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ABSTRACT

Let G be the connected reductive group of type E7 3 over Q and T be the corresponding
symmetric domain in C?". Let I' = G(Z) be the arithmetic subgroup defined by
Baily. In this paper, for any positive integer k£ > 10, we will construct a (non-zero)
holomorphic cusp form on ¥ of weight 2k with respect to I' from a Hecke cusp
form in Sox_g(SL2(Z)). We follow Ikeda’s idea of using Siegel’s Eisenstein series, their
Fourier—Jacobi expansions, and the compatible family of Eisenstein series.
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1. Introduction

Let G be the exceptional Lie group of type E;3 over Q and T C C*7 the corresponding
bounded symmetric domain. The purpose of this paper is to construct holomorphic cusp
forms on ¥ from cusp forms for SLy over Q. In [IkeO1], Ikeda originally gave a (functorial)
construction of a Siegel cusp form for Sp,, (rank 2n) from a normalized Hecke eigenform
on the upper half-plane H with respect to SL2(Z) which has been conjectured by Duke and
Imamoglu. (Independently Ibukiyama formulated a conjecture in terms of Koecher—Maass series.)
He made use of the uniform property of the Fourier coefficients of Siegel Eisenstein series for
Spa, over Q and together with various deep facts established in [Ike0l] to prove the Duke-
Imamoglu conjecture. After this work, his construction was generalized to unitary groups U(n,n)
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[TkeO8], quaternion unitary groups Sp(n,n) [Yam10], and symplectic groups Sp,,, over totally
real fields [Ike, IH13|. Historically, in the case of Sp,, the resulting cusp form is called Saito—
Kurokawa lift, which has been studied thoroughly [Kur78, Pia83, CP88]. Our method follows
his construction. The main obstruction is the hugeness of E7 3. In the aforementioned works, the
theory of Jacobi forms has been understood well, since the Heisenberg group inside the group
in consideration is easy to handle. On the other hand, much less is known in the case of Fr3.
Therefore we have to consider a suitable Heisenberg subgroup in £7 3 which has not been studied.
To do this we analyze it in terms of roots.

We now explain our main theorem. We refer to the next section for the several notations
which appear below. Let I' = G(Z) be the arithmetic subgroup defined by Baily in [Bai70] which
is constructed by using the integral Cayley numbers o. For a positive integer £ > 10, let Fop
be the Siegel Eisenstein series on ¥ of weight 2k with respect to I'. Then it has the Fourier
expansion of form

Ex(Z)= Y an(T)exp(2nrV~1(T,2)), Ze€g,
TeI(Z)+
agk(T) = Cop det(T) =92 T fR(p@=972),
pldet(T)

where Cyp = 219 Hi:o (2k — 4n)/(Bag—4n), and fg(X) is a Laurent polynomial over Q in X
which is depending only on T and p.

Let Sor_g(SL2(Z)) be the space of elliptic cusp forms of weight 2k — 8 > 12 with respect
to SL2(Z). For each normalized Hecke eigenform f = Y > ¢(n)q¢",q = exp(2ny/—17),7 € H
in So,_g(SL2(Z)) and each rational prime p, we define the Satake p-parameter o, by c(p) =
pP*=9/2(ay, + a;1). For such f, consider the following formal series on T:

Z A(T)exp(2nV/—1(T, Z)), Z €T, A(T)=det(T)29/ H fT ap).

Tey(Z)+ pldet(T)

Then we will show the following theorem.

THEOREM 1.1. The function F(Z) is a non-zero Hecke eigen cusp form on ¥ of weight 2k with
respect to I

If f has integer Fourier coefficients, then F' also has integer Fourier coefficients (Remark 9.2).
By virtue of Theorem 1.1, F' = F(Z) gives rise to a cuspidal automorphic representation 7p =
Too ® ®; mp of G(A). Then 7 is a holomorphic discrete series of the lowest weight 2k associated
to —2kwy in the notation of [Bou02] (cf. [Kna86, p. 158]). For each prime p, 7, is unramified.

In fact, 7, turns out to be a degenerate principal series Indg((g;?)) lv(g)|?***, where p*» = a,. Then
for each local component 7,, one can associate the local L-factor L(s,m,, St) of the standard
L-function of 7p by using the Langlands—Shahidi method. Put L(s,7p, St) = [, L(s, mp, St)
and let L(s,mp) = [[,(1 — app™*)(1 — o, 'p~%) be the automorphic L-function of the cuspidal
representation 7y attached to f. Then we have the following theorem.

THEOREM 1.2. The degree-56 standard L-function L(s,wp,St) of wp is given by

4 8
L(s,mr,St) = L(s, Sym® m;) L(s, 7s)? H L(s+i,7mp)? H L(s%i,my),
i=1 i=5

where L(s, Sym? 7f) is the symmetric cube L-function.
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This paper is organized as follows. In § 2, we fix notations on Cayley numbers and exceptional
Jordan algebras and review their properties. In § 3, we review the exceptional group of type E7 3
and prove many facts which are not available in the literature. In § 4, we define the Jacobi group
inside the exceptional group using the root subgroups, and recall Weil representations and theta
functions. In §5, we review modular forms on the exceptional domain and define Jacobi forms
of matrix indices and study the Fourier—Jacobi coefficients of a modular form both in classical
setting and in adelic setting. In §6, we review the result of Karel on Fourier coefficients of
Eisenstein series and interpret Eisenstein series in terms of degenerate principal series, following
[Kud08]. Section 7 is the main technical part, where we prove the analogue of Ikeda’s result
[Tke94], namely, the Fourier—Jacobi coefficients of Eisenstein series are a sum of products of
theta functions and Eisenstein series. In §9, by following Ikeda [Ike01, Tke08], we construct a
holomorphic cusp form on the exceptional group of type F7 3. Our situation is similar to unitary
group case, in that we do not need to consider half-integral modular forms. In § 10, we review
the Hecke operators from Karel’s thesis [Kar72] and modify it to fit into representation theory.
Then we prove that our cusp form is a Hecke eigenform with respect to this modified action. The
degree-56 standard L-function helps us to speculate on the Arthur parameter of 7r. We make
a brief remark on it at the end of §11. In the Appendix, we compute the discriminant of some
quadratic forms and prove the orthogonal relation of theta functions we need.

2. Cayley numbers and exceptional Jordan algebras

In this section we will recall the Cayley numbers and the exceptional Jordan algebras. We refer
to [Bai70, Cox46, Kim93]. For any field K whose characteristic is different from 2 and 3, the
Cayley numbers €x over K is an eight-dimensional vector space over K with basis {eg = 1, €1,
ea, €3, €4, €5, €6, €7} satisfying the following rules for multiplication:

(1) zeg = egx = x for all x € €;

(2) e2=—¢pfori=1,...,7;

(3) eileit1€it+3) = (ei€itr1)eira = —eq for any ¢ (modulo 7).

For each z = EZZO zie; € Cx, the map © — T = xgeg — 21-7:1 z;e; defines an anti-involution of
Cx. The trace and the norm on €x are defined by

7
Tr(z) ==+ % =2x9, N(x):=2T= fo
=0

The space of Cayley numbers €x is neither commutative nor associative. In spite of this, we
have

Tr(zy) = Tr(yz), Tr(zy) = Tr(zy), Tr((zy)z) = Tr(z(yz)).
We denote by o the space of integral Cayley numbers which is a Z-submodule of € given by
the following basis:
Qo = €g, a1 = €q, Q2 = €3, Q3 = —€4,
oy = %(61 +ex+ez—ey), as= %(—60 —e1 —eq+e5),
g = %(—60 +e —eg+ 66), a7 = %(—60 +e2+eq+ 67).
As shown in [Cox46], o is stable under the operations of the anti-involution, multiplication, and

addition. Further we have Tr(x), N(x) € Z if x € 0. By using this integral structure, for any
Z-algebra R, one can consider €p = 0 ®z7 R.
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Let Jx be the exceptional Jordan algebra consisting of the element

)

X = (wij)1<ij<3 = ; (2.1)

I
ST
o e

(]
where a,b,c € Keg = K and x,y,z € €x. In general, the matrix multiplication X - Y for two

elements X,Y € Jx does not belong to Jx, but the square X? = X - X always does. The
composition of Jx is given by

XoY =X Y+Y: X).

For the above X, we define the trace by Tr(X) := a + b + ¢, and define an inner product on
Jx X Jr by (X,Y) :=Tr(X oY). Moreover we define

det(X) := abc — aN(z) — bN(y) — ¢N(x) + Tr((z2)y)
and a symmetric tri-linear form (x,*, %) on Jx X Jx X Jx by

(X,Y,Z):={det(X + Y + Z) — det(X +Y) — det(Y + Z) — det(Z + X)
+ det(X) + det(Y) + det(2)}.

Then we define a bilinear pairing Jx X Jx — Jk, (X,Y) — X X Y by requiring the identity
(XY, Z)=(XxY,Z)=Tr((X xY)o Z) forany Z € Jk.

In particular, for X;, i = 1,2 with entries as in (2.1), we have

SN

B

aica+tciag Y1Y2+y291 C
2 2

bicotciby  Zizo+29%1
2 2

X1 X X9 =

22

S/

a1batbias _ TizotwoT
2 2

C
where A = (—c1x2 — c271)/2 + (Y1Z2 + ¥221)/2, B = (=b1ya — boy1)/2 + (z122 + 2221)/2, and
C = (—a122 — a221)/2 + (T1y2 + Tay1) /2.
By using integral Cayley numbers, we define a lattice

~

J(Z) = {X = (ac”) S 3@ ’ Ti € Z, and Tij €0 for ¢ %j},

and put J(R) = J(Z) ®z R for any Z-algebra R. Although the composition ‘o’ does not preserve
the integral structure, the inner product (x, ) does. Hence (J(R), J(R)) € R. Then one can show
that the lattice J(Z) in Jq is the self-dual with respect to (x, ), namely

3Z) = {X €Jg | (X,Y) €ZVY € J(2)} = J(Z).

We also define J2(R) as the set of all matrices of forms

X:(‘f x) a,be R, z¢cCx
T b

Similarly we define the inner product on J2(R) x J2(R) by (X,Y) := 3 Tr(XY + Y X). For any

such X, we define det(X) := ab— N(x). For X as above, r € R, and { = (g),& €eCr (i=1,2),
it is easy to see that

det <th A 5) — det(X)(r — 'EXE) = det(X)(r — (X, '€€)) (2.3)
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which will be used later (§9). Henceforth we identify J2(R) with a subspace of J(R) by (%7) —

azx0
(it
000
We define
Rs(K) ={X € Jk | det(X) # 0}
and define the set R4 (K) consisting of squares of elements in R3(K). It is known that R (R) is

an open, convex cone in Jg. We denote by R3 (R) the closure of Ry (R) in Jg ~ R?" with respect
to Euclidean topology. For any subring A of R, set

J(A)+ =J(A)NR{[R), I(A)s0 =I(4) N RS (R).

We also define

J2(A)+ = {(; :g) € J2(A)

a,be ANR<g,ab — N(z) >0}7

" B0 ={ (& ) €0t

We define the exceptional domain as follows:

a,be ANR>g,ab— N(x) )0}.

T={Z=X+YV-1€3c|X,Y €Jr,Y € Rf (R)}
which is a complex analytic subspace of C27 . We also define

T ={X+YV-1€30C) | X,Y € 32(R),Y € J2(R)+ }.

3. Exceptional group of type Er7 3

In this section we recall the exceptional group of type E7 3. Put J = Jx where K is a field whose
characteristic is different from 2 and 3. Define two subgroups of GL(J) by

M = {g € GL(J) | det(9X) = v(g) det(X), for v(g) # 0}
M' = {geM|v(g)=1}.

Then M is an algebraic group over Q of type GFEg, and M’ is the derived group of M, which
is a simple group of type Eg 2. The center of M’ is the group of cube roots of unity.
There is an automorphism g — ¢g* of M of order 2 by the identity

(9X,9"Y) = ("X, gY) = (X,Y). (3.1)

Then g* is the inverse adjoint of g. It satisfies g(X x Y) = (¢*X) x (¢*Y).

Let G be the algebraic group over Q as in [Bai70]. Let X, X’ be two K-vector spaces, each
isomorphic to J, and Z,Z" be copies of K. Let W =X & Z ¢ X' & Z', and for w = (X,¢,
X' ¢") € W, define a quartic form Q on W by

Qw) = (X x X, X" x X') = £det(X) — £ det(X') — 3((X, X') - £€')?,
and a skew-symmetric bilinear form {, } by

{w1,wo} = (X1, X3) — (Xo, X7) + &165 — 281
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Then
G(K) ={9 € GL(Wk) |Qg=Q,9{, } ={, }}

This defines a connected algebraic Q-group of type E7 3. The center of G(R) is {£id} and the
quotient of G(R) by its center is the group of holomorphic automorphisms of T. The real rank
of G is 3, and it is split over @, for any prime p.

The group M can be considered as a subgroup of G by defining the action

9(X,6,X,¢) = (9X,v(9)& 9" X', v(9)~1E).

Let N be the subgroup of all transformations pp for B € J as in [Bai70]. Recall the definition.

X X +¢B

€] _ [§+(B,X)+ (B x B,X)+¢ det(B)
PB | X X'+2Bx X +¢Bx B

3 ¢

The relative root system of G over Q is of type C3, and we denote the positive roots by {e; & e2,
e1 + es, ea + e3,2e1,2e2,2e3}, and let A = {e; — ea,e2 — e3,2e3} be the set of simple roots. We
describe their root spaces: for a positive root «, let U, be the root subspace. For 1 <17 < j < 3,
let e;; is the 3 x 3 matrix with a 1 in the intersection of the ith row and jth column and zeros
elsewhere, and let e; = e;;. Then for a,b,c € K, x,y,z € Ck,

U2€1 = {pael}a U262 = {paeg}y U263 = {paeg}
Ueirer = {Pren}y  Uertes = {Pyers s Uesres = {Pzess }
Ue —ey = {Mzey, € GL(JT) : Mzeyy X = (I + we12) X (I + Teor), X € J}
Uej—e5 = {m§€31 € GL(S) : myele = (I + y€13)X(I + ge?)l)vX € 3}
Ucy—ey = {Mzey, € GL(J) : Mzeyo X = (I + ze23) X (I + Zes2), X € J}.

Remark 3.1. Note that we are using different ordering of roots from [Bai70]. In [Bai70], N
consists of root spaces of negative non-compact roots. However, it is more convenient to make it
correspond to positive roots so that it may correspond to the upper triangular matrices of the

form (é’; fi) in the Sps,, case.

Note the following:

Mie,; = M—zej;-

Let H be the group generated by Use, and te,, where ¢¢, is the Weyl group element of 2e;, which
is given by te; = pe;p_ ¢;De;» Where p’ei generates the root subspace of —2e;. Then H ~ SL,. Let
L = leyleyles- Then 1 =1 = —¢ and Py = - gt~ ! will generate the opposite unipotent subgroup
N of N. This ¢ plays the role of (7(}71 Ié‘) is Sp,,,- Its action is given by

[’<X7 57 Xla 5/) = (_Xla _5/7 X7 5)
We define two maximal parabolic Q-subgroups:
P=MN, Q=LV,

where V is generated by U, for a = ejtes, estes, e;+e9,2e1,2es. Then P is the Siegel parabolic
subgroup associated to A — {2e3}, and Q is the parabolic subgroup associated to A — {ea —e3}.
Then V is the Heisenberg group, and the derived group of L is L' = H x Spin(9, 1).
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LEMMA 3.2. For g ¢ M and pg € N,

grB =P Y, B1=v(9)9B.

Proof. By explicit computation, we see that

X gX +&'gB
¢l [ v(g)E+ (B, X')+ (B x B,X)+¢ det(B))
gpB X/ - g*X/+29*(BXX)+§/g*<BXB) )
'3 v(g)~'¢
X gX +v(g) 1B
oo | & | = | V@8 + (Brg" X)) + (Br x Br, g X) 4 v(g)~'¢ det(B1)
X g* X' + 2By x gX +v(9)"'¢'By x By
3 v(g)~'¢
By comparing coefficients, we see that By = v(g)gB. a

Denote the element of V = V(K) by

U(x, Y, Z) = Mzie31MEe3z * Pyre1zPyseas * Pz

_ (11 I _(a w
= () = () == 5)

where x1, 22, y1,y2, w € Cx and a,b € K. We identified z with (6 8) in the definition of p,. Then
by using the above lemma, we can show that

where

v(z,y, 2)v(@’,y ) =v(e+ 2’ y+ o, 2+ 2 —y(a’) —2'(')). (3.2)
Now let
X = X(K) = {mzyeq, Mzges, €V | 21,22 € €x },
Y = Y(K) = {py1613py2623 eV ‘ Y1,Y2 € €K}v (3‘3)

Z=7Z(K)={p.eV|zeJaK)} ~JaK).

We identify X (respectively Y) with €% by mz ey Masess — = = (75) (respectively by
DyreisDysess H> Y = (Z;)) Then we have the decomposition

V=V(K)=X-Y- Z (3.4)

We hope that it is clear from the context when X,Y, Z denote the sets and when they denote
the elements of J = Jk.

For any S € Jo(K), define trg : Z = {v(0,0,2)} — K, trg(v(0,0,2)) = (S, 2). Since Z
is the center of V, Ker(trg) is a normal subgroup of V, and we may consider the quotient
Vo = V/Ker(trs).

Define the alternating form on X &Y by

((z,9), (2", 9))s = Te(S(2("y) +y/("'7) — 2'("g) — y('T))).

Consider the map gs: V — X @Y @ K defined by

v(z,y, 2) = v(z)v(y)v(z) — (x Y, Tr(iSz) + Tr<§(ytx + mty)> ) (3.5)
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From (3.2), we see that gs(v(z,y, z)v(2’, v/, 2")) = (x + 2',y + v/, 2”") where

1 1 - 1
2 = Tr<2Sz> + Tr(g(yta_c + mtgj)> + Tr<2Sz') + Tr<§(y'ta_c' + x'ty’)> + §<(x, y), (2, y))s.
Since Ker(gg) = Ker(trg), if det(S) # 0 then we obtain the isomorphism
gs : Vo = V/Ker(trg) — X @Y @ K. (3.6)

Next we compute the action of H(K) on V = V(K): recall that H(K) = (ppe, tes) = SLa(K)
for b € K. We identify v = (¢}%) € SLy(K) with the corresponding element in H(K) under the
isomorphism. Observe [Fre53] that

1 b —xz 0 1 [o =z 0
eng:§ -z a 0], 63X(63XX):Z z b 0
0 0 O 0 0 0
Then, for i =1, 2,
[/e_;;lpwei;;l'eg = mf.’ie;g“ [/e_‘glmfegil'eg = pxez3 (37)

For 1 <i < j <2, we have Le_;pxeij les = Dze,;- Hence

pgeiv(x, Y, 2)Pres = v(x,bx +y, 2 — ba'T), Le_glv(x, Y, 2)les = v(—y,z, 2 + 2'7 + y'7).

a 0

: / -1
Since ple, = tesP—cesley » and hia) = (0 ot

) is identified with pae,p’ a—1ezPacs Loy s we see that

Dhey V(@Y 2, = (@ + cy,y, 2 — cy'y),  hla)v(@,y, 2)h(a) = v(az,a" "y, 2).
Here h(a) € M, and v(h(a)) = a; more explicitly,
h(a)(X, &6, X&) = (X + (a —1)(e3, X)es,a&, X' — (1 —a ) (e3, X )es, a1¢').
Hence we have the following lemma.
LEMMA 3.3. Let v = (¢%) € H(K). Then v 'v(z,y, z)y = v(az + cy, bz + dy, 2’) where
2 =2 — L((az + cy)' (bx + dy) + (bz + dy)'(az + cy) — 2'y — y'7).
4. Jacobi group in E7 3, Weil representation, and theta functions

4.1 Jacobi group in E7 3
Let A be the ring of adeles of Q and Ay its finite part. Let Z be the profinite completion of Z.
For R = A,Af,i, Q,Qp,Z,, p < 00, or any field R, one can consider X(R), Y(R), Z(R), V(R)
(analogues of (3.3) and (3.4)) by using €r and the action of H(R) ~ SLs(R) on V(R) by using
the calculation done in §3. Note that we may not get the identification H(R) ~ SLa(R) for an
arbitrary ring R since this map is described in terms of the root system. (The interested readers
should consult the notion of Chevalley basis, cf. [Ste68].)

Now we introduce a new coordinate on V by modifying the group actions, and define the
Jacobi group in E7 3. For any =,y € X(R) and S € J2(R) so that det(S) # 0, we define

o(z,y) =2y +y'z, os(z,y):=(S,0(x,y)) and Ig(z,y):= %ag(m,y). (4.1)
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Clearly o(z,y) € J2(R) ~ Z(R). A new coordinate v1(z,y,2) on V is defined by

vi(z,y, z) =v(x,y,z —o(zr,y)), =€ X(R),ycY(R)and ze€ Z(R).
Then by (3.2), one has

vi(z,y, 2@y, 2) =@+l y+y, 2+ 2 +o(zy) —ola,y)). (4.2)
The alternating pairing on X (R) @ Y (R) is modified as

((z,9), (,y"))s == 2(As(z,9) = As (@', y)) = o5(x,4) — o5(2',y), (4.3)
and X (R) ® Y (R) ® R has the Heisenberg structure defined by
(z,y,a0) * (2',9/,b) = (x + 2",y + ¢, a+ b+ (2, 9), (2',))s)

For any S € J2(Z)+, the Heisenberg structure on V' is modified by passing to gs (see (3.6) for
this map) as

g5 : V(R) — X(R)@Y(R)® R, wi(2,y,2)— (2,y,3(S,2)). (4.4)
Noting 3(os(z,y') — os(z’,y)) = As(z,y') — As(2’,y), it is easy to see that
grs(i(z,y, 2@y, 7)) = grs(vi(@,y, 2)) * grs(vi(@’,y, ),

or, equivalently, g1 s preserves the Heisenberg structures in both sides.
The action of H(R) on V(R) with the new coordinates now turn to be much simpler by

Lemma 3.3:
v vy (2, y, 2)y = vi(az + cy,br + dy,z) for v = <Z Z) € H(R). (4.5)
By using this action, we define the Jacobi group in G(R) by
J(R) := V(R) x H(R) (4.6)

with the coordinates (v1(z,y, 2), h(7)),7 = (¢ }) under the identification H(R) ~ SLa(R).

4.2 Weil representation and theta functions
In this section we shall recall Weil representation and theta series (cf. [Ike94, §1-3]).
For each place p # oo, put

ep(r) = exp(—2mv/—1 - Frac(z))

for © € Q, where Frac(z) stands for the fractional part of x. For p = oo, put e(z) = ex(z) :=
exp(2my/—1x) for z € R. Fix a non-trivial additive character ¢ : Q\A — C* and decompose
it as the restricted tensor product ) = ®;<oo ¥p. As a standard example, one can take ¢ :=
®;<Oo ep(*) which will be used later when we translate the adelic setting into the classical setting
and vice versa.

Fix S € J2(Z)+. We denote by h(a) (respectively n(b)) the element of H(Q),) corresponding to
(¢ agl) ,a € Q) (respectively (§%),b € Qp) under H(Q,) ~ SL2(Q,). Note that (% §) corresponds
t0 tey € H(Qp).
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For each place p < oo, the Schrédinger model wg, on V(Q,) with the central character
Yps 2> PYp(3(S,2)), 2 € Z(Qp) realized on the Schwartz space S(X(Q,)) is given by

wsp(vi(z,y,2))(t) = o(t + 2)1p(3(S, 2) + 2As(t,y) + As(x, 1))

for p € S(X(Qp)) and vi(x,y, z) € V(Qp). Noting the multiplication law (4.2), it is easy to check

wsp(vi(@,y, 2)or(a’, Y, 2))e(t) = wep(vi(a,y, 2) (Wsp(vi (2,4, 2)e(1)).

By the Stone-von Neumann theorem, wg ), is a unique irreducible unitary representation on which

Z(Qyp) acts by 1, 5.
Recall the conjugate action H(Q,) on V(Q,) (see (4.5)) and the alternating pairing (4.3).
This induces a homomorphism

H(Qp) — SPV/Z(QP) = Sp(V(Qp)/Z(Qp), (%, %)) (4.7)

Let S\I;V/Z(Qp) be the metaplectic covering of Spy,,(Qp). This covering does not split, but

by [Kud94], one has a splitting H(Q,) — %V/Z(@p) so that the map (4.7) factors through
it via the covering map. The Schrodinger model wg,; extends to the Weil representation of

V(Qp)  Spy,z(Q,) acting on S(X(Qp)). Then the pullback to H(Q,) of this representation is
given by

wsp(h(a))e(t) = xs(a)lalye(ta), xs(a) := (disc(As), a)g,

wsp(n(b))p(t) = Pp(As(t, t)b)p(t)
ws p(Leg)p(t) = (Fsp)(—1),

where (x, ¥)q, stands for the Hilbert symbol on Q) x Q, and

(Fsp)(t) = /X o, PO, e

where dr means the Haar measure on X (Qp) which is self-dual with respect to the Fourier
transform Fg. Note that the index 8 of |a]]8) in the first formula comes from the fact that
3 dimg, X(Qp) = 8 and we also use v(h(a)) = a. Furthermore, we always have yg(a) = 1 since
disc(\g) is a square by Lemma A.1 in the Appendix.

The global Weil representation of wg of J(A) acting on the Schwartz space S(X(A)) is given
by the restricted tensor product of wg . In our setting, wg is much simpler than that of the case
Spa, (compare with [Ike01, §1]): for ¢ € S(X(A)),

ws(h(a))p(t) = lalie(ta), ws(n(b))e(t) = v(As(t,)b)e(t), ws(tes)p(t) = (Fsp)(—1),

where (Fso)(t fX P(As(t,x)) dx.
For each ¢ € S(X (A)) the theta function ©Ys (v (x,y, 2)h; ¢) on V(A) is given by

OYs (v1(z,y, )b )= > ws(vi(z,y,2)h)p(€)
£eX(Q)

= 3 ws(mple + )6 (5(5.2) + sl + Asten) ).
£eX(Q)
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It is easy to see that this function is invariant under the action of J(Q). By the equivalence of
the Schrédinger model and the lattice model (cf. [Tak96]), for any ¢ € S(X(A)) one has the
Poisson summation formula which will be used later:

0Y5 (v1(x,y, 2) (tesh); ) = OY3 (w1 (@, y, 2)h; ). (4.8)
To end this section, we discuss the relation between the adelic theta function and the classical
theta function. For any ¢’ € S(X(Ay)), we extend this function to an element ¢ of S(X(A)) by

) — 6_27"'0'5(550073700) .

o((p)p<oo) = 3000(1300)%0/((5%)10<oo)7 Poo(Too

Put X := X(R) ®g C ~ C®6 and let us extend the quadratic form og linearly to that on X. For
each p € S(X(Ay)), the classical theta function on ® := H x X is given by

O(r,u) = Y w(€)e(os (& E)T + 205(,u)).
£ex(Q)
The group J(R) acts on © by

B0 = (97, ey aam) )

where 3 = vi(z,y,2)h with vi(z,y,2) € V(R) and h = h(y) € H(R) corresponds to (¢5%) €
SLo(R). Here v7 = (a7 + b)/(cT + d) and put j(v,7) := cr + d for simplicity. For each positive
even integer k, the automorphy factor on J(R) x © is defined by

Jk,s (B, (T,u)) = j(v, T)ke<—(57 z) + ﬁas(u,u) - W

for p =vi(x,y,2)h,h = h(7y) as above. After lengthy and painful calculation, one can check the
cocycle relation:

~os(e,a)(v7) — os(, y)),

jk,S(BB/a (T7 u)) = jk,S(ﬁ’ /B,(Tv u))jk,S(lﬁlv (Ta U))
For each function f:® — C and 8 € V(R), we define the ‘slash’ operator f| s[f] : ® — C
by
FlrslBl(T,w) = jr.s(8, (r,u) ™ F(B(r, ).
Then the following lemma is easy to deduce from the definition.
LEMMA 4.1. Keep the notation above. For each ¢ € S(X(Ay)) and h(y) € H(R),~ € SLa(R):

(1) OV (B;¢) = 0315, s[F)(vV=1,0) for any B € J(R);

(2) 65‘9(771)4}0(7—7 u) = j(’Ya T)_89£ (7(7—7 U))

LEMMA 4.2. Keep the notation above. Let £ be an element of X(Q) so that os(§,x) € Z for all
x € X (o) and @¢ be the characteristic function of £ + X (o). Then

O (w1 (2, y, 2) i pe) = OV (01 (o0, Yo, 200) i 0¢).

Proof. One can decompose any element vy ¢ € J(Ay) as vy f = j1 - v] so that j; € J(Q) and
v) =vi(2,y,2') € V(Z). Since the sum defining this theta function runs over X (Q)N(+ X (0)),
we see that Y3 ((S,2') + 20g(a,y’) + os(2’,y')) = 1 for any a € X(Q) N (§ + X (0)). Then the
claim follows from the left invariance of the theta function under J(Q). 0

For any (7,u) € D, there exist elements v; € V(R) and g, € H(R) such that v3go.(v/—1,0)
= (7,u) since 1 and 7 are independent over R. From this with Lemma 4.1(1), we make a bridge
between the adelic theta functions and the classical theta functions which will be focused in the
next section.
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5. Modular forms on the exceptional domain and Jacobi forms

We review the definition of modular forms on the exceptional domain ¥ in [Bai70], and define
Jacobi forms for our Jacobi group and study their basic properties.

5.1 Modular forms on the exceptional domain
Let I' = G(Z) be the arithmetic subgroup of G(Q) as in [Bai70], defined by G(Z) = {g € G(R) :
gW, = W, }, where W, = J(Z) & Ze @ J(Z) ® Ze', and e = (0,1,0,0) and ¢’ = (0,0,0,1).

LEMMA 5.1. The arithmetic group I' is generated by N(Z) and ¢.

Proof. By [Bai70, Theorem 5.2], I' is generated by N(Z) and N(Z), where N is the opposite
unipotent subgroup of N. Since N = 1 ~'Ny, the result follows. |

LEMMA 5.2. The arithmetic group T' is generated by N(Z), M'(Z) and H(Z), hence by N(Z),
M'(Z) and te,.

Proof. This follows from the above lemma and from the identities, ¢ = te,teytes, and te, =
goggce3g02_31, and te, = (p13Le3(p1_31, where ¢;; = Mme,;M_¢;,Me,; fori# j. O
In [Bai70, Kar74, Kim93|, for Z € T and g € G(R), the action is defined by the right action:
Z-9g=272\, pyg=npakpy forkeM(C)and Z; € H.
However, following the usual convention, it is more convenient to define the left action by
9Z =27y, gpz =0pzkp, forke M(C)and Z; € T.

Let j(g,Z) = v(k)~! be the canonical factor of automorphy. Then j(g,Z) has the following
properties:

Jj(pB,Z) =1 forall BeJr, j(1,2)=det(=2), 3j(9192:2) = j(g91,922)j(92,%Z).

If J(Z,g) is the functional determinant of g at Z, then J(Z,g) = j(g, Z)'%. By Lemma 3.2, if
k € M(R), kZ is just the transformation v(k)(kX + kY +y/—1), where Z = X 4+ Y+/—1, and for
kX and kY, k is considered as an element of GL(J), and j(k, Z) = v(k)~L.

DEFINITION 5.3. Let F' be a holomorphic function on ¥ which for some integer k£ > 0 satisfies
F(yZ) = F(Z)j(v,2)*, ZeT,veTl.

Then F is called a modular form on ¥ of weight k. We denote by My(I") the space of such forms.
For a holomorphic function F': T —> C, the boundary map ® is defined by

/
OF(Z)= lim F(tZ* j)
T—+/—1oo

where Z' € Ty. We call Sk (T') := Ker(®)NMy(T") the space of cusp forms of weight k& with respect
to I'. We should remark that there is only one equivalent class of cusps since G(Q) = P(Q)G(Z)
[Bai70, Theorem 5.2].

Since F(Z + B) = F(Z) for B € J(Z) and J(Z) is self-dual, F' has a Fourier expansion of the

form
F(Z)y= Y aDe(T,2)). (5.1)
TeJ(Z)z0

By the Koecher principle, we do not need the holomorphy at the cusps.
If F is a cusp form, then a(T") =0 for T ¢ J(Z)+.
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5.2 Jacobi forms of matrix index
We define and study Jacobi forms of matrix index on ® = H x X in the classical setting. Set

)= J(Q)NG(Z).

DEFINITION 5.4. Let k be a positive (even) integer and S be an element of J2(Z);. We say a
holomorphic function ¢ : © —> C is a Jacobi form (respectively Jacobi cusp form) of weight k
and index S if ¢ satisfies the following conditions:

(1) ¢lk,s[B] = ¢ for any g € T'y;
(2) ¢ has a Fourier expansion of the form

d(ru)= > oN,e(NT+o0s(6u)),

§eX(Q),NezZ

where ¢(N,§) = 0 unless S¢ y 1= ( ) belongs to J(Z)>o (respectively J(Z)+).

téS N

We denote by J g(T'y) (respectively J;'¢”(I's)) the space of Jacobi forms (respectively Jacobi
cusp forms) of weight k and index S.

Define the dual of the lattice A := X (Z) = 0 with respect to the quadratic form og by
A(S) = {z € X(Q) | os(z,y) € Z Wy € A}.

If S € J2(Z)+, then the quotient A(S)/A is a finite group. Fix a complete representative Z(3) of

A(S)/A and denote by ¢ the characteristic function € + [, ., X (0p) € S(X(Af)). Any Jacobi
form turns to be the sum of products of elliptic modular forms and theta functions by following
lemma.

LEMMA 5.5. Assume S € J2(Z). Let Z(S) be a complete representative of A(S)/A. Then any
¢ € Ji,s(I'y) has an expression of the form

D bse(MOS (), dselr) = Y eV e((N —os(&,8))7).

NEZ
N—og(£,6)20

Furthermore, for each § € Z(S5), ¢s5,¢(7) is an elliptic modular form of weight k — 8.

Proof. See [Kri96, §2, example (iv)] and also the argument in [Ike01, p. 656]. O

Let k be a positive even integer and F' be a modular form of weight £ on €. Then we have
the Fourier—Jacobi expansion

F G/g 1;) = Z Fs(r,u)e((S,W)), W €Ty, 7€ Handue X(R)®gC. (5.2)
S€J2(Z) >0

LEMMA 5.6. Keep the notation above. Assume S € J(Z)4. Then Fs(7,u) € Ji s(I'y).

Proof. 1t is easy to see that Fg(1,u) = ZT€~+ a(T)e(cr)e((T, wu)), where J(Z) is the set of
T = (£ ¥) € J7. Then the claim follows from the argument at [Ike01, p. 656]. 0
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Remark 5.7. Consider any holomorphic function F(Z),Z = (¥ MU W e T, TeH, andu €
X (R)®rC on T which is invariant under I' N P(Q). Then one has the Fourier and Fourier—Jacobi
expansion

=Y AMe(T.2) = Y Fs(rue((s, W),

TeI(Z)>0 S€J2(Z) >0
as in (5.2). By the proof of Lemma 5.5,
= Y Fse(mi(ru), Fse(m)= Y Ap(Sen)e((N —os(€9))7),

€E(S) NezZ
£€5(9) N-o0g(£,6)20

where S¢ ny = (tgs N) In this paper, the function Fg¢ will be called by (S, {)-component of F'

We now discuss the relationship between the adelic setting and classical setting. (See [BJ77]
for automorphic forms in the adelic setting.) Let ¢ be a non-trivial additive character of Q\A
and, for S € J2(Z)4, put g =potrg: Z —> C,z — (1(9, 2)).

DEFINITION 5.8. Let F be an automorphic function on G(A). For each S € J2(Z), the Sth
Fourier—Jacobi coefficient F,; of F' with respect to 1 is a function on J(Q)\J(A) given by

Fyg(vih) = / F(zuih)ibgt(2)dz, v e V(A),h € H(A).
Z(@\Z(4)

Let F' be a modular form in My(I"), and consider its Fourier—Jacobi expansion

F= Y F(rue((s.W)

S€J2(Z) >0

as above (see (5.2)). We are using Fy,, for the Fourier-Jacobi coefficient of F. We hope that this
does not cause confusion with Fyg, which is the Fourier—Jacobi coefficient of F'. Let F' denote the
automorphic form on G(A) corresponding to F' by the strong approximation theorem, namely,

F(g) = j(goos EV—1) *F (g EV=1) for g=1-go -k € G(QG(R)K. (5.3)

Similarly if we write any element of J(A) as vih = a - V1 coheo - £ € J(Q)J(R)K ; where Kj =
K N J(A), one has
F(w?)z (’Ulh) = FS‘k,S[Ul,oohoo](\/ —1, 0),

by Lemma 5.6. It follows from this that F(,[psst)z('l)lh) is left invariant under the action of the
lattice A = X (0). We also identify A with a lattice of Y(R) in an obvious way.
Fix S € J2(Z)+. For each £ € Z(S5), we put

Tge(hs Frygy) = /V(@)\V(A) Fyay2 (vih)OWE) (u1h; ) dor.

Since Fiyest)2 (zv1h) = (w?)z(z)FwsSt)z (v1h), one has

JS (haF st 2) - / Fiyst 2(U1(1E7y,O)h)@(¢sst)2(’l}1($,y,0)h;g0 )d’Ul(CC,y, 0)
Pl T WE) xev)@\Xer)@) P ¢

By Lemma 4.2, ©W8)* (v) (2, y, 0)h; e) = OWE)* (1) (Zoo, Yoo, 0) ¢¢). Then one has

Jgg(h; F(ng,t)?) = FS’k,S[Ul,oo oo](\/ 0) S (Ul,ooh§ 805) dvl,oo(wooayoo)a

/A\X(]R)@A\Y(R)
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1/2 —1/2
where 1 00(Zoo, Yoo) = V1(Too, Yoo, 0). Take hoo = (y"(;’ X ) € H(R) so that heov/—1 =
y

<]

Too+V—1Yoo. Set T = hoov/—1 and v1 ochoo(v/—1,0) = (7, u). Put Ly := {\7+ X € X(R)®rC |
Ai € A,yi=1,2}. Then by Lemma 4.1, one has

Toe (B Fiysey) = / Fs i 5[v1,00h00] (V=1L 0003 [s,5[01,00 0] (V=1, 0) dvi oo
AMX(R)SA\Y (R)

(put u = Too + TYso)

-t / Fy(r, u)83 (7, w)e~ 4m(m(r)~ o5 (Im(u) Im(w) O(FoorYoo) | 4,
3900, D)* 8 JL A\ x®)@RC o o

-8, -8

— 2%0/ Fs(r, u)me—‘lﬂ(lm(f))*1Us(lm(u)vlm(“)) du
(900, )58 J A\ x ®)@RC o
(by Lemma 5.5)

_ %/ Fse(1)05, (m,u)03 (, u)e~tmdm(m) " oslm(u)tm(w) g,
3(Goos )% JL\x®)@RC cemls) ‘ {

_ 2 Fse(1)2 2 det(S) 2
3{goo, 875 A

= 2732 det(S) j(hoo, i)"Y Fg e (7).
Here we used the following formula to get the last equality: for each &,
—24 —4,8 el _
/ 65 (7, w)BS. (v, w)e—tm(m(r) " o5 (m(w),Im(w) gy, — {2 det(S)Myo, I E =,
L \X(R)®rC 43 3 0 otherwise.

(Apply Lemma A.2 for n = 16 and combine this with disc(og) = 2'6 disc(\g) = 216 det(S)® by
Lemma A.1.)
Summing up, we have proved the following.

LEMMA 5.9. For 7 = heoi, (hoo, ) * ™8I (hoo; Fiysty2) = CsFse(7), where Cs = 2732 det(S5) ™.

In the next section, we will prove Jg g(h; F (w?)z) is a section of a degenerate principal series

representation of SLo(A) if F is an (adelic) Eisenstein series on G(A). By Lemma 5.9 above, we
will conclude that Fg¢(7) is an Eisenstein series in the classical sense.

6. Eisenstein series and their Fourier coefficients
Recall from [Kim93] an Eisenstein series. Let I'oo = 'NN(Q). For [ a positive integer and s € C,
BEus(2)= Y i(2)i(2)
YET o \I'

When s = 0 and 2/ > 18, Karel [Kar74] computed the Fourier coefficients and showed that
they have bounded denominators. Let

BEy(Z) = Exo(Z)= > au(T)e((T, Z)).
TeJ(Z)+

THEOREM 6.1 [Kar74]. For T € J(Z)4, we have

ay(T) = Cydet(T)* [ A,
pldet(T)
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where Coy = 21° Hi:o (20 — 4n)/(Bgi—an), and f% is a monic polynomial with rational integer
coefficients of degree d = ord,(det(T")). It satisfies the functional equation

XUp(X7h) = fp(X).

Here By is the Bernoulli number; ¢(2k) = (22*~172¥Byy)/(2k)!. If no; is the numerator of
Hi:o Boi_ 4, then ngE9(Z) has rational integer Fourier coefficients. The functional equation of
f2 is implicit in [Kar74], and it is stated explicitly in [Kim93, p. 185].

COROLLARY 6.2. Keep the notation in the theorem above. Set fE(X) := X%fP(X~2), where
d = ordy(det(T")). Then

agl(T) _ CQZ det(T)(2179)/2 H fg(p(QlfQ)/QL
pldet(T)
and f?(X) = fg(Xfl).

We can interpret this from the degenerate principal series as in the Siegel case [Kud08].
Let K be the stabilizer of Fy/—1 in G(R), where F = diag(1,1,1) € J(Q). It is a maximal
compact subgroup of G(R), and its complexification K ¢ is conjugate in G(C) to M(C) by
the Cayley transform. Let K = K Hp K,, where K, = G(Z,). By the strong approximation
theorem, G(A) = G(Q)G(R)K.

For s € C, let I(s) be the degenerate principal series representation of G(A) consisting of
any smooth, K-finite function f : G(A) — C such that

F(pg) = 65> (D) v()[4(9)

for any p € P(A) and any g € G(A) where P = MN is the Siegel parabolic subgroup. Note

that the modulus character §p is given by dp(mn) = |v(m)|}®. We denote it also by I(s) =
I dG(QP) S
1dS@) |y (g)).

Let (g, s) = (9, 5) ® Q, Pp(g, s) be a standard section in I(s). Then one can define the

Siegel Eisenstein series

E(g,5,®)= Y,  ®(yg,9).
+1EP(@\G(Q)

It satisfies the functional equation
B(g5,®) = Elg, ~s. M()2), M(5):1(5) — I(~5), M(5)blg) = [ (ng.s)dn.
N(A)

Now G(R) = P(R)K, and hence @, is determined by its restriction to K. We choose
Do (k, s) = v(k)%,

where k € M(C) corresponds to k € Ko by the Cayley transform. Hence ®(mnk,s) =
pm)l v (),
By [Bai70, p. 527], given Yv/—1 € T, there exists m € M(R) such that m(E/—1) = Y /1.
Hence pym(Ev/—1) = X + Y/~1. Let g = pxm.
Now for v € T', by Iwasawa decomposition, vg = nm'k with n € N(R), m’ € M(R), and
k € K. Then
vg(EvV/—1) = vZ = nm/(BV/-1) = X1 + Y1V —1.
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Hence m/(E+v/—1) = Y1v/—1 and n = px,. On the other hand,
j(’}/ngV _1) = J(W:Z)j(gaEV _1) :j(m/vEV _1)j(k7EV _1)'

Here j(g, Ev/—1) = j(m, Ev/=1) = det(Y) ™1, j(m’, E\/—1) = det(Y7)~!. By [BB66, p. 500,
LEMMA 6.3. For k € Ko, j(k, Ev/—1) = v(k)™!, and hence |j(k, Ev/—1)| = 1.

So
det(Y)

et (1) = 7

.z JREV-D = J(:2)

3(7, Z)]
Therefore,
Doc(r9. ) = v(m') () = det(Y ) (7, 2) i3, 2)|

Hence as in [Kud08], for ®(g,s) = ®x(g,s) ® &, 2p(9,5), Poo(g,5) = v(k)%, and ®,(g, s)
= @2(9, s), the normalized spherical section for all p,

E(ga S, (I)) = det(Y)S+9 Z ](7’ Z)_Ql\j(% Z)|_S_9+2l.
V€T \I'

Hence
E(g,5,®) = det(Y)* " By syo-2(Z) = j(g, EV—=1)" ") By syo_n(2).
Summing up, we have proved the following.

PROPOSITION 6.4. The adelic Eisenstein series E(g,2l —9,®) on G(A) which is associated to a
standard section of 1(2] —9) corresponds to Eqo(Z) via (5.3).

Let I(s) = @ I,(s) and I,(s) be the p-adic degenerate principal series. Then we have the
following proposition.

PROPOSITION 6.5 [Wei03]. I,(s) is irreducible except at s = £1,+5, £9.

Remark 6.6. In terms of representation theory, the singular modular forms of weight 4 and 8
constructed in [Kim93] are subrepresentations of I(s) when s = —5, —1, respectively.

7. Fourier—Jacobi expansion of Eisenstein series on E7 3

As seen in §4.2 (see Lemma 5.5 and Lemma 5.6), for each S € J(Z), the Sth Fourier-Jacobi
coefficient of a modular form F on ¥ is represented by the sum of the products of theta series
and elliptic modular forms. In this section we shall prove these elliptic modular forms turn to
be Eisenstein series on H if F' is an Eisenstein series. To do this we generalize the argument in
[Tke94, § 3] in our setting and by virtue of Lemma 5.9 this enable us to work on the adelic setting
which is much simpler than the classical setting. R

Let w be a unitary character of Q“\A* and s € C. Let K = SLy(Z) x SO(2) be the standard
maximal compact subgroup of SLa(A). We denote by I(w,s), the degenerate principal series
representation of G(A) consisting of any function f : G(A) —> C such that

F(pg) = 55 (0) () 3w () f(9)

for any p € P(A) and any g € G(A). Recall that 5]13/ 2(mn) = |v(m)|3. Similarly we also define
the space I1(w, s) consisting of any smooth, K-finite function f : SLy(A) — C such that

F(pg) = 53> (p)laliw(v(p)) f(9)
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for any p = (0 a—l) € B(A) and any g € SLa(A). Here B is the Borel subgroup of SLy which

consists of upper-triangular matrices and 5]13/ *(p) = |ala for p = (¢ ,1) € B(A). For any section
f € I(w, s), we define the Eisenstein series on G(A) of type (w, s) by

Elgf)= > f(vg) g€ G(A).
P(0)\G(Q

Let ¢ be a non-trivial additive character of Q\A and, for S € J2(Z) 4, put ¢g = potrg : Z(A) —
C. Consider the Sth Fourier-Jacobi coefficient Fg(vih; f) of Eg(g; f) with respect to ¥g (see
Definition 5.8). For each ¢ € S(X(A)), put

Eyg.o(h) = / Eg(vih, f)©Y¥s(vih;p)dvy, h € SLa(A). (7.1)
V(Q\V(4)

The main purpose in this section is to prove the following key theorem.

THEOREM 7.1. Keep the notation above. Assume that ¢ is K-finite, and hence the C-span
(ws(k)p | k € K> is finite-dimensional. For Re(s) > 0 we have the following:

(1) R(h; f, ¢ fv (L V1 - teg - h)ws(vi(tes - h))(0) duy is a section of I(w, s);
(2) Eygp Is an E1senste1n series on SLa(A) associated to R(h; f, ).

To prove this, we need some lemmas. Let P = P(Q),G = G(Q),Q = Q(Q). Note that @ is
the normalizer of V(Q) in G. The double coset P\G/Q is bijective to the double coset of the Weyl
group Wp\Wg/Wq. By [Car72, p. 64], each double coset of Wp\We /Wy has unique element of
minimal length, and they are {1, ¢3(23), cac3(13)}, where ¢; is the Weyl group element attached
to 2e;, and (ij) is the Weyl group element attached to e; — e;. Then G = P&Q U P&Q U P&yQ),
and P&)@Q is the unique open cell, where & = 1, & = ¢3(23), and &y = c2c3(13). In terms of the
notation in [Bai70, p. 517], & = 1, 1 = te;023, and §p = Leyley 013, Where @i; = me, M, Me,;
for i # j.

LEMMA 7.2. For any q € Q, q normalizes Z(A), and if v € G is not contained in the open cell
P&yQ, then vpg is non-trivial on vy~ 1P(A)y N Z(A).

€ji

Proof. Let ¢ = lv for | € L(Q) and v € V(Q), and p, € Z(A). Then, since Z is the center of
V, qp.q~ ' = (lv)p.(lv) ™' = Ip,I~1. If | is in the central torus of L, then Ip.I~! = p,. Otherwise,
| € L'(Q). Here L' = H x Spin(9, 1), where Spin(9, 1) is spanned by the unipotent subgroups
Myey, and Mgey, . If I € H(Q), then by Lemma 3.3, Ip,I~! = p,. Suppose | = me,,. Then by
Lemma 3.2, Mge Dz = PBMgeyy f0r B = Mge 2 = py € Z(A). Similarly, mye,, p. = por € Z(A).
Hence we have proved ¢Z(A)q~! = Z(A).

We may assume that v = &,&. If vy =& =1, P(A) N Z(A) = Z(A). So g is not trivial
on P(A)N Z(A). Let v = &. Using (3.7), we can compute easily that v 'mzes, Y = Drej, €
Z(A). Hence v 'P(A)y N Z(A) contains the subgroup {pse,, | * € €5}. So 9g is not trivial on
Y IP(A)y N Z(A). O

Let Py be the Borel subgroup of H consisting of upper triangular matrices.

LEMMA 7.3. The right coset can be written as P\P&Q = &, - (Y(Q)\V(Q)) - (Pz(Q)\H(Q)).

Proof. We can write ¢ € @ as ¢ = slvh with s in the central torus, [ € Spin(9,1)(Q), v €
V(Q), and h € H(Q). Tt is easy to show that &l&; " € M/(Q), and &u(y)é, ' € M/(Q), and
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fﬂpaegg(;l = Dae, - By direct computation, €0mxe21§61 = Mygesy, and §0mx612§61 = Mygeqy- Also,
fopyemﬁo_l mye31, and §0py623§0_1 = Mye,, - Note that h(a) is identified with pae?,p’ﬂ_legpa63 Le_gl.
Hence &yh(a )E = Paer D, 1¢, Pae t 611 € M/'(Q), giving the claim. O

We have in analogy to [Ike94, p. 630] the following lemma.

LEMMA 7.4. It is true that:

(1) ¢-v1(0,y, Z)Le3pb63 = Phegk - - v1(0,y,2 + bytg)ce3 where k = mpy, ¢, Mpyseny With v(k)=1;
(2) ¢ v1(0,y, 2)tesh(a) = h(a) - v - v1(0, ay, 2)te;, with v(h(a)) = a;

(3) 801360//@3 = with V(gﬁlg) =1 and ng = 1.

Proof. Note that v(0,y, z) = v1(0,y, z). The proof of result (2) is straightforward by using result
(1), and ¢, h(a)e;t = h(a) for i = 1,2, and te,h(a)i,! = h(a™t). For result (1), use te,ppeste,’ =
Dhes for i = 1,2, and ¢ - Mgeq; - L1 = M_ye,, for i = 1,2. Result (3) follows from the fact that
w13 € M/, and te; = @13te, 13- O

Proof of Theorem 7.1. We first prove Theorem 7.1(2), namely,

Eyse(h)= > RO [ 9).

YEP (Q\H(Q)

This series will be convergent for Re(s) > 0 provided that the first assertion holds [Lan76]. In
fact, one has

Eyaplh) = / BEs(u1h, 1095 (onhs ) dvy = / E(wih, )09 (orh; ) dn
V(Q\V(4) V(Q)\V(4)

=2 2 / F 1) &S (vrhs ) dvy

i=1,2~eP\pPg;@ 7 VQ\V(A

+ Y / f(yurh)©¥s (vih; ) doy.

YEP\P&Q

In the first integral above, by Lemma 7.2, there exists an element zg =y~ 'py € Z(A) Ny~ 1 P(A)y
such that 1g(z9) # 1. Clearly v(p) = 1. Then one has

/ f(yv1h)©¥s (vih; @) dvy —/ F(v20v1h)O¥s (zgu1h; ) d(20v1)
V(Q)\V(A) V(@Q\V

(A)
= ¢S(Z0)/ f(pyv1h)©¥s (vih; ) doy
(Q\V(A)
— Us(0) / F(y01h)7s (orh: ) do,
V(Q)\V(4)
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which claims the vanishing of fV V(A) f(yv1h)O¥s (vih; p) dvy. By Lemma 7.3,

Epgplh)= > Z / f(€omyvih)©¥s (vih; ¢) duy

NEY(Q\V(Q) vePr(Q\H(Q)

= > > / F(€omyvrh)O¥s (v1h; @) dvy

NEeY(Q\V(Q) vePu(Q\H(Q)
(transform v into 4~ tvyy)

- ¥ S / F(€0ronyh)O%s (v Tory)hs ) don
NEY(@\V(Q vePa(@\H@ T VIOWE)
(use J(Q)-invariance of ©¥5)

g 2 / J(€omvyh)©s (yiva(vh): ) dvn

MneEY(@Q\V(Q)vePu(Q\H(Q)

-y £ (ov17h)E75 (0 (Y); ) doy
rePa@\H@ Y (@\WVE)
(Poisson summation formula (4.8))

- Z / F&omrh) S Fs(ws(—Duivh)e(0)) dor.

YEPH(Q LeY (Q)

Transforming v; into (—E)_lvl, one has f(fo(—ﬁ)_lvyyh) = f(&oyh), since & and ¢ (hence
(—0)~1) are commutative up to the multiplication by an element of P(Q), and |v(P(Q))[s = 1.

Brpt)= > FEovh) S Falwsonm)e(0) dus
vePr(@\H(Q) Y (@\V(A) (eY(Q)

- Z / f(ovivh) Fs(ws(vivh)p(0)) duy

YEPH(Q\H(Q
- ¥ / F (€001 (2, 9, 2) V)05 (1ey 0 (2, 9, 21 B P(0) dos (3, 3, 2).
vEPr(Q\H(Q

It is easy to see that {y commutes with X (A) (see the proof of Lemma 7.3), v1 (22,0, 0)vi(—z, y, 2)
=v1(z,y,2), and v(X(A)) = 1. Hence

Eygo(h) = Z f(€ov1vh)ws (tesv17h)p(0) dvy
vePy(@\H@) V)
(transform vy into te, 1v1Le,)

= > F(€otey v1tesvh)ws (vite, vh)p(0) dor.
vEPr(Q\H(Q) Via

By Lemma 7.4(3),

Eygo(h) = > / f(ortegvh)ws (vites7h)w(0) dvy = R(vh; [, ).
YEPH(Q\H(Q YEPH(Q\H(Q)

We now prove Theorem 7.1(1). Noting that
L Ul(xa Y, Z) =t Ul(l‘, 0, O)L_l sl Ul(ovyv Z) = UI(O, _j70) N Ul(oayv Z)v
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and v(v1(0,—7,0)) = 1, one has
R(h; f,)

= [ o e hestuahet@is (55,2 + As@n)) do
V(A)

= fon o Lo £ 000 ebstistetaris (55,9 + st ) ) o

= /Y(A) /Z(A) J(e-v1(0,y, 2)tesh) (/X(A) WS(L53h)SO(x)T/JS()\s(:c,y))daz)¢5 (;(S, z)) dy dz

= [ Fsestuh)o) -n)s (5(5.2)) dyds
v(a) Jz(n)

[ [ 0 esti s (55.2)) s
v(a) Jz(n)

We now compute the actions of ppe,,b € A and h(a),a € A* respectively. By Lemma 7.4, one
has

Ryt £.9)= | P01 (0,9, 2 + by B)tes ) @3 (Dres ) ()5 <1<S, ot bytw) dydz
Y(a) Jz(a) 2

(transform z into z + by'y and wg(ppesh) = ws(h))
= R(h; f, ).
By Lemma 7.4 again one has

R(h(a)h: 1.
-1, / Fh(a) -2 oa (0, e ) s () )  5(5.) ) s

= s aNlatilolt [ ]t n0a em st (55,9 ) v

Transform y into y/a and note that d(y/a) = |a|,'° dy and 5%,/2(h(a)) = |al}. Then

R(h(a)h: f.¢) = lal*w(@)R(h: f.0) = 63 (@)|aliw(a) R(h: . o).
The smoothness and K-finiteness follow from those of f and . Hence R(h; f, ) € I (w,s). O

8. Compatible family of Eisenstein series

DEFINITION 8.1. Let k be a positive integer. Let h(7) be an elliptic modular form of weight &
with respect to SLa(Z). We denote by V(h), the C-vector space spanned by {h|x[7],7 € GL2(Q)*}
where hl,[7](7) = j(v,7)"*h(y7).

Let (X) = ®({X,},) = ®;) Q,(X,) € ®; C[X,, X, ] where p runs over all prime numbers.
Denote by R the set of all &(X) = ®({X,},) such that ¢,(X,) = <I>p(Xp_1) for any prime p. For
each non-zero sequence of complex numbers {a,}, indexed by all primes, the value of ®(X) at
{Xp}p = {ap}p is denoted by ®({a,}). For each positive even integer k > 4, let

Eim = Y (o+dh

(e,d)€Z2\{(0,0)}
(c,d)

which is the Eisenstein series of weight & with respect to SLa(Z).
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DEFINITION 8.2. For a sufficiently large kg, a compatible family of Eisenstein series is a family
of elliptic modular forms, for even integer k' > kg

gk’( = bk’ Z N k/ 1 /2bk’ (N) ) q= e<T)7
NeQso

satisfying the following three conditions.
(1) For all k" > ko, gr € V(EL).
(2) For each N € QF, there exists @ € R such that by (N) = o n ({p*'—1/2},).
(3) There exists a congruence subgroup I' C SLy(Z) such that gi € M/ (T') for all ¥’ > k¢. Here
M/ (T') stands for the space of elliptic modular forms of weight k& with respect to I
Then by [Ike08, Lemma 10.2], we have the following lemma.

LEMMA 8.3. Let f(1) =>_.", c(n)g" be a Hecke eigenform of weight k with respect to SLa(Z)
with ¢(p) = p*=1/2(a, + o, 1). Assume that there is a finite-dimensional representation (u, Cc9)
of SLy(Z) and

q_;N = t((I)l,Na"'a(I)d,N) ERd7 N€Q>O

satisfying the following two conditions.

(1) There exists a vector valued modular form G = *(g1 4, .. ., ga ) which has
gir(r) = b () + Y NFHEh(N)", (b (N) = (b (V). - baw (V). N € Q0)
NeQso

of weight k' with type u for each sufficiently large even integers k', and hence this means that

G (D] =gl V), - - gaw i [V]) = w()Gi(T)  for any v € SLy(Z).

(2) Each component g;,(1 < i < d) of gy (7) is a compatible family of Eisenstein series
such that
bijw (N) = @i n({p*D72},).

Then h(7) = > NeQso N(k_l)ﬂ(ﬁN({ap}p)qN is a vector valued modular form of weight k with
type u, and hence it satisfies

hr)kl) = u()h  for any v € SLa(Z).

9. Construction of cusp forms on the exceptional domain

In this section we shall prove our main theorem. The strategy is the same as in [Ike01, Tke08,
Yam10].

For any positive integer k > 10, let f(7) = > >°, ¢(n)¢™ be a Hecke eigenform of weight
2k — 8 with respect to SLa(Z) with ¢(p) = pP*=9/2(a, + a,1). Let us formally define a function
on ¥ by

= > Ap(D)e((T, 2)), Ap(T) = det(T) 2] foley), Z € T.

TeJ(Z)+ p
Then we prove the following theorem.

THEOREM 9.1. F(Z) is a non-zero cusp form of weight 2k with respect to I'.
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Remark 9.2. If f has integer Fourier coefficients, then F' also has integer Fourier coefficients.
Just observe from Corollary 6.2 that f7(X) = X4 X4 pa (X424 X2y 4.4 a(d—1)/2
(X +X 1) if dis odd, and fA(X) = X9+ X7+ ay (X2 + X~ @2) 4 ..y ay) if d is even,
where d = ordy(det(7)) and a;’s are integers.

First of all we shall prove the convergence of F(Z).
LEMMA 9.3. The series F(Z) is absolutely and uniformly convergent on any compact domain
of T.

Proof. Tt is well known that |a,| = 1. By definition, }?(X) = X4fP(X?), and fF is a monic
polynomial with integer coefficients of degree d = ord,(det(T)), i.e., fA(X) = X4+ a1 X9 +
+ag—1X + ag. Let M = max{|ai|,...,|aq|}. We use the identity from [Kar74, p. 187],

(1=p™)7'Sp(1) = D am(@p™,  an(T) = > Wi,
m=0 X

where X € A(3),/p™A(3), and 7;(X) = 0 (mod p™(~1) for 2 < i < 3, and 2m < d. Hence
| (T)| < p?>™. We also have [Kar74, p. 197

Sp(T) = (1 —p®)(1 = p" %) (1 — p* ) f2.(p° 7).

Hence
) = (1= X) (1= p ' X)” Z ()" X
So M < (d + 1)2p'®™. By the trivial estimate, d + 1 < d, hence we have M < p?¥pd = plld
Therefore, |fT(ap)| (d+1)M < p'?¢. Hence
|Ap(T)| < det(T)F+12-1/2,
Now we use the fact from [Bai70, p. 538], for [ > 8,

2
/ X det(X)! 2> XY dxX = 712(27i) 7 ] T(1 - 4n) det(Y) ™
R (R) n=0

where dX is the ordinary Euclidean measure. Hence
Z Ap(T)e2i(T.2) Z det(T)F+12-1/227(TY) / det(X)FH12-1/227(XY) g x
Te3(Z Rf (R)

converges. O

TGJ

Clearly F(Z + N) = F(Z) for N € N(Z). Also F(vZ) = F(Z) for v € M'(Z). Thanks to
Lemma 5.2, it is enough to prove
Fliey Z) = j(teg, 2)*F(2). (9.1)

We prove (9.1) by using results of previous sections. Fix S € Jo(Z). Since F(Z) is invariant
under I'NP(Q) as mentioned above and is holomorphic by Lemma 9.3, then by Remark 5.7, one
has the Fourier—Jacobi expansion:

F(fZ Z): " Fs(r,u)e((S, W), (9.2)
SeJ2(Z) 4

> Foe(m)03,(ru), (9.3)
=(8)
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and

Fse)= 3 Ap(Sen)e((N —os(€,0)r). Sen = (fS fvf)

NEeZ
N—-og(£,€)20

= Z det(S&N)(%_g)/2 H fgaN(ap)e((N —05(§,8))7)
p

NEZ
N—-og(£,€)20

= det(S) V2N (N =56 ) PP FE, (ap)e((N = as(£,€)7). (9.4)

NEZ
N—0g(£,6)>0

For the last equality above, we used the formula det(S¢ n) = det(S)(IN — 05(§,§)) by using
(2.3). The condition (9.1) is equivalent to claiming that Fg(7,u) € Jy s(I';) for any S € J2(Z) .
Therefore for each fixed S € J2(Z)4, we have only to check the condition

Filp.slwi](r.u) = Fs(r,u) for wy = <01 é) . (9.5)

By [Tak96, p. 124, (2.1)], for each v € SLy(Z), there exists a unitary matrix ug(y) =
(US(’Y)gn)gmez(s) such that

O lksh)(ru) = Y us()enbl, (1,0). (9.6)
neE(S)
Further there exists a positive integer Ag depending on S such that ug is trivial on I'(Ag) C
SL2(Z). Since the elements of {95:g | £ € 2(9)} are linearly independent over C, to check (9.5)
with (9.6) it suffices to prove that {Fs¢}ecz(s) is a vector valued modular form of weight 2k
with type ug.
For a sufficiently large positive integer k', we now turn to consider (.5, {)-component (Ear o) 5.
of the classical Eisenstein series

SQk’,O(Z) = C’ik/E2k/’0(Z) = Z &gk/(T)e((T, Z)),
T€3(2)+
aZk:’( ) _ det Qk -9)/ H fp (2k'— /2)
pldet(T)
on ¥, where Cys is the constant in Theorem 6.1. Then one has

det(S) ™K =9/2(Ey11 0) 5.6 (T)
—det(5) S (S 5 el - as(e)n

Nez
N-0g5(££)20

= Y (N—osO)® 2 I fE 0P P)e((N = os(,9))7).

NeZ
N-0g(£.£)>0 pldet(Se,n)

Then by Lemma 5.9, Corollary 6.2, and Theorem 7.1, {det(S)~ ¥ =9/2(Ey/ ) g¢ a0 makes
up a family of Eisenstein series. Here we use ug|pag) = 1 to check the third condition of
Definition 8.2. Applying Lemma 8.3 with (9.4), one can conclude that

Fsg=det(S)*92 %7 B0 T fE - (ay)q",

n€Zsg det(S
n=N—-0g(£.£),N€EZ Pldet(Se,x)

is a vector-valued modular form of weight 2k with type ug. Since Ap(1l) = 1, F(Z) is not
identically zero. This completes the proof of Theorem 9.1.
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10. Hecke operators

Karel [Kar72] defined Hecke operators and showed that the Eisenstein series are eigenfunctions.
We review his results, and show that the cusp form on ¥ constructed in the previous section is
a Hecke eigenform.
Let Iw be the identity operator on W. Let Z be the central torus of GL(W), i.e., for any
field K,
ZK:{)\le)\EK,)\#O}.

Let G = Z - G. Then G is a Q-group. Define a rational character p on G by
{gw1, gwa} = u(g){wi,wy} for all wi,wy € W.

Then p is defined over Q, and Q(gw) = 1(9)2Q(w). Let S be the connected component of the
Lie group G(R) containing the identity element of G(R). Define

U={{geS|gW,CW,}

Since S is a connected component containing the identity element, p(g) > 0 for all g € ¥. Recall
that e = (0,1,0,0) and ¢’ = (0,0, 0, 1) are elements of W, and {wy,wy} € Z for all wy, ws € W,.
Hence u(g) = {ge, ge'} € Z. Hence we can define, for each m € Z, m > 0,

U ={g €V |ulg) =m},

and U = J°_; Up,.

Fix k. If p = zp/ € G(R) = Z(R), - G(R) and F is a function on T, let F(Z)|[plx = F(/'2);j
(p/, Z)~F. If F is holomorphic, then F|[p]x = F for all p € I precisely when F is a modular form
of weight k. Let F' be a modular form on ¥ of weight k, and define

T(m)-F= Y  p-F

pEN\I'Y,, T

Actually, in [Kar72] Karel used J(g,Z) = j(g,Z)~'® as an automorphy factor. However, his
result works for j(g, Z) in the exactly same way.

For later purpose in connection with representation theory, we shall modify Hecke operators
for G(Q). For any element H € G(Q), we define a modified action of H on F by

HxF=vg@)*% " p.F wg):=[HTH':T),
pel\I'HT

where [HTH™!:T)=[HTH ' :TNHTH'/[T:TNnHTH™].
Then we have the following proposition.

PropPOSITION 10.1. The Eisenstein series Ej(Z) is a Hecke eigenform for each Hecke operator
T(m). In particular, it is also an eigenform for any H € G(Q) with respect to the modified
action *.

For any positive integer k > 10, let f(7) = > ">, ¢(n)q" be a Hecke eigenform of weight 2k — 8
with respect to SLa(Z) with ¢(p) = pF=9/2(q,, + ay1). Let F(Z) = >reyzy, Ar(D)e((T, Z)),
Z € % be the modular form on ¥ which is constructed from f in previous section. Then by
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imitating ITkeda’s idea in [Ike94, §11] we will prove that F'(Z) is a Hecke eigenform for any
H € G(Q). Recall the normalized Eisenstein series

Ewo(Z)= > Gw(T)e((T,Z2)), G (T)=det(T)F =972 T Lp* 272

TeJ(Z)+ p|det(T)
of weight 2k" which is also an eigenform for any H € G(Q) by Proposition 10.1. For each
H € G(Q), by using G(Q) = P(Q)G(Z) (see [Bai70, p. 532, line —4]), one can choose {pp,-m;}_;,
n; € J(Q),m; € M(Q)4+ as the complete representatives of I'\I'HT'. Here M (Q); is the subset
of M(Q) consisting of g with v(g) > 0. Then it is easy to see that vy (T')~%/36 = v(m;)'/? for
each 7. Henceforth we settle the convention that for each T' € J(Z)4 and each m € M(Q), put
fr({Xp}p) =0 if mT & J(Z)4. Then one has

H * &gy 0(Z)
- 2k’/36 Z g2k/ ( )

= Z Z v(m;) det 2k —-9)/ H fp (2k'— /2) (T,m;Z + n;))
Tey(2)4 =1 pldet(T)
(use (T,m;Z) = ((m})"'T,Z) by (3.1) and det(m;T) = v(m;)~ " det(T).)

S S ulm) e T, det (D02 T g 92)e((T, 2)).

Tey(Z)4 1=1 pldet(m;T)
From this, the T'th Fourier coefficient of H x a1 o is

r

> v(m)?Pe((m;T,n;)) det(T)PF =92 T fo. (0 =9/2).

i1 pldet(m:T)
Put .
ZV 9/2 (m;E,ni)) H f%;E(Xp)aX ={Xp}p
1=1 pldet(m] E)

which defines an element of ®;C[XP,X;1]. Here E = diag(1,1,1) € J(Q). Noting agy (F) =
1 # 0, by Proposition 10.1 one has

aH({p(2k’—9)/2}p) H f?(p(%/_gw)ZZV(mi)g/Qe((me,m)) H fr%T(p(Qk'_g)/z).
=1

pldet(T) pldet(m; T)

By [Ike01, Lemma 10.1], one has the equality in &, C[Xp, X, ']
T

) TT ) = S vm)Pe(miTon)) [ Four(X0) X = (X}

p|det(T i=1 pldet(m}T)
Then one has

HxF(Z)= Y Z )?e((m;T,ni) det(T)H =02 T fh.plap)e((T, 2))

TE3(Z)y i=1 p|det( iT)
= Y an({aply) det(M)F 02 T f2lop)el(T, 2)) = an({op}p) F(Z).
TeIZ)+ p|det(T)

Hence we have proved the following theorem.

THEOREM 10.2. F(Z) is a Hecke eigenform for G(Q) with respect to the action *.
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11. The degree-56 standard L-function

In this section we will compute the standard L-function of Hecke eigenforms constructed in
the previous section and the Eisenstein series respectively. Let F' = F(Z) be the cusp form
in Theorem 10.2 and F' be the automorphic form on G(A) attached to F' (see (5.3)). Let mp
be the cuspidal representation of G(A) attached to F. Since F' is a Hecke eigenform, one has
the decomposition 7p = T ® ®; mp. Then 7 is a holomorphic discrete series of the lowest
weight 2k associated to —2kwy in the notation of [Bou02]. We note that —2kw; parametrizes a
holomorphic discrete series when 2k > 17 (cf. [Kna86, p. 158]). Since m, is unramified for each
prime p, it has a spherical vector whose Hecke eigenvalue for each element of G(Q,) coincides

G(Qp)

with that of a spherical vector in Indp(Q | |v(g)|**» where p* = . (This is clear from the proof
of Theorem 10.2. Notice 2s,, not s,. We can see it from Corollary 6.2 and Proposition 6.4. We are
replacing (2k — 9)/2 by s, in Corollary 6.2.) Then by [Cas, Proposition 2.2.2] and Proposition 6.5,
G(Q
Tp IndP((Q:)) \u(g)]QsP,

for any finite place p.

In order to compute the standard L-function of 7, we use the Langlands—Shahidi method.
Since G(Qp) is the split group of type E7, we can compute its local L-factor. We follow the

notation of [Kim05, §2.7.8]. We consider the split exceptional group of type Es, and its parabolic
subgroup R whose Levi subgroup is GFE7, and its Borel subgroup B. By inducing in stages

ndZ %), @ exp(si, Hy()) = Indbe ) explx, Hp (),

where & = e; —eg, and x = s(eq — eg) + sp(—e1 + 2e2 — eg) + (8es + Teq + 6es + Heg + 4er + 3eg).
Here pp, = 8e3 + Teq + 6Ges + Seg + 4e7 + 3eg is the half-sum of positive roots of Eg. Then one
can see that the unipotent radical of R is generated by 57 roots

ej—eg fori=1,...,8 and e —e; forj=2,...,8,
er1+ej+e; for2< j<k: 8 and —(e;+ej+ey) for2<i<j<8s.
—2s

Then e; — eg gives rise to 1 — p
factors:

, and the remaining 56 roots give rise to the following local

8— -1, 8-
61_6371_app S; 61+€2+€8,1—Oépp S;

ez — eg, 1 —a;lp_s_s, —(eg +eg+eg),1 8=s
e1—eq,1 — app7_5; e1+exter,l—aq, 1p S,

€4 —eg,1 — a;lp*ﬁs; —(ea+er+eg),l—app
e —es, 1 — appﬁfs; e1+es+eg, 1 — a;lpﬁfs;

e5 —eg, 1 — aljlp_ﬁ_s; —(ea+es+e9), 1 — ozpp_ﬁ_s

er — €6, 1 — app’ " e1+extesl—a, s
-1, —5-s. —5—
e6 — €9, 1 —a, " p 7% —(ea+es5+eg), 1 —app 7

e —erer+er+es, 1 —app' ™ er+ex+eq, —(es+es+eg), 1 —ay pt

e1 —es,e1+eg+es, 1 —app’ % er+ea+es,—(es+es+eg), 1 —ay,pP

el +eg+er,er+e5+eg, 1 — Oépp2fs; —(63 + eg + 69), —(64 +e5 + 69), 1-— a;lp

2—s

el +es+er,e1+es+eg,1— ozppl_s; —(e3+e7+eg),—(es+es+eg),1— aglpl_s
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—S

e1+e3+es,er+ester,l—app % —(es+es+eg), —(es+er+eg),1—a,'p

e1+es+er,er+eates,l—app 7% —(eat+esteg),—(es+er+eg),l—a, ' p
e1+e3tes,er +eqtes, 1l —app 2% —(e5+es +eg), —(eg +er +eg), 1 — a;lp_z_s
e1+es+e5,—(e2+ es+e9), 1 — app % es — eg, —(e + €5 + €9), 1 —a, 'p 0 7°

e1+es+es, —(e2+es+e9), 1 —app "% er —eg, —(er +es +e9), 1 —a, 'p°
er —ez, 1 — OéZP_S; ez —eg, 1 — 04;32?_8; e1+es5+eg, 1 —app® —(es +es+eg), 1 — aglp‘s

Hence we have the degree-56 local L-function:

3
(1 - app75)2(1 o a;lpfs)Q H(l - agf2ipfs)
=0
. H(l _ app:tz—s)(l —1 :I:z s H 1 _appzl:z s (1 _ a;lp:tz—S)Q‘
i=5 1=1

Therefore, we have proved the following theorem.
THEOREM 11.1. The degree-56 standard L-function L(s,mp,St) of g is given by

4 8

L(s,mp, St) = L(s, Sym® ms) L(s, ms)* [ [ L(s £ d,mp)* [ L(s £ 4, 7p),
=1 =5

where L(s,Sym? ;) is the third symmetric power L-function.

Let T'c(s) = 2(27)~*T'(s). Then the local L-factor at oo is given by

4 8
L(s, 7o, St) = T (s+ 2257 )T (s + 252D (s 4+ 252)2 T] P (s + 2572 +4)? T T (s + 252 +4),
i=1 =5

and the completed L-function satisfies the functional equation
A(s,mp, St) = L(s, o0, St)L(s, mp, St) = —A(1 — s, 7R, St).

Note that the root number is —1, since the root number of L(s,Sym?® 7;) is —1 [CMO04].
We have also proved the following theorem.
THEOREM 11.2. The standard L-function L(s, E9 0(Z), St) of Eg0(Z) is
L(s, Eg,0(Z), 51)
=((s+1—9)%C(s =1+ 3*C(s =3+ ) (s =L+ )¢(s+1—F)¢(s+ 31— &)
8 4
JJ¢sti-t1+D¢(sxi+l-H][¢sti—1+3)2¢(sti+1- L)%
i=5 i=1

Remark 11.3. We write the degree-56 standard L-function of 7 as

L(s,mp,St) = L(s,Sym® 7f) HLS+Z f) HLS+Z r).
i=—4 i=—8

This suggests the following parametrization of wp. Let £ be the (hypothetical) Langlands group
over Q, and let ps : L — SLy(C) be the two-dimensional irreducible representation of L
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corresponding to m¢. Let Sym™ be the irreducible (n + 1)-dimensional representation of SLy(C).
Note that if n = 2m — 1, Im(Sym™) C Sp,,,(C), and if n = 2m, Im(Sym") C SOg2p,4+1(C). We
have the tensor product maps SL2(C) x Spy,,,(C) —> Spy,,(C) and SLy(C) x SO2p41(C) —>
SPum2(C). Hence py®Sym'® : £xSLy(C) —> Sps,(C), and pr@Sym® : L xSLa(C) —> Spy5(C).
Let Sym® ps : £ x SLy(C) —> Sp,(C) be the parameter of Sym?® 7, where it is trivial on SLy(C).
Consider the parameter

p=Sym® ps®(ps@Sym'®)®(py@Sym®) : LxSLy(C) —> Spy(C) xSp3y(C) x Spy5(C) C Spsg(C).

Note that E7(C) C Spss(C). We expect that p will factor through E;(C), and give rise to a
parameter p: L x SLy(C) — E7(C), which parametrizes mp.
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Appendix

In this appendix we will compute the discriminant of some quadratic forms from § 4.2 and prove
the orthogonal relation of theta functions in the proof of Lemma 5.9.

Let S = (%) € J2(K) where K is a field whose characteristic is different from 2,3. Recall
det(S) = ab— N(u) and the quadratic form Ag(z,y) = (S, 2'y + y'z) on X (K) (see (4.1)).

LEMMA A.1. Let disc(\g) be the discriminant of the quadratic form Ag, i.e., the determinant of
the representation matrix of As. Then disc(A\g) = det(S)®.

Proof. Let S = ( ) where a,b € K and u € €. Let:c*( ) y*( )wherexl,xg,yl,ygleK
Let

As(z,y) = 5(S, 2"+ y'%) = §(a(z1y1 +y121) + b(zaga + yoia) + u(wagt +y2#1) + (2192 + y142) )

be the bilinear form given by S.
For x € €k, let x = xgeg + - - - + x7e7. Then with respect to the basis, the matrix of Ag is

<?§(8 bXIg) € Mis(K), X = (Tr(ei((—e))u)))1<ijzs.

Then the discriminant of the bilinear form is the determinant of the above matrix, which is given
by disc(A\g) = det(ablg —* X X). Now we claim that *X X is a diagonal matrix. Clearly, for each j,
we have

7
Z Tr(eg(—e;)a))? = N(u).
k=0
Let i # j, and consider

7
Z (Tr(ex(—e;))u)(Tr(ex(—ej))an). (A1)
k=0

For a given ey, let ex(—e;) = ¢; and ex(—ej) = ey. Then we claim that there exists e, such
that eq(—e;) = ey and e,(—ej) = —e;. This implies that (A.1) = 0. Now, from eje; = epe;, we

have
e = (—ejer)(—ei) = (ejer)e; = —ej(eve;),
by non-associativity. So —eje; = eje; = epe;. Let eq = e(—ej) = epe;. Therefore, disc(Ag) =
det(S)8. O
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In order to prove the orthogonal relation in the proof of Lemma 5.9, by the above lemma, we
need to consider the following. Let n be a positive integer and T be a positive definite symmetric
matrix of size n. Assume T' = (t;j)1<i<j<n is even integral, i.e., t;; € Zfori=1,...,nand t;; € %Z
for 1 <7< j < n.For A € Q", we define the theta function on H x C” by

O (T57,2) = Z e('(x + T (x + N7 +2(x+NT2), (r,2) cHxC", e(*)= 2Vl
TEL™

where [A] stands for the image of A under the natural projection Q" — Q"/Z" and the
definition of the above theta function depends only on [A]. Let Ay be a complete representative
of (2T)~1z™ /7™

LEMMA A.2. For any A, € Ap, the following orthogonal relation holds:

[ 2T et i) g [ (T i =
(C/Z+7Z)" PR T =PRI 0 otherwise.

Proof. Put z=a+ 7b,a,b € R". Then we have

/ O (T 7, 2)0, (T 7, 2) e~ Amtm ) " Tl 2] g
(C/ZATZ)™

= (Im7)" /( . x;ﬂ{ /( . e(2'(z + \)Ta—2'(y + p)Ta) da}

~e(2v/=1('(x + NTb +(y + p)Tb))
e (@ + NT (@ + 07 =y + wT(y + pr)e T ap,

where T[Im z] = !(Im 2)T(Im z). Note that, for given z,y € Z", 2!(z —y + A — u)T € Z" if and
only if A = u by the definition. Therefore

1 ifx=yand \ = p,

t ot _
/(R/Z)n e(2(z+NTa=2(y+p)Ta)da {O otherwise.

If A\ = u, we have

/ 9[)\] (T T, Z)me—%r(ImT)*lT[lm Z] dx
(C/ZATZ)™

IInT / Z 6—47T(ImT)t(b-‘rac—I—)\)T(b—I—:v—i-/\) db = (ImT)n/ e—47r(Im7-)thb db.
(R/Z)"

TEL™ "
Since T is diagonalizable by an orthogonal matrix over R, we may assume that 7' = diag(t4, . ..,
tn), t; € Rsg. Hence

—4n(Im 7)tbTb _ —47(Tm 7)t;t2 -n —-1/2 —n/2
/ db = H / dt = H = 27" det(T)"V/2(Im 7)~"/2,
n 1 V4(Im )

Hence we have the claim. O
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