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Abstract. We discuss some of the effects which magnetic fields in the range 104~108 G have on the
continuum emission of white dwarfs. In order to show how atomic processes are related to the trans-
port of radiation in an anisotropic medium we introduce the radiative transfer equation for polarized
light. Using this transfer equation as a guide we develop a greatly simplified model of a white dwarf
atmosphere: anisotropic absorption of unpolarized light passing through a cold, optically-thin layer.
Two possible sources of continuum polarization in white dwarfs with strong magnetic fields are
explored, namely bound-free transitions and cyclotron absorption. Within the hydrogenic approxima-
tion we develop a further approximation which is valid for bound-free transitions ‘when B is in the
range 104-107 G. Using this approximation it is possible to obtain simple expressions for the net
circular and linear polarization in terms of the zero-field opacity. In the case of cyclotron absorption,
the cross section is large and strongly peaked at the cyclotron frequency, which falls in the infrared or
optical for B> 108 G. This process can lead to net circular and linear polarization of comparable
magnitude. For stars with non-uniform magnetic fields, the cyclotron absorption effects are spread
over considerable wavelength ranges, with possibly quite complicated wavelength-dependent polariza-
tion.

1. Introduction

In the past three years there has been growing interest in the possible existence of
white dwarfs with strong magnetic fields. A number of authors (Ostriker and Hart-
wick, 1968; Ginzburg et al., 1969; Chow, 1969) have noted -that application of the
same argument put forward to explain the apparently large magnetic fields in pulsars
— namely, conservation of flux in the compression of a normal star to a neutron star
in a supernova — would suggest magnetic fields of the order of 106-107 G. The process
by which white dwarfs are formed is unclear, however, and the extent to which this
scaling argument applies is uncertain. Nevertheless, conjectures of this kind have
stimulated a number of observational searches for evidence of strong magnetic fields
in white dwarfs.

Three approaches have been used: examination of the wings of hydrogen lines for
circular polarization due to the linear Zeeman splitting of the unperturbed line (Angel
and Landstreet, 1970a), interpretation of residual displacements of hydrogen lines
in terms of the quadratic Zeeman effect (Preston, 1970; Trimble, 1971 ; see also Lamb
and Sutherland, 1971, for further discussion of this problem), and measurements of
continuum circular polarization with broad pass-band filters (Angel and Landstreet,
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1970b, 1971a, b; Landstreet and Angel, 1971; Kemp et al., 1970; Kemp and Swed-
lund, 1970; Kemp et al., 1971; and Gehrels, 1971) and multichannel photospectro-
meters (Angel et al., 1972a,b; Angel and Landstreet, 1972). The first two approaches
were confined exclusively to the DA white dwarfs and led to upper limits on the
magnetic field strengths in DA stars of about 10° G.

The most successful search method to date has been the search for circular polariza-
tion in the continuum radiation; the data for four stars, Grw+70°8247, G99-37,
G195-19, and G99-47, have been published. Grw+70°8247 is a ‘peculiar’ white
dwarf, famous for its unassigned Minkowski bands (see Greenstein and Matthews,
1957; Greenstein, 1970; and Angel, 1972 for tentative assignments), the most notable
one being at A4135. From the trigonometric parallax and a black-body interpretation
of the U—B, B—V colors, the temperature is near 7,=11500 K and the radius is
near 0.012 Ry (Greenstein and Matthews, 1957). In Figure 1 we give the data for
the net circular and linear polarizations, for wavelengths between 43000 and 411000,
taken from the work of Angel et al. (1972b) and the work of Angel and Landstreet
(1970b). The most striking features of the data are the rapid decrease and increase
of the circular polarization in the 13000-4000 range, the slow decrease of the circular
polarization with increasing wavelength above 14000, and the large linear polariza-
tion near 14000. There are also dramatic changes in the circular polarization in the
vicinity of the Minkowski bands; a possible interpretation of these latter results has
been put forward by Angel (1972). The second magnetic white dwarf, G99-37, is a
A4670p star with CH band heads near 143880, 4300 and the Swan bands of C, near
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Fig. 1. The net circular and linear polarizations versus wavelength for the white dwarf
Grw + 70°8247. The round dots indicate circular polarization and are taken from a graph given by
Angel et al. (1972b); the square dots at 113300, 3800, 4150, and 6400 indicate linear polarization and
are taken from a graph given by Angel and Landstreet (1970b). The circular polarization measure-
ments were made with a multichannel spectrophotometer and the linear polarization measurements
were made with filters; the horizontal error bars correspond to the channel and filter widths, and the
vertical error bars represent observational uncertainties. The vertical arrows indicate the positions
of the ‘Minkowski’ bands that are prominent in the spectrum.
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114380, 4680, 5170 (Landstreet and Angel, 1971 ; Greenstein, 1970; Greenstein et al.,
1971). The polarization data for G99-37 are given in Figure 2 (the positions of the
molecular absorption features are indicated by vertical arrows), taken from Landstreet
and Angel (1971). These data differ markedly from the Grw + 70° 8247 data: the average
circular polarization is considerably smaller (0.63% compared with 3.5%), and the
ratio of linear to circular polarization is very small. The data for the third magnetic
white dwarf, G195-19, a DC star, are similar to those of G99-37, with circular polari-
zation ~0.22%; and no detectable linear polarization (Angel and Landstreet, 1971a,b;
Angel et al., 1972a). In contrast to the previous two stars, the polarization of G195-19
was found to be time-varying with an amplitude of 0.25%; and a period of 1.339 days,
presumably due to rotation. Hence the published data, which were taken at different
phases, only give a rough idea of the wavelength dependence of the polarization. The
fourth magnetic white dwarf, G99-47, shows circular polarization ~0.4% and no
detectable linear polarization (Angel and Landstreet, 1972). Recent observations of
G99-37 by Angel and Landstreet, with improved sensitivity and resolution, have
revealed a classical molecular linear Zeeman pattern at the CH 14300 band head;
with 160 A resolution the circular polarization jumps through ~ 6% across the band
head, indicative of a magnetic field strength 210 G (Angel, private communication).
This observation is perhaps the single most convincing piece of evidence that
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Fig.2. The net circular and linear polarizations versus wavelength for the white dwarf G99-37,
adapted from a graph given by Landstreet and Angel (1971). The round dots indicate circular polariza-
tion measurements; the curve drawn through these points is meant only to guide the eye. The two
linear polarization measurements, indicated by the square dots, were made in two perpendicular
directions. The horizontal error bars correspond to the filter widths and the vertical error bars
represent observational uncertainties. The two vertical arrows at 113880, 4300 indicate the positions
of band heads in CH and the two vertical arrows at 114380, 4680 indicate the Swan bands of Cz; these
are prominent absorption features in the spectrum.
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the polarizations in these four white dwarfs are in fact due to magnetic fields.

The measurements of the continuum polarizations have been interpreted using the
grey-body model (Kemp, 1970a,b; see also Shipman, 1971; Chanmugam et al., 1972).
This model may give an order-of-magnitude estimate of the field strengths but does
not agree in detail with the data. One reason for this is the assumed grey-body
character of the opacity: for Q; <w this leads to circular polarization proportional
to Q. /o where Q =eB/2mc is the electron Larmor frequency and w is the angular
frequency of the light. In this approximation the linear polarization is proportional to
(QL/w)?. This model almost certainly fails for Grw+70°8247, where, as mentioned
above, the linear and circular polarization are comparable and ~ 4% at 14000. Using
the grey-body model, the field strengths for G99-37 and G195-19 are estimated to be
roughly 3 x 106 G and 10° G, respectively.

To conclude this brief survey of magnetic white dwarfs several remarks are in order.
First, only four of approximately sixty white dwarfs examined were found to show
detectable polarization, indicating magnetic fields greater than 10° G; thus the fraction
of white dwarfs with magnetic fields as large as this is apparently small. Second, even
among the four white dwarfs which show polarization there appears to be a consider-
able spread in indicated field strengths: as mentioned above, both the linear and
circular polarization in Grw+ 70°8247 are an order of magnitude greater than the
measured circular polarization in the other three, which show no detectable linear
polarization. Given this context and the rather long and complex evolutionary pro-
cesses which are thought to lead to white dwarf formation, use of the flux conservation
model to account for magnetic fields in white dwarfs leaves unexplained at least as
much as it explains.

In Section 2 we discuss the transfer equation for polarized radiation in an aniso-
tropic medium (the anisotropy, in this case, is provided by the magnetic field). The
effects of transfer on the polarization of radiation emerging from a plane-parallel
semi-infinite atmosphere are briefly discussed. In cases where the characteristic states
of the semi-infinite medium are orthogonal we show that Faraday rotation does not
affect the polarization of the emerging radiation so that the polarization is determined
by the absorption matrix alone. We then obtain the form of the absorption matrix
when the absorption is due to electric dipole transitions (as is the case for those opacity

. sources discussed in Sections 3 and 4). To illustrate the principal polarization features
that may arise, we examine a very simple model: a cold, optically thin layer through
which initially unpolarized radiation passes and acquires polarization due to the
anisotropic absorption.

Section 3 discusses bound-free absorption by hydrogenic atoms (specifically hy-
drogen and helium) in a magnetic field. Within the hydrogenic approximation we
develop a further approximation which is valid for field strengths in the range 10*-107
G. Using this approximation and the results of Section 2, it is possible to obtain
simple expressions for the net circular and linear polarizations in terms of the zero-field
opacity. We find that, away from absorption edges, the hydrogenic bound-free opacity
gives the same field strength and frequency dependence as the grey-body model. How-
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ever, near an absorption edge the opacity is discontinuous and the polarization
undergoes sudden changes in sign and magnitude. If hydrogen-like bound-free pro-
cesses form a significant source of opacity in white dwarfs with magnetic fields of
order 107 G, characteristic polarization features should be observable near absorption
edges.

In Section 4 we briefly consider polarization due to cyclotron absorption. This
process is of particular interest for stars which show strong linear as well as circular
polarization (such as Grw+ 70°8247), since it can lead to net circular and linear
polarizations of comparable magnitude. The cyclotron absorption cross section is
large and strongly peaked at the cyclotron frequency. The magnetic field in a typical
white dwarf atmosphere is almost certainly not constant in either direction or magni-
tude over the surface of the star; averaging over the surface field will spread the
cyclotron absorption features over broad wavelength ranges. These features occur in
the infrared and optical for B> 108 G.

2. The Transfer Equation for Polarized Radiation

In this section we formulate the radiative transfer equation for polarized light. The
passage of polarized light through an anisotropic medium can be conveniently treated
in terms of the two characteristic polarization states defined at each point in the
medium. Light of either of these two polarization states, which are generally not
orthogonal, propagates locally within the medium with its own particular complex
refractive index. Providing the properties of the medium change only over distances
much larger than the wavelength of the light, at each point in the medium light of
arbitrary polarization can be resolved into components using as a basis the charac-
teristic states of the medium at that point and the absorption and propagation of
each component can then be followed separately. This approach is discussed in con-
siderable detail by Lamb and ter Haar (1970); below we summarize the main results.
In order to describe the polarization properties of the light, we shall introduce a
polarization matrix, analogous to the density matrix ordinarily used in quantum
mechanics; rules for obtaining the corresponding values of the Stokes parameters
from this polarization matrix are given in the Appendix. The radiative transfer equa-
tion can then be written in terms of a transfer matrix J~ and an emission matrix &.
The eigenvectors of J correspond to the characteristic polarization states of the
medium; in the basis composed of these eigenvectors the explicit form of 7 is readily
obtained. (We are primarily concerned here with continuum polarization, therefore
we shall not discuss the effects of line emission and absorption although they may be
included in a relatively straightforward way — see Lamb and ter Haar, 1970.)
Consider the local propagation of light at point r in an anisotropic medium. At the
point r we establish a right-handed Cartesian triplet of unit vectors such that the
light is propagating along the 3-direction. The two transverse unit vectors are é, and
é,; distance along the direction of propagation will be denoted by s. We denote by
&8, the local characteristic polarization vectors of the medium. The electric induction
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vector for light of one of these characteristic polarizations propagates according to
Di ((SS) = ID:t (O)I 3ieik*as_xi53/2'2nivt, (1)

where v is the frequency of the light. We introduce the polarization matrix .# for the
light as follows: a light ray of induction vector D(s)=D, (s) &, +D_(s) &_ con-
tributes to the polarization matrix a term

[P+ () I (s) ID, (s)I> D, (s)D*(s)
s(s)= (f: ()5 (i)) = (D- ODLG) D ) )

We suppose that the characteristic vectors are related to the Cartesian unit vectors
by the transformation

ga’ = Zaéa%aw 1 (3)

éa = Z ﬂ‘? ﬁ%ﬁa ;
% will not be unitary unless the characteristic vectors are orthogonal. The relationship
between the polarization matrices in the characteristic basis, .#, and in the Cartesian
basis, £, is

IO = gyt

S = g1t 4)
this transformation is not a similarity transformation unless % is unitary. The Stokes
parameters of the radiation are obtained from £, and rules for the determination
of these are given in the Appendix. Although the approach presented in this section
is quite general we shall restrict our considerations to atmospheres in which the charac-
teristic states do not change along the direction of propagation.

The transfer equation for the polarization matrix .# is

S
%:-%(7}+/ﬂ"‘)+é’, ®)

where & is the emission matrix (its form in LTE will be determined below) and
is the transfer matrix obtained by substituting (1) into (2) and differentiating:

. (ks O A, 0
T=—2R+ A = 2;(0 k_>+<0 %,_). (6)

The matrix " represents, of course, the absorption of light; the matrix % contains
the real parts of the refractive indices and provides for such effects as Faraday
rotation.

The form of the emission matrix in LTE may be determined as follows. In a homo-
geneous (but possibly anisotropic) medium in thermodynamic equilibrium we must
have df/ds=0 and the light must be unpolarized black-body radiation. In the
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Cartesian basis the latter condition may be written

so=mm(y O 8= . ™
or in the characteristic basis

S=a"'sOu """ =1B(T)Q, (8)
where Q=%"'%~'*. From the condition d.#/ds=0 it follows that

& =31B(T)[(#Q + QX)2 — i (22 — QR)]. o)

But & is determined entirely by the local properties of the medium, and hence in LTE
is given by (9) even when the medium is inhomogeneous. Note that when the charac-
teristic states are orthogonal, Q is the unit matrix and & has the familiar form &=
=41B(T) X

Quite generally we may write % in the form

a b
2- ( “ a) | (10)
with a, b complex and |a|? +|b|>=1. Then

_ 1 1 7
9_1—112<'1 ]> (11

with n=—2 Re a*b; n is a direct measure of the nonorthogonality of the characteristic
states. In terms of the matrix components of .#, the transfer equation becomes
1
=y | I — ‘}1

—ds,

ds
—ds,
- ds

—” (T)]

= (F - iA)[fx - 4: ””ZB(T)] @

with ) = (X", + 2 _)/2 the average absorption coefficient and A=k, —k_.

The transfer equations for the £, and .# _ components of the polarization matrix
have the standard form: there is an absorption term and an emission term, the latter
being given [apart from a nonorthogonality factor (1 —»?)~*] by the Planck function.
On the other hand, the transfer equation for .#, involves a complex absorption term,
(# —id)#,,and a ‘weak’ source function, 4 (n/1 —n?) B(T) (weak if [1 + 4%/ #2]"/% x

xn<l). .
If the polarization states are orthogonal (r=0), (12) reduces to
—ds
T [ 3B
—ds (13)
I=(H —id)F,.
ds
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In this case, the components ., at the boundary of a semi-infinite plane-parallel
atmosphere are determined only by the absorption matrix and the run of temperature
in the atmosphere: the matrix # has no effect. Furthermore, the off-diagonal com-
ponent £, will be zero at the boundary because the ., transfer equation has an
absorption term but no source term. Faraday rotation effects are associated with 4;
in the case of a semi-infinite plane-parallel atmosphere with orthogonal characteristic
states Faraday rotation does not affect the polarization of the emerging radiation
because of the attenuation of the off-diagonal elements of the polarization matrix.

If the characteristic polarization states are nearly orthogonal ([1 + 4%/#2]"?n<1)
then we may to first order in n ignore the effects of the matrix £ in determining the
polarization properties of the emergent radiation. The characteristic states are then
just the eigenvectors of the absorption matrix, and in the case of electric dipole
transitions these may be determined by symmetry considerations. The absorption
matrix is easily expressed in the Cartesian basis; in what follows we shall work ex-
clusively in that basis and drop the superscript ¢ on ).

Deep within the atmosphere of a magnetic white dwarf we expect the light to be
essentially unpolarized black-body radiation; it is only as the light diffuses outward
through the atmosphere that polarization can develop. In order to explore the quali-
tative features of the polarization produced by electric dipole absorption in the approx-
imation under discussion, we consider a greatly simplified model of a white dwarf
atmosphere in which the following assumptions have been made: (i) absorption takes
place in a cold layer of thickness ds where 7= ds<1, (ii) the light incident on that
absorption layer is unpolarized, and (iii) the magnetic field is homogeneous through-
out the layer. Thus below the layer the polarization matrix is*

s (0) = %jnet (:) (1)> (14)

and emerging from the layer it is
J(65)=F(0) — 3[4 F(0) + £(0) X7] s

LT oy (o (15
-y 9)- (o 7))

The Stokes parameters of the emergent radiation (see the Appendix) are given by
S;=—140str (o) i=1,2,3. (16)
We now turn to an evaluation of the matrix elements of ", in situations where the
opacity is determined by electric dipole transitions. To be explicit, we consider that
the anisotropy of the atmosphere is due to a uniform magnetic field oriented along
the z-axis. If the outward normal to the atmosphere (and also the direction of light
propagation) is given by the unit vector
k = (sin @ cos ¢, sin 8 sin ¢, cos 0), an

* This choice of polarization matrix below the ‘reversing-layer’ means that Faraday rotation does
not affect the polarization of the emerging radiation, just as in the case of the semi-infinite atmosphere.
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then we may take the two transverse vectors é, and é,, which together with k form
our basic Cartesian triplet, to be

é, = (sin¢, — cos ¢, 0)
é, = (cos 0 cos ¢, cos 0 sinp, — sinf).

(13)

Now the absorption coefficient, in the dipole approximation, for the absorption of a
photon of frequency v=w/2n and polarization & is proportional to the absorption
cross section

4n’e’w

=Y KAa-2I0f o (e, - i~ o) (19)
if

where E;, E ; are respectively the energies of the initial and final states of the absorbing

system, and d is the dipole operator. Because the magnetic field (along the Z-axis)

tends to break the magnetic quantum number degeneracies in atomic states, it is

convenient to express d as follows:

d=Y&d, g=+10
q

with
1

§i=-—|—\/2(fiiﬁ) Bo=2; | (20)

d, can only connect atomic states whose magnetic quantum numbers differ by gq.
We define three absorption coefficients K, corresponding to the polarizations é”=éq
in (19); the &, and K|, are then the eigenvectors and eigenvalues of a 3 x 3 absorption
matrix which can be used to describe the absorption of light of arbitrary direction
of propagation. The appropriate absorption matrix in the Cartesian basis é,, é, for
light propagating along k [see (17) and (18)] is obtained by inserting the relevant
projection factors: '

+1

fij = =Z—1 (éi'éq) fq(é;k"éj) i, j=12;

(e + )2 —if2cosO (A, — A )

“\il2cosO(AH, —H ) (A +H )+ (A g—Hy — K _)sin?0])
(21

The values for the net circular and linear polarizations of the radiation emerging
from the optically thin layer [see Equation (16)] are

v
5:—%(Ji’+ —Jf_)c?oso
% —3QH = H s — A _)sin20. 22)
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The mean optical depth of the absorption layer is

(23)

1+ cos?0 in?6
fEés%tr(Jlf)=5s|:(f++9f_) +Z°S +.>fos"12 ]

3. Bound-Free Opacities in Magnetic Fields

In the previous section we obtained the form of the absorption matrix in the dipole
approximation, and developed expressions for the Stokes polarization parameters
for an optically-thin absorbing layer. A major contribution to the continuum opacity
in cooler white dwarfs is the bound-free opacity. The dipole approximation is always
fully justified in calculating the atomic bound-free opacity in the optical. Thus in
the present section we analyze, within the hydrogenic approximation, the frequency
and magnetic field strength dependence of the absorption coefficients defined in (19).
Besides hydrogen and helium, it may be possible to discuss the behavior of the opac-
ities of the heavier elements within this approximation, if they are sufficiently ionized
(it has been suggested by Greenstein et al. (1971) that heavier elements may be present
in the atmospheres of the white dwarfs showing continuum polarization as a result
of convection from the interior). The bound-free absorption coefficient of helium at
optical wavelengths is very well represented by the hydrogenic result. This is because
the optical absorption and emission spectra are due to transitions involving a single
electron in an excited state. The other electron remains in the tightly bound 1s state
and its only effect, to a great precision, is to reduce the effective nuclear charge to a
value ~ +e; thus the use of hydrogenic wavefunctions in this case is fully justified. As
an example of the application of this analysis, the continuum polarization produced by
bound-free transitions in hydrogen is considered in detail.

The bound-free opacity is given by the photoionization cross section: a bound
electron of energy —1I absorbs a photon of energy 4w making a transition to a con-
tinuum state of energy 4w —I. Whenever the initial and final state wave functions are
sufficiently ‘rigid’ with respect to perturbation by the magnetic field (this condition
will be made more precise in a moment), then we may obtain simple expressions for
the continuum K, in terms of the zero-field opacity. This may be seen as follows.

Consider first the bound electron wave function. We are interested in magnetic
fields strong enough (B2 10* G) that the Paschen-Back limit has been reached. If
at the same time the magnetic field is sufficiently weak and the bound electron suffi-
ciently tightly bound so that the quadratic Zeeman effect can be ignored, then, because
the linear Zeeman Hamiltonian is diagonal, the initial state wave function is unchanged
by the magnetic field (‘rigidity’ of the initial state wave function). In this case only the
energy of the bound state changes, by m;/iQ; where m; isthe initial state magnetic
quantum number and Q; =eB/2 mc is the Larmor frequency of the bound electron.
Now, far from the atom the free electron state is greatly distorted by the magnetic
field: the electron must spiral along the direction of the magnetic field. On the other
hand, the behavior of the free electron wave function is only needed out to an atomic
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distance of the order of the bound state radius, since the matrix element for photo-
ionization is given by a weighted overlap of the bound electron and free electron wave
functions. Thus, provided the kinetic energy of the free electron is sufficiently large,
the magnetic field can again be treated in first order. If furthermore we work with
eigenstates of L, (the magnetic field being taken along the z-axis) then the free electron
wave function — out to the radius of the bound state — may be approximated by the
zero-field wave function, With the appropriate linear Zeeman shift m /AQ, in the energy
(‘rigidity’ of the final state wave function).
The condition that the bound state quadratic Zeeman effect can be neglected in
comparison to the linear Zeeman effect is
2p2 2
B <hay, 24)
8 mc
where r is the radius of the bound state wave function. For a bound state of principal
quantum number n, (24) becomes

n*B, <10°, (25)

where B, is the magnetic field strength in units of 107 G. For Balmer and Paschen
bound-free transitions in hydrogen (n=2 and n=3), (25) is still satisfied for B=10" G.
The condition on the kinetic energy of the free electron is

2 2p2

P _ e 2 "
s 26
2m > 8 mc? s (26)

or, equivalently,
Kty <, 27)

where r is the radius of the bound state wave function and r| =v/Q, is the Larmor
radius of the electron in the magnetic field. From (24) and the condition (26) we see
that for photoionization from a state of principal quantum number #, the first-order
approximation will always fail in a wavelength interval

AAJA = 4.53 x 1075 B2n®, (28)

just above threshold. For the Balmer edge (13650) and the Paschen edge (18201),
(28) gives 44=1.04 A and 27.1 A, respectively, for B=107 G. As will be shown
below, this wavelength interval is negligible compared to the interval over which
interesting effects occur. It is clear that in the approximation which has just been
described, the absorption coefficient for photoionization in the magnetic field can be
written in terms of the zero-field absorption coefficient. We turn now to the details
of this program. » '

For bound-free processes the largest contribution to the opacity is made in the
vicinity of the absorption edge. In this region the photon wavelength is much greater
than the radius of the bound state wave function for the cases being considered, so
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that the dipole approximation is valid. Thus the bound-free absorption coefficients
are given by (19):

2
A, = const. x 4nze?w2|<f| dq|i>|25(Ef—E,—hw), q=0,+.
if (29

Here hw is the photon energy, and E;(= —1I) and E, are, respectively, the energies
of the bound and ionized electrons, including the linear interaction with the external
magnetic field. The matrix elements of 4, in the rigid wave function approximation
are easily evaluated in terms of the zero-field matrix elements: the wave functions
are unchanged by the magnetic field while the energies of the initial and final states
are shifted linearly with field strength (the difference in linear Zeeman shift is the same
for all pairs of states connected by a given d,, namely, 42, q). Thus, if in the absence
of a magnetic field

Zf|<f| d,1i>|* 8 (E; — E; — o) = f,(w), (30)
then with a magnetic field present

Zf [<f| dlid|? 6 (E, — E; — hw) = f,(w — q@20). (31)

The function £ in (30) and (31) must be the same for all ¢, since only in this case will
the zero-field absorption coefficient be independent of ¢, as required. Thus the ab-
sorption coefficients are given by

A ,(w) = const. o f (0 — q2;), (32)

and these may be put directly into (22) and (23) to obtain the circular and linear
polarization and mean optical depth for the optically thin absorption layer:

v(6) [f(o—Q)— f(w+ Q)] cosb
T [f(0—9Q)+ f(o+2)] (1 +cos?0)/2 + f(w)sin®0
Pmax (0) - [f((l)) - 1/2 (f((O - QL) + f((D + QL))] Sin2 0
T [fo=2)+ f(o+2)] (1 + cos?0)2 + f(w)sin? 6
t= %s[(oa + x-)gll;si) + oy sin? e]. (33)

If Q;/w<1 and f is smoothly varying, then we may expand f(w+€,) in a Taylor
series with the result, to lowest order in Q, /w,

0 ()l )

Pmax _ (AN sin?0[ o df(w)
: ‘<E) 4 [f(w) do? ]

In (34) it has been assumed that (2%/f) d*f/dw? <1.

(34)
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Let us turn now to a specific bound-free opacity, that of hydrogen. Let &, be the
absorption cross section per electron in an energy level of principal quantum number
n, averaged over the orbital angular momentum quantum numbers (see Frank-
Kamenetskii, 1962). For light of wavelength 4 515000 A we need only consider photo-
ionization from levels with n<4. Then the function f (w) defined by (30) is given by

4

1 1
I@)=fe@= ) 5. 69
n=1

Figure 3(a) indicates the general behavior (although much exaggerated) of the ab-
sorption coefficients K, (w). The resulting net polarizations v/7 and p,,,,/7 (the former
calculated for propagation along the field and the latter, for propagation normal to
the field) are shown in Figure 3(b) for a field of 107 G. As an example of the behavior
of the polarization near an absorption edge, the frequency dependence of v/7 and
Pmax/ T Of the Balmer edge is shown in greater detail in Figure 3(c).

Except near the absorption edges, v/T and p,,,,/T are well-represented by the func-

tions ,
0 Q 0 \?
v®)_ _ 4 (—") cosf and h;(—) =5 (—'f> sin® . (36)

T w (0]

These results may be understood by recalling that the Kramers approximation to
the bound-free opacity, which is accurate over a wide range of frequencies, gives
G,=const. n” w2 or f(w)~w™*. In this approximation (34) gives exactly the result
(36). We may remark that in the wavelength intervals where (36) is valid (away from
the absorption edges), the hydrogen bound-free opacity gives, for an optically thin
absorbing layer, the same field strength and frequency dependence as the grey-body
model. ' 4

The relation between the bound-free case discussed here and the grey-body case
discussed by Kemp can be seen from (35). In the greybody case, o (w)=const. by
definition, so that f (w)=(const.) @~ . This gives the same behavior as that obtained
here for the bound-free case, except, of course, near an absorption edge.

Near an absorption edge the cross section is discontinuous, and the polarization is
given by (33). The result is that v/7 changes sign and becomes large in the interval
A_<A<A4,, where

b =do(LF dofi)™t 37)

in terms of the wavelength A, of the absorption edge in zero field and A, =2nrc/Q;.
For a field of 107 G, this interval extends for ~60 A on either side of the Balmer
edge (43646) and for ~300 A on either side of the Paschen edge (18201). In these
same intervals p,,. /T also becomes large and changes sign twice. The magnitudes of
v/7 and p,,,,/T are independent of field strength in the intervals A_ <A< A1,. The values
of v/T and p,,,/7 in these intervals may be estimated quite accurately by again using
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Fig. 3. The behavior of the absorption coefficients for bound-free absorption in a magnetic field and
the resulting circular and linear continuum polarization. The general behavior of the absorption
coefficients is shown in (a), although much exaggerated. The resulting net polarizations v/ and
Pmax/%, calculated for propagation parallel and perpendicular to the field, respectively, are shown in
(b) for B=107 G. The detailed behavior of v/t and pmax/f at the Balmer edge is shown in (c).
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the Kramers approximation. At the Balmer edge this gives

vO=7)_ _ 077 3586 A <i<3706A

T
and
Pmax (0 =7/2) [—028 3586 A <1 <3646 A
7 r{+0.62 3646 A < 4 S 3706 A,

while at the Paschen edge we have

v(0=n)
7
Pmax (0 =7/2) { - 024 7900 A <i<8201A

~—0.62 7900 A <1 <8500A

z T1+045 8201 A <1<8500A.

By contrast, a field of 107 G gives v(0=n)/7=0.073 and p,,,, (6=m/2)/7=0.0017 at
24000, far from the edges. The Balmer edge behavior is illustrated in Figure 3(c).
The behavior near the Balmer edges of helium is somewhat more complicated. Because
the effective screening of the nucleus by the 1s electron depends-somewhat upon the
orbital angular momentum of the outer electron and the total spin of the two electrons,
there are four separate Balmer edges (two each for orthohelium and parahelium).
These edges appear at 142600, 3420 in orthohelium and at 113120, 3680 in parahelium
— in both cases the separation between the edges considerably exceeds the width of
the region of characteristic polarization changes, even for field strengths as great as
107 G. For higher wavelength edges in helium the situation simplifies because the
screening of the nucleus varies less with the angular momentum states.

If some white dwarfs have magnetic fields as large as B~ 107 G and if photoioniza-
tion of hydrogen-like atoms is a significant source of opacity, then features of the
type just described should be observable near absorption edges.. It must be kept in
mind, however, that disordered fields and the presence of other opacity sources will
tend to wash out these features to a greater or lesser degree, depending on the structure
of the atmosphere.

4. Free-Free Absorption in Magnetic Fields

In normal white dwarf atmospheres, an important contribution to the continuum
opacity is due to free-free absorption by electrons moving in the Coulomb field of
ions (inverse bremsstrahlung). In the presence of a magnetic field a new type of process
becomes possible in which electrons which are otherwise free are able to absorb
radiation by transferring momentum to the magnetic field (the inverse of cyclotron
radiation). This process will give rise to a continuous opacity with a strong linear
and circular absorption peak near the cyclotron resonance frequency, Q. =eB/mc,
corresponding to transitions between adjacent Landau levels. For magnetic field
strengths B> 108 G, this peak will fall in the infrared or optical (the wavelength in
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um is A, =2mnc/Q,=1.07/Bg, where By is the field strength in units of 108 G). For this
reason, it has been suggested (see Kemp, 1970b) that the cyclotron process may be
related to the polarization features seen in the white dwarf Grw+70°8247. In the
present section we obtain a quantitative estimate for the free-free opacity in magnetic
white dwarf atmospheres due to this process and compare it with the results for the
bound-free opacity obtained in the previous section.

For the temperatures typical of white dwarf atmospheres (T~ 10*K) and the mag-
netic field strengths of interest (B~ 108 G), hQ_~ kT so that only the first few Landau
levels will be significantly populated. Thus the cyclotron absorption cross section
must be calculated quantum-mechanically. The cyclotron radius of the electron
motion, for magnetic fields of these strengths and velocities determined by these
temperatures, is considerably smaller than the wavelength of radiation at the cyclotron
frequency. As a consequence the absorption of radiation is governed by the usual
electric dipole rules, and we may thus calculate the opacities K, =n.0, defined in (19).
Here n, is the number density of free electrons. In addition, the spiral-like motion of
the electrons provides the kinematic restrictions that o_, o, are negligible while o,
is peaked at the cyclotron frequency. Assuming nondegenerate electrons in LTE,
the absorption cross section ¢ is (see Lamb and Sutherland, 1971):

(@ 6) 1 1 /e 27tc)2 me? \/?
o,(0,0)r — — = | =) | == X
* lcos 8] /m \lic/\ Q. ) \2ksT

B 1 me* (0 - Q)
) exp{- , (38
8 (B > 1 — ¢ maekeT °XP { T cos?0 Q2 } (38)

q

for light of angular frequency w propagating at an angle 8 with respect to the magnetic
field; here B,=m?c*/eh=4.414 x 10'*> G. From (38) it is evident that the cross section
is strongly peaked about w=Q,_ with a width given by

Ao [2kgT\'?
?z<7n—2—2—> [cos 6. (39)

A measure of the strength of the absorption is provided by the frequency-integrated
cross section:

e’ (2nc\* /B Q.
[ EJ‘dw0'+(CU, B)Qh—c(?c) (E)W (40)

q

For T=10* K and B=10% G, the peak occurs at 4110700 with a full width at 1/e of
roughly 39 |cos@| A (cf. Figure 4); (40) gives for the integrated cross section 0.45
cm? s™1. By comparison, the frequency-integrated cross section for hydrogen bound-
free absorption from the Paschen edge to the Balmer edge is only 0.02 cm? s~
Because only one K, (that for g= +1) is nonzero, the light in the neighborhood
of the cyclotron absorption feature should exhibit strong circular and linear polariza-
tion. For the sake of comparison with the results of Section 3, we may note that a

homogeneous magnetic field in a layer of optical depth 7<1 whose opacity is due
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only to cyclotron absorption will lead to values of v(6)/7 and p,,, (6)/% [cf. (22) and
(23)] given by

v()  2cosb
f 1+cos?6’
D sin @ @40

F 1% cos0’
where 0 is the angle between the direction of propagation and the magnetic field;
of course these polarizations only exist in the immediate vicinity of the cyclotron
frequency [cf. (39)]. Both v and p,,,, have the same sign as given by absorption due
to hydrogen-like bound-free transitions at wavelengths not in the vicinity of an ab-
sorption edge.

In a typical white dwarf atmosphere, the magnetic field is expected to be far from
uniform - it will vary both in magnitude and direction over the stellar surface. The
effect of variations in magnitude is to shift the location of the cyclotron absorption
peak. Thus at a particular frequency one observes (due to the cyclotron absorption)

B = 10® gauss
T=10% K

Q.= Li6ev
KT = 0.86eV

3948

t
|
|
|
|
|
!
!
|
|
|
:
|
!
n
|
|
|
|
|
]

10,700 A

CYCLOTRON ABSORPTION
CROSS-SECTION

Fig. 4. Characteristics of the cyclotron absorption cross section o, for the indicated temperature
and magnetic field. The width shown is the full width at o,(max)/e.
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contributions to the polarization from all points in the stellar atmosphere for which
the magnetic field strength is (roughly) the same; for these points, however, the angle
0 between the magnetic field and light propagating towards the observer will in
general vary so that v and p,,,, as given in (41) must be suitably averaged.

5. Conclusions

In the preceding sections we have presented some of the effects magnetic fields in the
range 10*-10® G would have on the observed continuum emission of white dwarfs.
Before examining the magnetic field effects at the atomic level, we introduced the
radiative transfer equation for polarized light in an anisotropic medium. Within this
framework it is possible to discuss the relative effects of the real and imaginary parts
of the indices of refraction of the medium, to obtain the form of the emission matrix,
and to isolate the geometrical factors related to the direction of propagation of the
light relative to the magnetic field. We found that in a semi-infinite plane-parallel
atmosphere, provided the characteristic states of the medium are nearly orthogonal,
the polarization of the radiation is determined only by the absorption matrix and the
run of temperature in the atmosphere. For the case of electric dipole absorption in
a magnetic field the absorption matrix may be directly expressed in terms of the atomic
absorption coefficients and the geometrical factors. To illustrate the qualitative fea-
tures of the polarization induced by such anisotropic absorption, we considered ab-
sorption by a cold, optically-thin layer. In this greatly simplified model of a white
dwarf atmosphere, we obtained formulae for the net circular and linear polarizations
in terms of the absorption coefficients and the geometrical factors.

The continuum polarization arising from bound-free transitions in magnetic fields
was calculated within the hydrogenic approximation. Away from absorption edges
a hydrogenic bound-free opacity gives the same field strength and frequency dependence
of the polarizations as that given by the grey-body model. However, near an absorption
edge the opacity is discontinuous and the polarization undergoes sudden changes in
sign and magnitude. If hydrogen or helium bound-free processes (or those of heavier
atoms satisfying the hydrogenic approximation) form a significant source of opacity
in white dwarfs with magnetic fields of order 107 G, these changes should be ob-
servable. Discovery of this type of behavior in the continuum polarization of white
dwarfs would be of great interest for at least two reasons. First, it would indicate that
a particular bound-free opacity makes a significant contribution to the star’s
opacity, thus yielding information about the composition, density, and tempe-
rature of the atmosphere. In this connection it is worth noting that fields as
large as 107 G might make difficult the detection of an .absorption edge using
intensity measurements alone. Second, it would make possible a more accurate esti-
mate of the average field strength than is possible on the basis of broad-band continuum
polarization measurements. For these reasons, a search for edge behavior in the
continuum polarization of white dwarfs seems desirable.

We have also discussed the opacity due to cyclotron absorption by electrons. The
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cross section is strongly peaked at the cyclotron frequency, which falls in the infrared
or optical for B>108 G, and is large (the integrated cyclotron cross section is ~ 102
times the hydrogen bound-free absorption cross section integrated over the optical
region of the spectrum). This process can produce net linear and circular polarizations
of comparable magnitude. For stars with magnetic fields that are not constant in
magnitude and direction throughout the atmosphere, the cyclotron absorption effects
will be spread across considerable wavelength ranges with possibly quite complicated
wavelength-dependent polarizations.
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Appendix

In this appendix we discuss the polarization information contained in the polarization
matrix and give rules for the determination of the Stokes parameters (further details
may be found in Lamb and ter Haar (1970)). The polarization matrix is in most
respects similar to the density matrix introduced in quantum mechanics; the primary
difference is that the polarization matrix does not have a fixed normalization, in
order that the absorption of light as it propagates through the medium may be rep-
resented within the polarization matrix formalism.

The polarization matrix in the Cartesian basis, £, is Hermitian and thus its
eigenvectors may be chosen to form an orthonormal basis. The congruency transfor-
mation of #© under this change of orthonormal bases diagonalizes the polarization

matrix:

s =aigog =t 0 (A1)

0 i)
The degree of polarization p is given by
_Ae A (A2

P T A )
from which it follows that p may be written in the invariant form

PTU TS

Because the transformation of the polarization matrix under a change of basis from
the Cartesian basis [see (3) and (4)] is only a similarity transformation if the new basis

https://doi.org/10.1017/50074180900100075 Published online by Cambridge University Press


https://doi.org/10.1017/S0074180900100075

284 F.K.LAMB AND P.G.SUTHERLAND

is orthonormal, we must restrict ourselves to orthonormal bases so that the trace and
determinant of the polarization matrix have invariant values. The trace of . is just
the net intensity of the radiation; det (#)=0 is a necessary and sufficient condition
for the radiation to be completely polarized. Note that unpolarized radiation is
characterized by a polarization matrix proportional to the unit matrix, the propor-
tionality constant being one-half the total intensity.

Various sets of Stokes parameters may be introduced to give an alternative de-
scription of polarized radiation (see, for example, Chandrasekhar, 1960, pp. 24-31);
these may, in general, be obtained from the polarization matrix in the Cartesian basis.
A conventional set of Stokes parameters is given by:

S;=tr(6.f?) i=0,1,2,3 (A%

where the o, are the Pauli matrices and the unit matrix:

N N L N

S, is the net intensity and one may easily show that v=§,/S|, is the net circular polar-
ization. The net linear polarization along an axis inclined at an angle ¢ to the 1-axis
(the light propagates along the 3-axis), defined as the linear polarization measured
along this axis minus the linear polarization measured along an axis at right angles
to this axis, is given by

p(@)=p,—ps
= (S, 0526 + S, sin2¢)/S, . (A6)

The quantity p,.., appearing in the previous sections and referred to as the ‘net linear
polarization’ is the maximum value of p(¢) with respect to ¢. It is conventional to
choose the (as yet unspecified) orientation of the Cartesian 1-axis so that p,,,, coincides

with S,/S,.
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