
A NOTE ON HENSELIAN VALUATION RINGS 

Otto End 1er 

( rece ived October 25, 1967) 

Le t K be a field and K i t s a l g e b r a i c c l o s u r e . A va lua t ion 
a 

r ing A of K is called hense l ian , if t he re i s only one va lua t ion r ing 
C of K which l ies over A ( i . e . such that C n K = A) or , 

a 
equivalent ly , if H e n s e l ' s L e m m a i s valid for K, A (see [5], F ) . In 
the following, we sha l l cons ide r only r ank one va luat ion r i n g s . 

Le t L | K be an a l g e b r a i c field extens ion, B a va lua t ion r ing 
of L, and A = B ^ K the valuat ion r ing of K lying under B . If A 
is hense l i an , then obviously so is B . It is n a t u r a l to ask for 
condi t ions such that the c o n v e r s e i s t r u e , i . e . that B hense l i an 
i m p l i e s A h e n s e l i a n . This i s t r u e , for i n s t ance , whenever L | K i s 
p u r e l y i n s e p a r a b l e ( see [2], (10 .7 ) ) . We intend to show that a l so each 
of the following condit ions i s sufficient: 

1) L K is n o r m a l and L ^ L 
1 s 

2) [L:K] < oo and L i L 
s s 

w h e r e L is the s e p a r a b l e c l o s u r e of L and [ : ] the s e p a r a b i l i t y 

d e g r e e . Condition 2) i s weake r than the condit ion 

2») [L:K] < oo and [L :L] = oo 

r e c e n t l y p r e s e n t e d by Ribenboim([4] , C), which in t u rn i s weake r 
than the condit ion 

2") [L:K] < oo, and for eve ry n >_ 1 t h e r e ex i s t s 
exact ly one s e p a r a b l e ex tens ion K K of 

n 
d e g r e e n, 

used by Kaplansky and Schilling [3], T h e o r e m 4 . 

To p r o v e the sufficiency of condit ion 1) ( t heo rem 1) we sha l l 
need only the conjugation t h e o r e m for va lua t ion r i ngs and the following 
wel l known fact (see [3], T h e o r e m 2, or [2], (27 .7)) : Any field having 
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m o r e than one h e n s e l i a n va lua t ion r ing i s s e p a r a b l y c l o s e d . To p r o v e 
the suff iciency of condi t ion 2) ( t h e o r e m 2) we sha l l need only t h e o r e m 1 
and A r t i n - S c h r e i e r ' s t h e o r e m in a s l ight ly g e n e r a l i z e d f o r m . Hence , 
our proof wi l l be m u c h e a s i e r than the proof of the ana logous t h e o r e m 
in [4 ] . 

Before p rov ing t h e s e t h e o r e m s , we want to m e n t i o n two e x a m p l e s 
which show that none of the condi t ions 

i) L î L ; i i) [L :L] = oo ; iii) L | K is n o r m a l ; iv) [L:K] < oo 

alone i s suff ic ient . 

E x a m p l e 1. Le t A be the p - a d i c va lua t ion r ing of K = Q, and 
le t L be the d e c o m p o s i t i o n field of s o m e va lua t ion r ing C of K 

which l i es over A. Then L = K [L :Ll = oq B = C n L i s hense l i an , 
s a' s 

but A = B n K i s n o n - h e n s e l i a n . 

E x a m p l e 2 . Le t L ( r e s p . K) be the field of a l l a l g e b r a i c ( r e s p . 
r e a l a l g e b r a i c ) n u m b e r s . Then L | K i s n o r m a l , [L:K] = [L:K] = 2 <oo, 

e v e r y va lua t ion r ing of L i s hense l i an , but no va lua t ion r ing of K i s 
h e n s e l i a n (see [4], A)) . 

Now we p r o v e : 

THEOREM 1. L e t L | K be n o r m a l and L t L . If B i s a 

h e n s e l i a n va lua t ion r ing of L, then A = B ^ K i s a h e n s e l i a n 
va lua t ion r ing of K. 

P roof . Le t C be the unique va lua t ion r ing of L lying over B . 

Suppose that A i s not h e n s e l i a n . Then t h e r e ex i s t s s o m e va lua t ion 
r ing C! ^ C of L which l i e s over A, and we have B ! ^ B, w h e r e 
B ' = C ' r ^ L . T h e r e ex i s t s some K - a u t o m o r p h i s m cr of L such 

a 
that C = cr C , and we have cr L = L s ince L | K i s n o r m a l . Since B i s the 
only h e n s e l i a n va lua t ion r ing of L, t h e r e ex i s t s s o m e va lua t ion r ing 
C" 4- Cx of L which l i es over B ' , and we have cr C" ^ C, 

a 
cr C " ^ L = <r(Cno>L) = o-B» = cr(CV^L) = C n L = B, which i s a 
c o n t r a d i c t i o n . 

COROLLARY. Le t A be a n o n - h e n s e l i a n va lua t ion r i ng of K, L | K 
a s e p a r a b l e ex tens ion , and B a h e n s e l i a n va lua t ion r ing of L lying 
over A. Then L = K is the l e a s t field that conta ins L and i s 

s s ,— 
n o r m a l over K. 

P roof . L = K is obviously n o r m a l over K. On the o the r hand, 
s s 

le t N | K be n o r m a l and L C N C_ L . Then the unique va lua t ion r ing 
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C of N that l ies over B i s hense l i an , and f rom t h e o r e m 1, i t 
fol lows that N = N , hence L C N. 

s s — 

In p a r t i c u l a r , applying this c o r o l l a r y to a h e n s e l i s a t i o n (L, B) 
1 

of a n o n - h e n s e l i a n valued field (K, A) ), we see that no field be tween 
L and L and d i s t i nc t f r o m L i s n o r m a l over K. 

s s 

We sha l l use Ar t in - S c h r e i e r ' s t h e o r e m in the following f o r m : 

LEMMA. Le t S be a s e p a r a b l y closed field and let K be a 
subfield of S such that 1 < [S:K] <oo. Then K is r e a l l y c losed , S 

i s a l g e b r a i c a l l y c losed , and S = K ( v - l ) . 

P roof . The a l g e b r a i c c l o s u r e S of S is p u r e l y i n s e p a r a b l e 
a 

over the field L = {a e S | a s e p a r a b l e over K} , and the fixed field 
K1 of the Galois group of S |K i s p u r e l y i n s e p a r a b l e over K. We 

have S = L-K", hence [S :K«] < [L:K] = [S:K] < oo. On the o ther hand 
a a s s 

[S :K] > [S:K] > 1, hence S ^ K f . By A r t i n - S c h r e i e r ' s t h e o r e m 
a s — s a 

(see [1], t h e o r e m 4), K1 is r e a l l y c losed, S i s a l g e b r a i c a l l y c losed , 

and S = K'( ). Since K' has c h a r a c t e r i s t i c z e r o , we have 
a 

S = S = L and K1 = K. 
a 

Now we p r o v e : 

2) 
THEOREM 2. Le t L | K be a lgeb ra i c , [L:K] < oo, and 

L ^ L . If B i s a hense l i an va lua t ion r ing of L, then A = B ^ K 
s — a 

i s a h e n s e l i a n va lua t ion r ing of K. 

Foo tno t e s 

1) A h e n s e l i s a t i o n of a valued field (K, A) is a valued field (L, B), 
cons is t ing of the decompos i t ion field L over K of some va lua t ion 
r ing C of K that l ies over A and the va lua t ion r ing B = C n L . 
The h e n s e l i s a t i o n of (K, A) i s unique up to an K - i s o m o r p h i s m . In 
p a r t i c u l a r , (L, B) = (K, A) if and only if A i s h e n s e l i a n . (See [5], F ) . 

2) I was told by M r . Ribenboim that another proof of t h e o r e m 2 was 
communica ted to him by M r . Neuki rch , some mon ths ago . F o r the 
ca se of a p e r f e c t field K see J N e u k i r c h , Bonner Math . 
Schr i f ten Nr . 25, (4 .12 ) . 
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Proof . Without l o s s of g e n e r a l i t y we m a y a s s u m e [L:K] > 1. 

Le t N be the l e a s t field that conta ins L and i s n o r m a l ove r K; then 
[L:K] < [N:K] < oo. Suppose that N = N; then from the l e m m a i t 

s s s 
fol lows tha t [N:K] = 2, hence [N:L] = [N:K]. [L:K]" < 1, hence 
L = N = N D L , in con t r ad i c t i on to L i L: t h e r e f o r e N i N. 

s~~ s s s 
Since the va lua t ion r ing C of N that l i es over B i s hense l i an , we 
conclude f r o m t h e o r e m 1 that A i s h e n s e l i a n . 

COROLLARY. Le t A be a non-hense l i an va lua t ion r ing of K, 
L | K an a l g e b r a i c ex tens ion , and B a h e n s e l i a n va lua t ion r ing lying 
over A. If [L:K] < oo, then K i s r e a l l y c losed , L i s a l g e b r a i c a l l y 

c losed , and L = K( 

P roo f . [L:K] > 1, s ince L | K i s not p u r e l y i n s e p a r a b l e . If 
s 

[LiKl < oo, then L = L by t h e o r e m 2. Now the c o r o l l a r y r e s u l t s 
s s 

f r o m the l e m m a . 

Applying th is c o r o l l a r y to a h e n s e l i s a t i o n (L, B) of a non-
h e n s e l i a n valued field (K, A), we see that L j K is n e v e r f ini te 
u n l e s s K i s r e a l l v c losed and L = L = L = K ( \ / - l ) . One should 

s a 
note that the field L of a h e n s e l i s a t i o n (L, B) of a n o n - h e n s e l i a n 
valued field (K, A) m a y be s e p a r a b l y c losed a l so in o ther c a s e s . 
Indeed, this happens wheneve r K has a h e n s e l i a n va lua t ion r ing A 

(s ince then L has m o r e than one h e n s e l i a n va lua t ion r i n g ) . One knows 
that in this c a s e any va lua t ion r ing A i- A of K i s s a t u r a t e d , i . e . 

i t s va lue group T i s d iv i s ib le and i t s r e s i d u e field 
A -A. 

a l g e b r a i c a l l y c losed (see [2], ( 27 .6 ) ) . M o r e o v e r , we p r o v e : 

THEOREM 3 . Le t A be a va lua t ion r ing of K such that A . 

has c h a r a c t e r i s t i c z e r o , and let (L, B) be a h e n s e l i s a t i o n of ( K , A ) . 
Then : 

L is a l g e b r a i c a l l y c losed < > A i s s a t u r a t e d . 

P roof . L is the d e c o m p o s i t i o n field over K of s o m e va lua t ion 
r ing C of K that l i e s ove r A. Le t M be the i n e r t i a field of C 

over K. Then K M and M L a r e Galo is e x t e n s i o n s , with Ga lo i s 
a 

g roups G and G , s a y . G is i s o m o r p h i c to the c h a r a c t e r g roup 
1 L. \ 

of the va lue group ex tens ion r / r , and Go i s i s o m o r p h i c to the 
V> A . L, 

Galois group of the Galois ex t ens ion A | A . ( see [2], (20.1) and 
(_> A . 

(20 .20) ) . A i s s a t u r a t e d if and only if T - Y and A = A 
\^> A . \-i -A. 

(see [2], (22 .7 ) ) . T h e s e equat ions hold if and only if G and G 

a r e t r i v i a l , if and only if L = K . 
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