ON AN INTEGRAL INVOLVING THE H-FUNCTION
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Abstract. The aim of this note is to evaluate an integral involving the product of two
H-functions.

1. Introduction

The H-function introduced by Fox [3], p. 408 will be defined and
represented as follows:

Hr:,qn [z (all o('1)’ T (ap’ 0'11)]
’ (bl’ ﬂl)' Y (bq’ ﬂa)

_ 1 IIT I'(6;—B;¢) TIi (1 —a;+-a;§) 2EdE

220 Tl T(A—0;4-8:8) 110 I'(a;—,6) ,
where z is not equal to zero and an empty product is interpreted as unity,
p, g, m, n are integers satisfying 1 <m < ¢, 0 =<n <p; a; (j=1,--+, ),
B; (j=1,---, q) are positive numbers; and a; (j=1,---, ), b, (j=1,-- -, q)
are complex numbers such that no pole of I'(6,—fp,&) (h=1, -, m)
coincides with any pole of (1—a;,+«;&) (z =1,---,n);ie.,

(1.2) a,(by+v) # Bul@;—n—1),
=01, h=1,--mi=1--- n).
Further the contour L runs from ¢—z00 to o-+3700 such that the points

(1.1)

(1'3) E = (bh+v)/ﬁh (h = 1; tt Y m: V= 0) 1: ° ')1

which are poles of I'(b,—f,&) (A =1, -+, m), lie to the right, and the
points:

(1.4) f=(a,—n—Dfa; (=1,--,n,97=01,--),

which are poles of I' (1 —a;+a,£) (¢ = 1, - -+, n), lie to the left of L.

Such a contour is possible on account of (1.2).

The conventional notation ¢(s) = A(x) will be used to denote the
classical Laplace transform

(1.5) ¢(s) = sj e~ h(x)dx.
0
In what follows {(a,, «,)} stands for (a,, o), - * *, (@, @,).
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The following results [6; 5, p. 14; 5, p. 26] will be required:

(i)
* —1 fym,n o {(av’ a’ﬂ)} a, B {(C d )}

> f g G s L B B
B nta ‘{ )} {(L—es—nfs, 0f8)}s (@ni1s %nia)s = o s (@5, %) :|
g bns Bm)} {(1—c,—ndy, 0d,)}, (Brirs Bria)s = * (bas Bo)

where 6 > 0, 4 > 0, A’ > 0, |arg 2| < 14n,

b ;
3 i
a, —1 c;—1
R[n+0” +’d}<0 (h=1,mj=1-"8)
Oy i

and 4 and A’ stands for the quantities

S ()= 3 @)+ 3 (B3 5
Vi ¥ « )
g (dj)—ﬂ§1( )+ ; (fa) azgl fa)

respectively, throughout this paper.
(i)

(2.2) st-tHm™1 [zs—"

»+1,4

where ¢ > 0, R(s) > 0, 2 > 0, |arg z| < 34w and

{(a,, %)}]
{(bg, Bo)}

[H—aﬁh] >0 (h=1,--,m)
(i)

ea) st ooy )]s Lot [ e

where R(s) >0, R(a) > 0,4 > 1 and R[(c,—1)/d,] <O (h=1,--,f).
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3. The integral

The formula to be proved here is

(3.1)

® apgmn [y 180 9] 1 (e, d,)}
fo’” B [z‘” {(b.,,m}] [(””'“ (ea,f,;)}]d”
=3 S s,

[Z (1 l 6) { Ay s } { —€s— l r)f&! Gf&)}’ (an+1’an+l)’ Y (ap’ ap) i|
{ bm: ﬂm }’ { 1 c‘y_(l r)dy’ Gdy)}! (1—[—}—1’, G)r (bm+1’ :Bm+1)’ T (ba’ ﬁq)

where 0 > 0, R(a) > 0, 1> 0, I’ > 1, |arg z| < 3=, |arg a| < iz,

—1 c;—1
T d,

a
R |:l—|—a :
o

T

]<0 (izl"":n;?.zly'.';ﬁ)y

i

[l—l—a ﬂh} >0 (h=1,-- m).

Proor. If we use the operational pairs (2.2) and (2.3) in the Parseval-
Goldstein theorem of operational Calculus [4, p. 105], we get after a little

simplifications:
-1 gm,n o Aps %p a, B {(cv’dv)}
J, =i e o s Lo e )] o
(3.2) = L gl Tt [zx—" (l—l’{?b)’ {;a;}’ “”)}] X
11{(cy,4,)} (0, 1)
<3l {(esr 1)} e

Now we expand ¢~ and then integrate the right hand side of (3.2)
term by term to get (3.1).
The term by term integration is permissible [2, p. 500], since,

(i) e = 32, ((—1)ra"a") /7! is uniformly convergent in any fixed

interval 0 S x < b
(1—1, 0), {(a,, 2,)} 1
{(bq’ ﬂa)} :] HY+1 s [.’E

{(cy,dy)} (0,107

{(ed’fﬁ)} J

P+1,¢

(ll) —1-1 H”‘ 1 [zx—o'

is continuous [1, p. 278] and
(iii) the integral on the right hand side of (3.2) is absolutely convergent
under the conditions mentioned in (3.1).
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For 0-:1’ ajzﬂk_:disfhzl(7'=l,--.,P;k_—_1’..o,q;
=19 kh=1---08) (3.1) reduces to a result recently given by
Saxena [7, p. 47].

Particular case. 1f we take a =1, =9=10,0=2,¢,=0,f, =1,
e, = —v and f, = p in (3.1), it reduces to the following integral involving
Maitland’s generalized Bessel function (8, p. 257], [1, p. 279]:

e g § (PR} 3 I
J; ' HD, [zx {(bq,ﬂq)}] Ji(x+a)dx
e[| (AL 0), {(ay, 0,)} (v 7u—ip, ou)
=2 e [z {60, B2)} ]
where ¢ >0, R(a) >0, 1 >0, |argz| < }n, p < 1, larga| < 3(1—p)n

and

R[l+a%":|>0 (h=1,---, m).
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