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T h e force-free a p p r o x i m a t i o n is a very useful m e t h o d in s tud ies of t h e 

g loba l e l e c t r o m a g n e t i c s t r u c t u r e of t h e m a g n e t o s p h e r e s a r o u n d t h e rela-

t iv i s t ic a s t r o n o m i c a l bod i e s . However , i t s app l ica t ion has a lmos t been re-

s t r i c t ed t o t h e s t a t i o n a r y a n d a x i s y m m e t r i c conf igura t ion . In th i s work , 

we r e m o v e th i s r e s t r i c t ion a n d cons t ruc t a genera l m e t h o d for t r e a t i n g t h e 

force-free e l e c t r o m a g n e t i c field. 

T h e bas ic e q u a t i o n s for t h e force-free e l ec t romagne t i c field a re Maxwel l ' s 

e q u a t i o n s a n d t h e force-free condi t ion ¥μνΙ
ν — 0. T h e n t h e force-free elec-

t r o m a g n e t i c field necessar i ly becomes a degene ra t e e l ec t romagne t i c field, 

wh ich satisfies ¥μν * ¥μν — 0. F u r t h e r , phys ica l force-free e l ec t romagne t i c 

fields a lso satisfy t h e condi t ion ¥μν¥
μν > 0. 

W e can show t h a t a degene ra t e e l ec t romagne t i c field is genera l ly ex-

pressed by t w o Eu le r p o t e n t i a l s φ\ a n d φι as 

¥μν - άμφ\άνφ2 - ομφ2άνφ\. 

A two-d imens iona l surface on which φ\ a n d φ2 a re cons t an t is a wor ld sheet 

of t h e m a g n e t i c field l ine . Inversely, an in te r sec t ion of th i s surface a n d t h e 

t h r ee - space is a m a g n e t i c field l ine. O u r t h e o r y is b a s e d on th i s express ion 

of t h e d e g e n e r a t e e l ec t romagne t i c field. 

S u b s t i t u t i n g th i s express ion i n to t h e force-free cond i t ion , we have 

dv4>idx {^Tg ^φι8
χφ2 - θ»φ2θ

χφ1)} = ο, i = 1,2, 

w h e r e we use t h e i n d e p e n d e n c e οίομφ\ a n d δμφ2 as vec tors . T h i s is t h e bas ic 

e q u a t i o n for t h e force-free e l ec t romagne t i c field. W e can see t h a t t h e force-

free e l e c t r o m a g n e t i c field is general ly descr ibed by two e q u a t i o n s for two 
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Eu le r p o t e n t i a l s . F u r t h e r , since t h e basic e q u a t i o n is w r i t t e n in a covar ian t 

field t heo ry , we can app ly t h e t heo ry t o a n y curved black hole s p a c e t i m e . 

T h e d y n a m i c s of t hese equa t ions becomes t r a n s p a r e n t by r ewr i t i ng t h e m 

t o t h e 3 + 1 form. In t h e flat space t ime , we have 

( V 0 2 • V 0 2 - V 0 1 . V</>2 \ ( φι \ 

w h e r e t h e o m i t t e d p a r t con ta ins t h e t i m e der ivat ives u p t o t h e first o rde r 

a n d t h e spa t i a l der iva t ives u p t o t h e second order . T h i s impl ies t h a t if 

t h e d e t e r m i n a n t of t h e m a t r i x in t h e above equa t ion does no t van i sh , t h e 

second t i m e der iva t ives of t h e Eule r po t en t i a l s a re ca lcu la ted from t h e ini t ia l 

d a t a . The re fo re as far as t h e condi t ion ( V 0 i X νφ2)
2 Φ 0 is satisfied all 

over t h e force-free region, we can t r a c e t h e t i m e evolu t ion of t h e force-free 

e l e c t r o m a g n e t i c field, in pr inc ip le . 

In m a n y a s t r o n o m i c a l app l i ca t i ons , we m u s t t r e a t a field conf igura t ion 

w i t h s o m e s y m m e t r y . T h e condi t ions for s y m m e t r y res t r i c t forms of t h e 

Eu le r p o t e n t i a l s . W e can decide t h e m from t h e condi t ion for s y m m e t r y . 

For e x a m p l e , let us cons ider t h e t i m e - d e p e n d e n t a x i s y m m e t r i c config-

u r a t i o n . In t h i s case , t h e e l ec t romagne t i c field satisfies £mFßV — 0 w h e r e 

m is t h e a x i s y m m e t r i c Kil l ing vec tor a n d £ m is t h e Lie der iva t ive w i t h 

r e spec t t o m . T h i s yields differential equa t ions for t h e Eu le r p o t e n t i a l s as 

£ταΦ\ — 9φφ\ — 0, £ΙΏ.ΦΊ — 9ψφ2 — 1. 

Solving t h e s e e q u a t i o n s , we find t h a t t h e Eule r po t en t i a l s a re r e s t r i c t ed t o 

t h e form as 

Φι = ψι(ί,τ,θ), φ2 = φ + ψ2(ί,τ,θ). 

N o t e t h a t one of t h e Eu le r p o t e n t i a l s d e p e n d s on φ even in t h e a x i s y m m e t -

ric conf igura t ion . T h i s arises from t h e mo t ion of t h e m a g n e t i c field l ines in 

t h e φ d i rec t ion . T h e a b o v e equa t i ons a re also considered as a t r ans fo rma-

t ion of t h e var iab les from t h e Eule r po t en t i a l s t o two funct ions inva r i an t 

u n d e r t h e ac t ion of t h e a x i s y m m e t r i c Kill ing vec tor . S u b s t i t u t i n g these Eu-

ler p o t e n t i a l s t o t h e bas ic e q u a t i o n , we can t r e a t t h e t i m e evo lu t ion of t h e 

a x i s y m m e t r i c force-free m a g n e t o s p h e r e . 

Similar ly , we can t r e a t t h e s t a t i o n a r y a n d a x i s y m m e t r i c conf igura t ion . 

In th i s case , one of t h e bas ic e q u a t i o n s becomes in t eg rab l e . After in t eg ra -

t i on , we a r r ive a t t h e wel l -known resu l t s of t h e s t a t i o n a r y a n d a x i s y m m e t r i c 

force-free e l e c t r o m a g n e t i c field. 

W e h a v e p r e s e n t e d a n ou t l ine of t h e genera l t h e o r y of t h e force-free 

e l e c t r o m a g n e t i c field. A de ta i led expos i t ion has been given in our two recen t 

p a p e r s (see Uch ida , T . , 1997, P h y s . Rev . Ε 5 6 , p .2181 a n d p .2196) . 
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