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1. Introduction
Let ¥ be a complex algebraic variety. Given integers ay, ..., a,, such that

0<a,<a,<..<a,=n,
one defines a (@, ..., a,,)-flag as a nested system
S: S,,c8,,c...c8S,,, dim:S, = a,,

of subspaces of S,, the n-dimensional complex projective space. The set of
all such flags is called an incomplete flag-manifold in S,, and is denoted by
Wi(ay, ..., a,). Also let E be a complex n-dimensional vector bundle over
V. Then we denote by E(ay, ..., a,_, n; V) an associated fibre bundle of
E with fibre W(a; -1, ...,a,,.,—1,n—-1). E(a,,...,a,_.,—1,n; V)is called an
incomplete flag bundie of E over V (cf. (2), (3)). In Section 10.3 and Section
14.4 of (1), the generalised Todd genus T,,(W(0, »)) and T,(W(0, 1, ..., n)) of
the n-dimensional projective space W(0, n) and the flag manifold W(0, 1, ..., n)
(or F(n+1)) were calculated. Here we compute T(W(a,, ..., a,)) and also
T (E(ay, -.., Gu-y, n; V).

Notation. We shall interpret the expression

n iy
5] io
r iyt

i1=0 =0
to mean

1 2
I+t Y o4 Y fot. +1m. Y fo
io=0 ip=0 ip=0
By iteration, the expression

n A im 3 i A
', pim-1 e
imz=: 0 im -,2= 0 io; 0

will be interpreted similarly. We shall denote this last expression by

m iyt

IT X ¢4, where ipyy =n.

j=0i;=0
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2. Generalised Todd Genus
Lemma 2.1,
(- t2(m+2))(1 — g2Um +3))_“(1 EPLICLEN om ij41
(1=DHA —1H. . (1 =t30=m) T i i;/=o

where i, = n—m.

tzlj,

Proof. A simple inductive argument on m shows that the right-hand side
enumerates all partitions (i, ..., i,,) such that

0si;=n-m (j=0,..,m.
But this is equal to the left-hand side from (7) and Section 26 of (6).

Corollary 2.2. The Poincaré polynomial of a Grassmannian is given by

m o ij+q

P(W(m, n: =[] Y 94,

i=0i;=0
where i, = h—m.

Proof. The proof follows immediately from the Lemma and from the
formula of Hirsch (cf. (6)).

Theorem 2.3. The generalised Todd genus of W(ay, ..., a,,-,, n) is given by

m—1| ax—ak-1—1 ij+1 .
Ty(W(ab crey Q15 n)) = kn [ 1—[ z ( ‘1)ljy'ji|’

i=0  ij=o0

where ag = —1,i,_, ,=n—a.

Proof. We first prove the theorem in the case of a Grassmannian, W(m, n).
Consider the following flag bundles:

F(n+1)——W(0, 1, ..., m, )——W(m, n).

F(n—m) F(m+1)
From Section 14 of (1), the T -genus behaves multiplicatively with respect to
flag bundles and so
Ty(F(n+ 1))
T,(F(m+ 1) T,(F(n—m))
= (1—y+y2_...+(—1)m+1ym+l)...(1—y+y2_“_+(_1)nyn)
(1_.)’)(1—y+y2)...(1-—y+y2_'__+(_1)n—m—lyn—m—1) .

Poincaré polynomials also behave multiplicatively with respect to flag bundles
(cf. (4)). Thus

T,(W(m, n)) =

P(F(n+1))
P(F(m +1)). P(F(n—m))
_ A+y2+. 42Dy (L4 y% 4.+
A+ ). (L4 4. 4 y20mm) ’

P(W(m, n)) =
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But from Lemma 2.1,
m ij+1 .
P(W(m,n)y= T[] Y %, wherei,,  =n—m.
i=0y=0
Thus by comparing the various polynomials, we find that the generalised Todd
genus of a Grassmannian is given by
mo it L
T(W(m, n)) = ] (=1)5y%, where ip ;= n—m. 249
i=oi=o
Now to find the generalised Todd genus of W(a,, ..., a,_;, n), we consider the
following sequence of flag bundles:

W(al’ v 1, n)F‘“l—mW(o, sy gy ooy Ay, n)il(az_u’)”_f("“"m—ﬂF(n_*_1).
Hence
T(F(n+1
'I:“(W(alb [} am—la n)) = y( ( ))
T(F(a, +1)T,(F(ay—ay))...T(F(n—a,_,))
T(F(n+1)) T(F(n—a,_,))

T T(F(a + D). T,(F(1—ay)  Ty(F(ay1— - 2))- T\ F(1— 1))
T W(ay, n)).T(W(a,—a;—1, n—a,—1)).
ST(Wap—y—ap-—2—1, n—a,_,—1)).

The theorem now follows from (2.4).
Corollary 2.5. The Todd genus of all flag manifolds is equal to 1, i.e.
T(W(ay, ..., a,_y, n)) = 1.

Proof. Put y = 0 in the theorem since for a variety V,

T(V) = To(V) (cf. Section 10 of (1)).
Corollary 2.6. T,(E(a,, ..., Gy—y, n; V)) = T(V).T,(W(a,—1, ..., n—1)).
Proof. E(a, ..., a1, n; V)——V is a fibre bundle, fibre

W(a,-1, ..,a,_,—1,n—1).

From Section 14 of (1) and the theorem it follows that the T,-genus behaves
multiplicatively with respect to incomplete flag bundles and so the corollary
follows.

Corollary 2.7. T(E(ay, ..., Gyu-1, 1; V) = T(V).
Proof. Put y = 0 in Corollary 2.6 and use Corollary 2.5.
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