.3 and 8.1.
Note that p/ = +2 (mod 5) holds if and only if f is odd and p = +2 (mod 5).

UCS p-groups are atypical, since finite p-groups usually have a rich structure of
characteristic subgroups, which is used in the optimization of the standard algo-
rithms for computing Aut(G); see for instance [6,19]. However, when G does
not have characteristic subgroups apart from the usual verbal subgroups, such
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optimization techniques fail. In particular, the algorithms for computing Aut(G)
that are based on orbit-stabilizer calculation would perform poorly on UCS p-
groups. Nevertheless, theorem 1.1 shows that UCS p-groups of exponent p? have
a rigid algebraic structure that, in theory, can be exploited also in automorphism
group computations, in a way which is rather similar to the philosophy pursued by
Wilson and his collaborators in their recent work [4, 5, 20].

Following [7], we say that a G-module V is an ESQ module if V = A2V/U for
some G-submodule U (see also §5.2). TAC algebras are related to irreducible ESQ
G-modules. It was observed in [2] that a similar connection exists between Lie alge-
bra modules that satisfy the corresponding property and TAC algebras. Indeed, the
authors of [2] considered the exterior squares of some irreducible representations
of the Lie algebra s[(2) in the same way as we consider such representations for
GL(2,F) in theorem 7.1 and they defined non-associative anti-commutative alge-
bras as we do in theorem 8.1. In addition, they explicitly computed the structure
constant tables for the resulting 3, 7 and 11-dimensional algebras, noting that the
3-dimensional algebra is the simple Lie algebra s[(2) (as implied also by our propo-
sition 5.1), while the 7-dimensional algebra is the non-Lie simple Malcev algebra.
This fact is further exploited in [3] for the study of the polynomial identities of the
Malcev algebra.

In §2, we review some known properties of UCS p-groups before we establish
in §3 a duality between the class of UCS p-groups of exponent p?, and the class
of TAC algebras. In §4 we prove that IAC algebras are semisimple, and that their
subalgebras correspond to powerful subgroups of UCS groups. We address the clas-
sification of simple IAC algebras of dimension at most 4 in § 5, and an infinite class
of examples of simple IAC algebras, with widely varying dimensions, is given in
§6. We prove a general version, which is valid also in prime characteristic, of the
Clebsch—Gordan decomposition for tensor squares, exterior squares and symmetric
squares of GL(2,F)-modules in §7, and apply it in §8 to construct some simple
TAC algebras related to representations of SL(2,TF).

2. UCS p-groups of exponent p?

Let us start by recalling some standard notions of finite group theory. If G is a
group and k is an integer, then G* denotes the subgroup of G generated by k-
th powers. To avoid confusion, the k-fold direct power of G is denoted by G**.
The commutator subgroup G’ of G is the subgroup generated by all commutators
[,y] = 2~ 'y~ tay with x, y € G. The Frattini subgroup ®(G) is the intersection of
all the maximal subgroups of G. It is well-known that if G is a finite p-group, then
®(G) = G'GP. The centre Z(G) of G is the subgroup of G consisting of elements
g € G such that gx = x¢g holds for all z € G.

A subgroup N of a group G is called characteristic if it is invariant under each
automorphism « € Aut(G). For instance, the subgroups G’, G*, ®(G) are char-
acteristic. A group G with a unique non-trivial proper characteristic subgroup is
abbreviated as a UCS group. Finite UCS groups were studied by Taunt [17] and
later finite UCS p-groups were explored by the first and the third authors in col-
laboration with Pélfy [7]. The characteristic subgroups of a finite UCS p-group G
are 1, ®(G) and G, and consequently the exponent of G is either p or p2.
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It is useful to review some properties of UCS groups.

LEMMA 2.1 ([7, lemma 3]). Suppose that G is a finite non-abelian UCS p-group and
1< N <G are the only characteristic subgroups of G. Then the following hold:

(a) G =9(G)=Z(G)=N and G* =1 or G = N;
(b) the groups G/N and N are elementary abelian p-groups.

LEMMA 2.2 ([7, theorem 4]). Let G be a finite p-group such that G/®(G) and ®(G)
are non-trivial elementary abelian p-groups. Then G is a UCS group if and only if
Aut(G) induces an irreducible linear group on both G/®(G) and on ®(G).

Consider, for a group G, the natural homomorphism G — G/®(G). For g € G
and for H < G we define

g=9®(G) and H = H®(GQ)/®(G).
In particular, G = G/®(G).

LEMMA 2.3 ([7, theorem 4(iii)]). Let G be a finite UCS p-group of odd ewponent
p?. Then the map ¢: G — ®(G) defined by g = gP is a well-defined isomorphism

between the F,Aut(G)-modules G and ®(G). In particular, |G| = |®(G)|.

Suppose that G is a UCS p-group of odd exponent p? and let g € G. By
lemma 2.3, defining g = gy = ¢P, we obtain a well-defined isomorphism between
the F,Aut(G)-modules G and ®(G). If h € ®(G), then let h'/P denote the unique
preimage hg ! € G of h under ¢. Thus for every g € G and h € ®(G) we have

(@")Y? =g and (RY/P)P = h. (2.1)

THEOREM 2.4 [17, theorem 2.1]. Suppose that G is a UCS group, and N is its
proper non-trivial characteristic subgroup. Assume further that Aut(G) fizes no
non-trivial element of N UG/N. Then for all k > 1 the k-th direct power G** is a
UCS group, and N** is a characteristic subgroup of G**.

3. UCS p-groups and IAC algebras

We consider non-associative! algebras L over a field F satisfying xz = 0 for all z € L.
Our focus will be when char(F) # 2. Such an algebra is called anti-commutative
because yx = —zy holds for all z,y € L. As these algebras are more similar to Lie
algebras than to associative algebras, we henceforth write the product zy as [z, y].
An anti-commutative algebra L for which Aut(L) acts irreducibly on L will be
called TAC algebra (for irreducible and anti-commutative).

Let p be an odd prime and let G be a UCS p-group of exponent p?. By lemma, 2.3,
the map G — ®(G), defined by T+ 2P is an isomorphism of Aut(G)-modules.
Given A€, and 7 € G, considering A\ as an integer between 0 and p — 1, the

IPrecisely, we assume that the binary operation L x L — L may or may not be associative.
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scalar action AT = 2 is well-defined and turns G into a vector space over F,. It is
less obvious that the following product [Z, 7] for Z, ¥ € G is well-defined:

[Z,79] = [z,y]/? where z, y € G and [z,y] = 2 'y tay. (3.1)
Henceforth £(G) = (G, +, [,-]) will denote this F,-algebra.

LEMMA 3.1. Suppose that p is an odd prime and G is a finite UCS p-group of
exponent p?. Then L(G) defined above is an IAC algebra over Fy.

Proof. We first prove that the operation [-, -] given by equation (3.1) is well-defined.
Let vy, v9, wy, we € G such that v; = Uy and W, = Wy. Then vy = v12, and wy =
w12y With z,, 2, € ®(G). As z, and z,, are central, and G has nilpotency class 2,
we obtain that [vy, ws] = [v1,w1], and so [va, we]'/P = [v1, w;]'/P. Thus the value of
[-,-] is independent of the choice of coset representatives, and [-, -] is well-defined.
We prove next that [-, -] distributes over the addition in G. Take u,v,w € G and
note that [u, vw] = [u, v][u, w] holds since G has nilpotency class 2. Therefore

[a,v +w] = [u,vw]l/p = ([u,v][u,w])l/p = [uw]l/”[u,w]l/p = [u,v] + [u, w].

In addition, [7,7] = [v,v]"/? = 1Y/P, equals the zero element of G. Hence
[v,9] = 0 for all ¥ € G. An automorphism « € Aut(G) induces an F-linear trans-
formation @: G — G and a (restricted) isomorphism a: ®(G) — ®(G). Then, by
lemma 2.3, the map ¢: T — 2P intertwines o] and @, i.e.

plal)=ap or (al)p'=¢ 'a (32)
Hence

[a.7]a = [u,v]/P@ = [u, v]p~"a = [u,v)(al)p ™! = [ua,va]p ™!

Thus @ € Aut(£(G)). By lemma 2.2, Aut(G) induces an irreducible subgroup of
GL(G). Thus Aut(L(G)) is irreducible on G, and L£(G) is an TAC algebra as
claimed. g

In characteristic 2, we need not have |G/®(G)| = |®(G)| as in lemma 2.3. For
example, a non-abelian group G of order 8 is UCS and satisfies |G/®(G)| =4 >
2 = |®(G)|. Although our construction of £(G) works more generally, namely when
p>2 and G satisfies 1 < ®(Q) < Z(G), |G| = |#(G)|, and GP* = 1, the resulting
anti-commutative algebra £(G) need not be an irreducible Aut(L)-module when G
is not a UCS group.

Given an algebra L, the subspace [L, L] generated by all products [z,y] with
z, y € L is invariant under Aut(L). Thus if L is an IAC algebra, we have [L, L] =0
or [L,L] = L. If L = L(G) for some finite UCS p-group G of exponent p?, then
[L,L] = 0 occurs if and only if G is abelian. We will usually assume that this is not
the case; that is, [L, L] = L holds. Adopting the terminology from Lie algebras, an
anti-commutative algebra L is said to be abelian if [L, L] = 0.

The following result shows that the construction in lemma 3.1 can be reversed.
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THEOREM 3.2. Given an odd prime p and a finite-dimensional TAC algebra L
over I, there exists a finite UCS p-group G = G(L) of exponent p* such that
L(G)= L.

In theorem 3.5 we show that G = £7!, see remark 3.4.

Proof. Suppose that L has (finite) dimension r over I, and {v1,...,v,} is a basis. If
L is abelian, then we take G' to be the homocyclic group (C)2)". Clearly, L(G) = L
in this case, and so in the rest of the proof we assume that L is a non-abelian TAC
algebra.

Let H = Hj, be the r-generator free group in the variety of groups that have
exponent dividing p?, nilpotency class at most 2 and have the property that all p-th

(4.9)

powers are central. Assume that c¢; "’ are the structure constants of L; that is,

[oi, 0] = Y ey (3.3)
k=1

for all 1 <i < j <r. We consider the constants cgc 7) as elements of the field F,
as well as integers in {0,...,p — 1}. Suppose that hy,...,h, are generators of H
Define N < H as the subgroup

_ <[hi,hj]1ﬁ(hp) S 1§i<j<r>. (3.4)

k=1

As N < ®(H) < Z(H), the subgroup N is normal in H. Further, considering ®(H)
as an IF-vector space, the given generators of IV are linearly independent, and hence
IN| = pl&).

Set G = H/N. Then G is a finite p-group, and so the Frattini subgroup of G is

GPG' = (H/N)?(H/N) = (HYH'N)/N = ®(H)/N.

On the other hand, since ®(G') = GPG’ and the relations in N imply that G' < G?,
we find that ®(G) = GP. Since ®(G) < Z(G) and ®(G)? =1, the map ¢: G —
®(G) defined by g gP is a surjective Aut(G)-module homomorphism. Since
|(H)| :pH'(;) by [7, p. 87], we have |G| = |®(G)| =p", and the map g+~ gP
is an isomorphism.

As remarked before this theorem, G satisfies sufficient conditions for us to con-
struct the anti-commutative algebra L(G), as in lemma 3.1. Set g; = h; N for
1 <i<r, and define the linear map &: L — G by v;§ =7, for all ¢. We claim
that & is an isomorphism of F,-algebras. Indeed, by (3.1) and (3.4) we have

r S\
[vi€, v;€] = [9:, 9] = l9i- 95]'/" = (H (gi)cgd)> )

k=1
Using (2.1) and (3.3) this equals

T

H(( l/p (1 ) H (L ) [[Ui,vj]]f.

k=1 k=1
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Since |L| = |G| = p" and £ is surjective, it follows that ¢ is an Fp-isomorphism.
We claim that G is a UCS p-group of exponent p?. The construction of the p-group

G ensures that G and ®(G) are elementary abelian. By lemma 2.2, it suffices to

show that Aut(G) acts irreducibly on G and on ®(G). Fix a € Aut(L) and write

,
vy = Zaikvk where ¢ € {1,...,r} and a;, € F,.
k=1

As H is a relatively free group, there is a homomorphism «*: H — H satisfying

hio* = [] i where ai, € {0,1,...,p — 1}.
k=1

By Burnside’s Basis Theorem, a* € Aut(H).

We claim that N is invariant under o*. Define ¢: H' — HP as the linear map that
acts on the generators of H' by [h;, h;|¢ = H};:l(hi)cyd) for all i < j. Note that the
subgroup N equals {h~1(he) | h € H'}. Tt suffices to show that ¥a* = a*, since
this equality implies that (h=1(hy))a* = (ha*)~1(ha*)y for all h € H', and, in
turn, that IV is invariant under o*. Define v: H? — L by h?~ = v; and observe that
7 is a linear isomorphism. Similarly v Ay: H' — A?L defined by [h;, h;] — vi A v;
is a linear isomorphism onto the exterior square A2L of L. The map M: A2 L — L
defined by (u A v)M = [u,v] is an epimorphism since L = [L, L].

These maps are illustrated in diagram (3.5):

n

HY DAY A2p M Y e

o* oA\ o «*
e ]
H’ A’L L HP.

Ay M v!

v (3.5)

Since each square piece of diagram (3.5) is commutative, it follows that ¢ =
(y Ay)M~~1. Therefore ta* = a*y, as claimed, which, in turn, implies that N
is invariant under a*. Hence o* induces an automorphism & of G = H/N. Recall
that ¢: L — G satisfies v;¢€ = g,. It is straightforward to see that the following
diagram (3.6) is commutative:

H—$H/N=G — 5 G/O(G) =G =

) L
“| = 7 J=
H*»H/N:Gi»G/G)(G):GTL. (3.6)
Hence the equation @ = £ taé relates o € Aut(L) and @ € éut(@). Therefore
¢ 'Aut(L)¢ is contained in the group induced by Aut(G) on G, and so Aut(G)
acts irreducibly on G. At the start of the proof we showed that G and ®(G) are
isomorphic as Aut(G)-modules. Thus Aut(G) is irreducible on ®(G) also, and by

lemma 2.2, G is a UCS p-group of exponent p?. O
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Finite p-groups are commonly expressed using polycyclic presentations, see
[9, Chapter 8.

COROLLARY 3.3. Let L be an IAC algebra over F, p odd, with basis {v1,...,v,} and
suppose [vi, v;] = S3r_, vy where ") € F,. Then the UCS group G(L) defined
in theorem 3.2 is isomorphic to the group given by the polycyclic presentation

G: <gla"'7g1"7zlv"'7z7‘|

r (i)
D

9; = Zi, Zf = [Z]7gZ] = [2272]] 7 gwgg H zk 7’ < j (37)

Proof. Identify the scalars c,(:"J ) e F, in (3.7) with integers in the set
{0,1,...,p—1}. The group presentation (3.7) is called a polycyclic presentation,
and it has the property that the elements of the group defined by the presen-
tation can be expressed in the form g{'--- g% z{"™" ... 222" where the exponents
satisfy 0 < o; < p— 1 for 1 <i < 2r. This shows that |G| < p?". If equality holds,
the presentation is called consistent, see [9, page 280].

Recall in the proof of theorem 3.2 that G(L) := H/N where H = Hp,, and N is
the normal subgroup defined by (3.4). Suppose, as in the proof of theorem 3.2, that
H is generated by hq,...,h,. Since the map x: G — H/N defined by g;x = h;N
and z;x = h’ N preserves the relations in (3.7), it is a homomorphism. How-
ever Y is surjective, so x is an isomorphism, and the presentation (3.7) must be
consistent. g

As introduced in the introduction, for a prime p, we let IAC, denote the set of
isomorphism classes of finite dimensional IAC algebras over F,, and we let UCS,2
denote the set of isomorphism classes of finite UCS p-groups of exponent p?.

REMARK 3.4. Let p be an odd prime. We have well-defined maps on isomorphism
classes UCS,2 — IAC, with [G] — [£(G)] as per lemma 3.1 and IAC, — UCS,2
with [L] — [G(L)] as per theorem 3.2. It is convenient to identify isomorphism
classes [G] and [L] with G and L respectively, and use = instead of =. With this
abuse in mind, £ and G can be viewed as mutually inverse functions.

THEOREM 3.5. Let p be an odd prime.

(a) If G is a finite UCS group of exponent p?, then G(L(G)) = G.
(b) If L is a finite-dimensional IAC algebra over F,, then £(G(L)) = L.

Therefore the maps G: IAC,, — UCS,2 and L: UCS,2 — IAC, are bijections.

Proof. (a) Let G be a finite UCS p-group of exponent p?, say with r generators.
Suppose that {g1,...,g,} is a minimal generating set for G. Since G’ = G? there

https://doi.org/10.1017/prm.2018.159 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.159

UCS p-groups and anti-commutative algebras 1835

exist constants c,(:’j ) satisfying:

9i,9;] = H(gz)cg"]) where 1 <i<j<r and0< cg”) <p-—1. (3.8)
k=1

Introducing redundant generators zj, := g, we see that G has a polycyclic presenta-

tion of the form (3.7). It follows from (3.1) that [g,,9,] = -, c,(;’J)gk. Therefore
the numbers cg’] ), interpreted as elements of the field F,, are structure constants
of L := L(G). By corollary 3.3 the group G(L) has a polycyclic presentation of the
form (3.7) involving the same c,(;"]). This proves that G(L(G)) = G as desired.

(b) Let L be a finite-dimensional IAC algebra over F,. Theorem 3.2 proves
precisely that £(G(L)) 2 L where the minimal number of generators of G(L)
is dim(L). O

We denote the kernel of the homomorphism Aut(G) — Aut(G/Z(G)) by
Autc(G). The elements of Autc(G) are called central automorphisms of G.

THEOREM 3.6. Let G be an r-generator UCS p-group of exponent p? where p > 2,
and let L = L(G). Then Aut(G)/Autc(G) =2 Aut(L) where Aute(G) is elementary
2

abelian of order p™ .

Proof. Let G be an r-generator UCS p-group of exponent p?. Write A = Aut(G).
Each a € A induces an @ € Aut(G) defined by ga = (ga)®(G) and a+— @ is a
homomorphism. The additive group of L := £(G) is G, and it was shown in the
proof of theorem 3.2 that o+ @ defines a surjective homomorphism Aut(G) —
Aut(L). The kernel K of this epimorphism comprises those o € A with ga =g for
all g € G. Since ®(G) = Z(G), K is the group Autc(G) of central automorphisms.
Therefore, Aut(G)/Autc(G) = Aut(L) as claimed.

Let o € K be a central automorphism. Then go = gz, for some z, € Z(G) for
all g € G. Since [g1c, g20] = [91, 92] and G’ = Z(G), we see that « acts as the iden-
tity on Z(G). Hence z, depends only on the coset ¢®(G) =g and we may write
25 = z4. This gives a function G — Z(G) defined by g — z7. There is a well-known
isomorphism Autc(G) — Homp, (G, Z(G)) taking a to the map g +— z7. However,
Homg, (G, Z(G)) is isomorphic to the additive group of r x r matrices over IF,,. Thus

Autc(G) is elementary abelian of order p”2. (By contrast, the group Inn(G) of inner
automorphisms, which is a subgroup of Autc(G), has order only p".) O

4. The structure of UCS p-groups and ITAC algebras

In this section, we prove that a finite-dimensional TAC algebra over an arbitrary
field is semisimple in the sense that it is a direct sum of pairwise isomorphic simple
algebras. This leads naturally to the study of simple IAC algebras in §5. As noted
in the introduction, invariant non-associative algebra structures also appeared in
the study of finite simple groups, and a result similar to our theorem 4.2 was proved
in [12, lemma 2.4]. Since our context is somewhat different, we present our theorem
with a proof. We will also extend the group—algebra duality established in §3. In
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proposition 4.4 we exhibit a bijection between subalgebras of L and powerful sub-
groups of G = G(L) that contain ®(G). This is reminiscent of the duality between
field extensions and groups in Galois theory, because the substructures match.

Let V' be a vector space. An irreducible subgroup H of GL(V) is called imprim-
itive if there is an H-invariant direct sum decomposition V =V, & --- &V, with
£ > 2. We call the decomposition V =V, @ - - - ® V; an imprimitivity decomposition
for H. If no such decomposition exists, we call H primitive. By the irreducibility
of the acting group, an imprimitivity decomposition is necessarily equidimensional;
that is dim V; = dim Vj for all subspaces V;, V; of the decomposition.

Suppose that V=V, & --- @V} is an imprimitivity decomposition for an irre-
ducible subgroup H < GL(V'). Then the action of H induces a permutation group
on the set {Vi,...,V,}. Further, H is isomorphic (as a linear group) to a subgroup
of the wreath product GL(r/¢,F)! K where r = dimV and K < S; is permuta-
tionally isomorphic to the group induced by H on {Vi,...,V;}. The structure
of GL(r/¢,F)1S; is described in [16, §15]. The following theorem is commonly
attributed to Clifford, see [16, lemma 4, §15].

THEOREM 4.1. The following hold.

(a) Given a vector space Vi over a field F, a non-trivial subgroup A; < GL(V4)
and a transitive subgroup P < 'Sy, the subgroup Al P of GL((V}1)®Y) is
irreducible if and only if Ay is irreducible on V.

(b) Suppose that A < GL(V) is irreducible on the vector space V' and preserves
the imprimitivity decomposition V.=V, & --- ® V. Then A is conjugate in
GL(V) to a subgroup of GL(V1)1Se. Further, A is transitive on {Vi,...,V;}

and the setwise stabilizer Ay, is irreducible on V.
Using Lie theoretic notation, the centre of an anti-commutative algebra L is
Z(L):={zx e L|[z,y] =0forally € L}.

Since Z(L) is invariant under Aut(L), we see, for a non-abelian IAC algebra L, that
Z(L)=0.

The next theorem shows that an TAC algebra (over an arbitrary field) is
semisimple. See [12, lemma 2.4] for a similar result.

THEOREM 4.2. The following hold.

(a) Suppose Lg is a simple IAC algebra, and € > 1 is an integer. Then the direct
sum L = (Lo)®* is an IAC algebra. Further, if Ly is non-abelian, then L =
(Lo)®¢ has precisely £ minimal ideals namely the given direct summands, and
in particular Aut(L) = Aut(Lg) 1 Se.

(b) Let L be an IAC algebra of finite dimension. Then L =2 I®% for some simple
TAC subalgebra I of L and some £ > 1. Further, if L is non-abelian, then { is
the number of minimal ideals of L.
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Proof. (a) If Ly is abelian, then so is L. Thus dim(Ly) =1 and Aut(L) = GL(L)
acts irreducibly. Hence L is TAC.

Suppose now that Lg is non-abelian. Let Lq,..., L, be the summands of the
direct sum decomposition of L. Then, for ¢ > 1, L; is a minimal ideal of L. We
claim that each minimal ideal I coincides with L; for some i > 1. Assume, seeking
a contradiction, that I # L; for all ¢ > 1. Then, the minimality of I implies [L;, I] C
L;NI=0for all i > 1. Thus [L,I] =0, and so I < Z(L); this is a contradiction
as Z(L) = 0. Therefore Ly,..., Ly are all the minimal ideals of L as claimed. Now
Aut(L) contains the wreath product W = Aut(Lg)1S, and W is an irreducible
subgroup of GL(L) by theorem 4.1(a). Thus L is an TAC algebra. The group Aut(L)
permutes the minimal ideals of L, and hence L = Ly & - - - & Ly is an imprimitivity
decomposition of Aut(L). Further, the stabilizer of L; in Aut(L) induces a group of
automorphisms of L;, which shows, by theorem 4.1(b), that Aut(L) < Aut(Lg)S.
Therefore, Aut(L) = Aut(Lo) 1S as claimed.

(b) Let L be a finite-dimensional IAC algebra and set A = Aut(L). If L is abelian,
then L = F®! where ¢ = dim(L), and each copy of F is a simple IAC algebra of
dimension 1. Thus in this case the assertion is valid. Suppose that L is non-abelian.
As noted above, Z(L) = 0. Let I be a minimal ideal of L and set Z = {Ia | a €
A}. Define K =3, .;J; then K is a non-trivial ideal of L which is invariant
under A. Thus K = L because A acts irreducibly on L. We show that the sum
> jerJ is direct. Given Jy € Z, set Jo = > ser\(Jo} J- We are required to show
that JoNJo = 0. If J € Z\{Jo}, then JoNJ < L, and, by the minimality of .J, we
have that Jy N.J = 0. On the other hand, [Jo, J] < Jo N .J, and hence [Jp, J] = 0.
Thus Jy centralizes each of the elements of Z\{Jy}, which gives that [Jo, Jo] = 0.
Then

[[Jo ﬁjo,L]] = [[JO ﬁjo,Jo —|—j0ﬂ = [[Jo ﬂjo,Jo]] =0,

which implies that Jo N Jo < Z(L), and, in turn, that Jo N Jo = 0. Thus L is equal
to the direct sum @ ., J as claimed. Write L = I @€ where [ is a minimal ideal of
L and { = |Z|.

It remains to show that I is IAC. As [ inherits anti-commutativity from L, we
need to show that Aut([) is irreducible on I. Since Aut(L) permutes the elements
of Z, the decomposition L = @ ;. J is an imprimitivity decomposition for Aut(L).
Let A; denote the setwise stabilizer of I in Aut(L). Then A; induces a group of
automorphisms of I that is irreducible on I by theorem 4.1(b). Hence I is an TAC
algebra. O

THEOREM 4.3. Let G be a finite UCS p-group of exponent p* for some odd prime p
and let k > 1. Then G** is a UCS p-group of exponent p* and L(G**) = L(G)®*.

Proof. The assertion of the theorem holds if G is abelian, and so we may assume
that G is non-abelian. Certainly G** has exponent p?. Moreover,

B(G™F) = 2(G)* and  G*F/D(G*F) = (G/0(G))F =G

By lemma 2.2, Aut(G) is irreducible on G and on ®(G). Further, since G is

non-abelian, G and ®(G) are non-trivial Aut(G)-modules. Since Aut(G)1Sy <
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Aut(G**), it follows from theorem 4.1(a) that Aut(G**) acts irreducibly on
G*F/®(G*F) and on ®(G*F), and thus G** is a UCS p-group, by lemma 2.2.

We now prove that £(G**) = L£(G)®*. Let G; denote the i-th copy of G
in the direct product G**. Set L = L£(G**) and, for i=1,...,k, let L; =
G ®(G*F)/®(G**). We claim that L; < L. First, if w, v € L; with u, v € Gy,
then [@,v] = [u,v]'/? € L;. Hence L; < L. If g; € G; and g; € G; with i # j, then
[9:,9;] = 1, and so [g;,g;] = 0. This shows that L; is an ideal of L for each
ie{l,...,k}. Since

k k
L(GF) = &k jo(@F) = P Gie(@ R je(¢F) = P L,
i=1 =1
and each L; is isomorphic to £(G), we obtain that £(G**) = L(G)®*. O

Powerful p-groups were introduced by Lubotzky and Mann [15]. A finite p-group
G is said to be powerful if G’ < GP when p > 2, and G’ < G* when p = 2. A sub-
group N of a p-group G is said to be powerfully embedded in G if [N,G] < NP
when p > 2 and [N, G] < N* when p = 2. A powerfully embedded subgroup of G is
always normal in G.

PROPOSITION 4.4. Let G be a finite UCS p-group of odd exponent p?, and L =
L(G).

(a) There is a bijection between the set of subalgebras of L and the set of powerful
subgroups of G that contain ®(G).

(b) The ideals of L correspond, via part (a), to powerfully embedded subgroups
of G.

Proof. There is a bijection H «» H := H/®(G) between the set of subgroups of G
that contain ®(G), and the set of subgroups of the quotient G'= G/®(G). The
subgroups of G are precisely the linear subspaces of L. We show first that H is a
powerful subgroup of G if and only if H is a subalgebra of L which we henceforth
denote as H < L.

Suppose that H < L and let hy, hy € H. Then [hy,hs] € H, and so [hy, ho] = h
with h € H. The definition in (3.1) of the product in L implies that [hq, he] = h?,
which shows that H' < HP, and hence H is powerful. Conversely, suppose that H is
powerful. Suppose hi, ho € H. Then (hihs)? = hYhY since p > 2, so the subgroup
H? = (h? | h € H) equals the subset {h? | h € H}. Since H' < H?, it follows that
[h1, ho] = hP for some h € H. Thus [h1,ha] = [h1, ho]'/? = h € H by (3.1), and so
H<L.

Suppose now that H is powerfully embedded in G. We have, for every h € H and
g € G, that [h, g] = hf for some hy € H, and so [h,g] = [h,g]'/? = hg € H. Hence
H < L. On the other hand, suppose I < L. Then I = H for some H < G with
®(G) < H. Since H is an ideal, for every h € H and g € G we have [h, g] = ho for
some hy € H. Hence, [h, g]'/? = hg, and so [h, g] = k. Thus [H,G) < HP and H is
powerfully embedded in G. ]
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By theorem 4.2, every non-trivial proper ideal of an IAC algebra is a direct
summand. Now we state and prove a corresponding result for UCS p-groups of
exponent p2.

COROLLARY 4.5. Let G be a finite UCS p-group with odd exponent p?. There exists
a subgroup H of G satisfying the following conditions:

(a) H is powerfully embedded in G and ®(G) < H, and
(b) H is minimal among the subgroups of G satisfying (a).

There exists a UCS subgroup Hy of G of exponent p? such that G = (Ho)* for some
k>1, and Hy®(G) = H.

Proof. A subgroup H satisfying conditions (a) and (b) does exist because G’ < GP
and G satisfies condition (a). Set L = L(G) and Ly = H/®(G). By lemma 3.1, L is
an TAC algebra, and Ly < L by proposition 4.4. Since L is minimal, and hence sim-
ple, L = (Lo)®* for some k > 1 by theorem 4.2(b). However, Hy = G(Lg) is a UCS
group of exponent p? by theorem 3.2, and so too is (Hp)** by theorem 4.3. How-
ever, L((Ho)**) = L(Ho)®* = L(G(Lo))®* = (Lo)®* = L. Therefore L((Hy)**) =
L(G). We obtain, by theorem 3.5, that (Ho)** = G(L((Ho)**)) = G(L(Q)) = G,
and similarly Lo = £(G(Lo)) = L(Hy). Finally, since Lo = Hy/®(Hy) = H/®(G),
we have H = Hy®(G). O

By theorem 2.4 (also by theorem 4.3), if G is a UCS p-group of exponent p?,
then G** is also a UCS p-group of exponent p?. Hence in the class UCS,2, the
groups that cannot be decomposed non-trivially as direct powers can be viewed as
basic building blocks. The final result of this section gives sufficient and necessary
conditions for a UCS p-group of exponent p? to be indecomposable as a direct
power of a smaller such group. The corollary follows easily from theorem 4.3 and
corollary 4.5.

COROLLARY 4.6. The following are equivalent for a non-abelian finite UCS p-group
of odd exponent p?:

(a) G cannot be written as a direct product H** where H is a UCS p-group and
k>2;

(b) G does not contain a powerfully embedded proper subgroup N such that
(@) < N;

(¢) L(G) is a simple algebra.

5. Simple IAC algebras of dimension at most 4

For an anti-commutative algebra of dimension r we have dim[L, L] < (}). Thus
an r-dimensional TAC algebra is abelian and simple if » = 1, and abelian and non-
simple if r = 2. In this section, we classify simple IAC algebras of dimension 3 and 4
in proposition 5.1 and theorem 5.3, respectively.
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5.1. 3-dimensional TAC algebras

The proof of the following proposition uses ideas from the proof of [7, lemma 9].

PROPOSITION 5.1. If L is a non-abelian 3-dimensional IAC algebra over a field F

of characteristic different from 2, then L is a simple Lie algebra and Aut(L) =
SO(3,F).

Proof. Suppose that L is a non-abelian 3-dimensional TAC algebra. Let e = {ey, eq,
es} be a basis for L and set f; = [eq,e3], fo = [es,e1] and f3 = [e1,ez]. Since
[L, L] = L, we have that f = {f1, fa, f3} is also a basis for L. Write f; = 2?21 ajje;
where a;; € F and ¢ € {1,2,3}, and consider the 3 x 3 invertible matrix A = (a;;).
We claim that L satisfies the Jacobi identity if and only if A is symmetric. Since L
is 3-dimensional, L satisfies the Jacobi identity if and only if the following equation
holds:

0= [[617 [[62763]“] + [[627 [[63761]]H + [[637 [[61,62]]]] = [[61,f1]] + [[627f2ﬂ + [[63,f3]].

Using the linear combinations for the f;, we obtain the equivalent equation:

arzfler, ea] + aisfer, es] + azi ez, e1] + aosfes, es] + asifes, e1] + asz[es, ea] = 0.

Finally, the last equation is equivalent to the statement that A is a symmetric
matrix.

We now prove that A is a symmetric matrix. Let g € Aut(L) and let [g]. and [g];
denote the matrices that represent g in the bases e and f, respectively. We claim
that [g]; = det[g]c([g]c) " where (-)~" denotes the inverse transpose operation. Let
[9]e = (i) and [g]y = (fi;). As g € Aut(L), we have

fig = ez, es]g = [e2g, esg] = [g21€1 + gazea + gases, gs1e1 + gsaea + gazes]
= (922933 - 923932)[[62; 63]] + (923931 - 921933)[[63, €1ﬂ
+ (921932 — g22931)[e1, ez]-

This gives the first of the following equations, the others follow by cyclic
permutations:

119 = (922933 — g23932) f1 + (923931 — g21933) f2 + (921932 — 922931) f3;
fo9 = (932913 — g33912) f1 + (933911 — g31913) f2 + (931912 — 932911) f3; (5.1)
f39 = (912923 — 913922) f1 + (913921 — g11923) f2 + (911922 — 912021) f3-

By Cramer’s Rule, the 3 x 3 system (5.1) has coefficient matrix det([g].)([g]e) "
Therefore, [g]f = det([g]e)([g]e) !, as claimed. For v € L, let [v]. and [v]; denote
vector representations of v in the bases e and f, respectively. The matrix A =
(a;j) acts as a basis transformation matrix from the basis e to the basis f
and [v]; = [v].A. Therefore, [g]. = Alg]fA™" and so [g]. = Adet([g]¢)([g]e) tA™,
which implies that [g]cA[g]t = det([g]c)A. This says that g preserves the bilinear
form (u,v) — [u]oA([v]e)! up to a scalar multiple. In the next paragraph, we prove
that A" = A.

https://doi.org/10.1017/prm.2018.159 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.159

UCS p-groups and anti-commutative algebras 1841

Consider the group G(A) := {B € GL(3,F) | BAB' = det(B)A}. The previous
paragraph shows that g € Aut(L) implies [g]. € G(A). Let J be the skew-symmetric
matrix A — A', and define G(J) ={B € GL(3,F) | BJB' = det(B).J} similarly.
Clearly G(A) is a subgroup of G(J). Note that if w € ker(J) and B € G(J), then

wBJ = wBJB'B~" = det(B)wJB~" = 0.
Hence G(J) fixes the subspace
ker(J) = {v € F? | vJ = 0}.

Since Aut(L), considered as a subgroup of GL(3,F), is contained in G(A) and
G(A) < G(J) and Aut(L) acts irreducibly on L, we see that ker(J) must be 0 or L.
Further, since the matrix J = A — A? is skew-symmetric, we obtain that

det(J) = det(J") = det(—J) = (—1)*det(J), and so 2det(J) = 0.

Thus, since char(F) # 2, det(J) = 0. Therefore, ker(J) # 0, and hence ker(J) = L.
Thus A — A" = J =0, and A is symmetric, as claimed. As explained in the first
paragraphs of this proof, we obtain that L is a Lie algebra. Since L is non-abelian
and TAC, theorem 4.2 implies that L is the direct sum of pairwise isomorphic simple
TAC algebras. As dim L = 3 and an TAC algebra of dimension 1 is abelian (see the
paragraph before proposition 5.1), the algebra L must be simple.

Let g € Aut(L). Since [g]c < G(A) we see that [g]cA([g]e)" = det(g)A. However,
A is an invertible 3 x 3 matrix, so taking determinants gives det(g)?det(A) =
det(g)3 det(A). Hence det(g) =1, and g preserves the symmetric bilinear form
defined by A. Hence we have shown that Aut(L) lies in the subgroup SO(3,TF)
of G(A). Suppose g € SO(3,F). The steps in the second paragraph of the proof are
reversible, so it follows that g € Aut(L). Thus we conclude that Aut(L) = SO(3,F),
as desired. (]

Proposition 5.1 can be reversed: a 3-dimensional simple Lie algebra is IAC. This
follows from the fact that the automorphism group of a 3-dimensional simple Lie
algebra is isomorphic to the irreducible group SO(3,F) stabilizing its Killing form.
If IF is a finite field or an algebraically closed field of characteristic different from 2,
then the only 3-dimensional simple Lie algebra over F, up to isomorphism, is the
classical Lie algebra sl(2,F) which is TAC. More generally, if n > 2, and F is a field
of characteristic 0 or of characteristic p such that p t n, then the group GL(n,F) acts
on the simple Lie algebra sl(n,F) by the adjoint action g: x — 29 = g~ lag for all
x € sl(n,F) and g € GL(n,F). Since this action is irreducible (see [1, lemma 5.4.10]),
the simple Lie algebra sl(n,F) is TAC. It would be interesting to study whether all
known finite-dimensional simple Lie algebras are TAC, but this problem goes beyond
the scope of this paper. By [8, Hauptsatz], if L is a finite-dimensional Chevalley-type
simple Lie algebra in characteristic different from 2, then L is TAC.

Interesting examples of TAC algebras can also be found among Malcev algebras.
For a field F of characteristic different from 2, the algebra O(F) of octonions can be
viewed as an anti-commutative algebra under the multiplication [a,b] = ab — ba.
If char(F) # 3, then the algebra (O(F),+,[-,-]) is not a Lie algebra, since O(F) is
not associative. Further, the algebra (O(F), -+, [-,-]) can be written as F & M where
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M is a 7-dimensional anti-commutative algebra and the simple exceptional group
G4 (F) acts irreducibly on M (see [21, §4.3]). Hence M is an TAC algebra. By [14,
theorem 3.11], non-Lie central simple Malcev algebras over fields of characteristic
different from 2 or 3 are 7-dimensional and can be defined similarly to the algebra
M above. By [14, theorem 3.11], over a finite field of characteristic different from
2, there is a unique isomorphism type of central simple non-Lie Malcev algebras;
namely, the algebra M defined above.

5.2. 4-dimensional TAC algebras

In [7, theorem 17|, the authors classified 4-generator UCS p-groups with exponent
p?. The bijection in theorem 3.5 gives a classification of 4-dimensional simple IAC
algebras over F,, where p is an odd prime. Using the ideas of the proof of [7,
theorem 17], this classification is extended in theorem 5.3 to all finite fields of
characteristic different from 2.

The concept of ESQ-modules was defined in [7]. Let us recall the definition.

DEFINITION 5.2. For a group H and a field F, an FH-module V is called an ESQ-
module (for exterior self-quotient) if there exists an FH -submodule U of N2V such
that N2V /U =2 V. In this case, H is called an ESQ subgroup of GL(V).

If A is a non-abelian finite-dimensional TAC algebra over a field F, then the
product map ¢: A? A — A, defined by (uAwv)y = [u,v], is an epimorphism of
Aut(A)-modules. Hence A2A/ ker1) =2 A, and so A is an irreducible ESQ FAut(A)-
module. Conversely, let V' be an irreducible ESQ-module for a group H over a
field F and let U < A%V such that A2V/U =2 V. Assume that 1: A2V — V is an
epimorphism with kernel U. Then we can define an anti-commutative product on
V by setting [u,v] = (v Av)y and we obtain that (V,+,[-,-]) is an IAC algebra
whose automorphism group contains H as a subgroup.

THEOREM 5.3. Let Fy, be a finite field of q elements and assume that the
characteristic of F, is not 2. Then the following are valid.

(a) If char(F,) =5, then there exists no 4-dimensional simple TAC algebra
over F,.

(b) If g==+1 (mod 5), then there exists, up to isomorphism, a unique
4-dimensional simple IAC algebra over F,. Further, this algebra is isomorphic
to the algebra given by the presentation

(e1,e2,e3,eq | [er,e2] = e1 + ez + Ses + 3ey,
[[61, 63]] = —4deq — deg + Oeg — 2ey,
[[617 64]] = 261 + 462 — 463 — 264,
[e2,es] = —3e; — lea + les + 3ey
[e2,ea] = 2e1 + Oeg + deg + 4ey,

[es,es] = —3e1 — Hea —e3 — e4).
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(¢) If ¢=+2 (mod 5), then, up to isomorphism, there are exactly two
4-dimensional simple IAC algebras over Fy; one of these algebras is given
by the presentation in statement (b).

Moreover, the automorphism group of the algebra presented in (b) is AGL(1,5),
while the automorphism group of the second algebra in (c) is Cs.

Proof. Since the proof follows the ideas in [7, theorem 17|, we only give a sketch;
the details can be filled in by the reader consulting [7, theorem 17].

(a) It follows from [7, theorem 16] that no irreducible ESQ subgroup of
GL(4, q) exists if 5| g, and hence over finite fields of characteristic 5, there are
no 4-dimensional simple IAC algebras. This proves (a).

Suppose ¢ = p* where p # 5 is a prime and k > 1. By quadratic reciprocity, 5 €
(Fy)? if and only if ¢ = £1 (mod 5). To see this note first that ¢ = +2 (mod 5)
implies p = £2 (mod 5) and k is odd, so 5 & (F)*)* and 5 ¢ (F*)%. On the other
hand, if 5 € (F))?, then either k is even and 5 € (IF‘;Q)2 < (Fy)?, or k is odd and
p =1 (mod 5) and so 5 € (F))* < (F))2.

(b) Let L be a 4-dimensional simple IAC algebra over F, and set A = Aut(L). By
the discussion preceding this theorem, A is an irreducible ESQ-subgroup of GL(4, q).
We can argue, as in the proof of [7, theorem 17], that A < AGL(1,5) contains C5 and
that if A = AGL(1,5), then L is isomorphic to the algebra presented in (b). By [7,
theorem 16], 5 € (F)? if and only if no proper subgroup of AGL(1, 5) is irreducible.
Hence in this case the algebra L presented in statement (b) is, up to isomorphism,
the unique simple IAC algebra of dimension 4 over Fy, and Aut(L) = AGL(1, 5).

(¢) Assume now that ¢ =42 (mod 5). One possibility by [7, theorem 17] is
that a simple 4-dimensional TAC algebra L is given by the presentation (b), and
Aut(L) = AGL(1,5). Suppose now that A # AGL(1,5). The cyclic subgroup Cj
of AGL(1,5) is contained in A, and it is irreducible since ¢ = +2 (mod 5). Let V
be a 4-dimensional vector space over Fy. Let a € GL(4,q) be an element of order
5, which is unique up to conjugacy. Then the (a)-module A%V can be written as
A2V =W @ C where W 2V and C is the 2-dimensional fixed-point space of a.
An TAC algebra structure on V is determined by an epimorphism ¢: A2V — V.
As in the proof of [7, theorem 17], there is a bijection between the set of such
linear epimorphisms and the set of subspaces N of V @ A2V such that dim N = 4,
NNV =0,and NN A2V = C. If fact, identifying V and W with the field Fga, we
may define, for each w € W\{0} such a subspace N,, exactly as in [7, theorem 17].
Now using the argument in [7, theorem 17], the multiplicative group of Fga acts
on the set of subspaces N,,, inducing isomorphisms between the associated TAC
algebras, with 5 orbits corresponding to the cosets of the multiplicative subgroup
(Fqﬁ)? Then Gal(Fg : Fy) = Cy also acts on the set of these subspaces N, also
inducing isomorphism between the associated algebras, fusing the 4 orbits that cor-
respond to non-trivial cosets and leaving the fifth orbit invariant. Therefore, there
are two IE‘qX4 x Gal(FF g : [Fy)-orbits on the set of subspaces Ny, and there are two
isomorphism types of simple 4-dimensional TAC algebras. (|

The TAC algebras given in theorem 5.3(b,c) are members of an infinite family:
take ¢ = 5 in the following theorem and note that ATL(1,5) = AGL(L,5).
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THEOREM b5.4. If t and q are powers of distinct primes such that t > 3, then
there exists a (t — 1)-dimensional IAC algebra over F, whose automorphism group
contains ATL(1,t) acting in its irreducible representation of dimension t — 1.

Proof. By [7, theorem 18] the (¢ — 1)-dimensional module for AT'L(1,t) over F, is
irreducible and ESQ. The result now follows from the preamble to theorem 5.3. [

6. r-dimensional simple TAC algebras

In this section, we construct an infinite family of finite-dimensional simple TAC
algebras. We will work under the following hypothesis.

HYPOTHESIS 6.1. Fiz an integer b > 2. Let n > 1 be a divisor of b*> +b — 1. Since
b(b+1)=1 (mod n), b is invertible modulo n, and let r be the multiplicative order
of b modulo n. Suppose that r > 1 and let q be a prime power such that n | (¢ —1).
Let V = (Fy)" have basis e, e1,...,er_1.

There are infinitely many choices for a prime-power ¢ with ¢ =1 (mod n) by
Dirichlet’s Theorem on primes in an arithmetic progression.

Let ¢ be an n-th root of unity in F, and let G be the subgroup of GL(r,F)
generated by the matrices

0 1 0 C 0 ... 0
. 0 ¢ 0
A= : and B =
0 0 1 -
10 0 0 0 ... ¢

Direct calculation shows that A” = B" =1 and BA = AB® ' where b~! denotes
the inverse of b modulo n. Let V = (F,)", and consider V' and its exterior square
A2V as G-modules. Since B is a diagonal matrix with pairwise distinct eigenvalues,
and A cyclically permutes the 1-dimensional eigenspaces of B, we obtain that G
acts irreducibly on V.

PROPOSITION 6.2. Assume hypothesis 6.1 and let
U =(eiNej|j—i=1modr)=(egANer,e1 Nea,...,er—a Ner_1,6r—1 N€g);
Us=(e; Nej|j—i#1modr).

Then the following are valid:
(a) A2V = Uy @ Uy is a G-invariant decomposition;

(b) the map 1: V — U; defined by e;v) = e;q1 N ejro reading subscripts modulo r
is a G-module isomorphism; and

(¢) V is an ESQ G-module.

Proof. (a) Reduce the indices ¢ modulo r if ¢ > r. Then {e; Ae;jy1 |0 <i<r—1}
is a basis of Uy. Since (e; A e;11)A = ej+1 A €42, we see that Uy A = Uy. A similar
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argument shows that Uy A = Us. Since B is a diagonal matrix, we see that (e; A
e;)B = (e; ANej) for all i < j, and hence Uy B = U; and UsB = Us. Thus A?V =
Uy @ Us is a G-invariant decomposition, as claimed. v ‘ ‘

(b) Note first that b2 + b= 1 mod n implies ¢*" % = ¢ and ¢*" """ = ¢¥' Let
us verify that ¢ commutes with A and with B:

€AY = €ip1) = €ip2 A €iys = (eit1 A eipa) A = eipA;
eiBY = ¢ eip = (" (eis1 Aeisa) = ¢ (e Aeira)
= (eir1 Neir2)B = e B.
Since 1 is surjective and dim(V) = dim(V¢) = dim(U;), we obtain that 1 is a
bijection. Thus % is an isomorphism of G-modules.

(¢c) This follows from (b) and the above fact that V is an irreducible
G-module. O

Using the ESQ G-module V' constructed before proposition 6.2, we can construct
an TAC algebra L that corresponds to V.

COROLLARY 6.3. Assume hypothesis 6.1. Let L be the vector space V = (F,)" with
an anti-commutative product defined on the basis {eg,e1,...,er—1} by

[[60761]] =Cr—1,
[[ei_l,ei]] = €;—2 fOTi: 2,3,...,7‘ - 1,
Her—la 60]] = €r—2,

lei,e;] =0 if j—i#=+1 (modr).
Then L is an r-dimensional simple IAC algebra.

Proof. Tt follows from proposition 6.2 that L is TAC. Let us show that L is simple.
Suppose that I < L and let v € I\{0}. Write v = vgeg + -+ + vp_1€,—1 With v; €
F,. Suppose without loss of generality that vy # 0. Then using the multiplication
table of L, we obtain that

[[v,e1], eo] = [voer—1 — vaeq, o] = voer—a.

Hence e,_5 € I. Multiplying e,_o with the elements e,._1,eq,...e,_3, we obtain
that e; € [ for alli € {0,...,7 —1}. Thus I = L, and so L is simple as claimed. O

7. The Clebsch—Gordan formula for the exterior square

The aim of §8 is to present a class of ESQ modules for the group SL(2,F). In this
section, we prove a general version of the Clebsch—Gordan Formula for the exterior
squares of the representations of GL(2,F) on spaces of homogeneous polynomials
that is valid over fields of characteristic p. Such results are usually proved for
SL(2,F), but generalizing to GL(2,F) does not require much more effort.
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Let T be a field of characteristic different from 2 and let F[X, Y] be the algebra
of polynomials over F in two indeterminates. An action of GL(2,F) on F[X,Y] is
given by

(Z /\z‘inYj> A= Z Aij(a11 X + a12Y) (a21X + azY)’ (7.1)

where A = [ZH le] . For each integer m > 0, the subspace of homogeneous poly-
21 Q22

nomials of degree m is invariant under this action. This space has dimension m + 1
since {X*Y™~?| 0 < i < m} is a basis. When char(F) = 0 this space is denoted V,,,
and it is an irreducible FG-module for each m > 0. However, if F =[F, is a finite
field, say with char(FF,) = p, we use a different definition when p < m < ¢. In this
case, the homogeneous polynomials of degree p have a proper submodule, namely
(X?,YP). The irreducible SL(2,F,)-modules in characteristic p were determined
by Brauer and Nesbitt, and described clearly in [1, theorem 5.2.3]. There are ¢
pairwise non-isomorphic and absolutely irreducible FG-modules which we denote
Vo, Vi,..., Vaor. If m < p, then V,,, denotes the subspace of homogeneous polyno-
mials of degree m as above. If p < m < ¢, the definition of V;, depends on the
p-adic expansion m = mg +mip + --- + mgp® of m where m; € {0,1,...,p— 1}
and k := [log, m|. We set Vi = Vipyy @ V2 @ -+ @ V,fi where V¢ denotes the FG-
module obtained from V by twisting by the field automorphism ¢: F — F with
Ap = AP, see [10, definition VII.1.13].

We are interested in irreducible ESQ-modules, i.e. irreducible modules V' which
are a quotient of their exterior square. The decomposition of V,, ® V,, as a mod-
ule over SL(2,C) was described by Clebsch and Gordan, see [13, theorem 2.6.3].
Our primary interest is in GL(2,F)-module decompositions when F is finite. In
the following theorem, V,, is the GL(2,F)-module of homogeneous polynomials of
degree m and Vye is the 1-dimensional GL(2,F)-module on which GL(2,F) acts by
the rule vg = (det g)v for all v € Vger and g € GL(2,F). For a G-module V', we let
S2V denote the symmetric square of V.

THEOREM 7.1. Let F be a field of characteristic different from 2 and let G =
GL(2,F). Then the following decompositions hold where the summands are irre-
ducible FG-modules.

(a) If m+n < char(F) or char(F) =0, then

min(m,n)

Vn @ Vi = @ VA @ Vi
=0
(b) If 0 < 2m < char(F) or char(F) =0, then

m m

A2V, @ V2 ® Vo2 and SV, = @ V2L @ Vam—2i.
i=1 =0

i odd i even

Proof. (a) Assume, without loss of generality, that m < n. We prove the result by
induction on m. The case when m = 0 is clearly true. We view F[ X, Y7, X5, V5] as an
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FG-module, by adapting the action (7.1) separately for the indeterminates X;, Y;
and for X5, Ys. Let V,,,(X1,Y7) be the submodule of F[X7,Y]] comprising the
degree m homogeneous polynomials, and define V;,(Xa,Ys) < F[X5, Y5] similarly.
The product set

me = Vm(Xl, Yl)Vn(XQ, YQ)

is an FG-module. Further, V,,,(X1,Y1) 2 V,,, and V,, (X3, Y2) 2 V,,. The multiplica-
tion map ¥: V,,(X1,Y1) @ V,,(Xs,Y2) — Vi, defined by

(f(X1, Y1) @ g(X2,Y2)) = f(X1,Y1)g(Xa,Y2)

is a well-defined surjective FG-module homomorphism as an easy calculation shows
that

(f @ g) Ay = (f @ g)pA for all A € GL(2,F).

Comparing dimensions shows that ¢ is an FG-isomorphism, and V,,, ® V;, = V;, ..
We now show V,,, and V,,_1,-1@® Viyn are isomorphic FG-modules.
Towards this end we will define an epimorphism 7 and a monomorphism 0.
Every element of V,,, ,, has the form > " | Z;L:O Ni; X3V XY T where A\ €
F. The evaluation homomorphism X5 — X3, Y5 +— Y] gives rise to the following
map

7 Vinn — Vinan (X1, Y1) X3V X3V o XTH Y0700 (7.2)

It is straightforward to see that 7 is an FG-epimorphism. We now show that the
FG-submodule W := (X" X7 )FG of Vi, ., generated by X{"X¥ is isomorphic to
Vintn. If m +n < char(F) or char(F) = 0, then V,,,4, is an irreducible FG-module.
Since W is a non-zero submodule of V,;,,, we have Wr = V,,,;,, and dim(W) >

b) € GL(2,F). The Binomial Theorem

a
m +n + 1. Conversely, suppose g = (c d

gives

(XT"X3)g = (aXy 4 bY1)™ (aXy +bY2)"

n

j=0
Collecting terms involving a*b™ "% where k = i + 5, gives
m—+n
(XPX)g= 3 o,
k=0

where hy is the polynomial >, , ., (™) (?)X{Ylm—iX%'Yanj. This shows that W
is spanned by hg, b1, .- ., Apman. Therefore, dim(W) < m + n + 1. Hence dim(W) =
m +n + 1, and 7 restricted to W gives an FG-isomorphism W — V,,, 1.

Note that F[ X1, Y7, X9, Y5] is an integral domain, and multiplying by a non-zero

element in an integral domain is an injective map. Multiplying by r := X;1Ys — Y1 X5
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gives the map
0: Vaet @ Vinein—1 = Vinn, 1@ A(X1,Y1,X0,Y2) =1 - h(X1,Y7, X0, Y3). (7.3)
Observe first that rA equals

(@11 X1 + a12Y1)(a21 X2 + a22Y>)
— (a21 X1 + a22Y1)(a11 X2 + a12Y2) = (det A)r (7.4)

where A = <Zu le) It follows from (7.4) that rA = det(A)r for A € GL(2,F),
21 22

and hence (r) = Vgey. Let h = h(X1,Y7, X2, Y3) € V5,1 ,—1. We show that ¢ is an
FG-homomorphism:

(1 ®h)A)do = (det(A)(hA))d = det(A)(hA)r and
(1®@h)§)A = (hr)A = (hA)det(A)r.

The subspaces imé = (X1Y2 — Y1 X5)Vy—1 n—1 and W = (X7"X3)FG of V,,, ,, inter-
sect trivially. Thus V;,, ,, has a submodule isomorphic to (Viet ® Vin—1.n-1) B Vingn.
However,

dim((Vaet ® Vine1n—1) © Vinan) =mn+ (m+n+1)
=(m+1)(n+1)=dimV;, .,

and this implies
(Vdet ® mel,nfl) ) Vern = Vm,n = Vm ® Vn

The decomposition (a) now follows by induction on m. Observe that when char(F) =
p, then hypothesis m + n < p clearly implies that (m — 1) + (n — 1) < p.

(b) Denote the symmetric and exterior squares of V, by S2V,,, and A%V,
respectively. Since char(FF) # 2 we have V,, ® V;,, = S?V,,, @ A%2V,,,. Our proof uses
induction on m. The formulas are true for m = 0 because A2V = 0 (here the sum is
empty), and S?V = Vi. Suppose m = 1. A calculation similar to (7.4) shows that
(XY -Y®X)A=det(A)(X®Y —Y ® X), and hence

ANV =(XAY)2 Vi, and S*Vi= (X0 X, XOY,YOY) 2V,

where u Av:=(u®@v—v®u)/2 and u®v = (u®v+ v ®wu)/2. Thus the stated
decompositions of A?V,, and S?V,, are valid for m = 1. Suppose now that m > 2.
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Recall the definitions in part (a) of the monomorphism ¢, and the epimorphism .
Let f(X1,Y1) € Vin (X1, Y1) and ¢g(Xa,Ys) € V,,(X2,Y2) be arbitrary. Then
Vinm = Vin (X1, Y1) Vi (X2, Y2) 2 V,, @ Vi, 2 A%V, @S2V,
where
A2V = (f(X1,Y1)g(Xa, Y2) — g(X1,Y1) f(Xa,Y2)), and (7.5)
SV = (f(X1,Y1)g(X2, Y2) + g(X1, Y1) (X2, Y2)). (7.6)

The following calculation may be used to show that (S2V,,_1)d < A%V,

(X1Y2 = Y1Xo)(f(X1,Y1)9(X2, Y2) + g(X1, Y1) f (X2, Y2))
= [(X1,Y1)X19(X2,Y2)Ys — g(X1,Y1)Y1 f( X2, Y2) X
— [f(X1,Y1)Y19(X2, Y2) Xo — g(X1, Y1) X1 f(X2, Y2)Ya].

The left side lies in (S?V,,_1)d by (7.5), and the right side lies in A2V, by (7.6).
Thus Vit ® (S?Vin_1) =2 (S?V,,_1)d < A%V,,. This containment, however, is an
equality because

dim(S?V,,1)8 = dim(S?V,,,_1)

_ (dim(Vn;_l)Jrl) _ <m 2+ 1) ~ dm(2v,)

o~

The inductive decomposition for S?V;,_; and the isomorphism Vgey ® (S2V,_1)
AV, together imply the desired decomposition for A%V;,.
A similar argument using (7.5) and (7.6) shows that (A2V,,,_1)8 < S?V,,:

(X1Y2 = Y1.Xo)(f(X1, Y1)g(X2, Y2) — g(X1, Y1) f(X2, Y2))
= [(X1,Y1)X19(X2,Y2)Ys + g(X1, Y1) Y1 (X2, Y2) X
— [f(X1,Y1)Y19(X2,Y2) X + g(X1, Y1) X1 f(X2,Y2)Ys).

Thus Vies @ (A2Vi—1) = (A%V;-1)d < S?V,, is an FG-submodule of S?V,,. By
part (a), Vo, is an FG-submodule of V;, ® V,,,. Our hypotheses imply that Va,,
is irreducible. Since Va,, € A?V,,, we see that Vi, < S%V,, and it intersects
(A2Vi—1)6 =2 Vs @ A2V,,,_1 trivially. Therefore, (Vaer @ A2Vi_1) ® Vo, < SV,
Comparing dimensions shows that (Vies @ A2Vy,_1) @ Vay, = S?V,,,. The inductive
decomposition for A2V}, _; implies the desired decomposition for S?V,,. This proves
part (b). O

When char(F) = p, the hypothesis m + n < p in theorem 7.1(a) is necessary essen-
tially because (X?,Y?) is a proper submodule of the homogeneous polynomials of
degree p. Nevertheless, it is possible to relax the hypothesis m +n < p when the
number of carries when adding m to n in base-p is zero.

COROLLARY 7.2. Suppose F, has characteristic p where ¢ = p°. Let m,n be integers
with 0 < m,n < q and wzthp adic expansions m = Z]>O m;p’ and n = 2320 ngp? .
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If mj+n; <p for each j >0, then the following GL(2,F,)-decomposition holds
where the modules are twisted by powers of the automorphism \® = AP, as per [10,
definition VII.1.13]:

min(m;,n;)

Vo=@ D (VI Vi)
>0 i=0

Proof. This follows from V,, @ Vy, = ®.~, V¢ ® ;>0 V,f;j =®;50(Vin; ® an)¢j7

Jj=0 "my;
and theorem 7.1(a). O

8. Simple IAC algebras associated to SL(2, )

Since Vj is a trivial SL(2,F)-module, theorem 7.1(b) may be used to determine
when V,,, is an ESQ-module. We need 2m — 2i = m to have a solution with ¢ odd.
Thus i = m/2 and m = 2 (mod 4).

THEOREM 8.1. Let V,, be the above SL(2,F)-module where m =2 (mod 4) and
where the field F satisfies char(F) = 0 or 2m < char(F). Then V,, is an absolutely
irreducible ESQ-module. Further, if |F| > 5, the corresponding IAC algebra L is
simple.

Proof. We know that V,, is an absolutely irreducible SL(2,F)-module both
when char(F) is zero or prime, c.f. [1, theorem 5.2.3], [13, theorem 2.6.3] and
[18, pp. 57-59]. The preamble to this theorem showed that V,, is a quotient of
A?V,,. Thus we may turn L =V, into an anti-commutative algebra satisfying
[L,L] =L, as in §1. Since SL(2,F) acts irreducibly on L =V,,, we see that L
is an TAC algebra.

It remains to prove that L is a simple TAC algebra. By theorem 4.2(b), L =
L ®---® 1y where I,...,I; are the minimal ideals of L and ¢ > 1. The group
SL(2,F) permutes the set X = {I,...,I;} transitively. Since Z = Z(SL(2,F)) acts
as the identity on this set, the projective linear group PSL(2, F) acts on X. Further,
L= IfBZ where 7 is a simple TAC algebra, and so dim I3 > 3, which implies that
¢ =dim(V;,)/dim(l;) < (m+1)/3.

It is well-known that PSL(2,F) is a simple group for |F| > 5. Suppose £ > 1.
The homomorphism PSL(2,F) — S, is faithful, and the image is transitive on ¢
points. This is impossible if F is infinite, as Sy is finite and PSL(2,F) is not. Thus
|F| = ¢ is finite. Set p = char(F). The minimal degree d of a transitive permutation
representation of PSL(2,F,) is ¢ + 1 except for ¢ =5,7,9,11 in these cases d =
5,7,6,11, respectively [11, Table 5.2.A, p. 175]. In all the cases we have 2¢/3 < d.
Our hypothesis 2m < p implies

2—p<2—q<d<£< m+1 <p/2+1'
3 3 3 3
This is false for all primes p, so we conclude that £ =1, and L is simple. O
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REMARK 8.2. Theorem 8.1 can be generalized to include ESQ H-modules where
SL(2,F,) < H < GL(2,F,). For example, if m =2 (mod 4) and i = m/2 is a mul-
tiple of [H : SL(2,F,)|, then V! is a trivial H-module and L = V,,, can be turned
into an IAC algebra with H < Aut(L).

Combining the special case of F =TF, in theorem 8.1 with the bijection in
theorem 3.5 gives the following corollary stating the existence of another infinite
family of UCS p-groups of exponent p?.

COROLLARY 8.3. Let p > 3 be a prime, and let m be a natural number such that
2m < p. Then there exists an (m + 1)-generator UCS p-group G with exponent p?
such that the subgroup induced by Aut(G) on G contains SL(2,p) acting in its
absolutely irreducible representation of dimension m + 1 over the field F,,. Further,

G cannot be written as a direct product (Go)** where Gy is a smaller UCS p-group.
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