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Martingale central limit theorems
without uniform

asymptotic negligibility

R.J. Adler and D.J. Scott

Central 1imit theorems are obtained for martingale arrays without
the requirement of uniform asymptotic negligibility. The results
obtained generalise the sufficiency part of Zolotarev's extension
of the classical Lindeberg-Feller central limit theorem [V.M.
Zolotarev, Theor. Probability Appl. 12 (1967), 608-618] and also
the main martingale central limit theorem (not functional central
limit theorem however) of D.L. Mcleish [Ann. Probability 2
(1974), 620-628.

1. Introduction

In his 1967 paper [7] Zolotarev established two forms of a central
limit theorem for sums of independent random variables, which did not
require the summands to be uniformly asymptotically negligible as does the
classical Lindeberg-Feller central limit theorem (see Loéve [4], p. 280).
The idea behind Zolotarev's investigation is quite simple; the summands
are divided into "big" ones (those for which the uniform asymptotic
negligibility condition doesn't hold) and "small" ones (those for which it
does). If the big summands approach normality, and the small ones obey the
Lindeberg condition, then the central limit theorem will hold, and moreover
these requirements are necessary. In this paper we extend the sufficiency
part of Zolotarev's results to the martingale case. The results obtained
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extend the central 1imit theorem of Mcleish ([5], Theorem (2.3)) which
constitutes the most general central limit theorem for martingales so far
obtained, containing the results of Brown [1], Dvoretzky [2], and Scott
[6]. The results are not functional central 1limit theorems however. It is
clear that when uniform asymptotic negligibility conditions are not imposed

it is not in general possible to obtain functional central limit theorems.

2. Notation and results

Let (R, A, P) be a probability space and for each n =1 1let
{Sk(n), Fk(n); 1sk= kn} be a martingale sequence defined on (§, A, P) .

k
Put So(n) = Xo(n) = 0 almost surely, Sk(n) = ¥ Xj(n) and assume
J=1

E’Si(n) = si(n) <@ for 1sksk andall nz1. We define

o;(n)

6§(n>

EX;(n) ,

s{) | Fiyom)

x 2
o(x) = J e /2d.'c s

@é”)(x) = o/o;(m)
and
(n) _ < } (n)
Aj (z) = P{Xj(n) <z | Fj—l(n) - (I)J. (z)
THEOREM. Let Y, be a bounded sequence of positive real numbers. If
%
(1) Y;lanilog “r-ll] +0 as8 n-> o,
where
(2) o = sup supEiA(.n)(x)l
n jGUn x J

and Un t8 the set of values of the index J such that o;(n) <Y, and
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the following conditions hold

,

(3) L 0§(n) =1,
Jeu,

(4) max ]Xﬁ(n)| £ s
J€U,

(a)

(s) max IXﬁ(n)l is wniformly bounded in L, norm,
Jev,

(6) PR IR ORI
LJGUn j€u,

then

P[Sk (n) = zJ + &(x) as n> o, V¥Yxr .,
)

Here "-£+" denotes "econverges in probability to".
We can obtain the result of the theorem under slightly more

restrictive conditions, by means of the following lemma.

LEMMA. et 82

X (n) =1 . Then the conditions (A) are simplified by
n

the equivalent sets of conditions (B), (C), and (D). Under Yh >0, (B),

(C), and (D) are also equivalent to (E), and under (1) and Y, >0, to (F)

also.
2 P
L (B3] £ 0,
n
(3)
(1) I eI ze o, e>o0,
jeu 9 J
n
(8) ) [62.(n)-02.(n>) Lo,
Jeu J J
n
(c) .
(9) ) Hem(lxml =) | Fum} Fo, veso,
n
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) [X?(n)-c?(n)] RN ,

i<,
(D)
(10) sup X(n) =0,
jev d
n
( ~2 2 P
.(n)-o.(n)] — 0,
j(zU [‘7 J
(5) |
(11) I Ltz Lo, veso,
Jjeu ! |x|ze J
\ n
~2 2 P
52(n)-02( )] 2.,
jEzU [ J " J "
n
(F)
(12) 5 [ LM Bo, veso.
g1 Mal<e 7

We use I(*) to denote the indicator function.
When the martingale differences {Xj(n)} are actually independent we
can observe that the above results contain the sufficiency part of

Zolotarev's results by choosing Y, = 83 » Where

B = sup L[P(X.(n) < x), <I>(.n)(x)] and I 1is the Levy metric. Noting
" ois=jsk J J
n

Lemma 2 of [7] it is not difficult to show (1), (C), and Y, 0 are

equivalent to the conditions of the theorem of [7] and (1), (F), and

Yn + 0 are equivalent to the conditions of the theorem (second version) of
[(71.
If the martingale difference array {Xj(n)} satisfies the conditions

of Theorem (2.3) of [5] then clearly

sup sup oe.(n) <M<w>,
n lSjSkn

and taking Yn = 2M , {Xj(n)} also satisfies the conditions of our

theorem. Thus the results above extend Mcleish's Theorem (2.3) also.
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3. Proof of the theorem
We must show that
2
(13) E exp[itsk (n)) > o t/2
n
for each real ¢t . For every J € Un we let Yj(n) be distributed as

N[O, 0?(71)] independently of each other and of the OJ-field generated by

k
JL F.in) and for § € U simply set Y.(n) = X.(n) . Then letting
J=1 n J )
k kn
Ry(n) = jzl Yj(n) + j=]§+]_ XJ.(n) » 1sk=k ,
we will show first that
(1k) E exp[’itRk (n)]‘E exp[itsk (n)]' >0 .
n n

7
Now, using the convention that z aJ. =0 for k>1,
L1

(15) |E exp[itRkn(n)]—E exp[itskn(n)]l

Ky X, k-1 itr(n) it (n)
Z E|exp z 1tY .(n) + Z itXJ.(n) [e -e ]

=0 J=k+1 Y J=1
K K, k-1 itYk(n) itx (n)
= |} El|exp itY . (n)||E||exp T itX.(n) [e -e ]
k=0 PR =1 7
kfl {[ kil itYk(n) ith(n)] | . (
< E|E{ e itX.(n)] [e - n)}
k=0 = k-1
k . .
n itY, (n) itX,(n)
- x x
< kzo E,E{e -e Fk_l(n)}l
itY, (n) itX,(n)
= I E’E{e kn-e K" | Fk l(n)}
kEUn -

The sum in (15) can be treated in the following way. Define a sequence of
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number s An by An =V 2 log Ol;ll . By Feller [3] (page 175) we have

o(-4,) =1 - 0(a)

A
£
®

-1 %
an[Q log otn ] .

Since for J € ﬁn . Oj(n) <1, it follows that
(16) @(-An/oj(n)) =1 - <1>(An/aj(n))
)
<o [2 log O ] .
n n

We have thus

ElE{eith(n)_eitYk(n) ’ Fk_l(n)}’
E’U eitdi;(n)(x)‘

A
I n eitdi;(n)(x) r eitdi]((n)(x)l
-An An

_An .
I e'btdiJ((n) ()

1A

E + B + E

Il+I2+I3.

Treating these forms separately

A

E'(P{Xk(n) s | F_ (m} +e(4 /o (n))

(1) I, <E J:inldAZ((n)(x), .

< 2<I>(-An/ok(n)) +a,

+ Q
n

-1 %
= 20 (2 log o ]
n n

on using (2) and (16). Furthermore
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+

n .
J ite‘thl((” (z)da
v |

(18) I

IA

A
. n
B [ezt:z:e(n)( )]
N A I
n n

IA

2
¢E J g |A,(<n)(x)ldr + 2a
'An n

= 2t.4nan + 2an

-1
20tn[1 + &t/ 2 log o, ' .

- ) 2, 1 o .
But k € Un entails Ok(n) > Yn and since

Z_ Oi(n) <1 there are at
kéUn

most Y;ll indices in Un . Combining this with (18), (17), and a similar

bound for I3 s, we obtain

E

k€U
n

it (n) itT(n)
E{e e IFk—l(”)}'

-1 / -1 -1
sy, {han +2ta /2 log o "+ han[z log @, ]JE} .

Under (1) this goes to zero as 7n > » and thus (14) is proved.

We have

[E’ exp{ 1 ityk(n)” [E’ exp(kz ith(n)”

(19) exp[itR, ()]
n kGUn EUn

exp[-t2/2 kezﬁn Oi(n)] [E exp[kezun ith(n)]] s

and because of (14) it is clearly sufficient to prove the right hand side

of (19) converges to exp(—tz/Q] for every real t , and in fact we need
only show that for any subsequence {n'l there exists a further
subsequence {n"} along which the convergence holds. Thus we may assume

without loss of generality that

(20) ke}jﬁ 072<(n)'*L as n -+
n

for some O =L =1 , and thus that
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(21) ) Xi(n)—[i’l-L as n > @ .
k(Un

Using this assumption we show that the small martingale differences
constitute a martingale difference array which satisfies the conditions
(a), (b), and (c) of Theorem (2.3) of [5] (with the slight modification
that the convergence in (c) is to 1 - L,not 1 ), so that

E exp[ ) ith(n)] > exp(-t2/2 [1-1])
28

and thus the result follows from (1k), (19), and (20).

For any n , let
{Xj(n’); J € Un} = {ij(n); 1=1,2, ..., mn} >

5 and put

where 4, X g if 1. <1
7’1 12 1
Z,(n) =X, (n) .
[4 J
A

(Strictly jl should be indexed by =n also, but this has been omitted for

the sake of simplicity.) Then for each n 2= 1 , we let

To(n) = Zy(n) = 0 almost surely,
I
T (n) = Z,(n) ,
”' 121 ¢
Gm(?'l) = ij+l_l(n) »
and
2, .« - _
t2(n) = ETo(n) <=, m=1,2, ., m .
Since

E{Xz(n) | GZ-l(n)} = E{ij(n) | Fjl_l(n)} = 0 almost surely,

{Tm(n), Gm(n); MmM=1, 2, veus mn} is a martingale sequence for each
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n =1 . Moreover we have from (A4),

(22) max lzz(n)l = max |x.(n)| is uniformly bounded in L, norm,
=1y Jcu
n n
(23) max IZZ(n)] = max |X.(n)|—£L 0,
1<lsm jeu 9
n n
and from (21),
mn
(2h) I 22) = § x) B1 -1
=1 jev, J

Thus {Zz(n), qﬂ(n); Mm=1, 2, «ou,s mn} is a martingale difference array

which satisfies the conditions of Theorem (2.3) of [5] and the proof is

complete.

4. Proof of lemma

We give an indication only of how to prove the results since the

method in most cases is similar.

Suppose for instance conditions (B) hold. Then there exists for any

subsequence {n'} a further subsequence {n'"} such that

) 2(n") > L as n" >
j€u, J

for some L € [0, 1] . Then by consideration of

{Zz(n), GZ(n), 1=1, ..., mn} for each n € {n"} we may use the method

of [6] to show that the conditions (A) hold along the subsequence {n"} .
But this implies conditions (A) hold as »n + < ., Similarly by
subsequencing and using the methods of Scott [6] we may show (B), (C), and

(D) are equivalent under si(n) =1,
To show that (B), (C), and (D) are equivalent to (E) under si (n) =1

n

and Y, > 0 , note that conditions (E) and (C) are equivalent since
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(25) jezu E’{X?(n)IUXj(nH z e)IFj_l(n)}
n

= 3 f xzd'!’(:c/cj(n)) + 7 f :cgdA(.n)(x)
i<, ’lzlze i€, 7 |xlze J
where the first term on the right hand side of (25) is bounded by

P 5(n) J
jev, |x|2€/oj(n)

2°do(x) 22 do(z)

v

sup J
JEUn |x|.>_€/0j(n)

xzdfb(a:) .

I|x|2€/(‘sup Cj(n))
JGUn

and sup O.(n) =Y >0 as n +*«,
h n
JGUn

Finally we show conditions (F) and (E) are equivalent under

372( (n) =1, Y, >0 and (1). Note (25) and observe that
n

(26) § J 22da™ (2)
j<v, /|x|ze J

) [a?(n)_oz.(n)] -3 J Lant™ ()
j€u, J J j<v, 7 |x|<e J

1]
t~

k
2(n) 2 22y - 1 2an’m)
[ J(n).oJ(n)] + L J|x|<€ x (x) ) J|x|<e x (z)

i, i€, J J=1 J

and the result will follow provided we can show the second term in (26)

converges to zero. Recalling that the number of indices in ﬁn does not

exceed Y;l we have
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E’[ I I xsz(.n)(x)]
jeUh |x|<e J
< Y-]'E'( sup J x2dA(.n)(:c)]
"G Y xl<e J
n
€ .
< Y-lE[sqp {leAQ")(x)l -2 f xAQ”)<x)dx}]
n Jev, J - zl<e 7
= Y;1[2€2an+h62an]

>0 as n > ®
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