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1. Introduction

Let M be a surface immersed in an m-dimensional space form Rm(c) of
curvature c = 1,0 or — 1. Let h be the second fundamental form of this
immersion; it is a certain symmetric bilinear mapping Txx TX^TX for x e M(

where Tx is the tangent space and Tx the normal space of M at x. Let H be
the mean curvature vector of M in Rm(c) and <, > the scalar product on Rm(c).
If there exists a function A on M such that (h(X, Y), H} = A<A", F> for all
tangent vectors X, Y, then M is called a pseudo-umbilical surface of /?m(c).
Let Z) denote the covariant differentiation of Rm(c) and i/ be a normal vector
field. If we denote by D*tj the normal component of Dt\, then D* defines a
connection in the normal bundle. A normal vector field r\ is said to be parallel
in the normal bundle if D*tj = 0. The length of mean curvature vector is
called the mean curvature.

Let e be a unit normal vector at x e M in Rm{c). Then the second fundamental
form h(e) at e is defined by <ft, c>; it is a certain symmetric bilinear mapping
TxxTx-*IR. Let h\j\ i,j=\,2\ r = 3, ..., m be the coefficients of the second
fundamental form h (for the details, see § 2). Then the Gauss curvature K and
the normal curvature KN are given respectively by

K= t (hrnhr22-hr
12h'12), (1)

r = 3

KN= t \ t (h\kh\k-h
r
2kh\k

r,., = 3 L* = 1

(2)

The mean curvature vector H, the Gauss curvature K and the normal
curvature KN play the most important roles, in differential geometry, for
surfaces in space forms.

Theorem 1. Let M bea pseudo-umbilical surface with constant Gauss curvature
in a space form Rm(c) of curvature c. If the mean curvature is constant and the
normal curvature KN vanishes, then M is either flat or totally umbilical in Rm(c).
In particular, if c ^ 0, then M is either totally umbilical or contained in a Clifford
torus.

t This work was supported in part by the National Science Foundation under Grant
GU-2648.
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A minimal surface of a sphere S1"'1 cEm is a pseudo-umbilical surface with
constant mean curvature in Em, and the normal curvature of a surface in
S3cE* is zero. Therefore by Theorem 1, we have the following strong result.

Corollary (5). Let M be a minimal surface of a 3-sphere S3 with constant
Gauss curvature. Then M is either totally geodesic or contained in a Clifford
torus in S3.

Remark 1. If the assumption that KN = 0 is omitted, then Theorem 1 is
no longer true. The Veronese surface in a euclidean space and the hyperbolic
Veronese surface in a hyperbolic space are examples of pseudo-umbilical
surfaces in space forms with constant Gauss curvature, constant mean curvature
but with normal curvature KN ^ 0 (see, for instance (2), (4)).

Let e be a unit normal vector field of M in Rm{c). If e is parallel in the
normal bundle and the determinant of h(e) is nowhere zero, then e is called a
non-degenerate normal vector field. For a compact surface with Gauss curvature
K ^ 0, we have the following flatness theorem.

Theorem 2. Let M be a compact surface with Gauss curvature K g 0 in a
space form Rm{c). If there exists a non-degenerate normal vector field perpendi-
cular to the mean curvature vector field, then M is flat and the normal curvature
KN vanishes.

Remark 2. For minimal surfaces with Gauss curvature ^ 0, see (1). For
surfaces with mean curvature vector parallel in the normal bundle, see (3).

2. Preliminaries

Let M be a surface immersed in an w-dimensional space form Rm(c) of
curvature c = 1, 0 or — 1. We choose a local field of orthonormal frames
et,..., em in Rm(c) such that, restricted to M, the vectors e1, e2 are tangent to M
(and, consequently, e3, ..., em are normal to M). With respect to the frame
field of Rm(c) chosen above, let co1, ..., com be the field of dual frames. Then the
structure equations of Rm(c) are given by

dcoA = £ CO%ACOB, coi+o)% = 0, (3)

dcoi = Yico£A(oc' + ccoAAcoB, A, B, C = 1, ..., m. (4)

We restrict these forms to M. Then of = 0, r, s, t = 3, ..., m. Since

0 = d03r = a} A CO1 +00? A CO2,

by Cartan's lemma we may write

«>J = £ W , hr
u = hr

Jt, i , j = 1 , 2 . ( 5 )

From these we obtain

(6)
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dw\ = {c+ £ det (/i^Jco1 A a>2 = Kco1 A OJ2. (7)
r

dcor = £ <oj A a) + £ a)> coj. (8)

The second fundamental form h and the mean curvature vector H are
given respectively by

la ^ ^ 1*̂  ' j SC\\

H=^Kter. (10)

3. Proof of Theorem 1

Let a denote the mean curvature of M. We now consider the cases a > 0
and a = 0 separately.

Case (i) <x>0. In this case, we may choose our frame field in such a way
that

H=oce3, (11)

h\2 = 0, for r = 3, ..., m. (12)

Since M is pseudo-umbilical, we have

cof = aco', (13)

w i = h'uco1, G>2 = —^iico2, r = 4, ..., m. (14)

By taking exterior differentiations of (13) and applying (6), (8) and (14), we
obtain

£ / i>r
3 A co' = 0, for i = 1, 2. (15)

r = 4

On the other hand, by taking exterior differentiations of (14) and applying (6),
(8) and (13), we obtain

dhr
itAco' + 2hr

iida>' + ao}'3A(o'= £ ^aj'AGj', (16)
s = 4

for r = 4, ..., /?! and / = 1, 2. Multiplying (16) by WH and summing up on r
from 4 to w, we obtain

YJ hT
adhr

uAd(ol + 2 J] (h'^dco' + a. ^ ft^Affl'
r = 4 r = 4 r = 4

= £ W , » o A ; = i,2. (17)
r, s = 4

By using cOj+coJ = 0 and (15), we obtain
m m

YJ h'adh'n A dco1 + 2 £ {h'i)2dcol = 0, i = 1, 2. (18)
r = 4 r = 4

On the other hand, since the Gauss curvature K is constant, we have

£ (hr
u)

2 = c + <x2 + K = constant. (19)
r = 4
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Therefore, by (18) and (19) we obtain

(c + a2 + K)dco' = 0, i = 1, 2. (20)

If c+<x2 + K = 0, then hr
u = 0 for all r > 3 . This implies that M is totally

umbilical in Rm(c). I f c + a 2 + # # 0, then we obtain dco1 = fifo2 = 0 identically
on M. Therefore, by (6), we obtain a>\ = 0 identically. This implies that M
is flat.

Case (ii) a = 0. In this case, by the fact that KN = 0, we may choose our
frame field in such a way that

/ir
12 = 0, for r = 3, ..., m. (21)

Hence, we have
a / ^ / j i ^ 1 , © ^ - / I ' n c o 2 , r = 3, . . . ,m. (22)

Taking exterior differentiations of (22), we have
m

dhr
llA(oi+2hr

lldcol= £ h'nca'Aior
a (23)

s = 3

for r = 3, ..., TJJ and / = 1,2. Multiplying (23) by hr
xl and summing up on r,

we obtain
m m

£ (fcr
udftr

11)AO)' + 2 £ ( f c ' n ^ d c o ^ O , i = l , 2 . (24)
r = 3 r = 3

On the other hand, the constancy of the Gauss curvature implies that the first
term of (24) vanishes. Thus we obtain

£ (Ktfdca^O, i = l , 2 . (25)
r = 3

This implies that M is either totally geodesic or flat. Consequently, we see
that, in both cases, M is either flat or totally umbilical in Rm(c). This proves
the first part of the theorem. The second part follows immediately from the
first part and the last paragraph of § 1 of (2).

4. Proof of Theorem 2

Let M be a compact surface with Gauss curvature K ^ 0 in a space form
Rm(c). If there exists a non-degenerate normal vector field e over M, which is
perpendicular to the mean curvature vector H, then we may choose our frame
field in such a way that e3 = e and elt e2 are in the principal direction of e.
Since e is perpendicular to the mean curvature vector field H, we have

(o\ = ga,\ o>\= -g<o2, g>0. (26)

The parallelism of e in the normal bundle implies

<ur
3 = 0, for r = 4, .... m. (27)

By taking exterior differentiations of (26) and applying (27) we obtain

2gdco' + dg A CO' = 0, i = 1, 2. (28)
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From (28) we can consider local coordinates («, v) in an open neighbourhood
U of a point pe M such that

ds2 = Edu2 + Gdv2, « ' = Jldu, ca2 = jGdv, (29)

where ds2 is the first fundamental form and E and G are local positive functions
on U. From (28), equation (29) becomes

d(gE) Adu = 0, d(gG) Adv = O, (30)

which shows that (gE) is a function of u and (gG) is a function of u. By making
the following coordinate transformation:

u' = UgEfdu, v = UgGfdv, (31)

we see that there exists a neighbourhood V of each point pe M such that there
exist isothermal coordinates (u, v) in V such that

, col=Jfdu, a>2=Jfdv,
9f= 1 ( }

where/ = f(u, v) is a positive function defined on V. It is well-known that the
Gauss curvature K is given by

K = - ^ - A l o g ( / ) , (33)

with respect to the isothermal coordinates (u, v). Hence the condition K ^ 0
with gf '= 1 implies A log(g) = — A log(/) ^ 0. By Hopf's lemma, we see
that log (g) is a constant on M. Hence the Gauss curvature

K= - i - A l o g ( / ) = | A l o g ( g ) = 0.

This implies that M is flat. By taking exterior differentiation of (29) we obtain

co? ACOI+OJI A cur
2 = 0, for r > 3 . (34)

Substituting (26) into (34) we obtain gh\2 = 0, for r > 3 . This implies KN = 0.
This completes the proof of the theorem.
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