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REMARKS ON BOUNDED SOLUTIONS OF LINEAR SYSTEMS

ELENA TOPUZU AND PAUL TOPUZU

In the case of continuous time systems with bounded operators (coefficients) the
following result, of Perron type is well known: "The linear differential system
i = Ax + f(t) has, for every function / continuous and bounded on R, a unique
bounded solution on R, if and only if the spectrum of the operator A has no points
on the imaginary axis".

In this paper we give a discrete version of this result. The case of continuous
time systems with A an unbounded, infinitesimal generator of a Co group, is
considered in the last section.

1. PRELIMINARIES

Let X be a complex Banach space. We denote by B(X) the Banach algebra of all
bounded linear operators from X into itself. If A € B(X) and I is the unity of B(X)
then

p(A) = {A e C : 3{XI - A)'1 = R(X, A) e B(X)}

and
*{A) = {A £ C : A i p(A)}

will denote respectively, the resolvent set and the spectrum of the operator A.
Let now A : X —> X a bounded linear operator. For every continuous function

/ : R —* X we consider the differential equation

(A,f) i = Ax + f(t).

Connections between admissibility, asymptotical behaviours of solutions of the sys-
tem (A, / ) and some spectral properties of the operator A, have been studied by many
authors [1, 2, 3, 4].

It is known (see for example, [1, 2]) that (A,f) has a unique bounded solution on
K, for every / continuous and bounded on R, if and only if

(1.1) iR = {A € C : ReX = 0} C p(A).

In this paper, using a discrete Green's function (constructed in Section 2), a similar
result is given for linear discrete time systems.

Section 3 is concerned with the case when A is unbounded. In this case we do not
know if (1.1) is a sufficient condition to assure the validity of the previous result.
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460 E. Topuzu and P. Topuzu [2]

2. BOUNDED SOLUTIONS OF LINEAR DISCRETE TIME SYSTEMS

Let us consider A £ B(X) and

/ = (/n)n6Z = (••• i / -2 i / - l , /o , / l , /2 , . . . )

a Z-indexed sequence of elements from X.

If 0 G p(A) then it is easy to see that the linear discrete time system

(A, f)d xn+i = Axn + / „

has solution ( i n ) n g z given by
n-l

Anx0 + £ An~j~lfj, for n ^ 1

- i for n < - 1

j=n

uniquely determined by the value x0 G X. In particular, if /„ = 0 for every n G Z
then (x n = -<4.raxo)n6Z is the unique solution for the discrete time system

(A)d xn+i — Axn, x0 G X.

Throughout this section A will be a bounded linear operator with the property

oep(A).
Also we denote

r°(Z,X) = {x = (xn)nez : \\x\\ = supll^H < oo}
n

and

Z?i = {A G C : |A| < 1}

Ci = {A G C : |A| = 1}

PROPOSITION 2 . 1 . If <r(A) n Ci = 0 and («„ = Ana;o)n6Z is a solution of the

system (A)d with x0 ^ 0 t ien («n) n 6 Z ^^°° (Z ,X) .

PROOF: Let us suppose that

that is

ll*lloo = SUP H^nll < OO.
l
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(i) If <r(A) C D\ then we find a positive number a < 1 such that

<r{A) C {A G C : |A| < a < 1}

and hence (see for example, [5]) we can find N > 0 such that

\\An\\ < Nan, for every n > 0,

from where, in particular, we obtain that:

sup ||.Ana;|| < oo, for every x G X.
n>o

Since for m < 0, xm = Amx0 , we have

||zo|| = | |^-m*m|| < \\A~m\\ • \\xm\\ ̂  Na~m • 11*1^, V m < 0

from where we obtain that XQ = 0.

(ii)If

<r(A) C Ext ( A ) = {A G C : |A| > 1}

then ^{A'1) C £>i and

sup||Anx0|| -supllA-^oH =sup| |(A-1)"xo| | .
n € Z n€Z n € Z M I'

Hence, using case (i),
(Anx0)nezel°°(Z,X)

if and only if XQ = 0. Moreover it follows that

sup (-A"1) * = sup ||i4nz|| < ex), for every x £ X.

(iii) Finally, if

a i U o-2, <TI ̂  0, (72 ̂  0 and ffi C Di , <r2 C

then, by the Dunford functional calculus, we can define the coresponding spectral pro-
jections

where, for j = 1,2, Fj is the boundary of a Cauchy domain Dj which contains aj

and !Di n 157 = 0.
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It is well known [2, 6] that Pi + P2 = I, P\P2 = 0 and if X, = PjX, j = 1,2
then both the subspaces X\ and X?, are invariant under the operator A. Moreover if
Aj is the restriction of A to the subspace Xj then cr(Aj) — <TJ, j = 1,2.

Let now (xn)n€Z — (Anxo)n&z be arbitrary solution of the system (A)d. Then for
every n (E Z we can write:

xn = An(Pi + P2)x0 = AnPlXo + AnP2xQ = A?PlXo + A^P2x0.

If P\x0 = 0 (or P2x0 = 0) then xn - A2P2x0 (respectively xn = A*P1x0) and by
(ii) ( respectively by (i)) the boundedness of (xn)n^z imphe s P2X0 = 0 (respectively
P1X0 = 0 ) , that is, XQ = 0.

If P1X0 / 0 and P2X0 ̂  0 then supm™Pi«0|| < °° while (A2
lP2x0)n>0 is un-

n>0 '

bounded and hence, (xn — A"PIXQ + A^P^o)^^ is unbounded. D

PROPOSITION 2 . 2 . Let A be a bounded linear operator from X into itself,

with the property 0 ^ c(A). The linear discrete time system (A, f)d has for each

a unique solution

x = (xn)nzZei°°(z,x)

if and only if <r{A) n Ci = 0.

PROOF: Let us suppose that for every / G £°°(Z,X) the system (A,f)d has a
unique bounded solution (*n)n6z- In particular, for every fixed y € X and for each
o, E C\ the system

(2.1) in+i = Axn - a""1!/

has a unique bounded solution.

By the substitution xn = on~1zn the system (2.1) becames

(2.2) zn+1 = a^Azn - a-iy.

It follows from here that (xn)n€Z is a solution for (2.1) if and only if

is a solution of (2.2); moreover ( s n ) n e Z is bounded if and only if (zn)nez is bounded.
Since the system (2.1) has, for every y £ X and a 6 C\, a unique bounded solution, it
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follows that the system (2.2) has a unique bounded solution too, for every y £ X and

aeCi.
For a £ C\ let us denote by

the unique bounded solution of the discrete time system (2.2).
Now we remark that

Zn+k+i = a^Azn+k - a-1y

and therefore, for every k £ Z, (zn+k)n€z ' s a"so a bounded solution of (2.2). If we
use the uniqueness property, it follows that zn+k = zn, for every n £ Z, and k £ Z;
In particular we obtain zj. = ZQ , for all fc G Z. Hence we deduce that the solution
zy = (zn)ngz is given by a constant sequence, that is zn = zo for every n £ Z. By
virtue of (2.2) we can write

z0 = a~1Az0 + a~ly

or equivalently
(al - A)z0 = y

and hence, for every y G X we can find a unique element z$ (which depend on y) such
that (al - A)zQ -y. D

From the previous arguments that a £ p(A) and taking into acount that a £ Ci
was arbitrary, we obtain <r{A) C\C\ = 0.

Conversely, let us now suppose that cr{A) D C\ = 0. By virtue of Proposition 2.1
we know that the equation (A)d has no bounded solution on Z, except the case zo = 0.
If for a sequence ( / n)n 6 Z £ £°°{Z,X), the equation

(A,f)d xn+1=Axn + fn

has two bounded solutions

6 « ) n e z

then (zj, — x'n)n£z ' s a bounded solution of equation (A)d and hence x'n — x'£ for every
n£Z.

It remain to show that for each bounded sequence / = (/n)n €2, the equation
(A,f)d has a bounded solution.

Let us take / = (/n)n € Z £ 1°°{Z,X). By writing

(r1=<r(A)nD1, cr2 ^ <r{A) n Ext (Dx),
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we have that <T\ U <T2 = <r{A) and G\ fl er2 = 0- Therefore we can associate the spectral

projections P\,P2 and the linear operators Ai,A2 (as in Proposition 2.1); it is possible

that 01 = 0 (or <r2 = 0) and in this case Pi = 0 (or P2 = 0).

The function G : Z -> B(X) defined by

f A
= <

if n ^ 0

! if n < 0

will be called the discrete Greens function associated with the operator A.

Now for each

we define:
oo n - l

*«= E G(n-j-l)fi= E G(n-j-l)fj
J = —OO

j=n j=-ao j=n

and so we obtain a sequence (a!n)ngz •

Since

{Pi + P2)/n

•—oo j = — o o

oo oo

(Pi + P2)/n = Pl/n + E ^ " ^ l / i - E ^2 "J>2/i + */»

n oo

/i - E A2~3P2fj = Xn+1

we conclude that (a!n)nez is a solution of the equation (A,f)d.

On the other hand

II n—1 || || °°

ii*oii ̂  E ^r''"1^/; + E Arj~lp2f:
l'i=-oo I' Hj=n
oo oo

j=0

( H I • 11*11+ E||(^"1)i|-ii*n)-ii/iL-
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Since
a{Ai) C int Di

and

viA'1) C { i : |A| > l} C int Dx

we can find two numbers N\,N2 > 0 and a £ (0,1) such that

Hence
Hs.ll ^ max(NuN2) • (1 + a) • (1 - a)"1 • H / ^

for every n £ Z. Hence {xn)n€z *s a bounded solution of the equation (A,f)d.

3. BOUNDED SOLUTIONS OF LINEAR SYSTEMS WITH UNBOUNDED OPERATORS

Throughout this section, A will be a closed linear operator which generates a
Co-group {T(t)}tea of bounded linear operators on a Banach space X.

PROPISITION 3 . 1 . If for every function f, continuous and bounded on R,
tie system (1.1) has a unique mild solution

x(t) = T(t)x(0)+ ftT(t-a)f(s)ds
Jo

bounded on M., then

<7(4)n{AeC:Re(A) = 0} = *(A) C\iR = 0.

PROOF: For every / 3 G R and y £ X we can consider the equations:

(A; -e^y) x = Ax - e^y

It is well known that A — if3I generates the following Co -group of bounded linear
operators

and therefore, every solution x(-) of equation (.4; — e*Pfy) is defined on K by

(3.1) x(t) = T(t)x(0) - / T{t-a)eifityd8
Jo

https://doi.org/10.1017/S0004972700017226 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700017226


466 E. Topuzu and P. Topuzu [8]

Also, every solution of equation (A — i/3I, —y) is denned on K by

z(t) = S{t)z{0) - I S(t-s)yds
Jo

or

(3.2) z(t) = T(t)e-i/3tz(0) - f T{t - « ) e -*« ' - '
Jo

In particular, if x(0) = z(0) = x° 6 X, then

ei/3tz(t) = T(t)x(O) - I T(t- s)eif}'
Jo

and therefore we have a one to one correspondence between the solutions of equations
(.4.; —e*^1?/) and (.A — i/3I: —y), given by the equality:

x(t) - eiptz(t),

for every < 6 R .

Moreover, from the previous equality it follows that this correspondence preserves
the bounded solutions and therefore, by virtue of the hypothesis, for every / ? £ R and
y £ X, the equation (A — iftl; —y) has a unique solution on R.

Now, we fix the number /? 6 R and denote by zy(-) the unique bounded solution
on R of equation (A - ifil; -y). If zy(0) = x° EX, then for every r £ R, we have

ft+T

zy(t + T) = S(t + T)X° - S(t + r- s)y da
Jo

= S(t)S(T)x° - f S(t-u)ydu
J — T

= S{t) \S{T)X° - / S{-u)ydu\- S(t-u)ydu.
L J-T J JO

It follows from here that the function

t -» zy{t + T)

is a bounded solution on R for the equation (A — i(3I; —y) and thus, by hypothesis,
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and hence
zy{t) = zy(0) = x°, V< G R.

Now we obtain that

x°=S(t)x°-f S{t-a)yds, Vi G R
Jo

or equivalently

7 [5(t)*° - «°] + 7 / S(t-s)yda V < ^ 0

Hence

Urn -S(<)*° - a0 = y
t-»o t

so that

x° G X>(A - ipi) = V(A)

and

From the above arguments it follows that for every y G X, we can find a unique
element x° G V{A) with the property ( 4 - i(3I)x° = y and hence A-i(3I: V(A) -> X

is a bijective map. This (A — zyS/)"1, which is closed and defined on the whole of X ,
belongs to the space B(X), that is, i/3 ̂  D
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