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ON RAMIFICATION THEORY IN PROJECTIVE ORDERS, II

SHIZUO ENDO

Let R be a commutative ring and K be the total quotient ring of R.

Let 2 be a separable iΓ-algebra which is a finitely generated protective,

faithful JΓ-module and A be an i?-order in Σ We denote by DΛ/R the

Dedekind different of A and by NΛ/R the Noetherian different of A.

The purpose of this paper is to give the following results, as a con-

tinuation to [2].

(I) For any projective ivN-order A in a separable X-algebra 2 ? we have

trdΣ/c(Σ){DΛ/R) = NΛIR.

(II) (Dedekind different theorem) Let R be a Noetherian normal

domain with quotient field K. Let 2 be a separable i£-algebra and A be a

projective 7?-order in Σ Then, for any prime ideal $ of A, the following

conditions are equivalent:

(1) DΛIR $ 5β.

(2) [ Z W $ (5β n cU))ii.

(3) $ is unramified over* 7?.

Here we denote the center of A by c(A).

We remark that both (I) and (II) have been proved under some ad-

ditional assumptions ([1], [2], [4], [5], [8], etc.).

Our notation and terminology used in this paper are the same as in [2].

1. Let A be an /^-algebra. Now we regard HomΛ(Λ*, A) as a left Ae-

module by [(λ (x) μ°) A] (/) = λh{μ / ) for h e Hom*U*, Λ) and / e= Λ*. We

define the #-homomorphism ft,/Λ : Ae ^ H o m ^ i * , ί̂) by βA/R(λ ® ,«o) (/) - Λ/(/0

for / e yl*. Since UΎ = ΛΛ/R and Hom*U*, ^)^ = H o m ^ ^ * , ^ ) , we have

βΛ/R{ΛΛ/R) G H o m ^ i * , ΛΛ).

Suppose that ί̂ is a finitely generated projective i?-module. Then βA/R

is evidently an isomorphism and therefore βΛ/R{AΛ/R) — Hom^ί^^l*, ^yl). Let
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{fu λi\izizm be a dual basis of A over R and define aΛ/R : H o m Λ ( # , Λ)-+ A

by ccΛ/R{h) = Σ /*(/i)Λ* for & <= Horn^U*, A). Then we can easily see that

aΛ/R does not depend on the choice of the dual basis of A, and we get the

following commutative diagram:

AΛ/R ^ ^ ^ H o m , ( ^ * , AA)

HomΛ(yl*, A)

ΦAIR

Further suppose that A is a separable 7?-algebra which is a finitely

generated projective, faithful i?-module. Then we have A* = A trd^/^ and

so the homomorphism TΛ/R : ΈίomA(AA*f ΛA) -> A defined by 7Λ/R{h) = h{tΐdΛfR)

is an isomorphism.

LEMMA 1. Let A be a separable R-algebra which is a finitely generated pro-

tective, faithful R-module. Then aΛ/R 7~Λ

ι

/R = trdA/cuh where c{A) denotes the center

of A.

Proof. For any commutative i?-algebra S, we have <XS<8>Λ/S = is ® <*Λ/R,

ΪSΘΛ/S = IS®TΛ/R and
R R

= h
R

Therefore we see aΛ/R

ΓΛ\R = trdd/cu), if and only if, for any maximal ideal m of R, aΛχn,Rm Ϊ2ι

m/Rm

— trdAm/cum). Hence we may assume without loss of generality that R is a

local ring. Furthermore, if S is a commutative i?-faithful i?-algebra and if

<X8®A/s Tsk,A/s = tods®A/c(8®A), t h e n aΛ/R ϊ~A

ι

/R = trd^/CQ). So w e m a y further
R R R

assume that R is a separably closed, Henselian local ring ([6]). Then A is

of split type and we can write

and

c(A) = R1®R2®

Mn2(R2) Mnt(Rt)

where each Mn/c(Rk) denotes the total matric algebra of degree nk over Rk.

Also we put 1R = ex + e2 + + et, ek e i?A.

For each ^ let {e^} be the set of all matrix units of Mnk(Rk). Then

we can easily see that [ef] trdMn]c(Rk)/Rk, eJl}ι^i^nkΛ&j^nit forms a dual basis of

https://doi.org/10.1017/S0027763000014823 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000014823


RAMIFICATION THEORY 149

MnJ,Rk) over Rk and, for any ^εAf,,(Λ»), tcάMvMIRt(λt) = Σ3 ef]λke%

Furthermore we see that {e^]tτdΛjRt eζ*i)ι*isnk.ι*jsnt.iskst forms a dual basis

of A over R. In fact, for any λ = λx + + λt9 λk e Mnk{Rk), we have

because

= ΣΣ
k i,j

Σ Σ trd,/Λ(O)^ = Σ Σ
A; z , y A; i,j

= Σ Σ trd,w*

= = Σ *jfc — Λ,

f̂t = tΐάMnk(Rk)iRk{
eTjh) and ^^ (/i = ^ . Hence aAtR ΓA

x

/R{λ)

Σ Σ eTμ^l = Σ tτάMnk{Rk)/Rk{λk) = trdA/elM). Thus α J / Λ .
k i,j k

Λ

ι

/R

THEOREM 1. Let R be a commutative ring and K be the total quotient ring of

R. Let Σ be a separable K-algebra which is a finitely generated projective, faithful

K-module. Then, for any R-order A in Σ» w e have NΛ/R Q trdΛ/c(Λ)(DΛ/R). Es-

pecially, if A is a protective R-order in Σ , NA/B = trdA,eu)(DA/R) and DΛ/R c CA/c(Λ).

Proof HomΛ(Λ*, A) can be regarded naturally as the submodule of

Hom*(Σ*, Σ) Then, by the definition of DA/R, we have rs/^Hom^W*, A))

— DΛ/R. Hence we get the following commutative diagram:

DΛfR C

\ΛIR

Σ

, Σ Σ )

Since βA/R(AA/R) £ HomA{AA*, A) = rftK(DAiR\ NΛ/R = ΦA/R(ΛΛ/R) = aΣ/κ βΛ/R{ΛΛ/R)

^(XΣ/KΛT±1

/K(DA/R). By Lemma 1, aΣ/κ ϊ^ι

/κ.= trd Σ / c ( Σ ) and so NΛ/R c

trdΣ/c(Σ)(Z)/4/jR). Especially, if A is a protective i?-order in Σ» we have

βΛ/R(ΛΛ/R) = rΣ/κ(DΛ/R). Hence we obtain NΛ/R = trdΣ/c(Σ)(Z>yl/jR). Further, from

this it follows directly that DΛ/R c CA/Cu)> Thus our proof is completed.

2. In the rest of this paper we assume that R is a Noetherian normal

domain, in order to simplify our description. We should remark that the
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following results can be proved under weaker assumptions (cf. [2]).

Let K be the quotient field of R and Σ be a separable ϋC-algebra.

Then, for any i?-order A in Σ> we have trdz/K(A) £ R and tc(Σ/)K(c{Λ)) £ R

and so DΛ/R c J c CA R. If A is a projective 7?-order in Σ> then the dis-

criminant dA/R of A is a projective ideal of R.

LEMMA 2. Z^ί R be a Henselian normal local domain with maximal ideal p and

K be the quotient field of R. Let L be a commutative separable K-algebra and S

be a subring of L containing R which is integral over R and such that KS = L.

Let q be the Jacobson radical of S. Then we have tL/κ{(\) £ p, where tL/κ denote

the trace of L over K.

Proof Let S be the derived normal ring of S in L and q be the

Jacobson radical of S. Then q Π S = q, and therefore we may assume that

S is integrally closed. Since R is Henselian, we can write S = Si ® S2 Θ

®St where each Si is a Henselian normal local domain. Let q* be the

maximal ideal of St and Lt be the quotient field of St. Then we have
t

q = <Ti + q2 + + q« and tL/κ(q) = Σ tLiικ(<\i). Hence we may further sup-

pose that S is a Henselian normal local domain with maximal ideal q.

Let F be a Galois extension of K containing L and T be the derived

normal ring of 5 in F. Then T is also a Henselian normal local domain

and we see σ(T) = T for any σ e Gal(F/K). Denoting by q' the maximal

ideal of T, we have σ(q') = q' for any σ e Gal(F/ϋC). From this it follows

immediately that tL/κ{<\) c q' n R - p.

We give, as a generalization of [2], (2.8), ii),

PROPOSITION 2. Let R be a Noetherian normal domain with quotient field K

and Σ be a separable K-algebra. Then, for a projective R-order A in Σ> the fol-

lowing conditions are equivalent:

(1) CΛ/R = A.

(2) DΛIR = A.

(3) dΛ/R = R.

(4) NΛ/R = c{A)> i.e., A is separable over R.

Proof. The equivalences of (1), (2) and (3) are evident and the implica-

tion (4) ==> (1) has been shown (e.g. [2]). Hence we have only to prove (1)

(4). Clearly it suffices to prove this in case R is a local domain. The
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Henselization fi of R is also normal and we can easily see R (x) CA/R = CR®Λ/Ry

fi ® DΛ/R = DR®A,R, JR (X) dA/R = dR®Λ/R a n d R (x) NA/R = NR<g>A/R. There fore w e

may assume that R is a Henselian normal local domain. However, in this

case, we can write c(Λ) = Si © S2 © ® St where each Si is a Henselian

local ring, and, putting Λt = St (x)Λ for each i, we have A = Ai® © At9

CΛ/R = CΛί/R® ®CΔt/R, DΛ/R = DAιιR® ®DAt/Ri etc.. Hence we may

further suppose that c(Λ) is also a Henselian local ring.

Now suppose (1) (equivalently (2) and (3)). Then, by Theorem 1, we

have trds/c(2)U) = trdΣ/c(Σ){DΛ/R) = NΛ/R. However, since A is a projective

i?-order in 2 , tτdΣ/κ(A) = trdΣ/κ(CΛ/R) = i?. Accordingly we get tc(Σ)/κ(NΛ/R)

= R. Let j> be the maximal ideal of R and q be the maximal ideal of

c(Λ). By Lemma 2, then, we have tc(Σ)/κ{q) Q p. If NA/R^c c(A), then

U(Σ)/κ{NA/R) Q p, which is a contradiction. Thus we must have NA/R = c{A).

This completes the proof of (1) = Φ (4).

COROLLARY 1. Let A be a projective R-order in a separable K-algebra 2 .

Then any minimal prime divisor of NA/R in c{A) is of height 1 in c(A).

Proof Let q be a minimal prime divisor of NA/R in c(A) and set

p = q Π R. By localizing and Henselizing R at p as in the proof of Pro-

position 2, we may suppose that R is a Henselian normal local domain with

maximal ideal p and that c(A) is a Henselian local ring with maximal ideal

q. Then NA/R can be considered as a q-primary ideal of c(A). If we sup-

pose heightccoq > 1> then, for any prime ideal pf of height 1 in R, NΛpr/Bpr

= {NA/R)pf = c{Ap/), and so dλpiiRp, — Rpt by Proposition 2. However, dA/R is

an unmixed ideal of height 1 in R, because it is i?-projective. Hence dA/R

= R. Again, by Proposition 2, we obtain NA/R = c(A)9 which contradicts the

fact that NAIR is q-primary. Thus q is of height 1 in c(A).

Let A be an 7?*algebra and $ be a prime ideal of A. Let us put p = $

Π R and q ^ $ Π c(A). We say that β̂ is unramified over R if ApffiAp is separ-

able over RplpRp and *$Aq = pJq.

COROLLARY 2 (Discriminant theorem). Let R be a Noetherian normal domain

with quotient field K and 2 be a separable K^algebra. Let A be a projective R-

order in Σ* Then, for any prime ideal p of R9 the following conditions are

equivalent:

(1) dΛlR $ p.
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(2) Any prime ideal $ of A such that p = $ Π i ? is unramified over R.

Proof. The condition (1) is equivalent to the condition that dλp/Rp = Rp.

By Proposition 2 this is also equivalent to the condition that Ap is separable

over Rp, i.e., to the condition (2).

We now prove our main theorem in this paper. It should be remarked

that this is not included in [2], (3.6).

THEOREM 3 (Dedekίnd different theorem). Let R be a Noetherian normal

domain and K be the quotient field of R. Let 2 be a separable K-algebra and A

be a projective R-order in 2 . Then, for any prime ideal ^ of A, the following

conditions are equivalent:

(1) DAIR$%

(2) IDA/R? & W n c(Λ))Λ.

(3) $ is unramified over R.

Proof The implication (1) ==> (2) is obvious. Therefore it is sufficient

to prove (2) = Φ (3) = > (1). We put p = Sβ Π R and q = $ n c{Λ). Then we

may assume that R is a Henselian normal local domain with maximal ideal

p and that c(A) is a Henselian local ring with maximal ideal q.

(3) —> (1): Suppose that $ is unramified over R. By virtue of [2],

(3.2), we have NΛlR $ q and so NA/R = c(Λ). According to Proposition 2,

then, DΛ/R = A, and therefore DΛIR $ $.

(2)=>(3): Suppose that $ is ramified over R. Again, by [2], (3.2),

we have NΛ/R £ q. Now we shall prove [DΛ/RJ Q (\Λ. In order to prove

this we may further assume that q is a minimal prime divisor of NA/R.

Therefore, by Corollary 1 to Proposition 2, we may assume that heightcu)q

= height^ = 1. Now, by Theorem 1 and Lemma 2, we have trdz/K(DA/R)

£ p. Since R is a discrete rank one valuation ring, we easily see p""1/)*/* £

CA/R. Consequently we get {DΛ/RJ c pA c qA. This proves (2) =$ (3). q.e.d.
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