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NILPOTENT SUBSETS OF NEAR-RINGS
WITH MINIMAL CONDITION

by S. D. SCOTT

(Received 21st February 1979)

Throughout this paper all near-rings will be zero-symmetric and left distributive. A
near-ring with minimal condition on right N-subgroups will be called an M near-ring. It is
well known (see (1), 3.40, p. 90)) that a nil right N-subgroup of an M near-ring is nilpotent.
However, in a deeper study of M near-rings a stronger result than this is sometimes
required (2, p. 77).

Let N be an M near-ring and Mh i e I, a collection of nil (hence nilpotent) right

N-subgroups of N. Let H= U Mt. Then H may no longer be a right N-subgroup,
i€ I

although, ffiVg H. A natural question to ask is whether His nilpotent. This question can
be answered in the affirmative (2, p. 77).

If Nis a near-ring, then a subset Hof Nwill be called a rightN-subset, if H N g H. Left
and two-sided N-subsets are defined in an analogous way. We prove the following
theorem:

Theorem. If Nis an M near- ring and Ha nil right N- subset ofN, then H is nilpotent

Proof. Set Lt = HN, and Li+l = L\ for i = 1, 2,. . . . We shall show the subsets Lh

i = 1, 2,. . . , have the following properties:

(a) each Lt is a right N-subset of N;
(b) LI+1cLi,for i = l , 2 , . . . ;
(c) each Lt is a union of nil right N-subgroups of N; and
(d) if NLj = {0}, for some positive integer / then H is nilpotent.

(a) We note that Li is a right N-subset of N. Suppose it has been shown that Lk (k is a
positive integer) is a right N-subset of N. Clearly

and Lfc+i is a right N-subset of N. Thus (a) follows.
(b) For * = 1,2,..., L2i c L.JV, and, by (a) LiNc U- Thus Lf+1 g L,-, for i = 1,2,..., and

(b) follows.
(c) Since by (b) we have each L, is contained in h\ and hx is contained in H it follows
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that each Lh i = 1, 2, . . . , is nil. It remains to prove that each L, is a union of N-subgroups.
Clearly

= U aN

and (c) holds for i = l . Suppose for some positive integer k, Lk is a union U 7W, of
ye J

N-subgroups. It follows that

Lk+1 = L2
k= U U KMj

X e LkjeJ

and (c) holds.
(d) Now if JVZ, = {0}, then L) = L/+1 = {0}. Also H2^HN= Lu (H2)2 g £2, etc. Thus if

n = 2>+2, H" c Ly+i = {0}, and H" = {0}. Therefore (d) holds.
We now proceed with the proof of the theorem. By (d) we may assume that NL,^{0},

for i = l ,2 , Let Mh i = 1, 2, . . . , be right N-subgroups of N minimal for the property
that MiLi^{0}. Let T(Lt) denote the ideal of N generated by L, = l ,2 , . . . . By (b),
Li+1 c U, and T(Ld s T(Li+1). If for all i, M,L1+1 = {0}, then L,+1 ̂  (0: M) and 7XL.-+,) ^
(0: M). But since M^ {0}, MT(L,) ^ {0}, and UU) £ (0: M,). Thus T^Ls) > T(Li+1), for
i = l ,2 , This contradicts the minimal condition. Hence we may assume that
MjLj+i ^ {0}, for some positive integer j . Now L, is a union U Pk, of nil right TV-subgroups

Pk, k e X, of TV by (c). Thus

A4J-L,-= U U aPk.
a e Mj ks K

Since M7iy+17^{0} we have TW,Ly^{0} and thus aPkL,?^{0} for some a in My and k in K
But aPk ^ TW, and, by the minimality of M,, «Pk = TVf,. Thus a/3 = a where /3 is in Pfc. Hence
a/3m = a, for m = 1, 2, Since /3 is in Pk which is nil a = 0 and TW, = {0}. This contradicts
the fact that M^L^ {0}. The proof of the theorem is complete.

Corollary. A nil left N-subset of an M near-ring N is nilpotent.

Proof. Let P be a nil left N-subset of TV. It is easily seen that PTVis a nil right N-subset
of N. By the above theorem (PN)k = {0}, for some positive integer k. Since P^N,
P2k = {0}, and the corollary holds.

Corollary. Any union of nilpotent right JV- subgroups of an M near- ring TV is nilpotent.

Proof. A union of nilpotent right N-subgroups of N forms a nil right N-subset and
the above theorem is applicable.

If N is an M near-ring, then the union H of all nilpotent right N-subgroups of N is a
two-sided N-subset of N. This two-sided TV-subset is, by the second corollary, nilpotent.
The subset H of N has a further property, the proof of which is omitted as it presents
certain difficulties. This property is that the right ideal R(H) of Ngenerated by His simply
the radical (72(N)).
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