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Abstract. In this paper, we prove some Hardy-type inequalities for the de generate
operators, Ly qu=div(|VoulP~*Vou), where Viu= (3%, ..., 25, |z|* 5, ... |z|% 3¢
These inequalities are established for the whole space, the pseudo -ball and the external
domain of the pseudo-ball. We also give a generalization of a result in [8]. Finally, a

sharp inequality for L, = L, 4 is obtained.
2000 Mathematics Subject Classification. 35H20, 47F05.

1. Introduction. The generalized Baouendi-Grushin operator is of the form

Ly=A. 41217 A,, (1.1)

where @ >0,z=(z1,z3,...,z») eR", t=(t;, 1, ..., ) €R™, A., A, are the Lapla-
cians on R”, R™, respectively.
The related p-degenerate subelliptic operator is

Ly =dive(|Vul’~*Vu), (1.2)
where .sz(%.,..., i |z|°f[m ,|z|a%)=(zl, i ZpZyits s Zyey) is the
generalized gradient and

. ou ou ou ou
VLWL, oy Uy U1y e Unpm) = e o 4 ]2]9 "+1+ |z
021 0z, an daty,

The operator L, was first studied by Baouendi [1] and Grushin [6] when « is a
positive integer. It is evident that if « is not an even positive integer then L, is not a sum
of squares of vector fields. This typical class of degenerate elliptic partial differential
operators has been widely considered by many authors (see [4],[5] and references
therein). In particular, Garofalo [5] established a Hardy-type inequality for L, by using
a representation formula of functions. Zhang and Niu [8] obtained a general inequality
for L,  via a Picone identity for the vector fields {Z1, ..., Z,, Z, 11, ..., Zyim}.

For (z, 1) e R" x R™, define the distance between (z, ¢) and the origin (0, 0) as

d(z, 1) = (2P + (o + 1)) T,
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The homogeneous dimension with respect to the dilation
8e(z, ) =(ez, € 1), e>0
is
O=n+m(a+1).

We will give in Section 2 some Hardy-type inequalities on some special domains
in R" x R™. The main approach we use is the appropriate choice of various auxiliary
functions and the use of the Picone-type identity in [8].

The generalized Picone identities for elliptic operator systems in the Euclidean
case and their applications were discussed in [7]. In Section 3 we generalize it to the
degenerate elliptic operator system. It helps us to derive a Hardy-type inequality for
L, . that is more general than the one in [8§].

Section 4 is devoted to a sharp Hardy-type inequality for L,. The method of proof
is similar to one used in [3].

2. Hardy-type inequalities on some special domains. The open pseudo-ball of
radius R and centred at the origin (0, 0) € R” x R” is denoted by

Br={(z,1) e R" x R" | d(z, 1) < R},

and 9 By is the boundary of Bg.
For the convenience of the reader, we begin by quoting two known results from

[8].
LEMMA 2.1. For the differentiable functions v >0 and u>0 on Q C R"™"™, denote

w1

up
Op(u, v) = |Veul’ +(p — l)v—p|VLv|” —PFWLUV’_ZVLM Vi,

_ u
Ry(u,v) = |Voul’ — [V vl 2VL<vp1 )VLU'

Then
Op(u, v) = Ry(u, v) > 0.

LEMMA 2.2. For some ). > 0 and a nonnegative weight function g on Q, if 0 <v € C§°
satisfying

—L,qv > )»gv"’l on Q,

/|VLH|p ZA/g|u|p.
Q Q

These are Theorems 3 and 4 in [8], respectively.

then for u > 0,

The first result is the Hardy inequality on the Bg\{(0, 0)}.
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THEOREM 2.1. Let 8 (z, ) =d ((z, t), dBR), for any (z, t) € Bgr, and Q = Bg\ {(0, 0)}.
Then, for p > 1, we have

-1 1217 ul?
P -
/lVLuI >< ) TR 2.1

Jor every u € C3°(2), where d =d(z, 1).
Proof. Let u > 0. It is clear to
Zid = Z(1zPP“) + (@ + D)) =d 2 V2, j=1,....n,

Zid = Z/(1P“HD + (a+ D2J) =

:d‘z"‘_l|z|°‘(a+1)?/w j:n+1,...,n+m7

therefore
Vid = (d 27 z|®z, .. d7 27 2|z,
x d722 Nz %+ Dy, .o d7 27z 4 D),
n+m
Ved® = (d™~ 1)2[2 =z + > (Iz1*@+ 1 )Z}
j=1 Jj=n+1
= (d (= |2l + 12 (a4 172
— d—4a—2d2(a+l)|2|2a
IVAERS
=)
and
|Vpd| = 'd_L (2.2)
Using the notation
RELS
wp,(x - Wv

it follows that

Lyod = dive(IVLd’ V. d)
de+D(r=2) 2(c+1)
= Wpam[Q‘i‘(a +D(p =2 +pa-0—[(a+D(p—-2)+ llm}

“ ]
ZLL, —[Q+(@+1)(p—2)—(@+1)(p—2)—1)]

_(©-ipe

dra+1

2.3)
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Choosing v=28% = (R — d)f =f(d), B=", we get

lpﬂ(f(d))==(ﬁVLUVGJYd)V_2Vif(d))
= div,(I//(d)IP*f(d)| VL dP~>V.d)
= | /()2 (d)div (IVLdl>Ved) + V(| ()P, (d)) - |Vedl > V.d
= /()P Lf(d)Lpod + (p — Df'(d)|Vrdl], (2.4)

p—1 —l(Q D)z}« p—1\ o |zP®
[ p dret] +(p_1)(_ p2 O g
— 1\ e 1 (= 01
Y L e
p d P
p e _ent |27
8- -1
dl’“[ p te-by }
p—1\""fp—1 2 pp=!
=(— —t+(0-1
() 5 evale=s
P o —1
- p— L\ |z|P¥ v .
- P dre  §p
From Theorems 2 and 3 in [8], we obtain
p—1 |zl |ul?
4
/lVLul >< ) TR

For general u, letting u =u™ — u~ yields the desired statement.
Now we consider the domain Q = R"+"\ Bp. O

THEOREM 2.2. Let Q =R"T"\Bg and 1 < p < Q. Then, for every u € C5° (R2)

zlP% ul? z[P* Jul?
v = € Ay T
d[)(zx +1) p Q dre 2

and then

Il
oy
§‘|
N———"

3

1

|

7

where d =d(z, 1).

Proof. It is enough to prove the claim for u > 0. Choosing
d
v=In =f(d), whereR <d<+o0, a=p—0,

it follows that

f’(@z%z’%Q, 2.5)
and
f”(d)=—%=Qd_2p. (2.6)
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Thus,
~Lyo =~ ()P S d)Lyod+(p— D)f"(d)IVdl]
(Q—p)"*[(Q - D(p— Oz |z
T [ S+ (= 1D(Q =) djm]
_ P2
=D 0 )
—(-py ™
= Py e+
|z !

=(@-pY dpz(aﬂ) Z,, - 2.7)

Since

vP! d\*\"!
1 — 1 _ —P —
d—l>n:I|—loo dar _a'—1>u:1|—loo (hl (R) ) 4= =0,

there ex1sts a positive integer N > R, such that if d > N, then ¥~ < 1. On the other

hand, ¥ - 1s continuous on the interval [R, N], so we can find a posmve constant C’
such that ”’— < C'. Taking C" =max{C’, 1}, it shows that
vP~!
— <, eV l'<C'@,
dr -

ifd>R.
Equation (2.7) becomes

R E
drle+) crdp — T grletl) gp

—Lpal > (9 _p)p

where C = (Qg—p)p Using Theorem 3 in [8], we have

|zl Jul? |zlP* ul?
14 - _ RN
/QWLul = C/Q are+l) gr ¢ o dre d»’ O

THEOREM 2.3. Let Q =R"*"\Bg and p > Q. Then the inequality

/IvLu|P>c e o e)
dare gp (1 d)]” 0 s

is valid.

Proof. As above, we only consider # > 0. The choice
d o
v= lnﬁ =f(d), where R<d<+o0, O<a<l,

yields

, o d\*!
f(d)=g(ln§) , (2.8)
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. o d\*"" al@—1)(, d\*?
and then
—Ly v = =1/ ()P [(p — D" (@)Vidl +£(d) L) od)

o

d a—1p=2 |Z|pa a d a—1
d(lnﬁ> {(p—l) e —ﬁ(lnﬁ>
alw—1 [, d\*?\ ©@-Dz*a( d\*!
Tz (lnﬁ) )*Wa In %
ab=2 d (a=1)(p=2) |z|P* d a—1
=—W(IHE> (p_l)dpvt+2 —a(lnﬁ)

d\* 7\ (Q- Dz d\*!
+Ol(0l—1)(11’1§) )+Tia<lnﬁ>

_ |zPeoP—! d
T gelatD) nﬁ

a(p—1)-p d
) |:(a— D — 1)+(Q—p)ln§j|. (2.10)

Noting —e”~1 (Q — p)In 4 > 0, we get from (2.10) that

ol e vl |

—Lyyv>—-a" Y a—-Dp-1 v = ,
D, st ( )(p ) (ll’l %)1’ drle+l) (ln %)1’ drle+1)

where C=—a?~! (& — 1) (p — 1). Using Theorem 3 in [8] gives

[y - s ey
L = - T I~
Q Q dp(a+l) (ln %)[) Q dre dr (ln %)]1

This ends the proof. O

We do not know how to prove Hardy-type inequalities for L, or L, , on bounded
or unbounded domains in R” x R™ other than those discused above. This is an open
question.

3. Generalized Picone-type identities and Hardy-type inequalities. Consider the
following system of degenerate subelliptic operators

pylul = Vi - (a(x)®(VLw)) + c(x)¢p(u) (3.1
Pyv] = Vi - (AX)P(VLv)) + C(x)$(v), (3.2)

where ¢(s)=[s|”!s,s e R, ®(£)=|£]771£,£ e R" x R™, y >0, V, is the generalized
gradient. The boundary 92 of the domain @ C R” x R” is piecewise smooth.The
functions a(x), c¢(x), A(x) and C(x) in (3.1) and (3.2) satisfy respectively:
ac CY (Q;Ry,), Ae CY (4 Ry), ce C(Q;R), Ce C(4R).
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Define
D= fue CU@R) : a@e(Viw e C'(@ R () C@:P|;

Drey=[v e CU@R) : AM(T10) € ClR) M C@ R},

respectively.
The following is a generalized Picone-type identity.

LEMMA 3.1. Suppose that u € D), (), v € Dp (@) and v #0 on Q. Then

vy - {L [b(v)a(x)D(V ) — ¢(u)A(x)d>(va)]}
$(v)

= (a(x) = A(X)) [Vl + (C(x) = e(x) [ul"*!

y+1 y—1
+A(x) [muv“ +y |%va\ —(y+1) \%wv\ Viu- (%w)}

+ % {p()p, [u] — $w)P,[v]} . (3.3)

Proof. A direct calculation shows that
¢(s) € C' (R\{O; R)
s¢'(s) € C(R;R)

(P ) S¢)/(S)=)/(/J)(S), seR
! O()p(t)=(st), se R and t e R

P(—s)=—p(s), s € R
o(s)>0, s>0,

q)(%-) c Cl (Rn+m\{0}’ Rn+m) m C (Rner; Rn+m)
(P2) { D(—§)=—D(§), § e R"*™
P(SDPE)=DP(sE), se R and & e R"T™,

Evidently, we have

upy[u] = uVyp - (a(x)®(VLu)) + c(x)uep(u)
= VL (ua(x)®(Vrw)) — Viu - (a(x)®(VLw)) + c(x)ugp(u),

v, (qu(v)a(x)cb(VLu)) — (V- (Vi) — () + —— (B()p, i)

P(v) o) .
and
V- (u(b(u)%)
= Viu <¢(”)%> + 1 () V- %
+ug(u) (—%wv) (AX)D(VLv)) + u%VL (AX)D(V0))
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= A(x)¢ ( 5 > Viu- ®(Viv) +y A(x)¢ ( ) Viu- ®(Vpv)

7202 )AL 6T+ S0P, )~ Co)

= A(x)Vyu - (Viu) — C(x)up(u) — A(x){VLu - O(Viu)

u u u
y (—VLv> . CI><—VLU) —(y+DVeu- Cb(;VLv) }

+ 50 WP D (3.5)

We immediately obtain

Vi { ve )[¢(v)a(X)<D(VLu) ¢(u)A(X)<D(VLv)]}
= (a(x) = A(x)) Veu - ®(Viu) + (C(x) — c(x)) ud(u)

+A(x){VLu~ O(Viu)+ y(%VLv> . CD(%VU))

— (v +DVeu- @(%VLv)} 500y (GO = 9P, 0]
= (a(x) = A)) VLl + (C(x) = e(x) ul”*!
—1
’ VLL! . (%VLU)}
¢( )

y+1
The result follows. O

+ A(x){ IVou” ' + y' Vv

u

(@@)p, [ul = p) Py [v]).

In particular, taking a=c=C=0,y=p — 1> 0, A(x)> 0, yields the following
corollary.

COROLLARY 3.1. Let v > 0 and u > 0 be differentiable. Then

L(u, v) = R(u, v) > 0, (3.6)
where L
u 7 u i u
L(u,v) = A(x) |:|VLu|p +(p-1 ;VLv —p‘;VLU Viu- <;VLU):| ,
uP u p=2
R(u,v) = A(x)|Voulf — Vg <?> - A(x) ;VLU Viv.
v

LEMMA 3.2. Suppose that 0 < v € C*®(R2) satisfies
—Lpqv > Ag' !,
for some A > 0 and weight function g on 2, where

—L,qv ==V - (AX)|VLv["?VLv).

https://doi.org/10.1017/S0017089504002034 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089504002034

GENERALIZED BAOUENDI-GRUSHIN OPERATORS 523

Then, for any u € C°(R), one has

/ AOIVoul = A / glul?. (3.7)
Q Q

Proof. Let Qp be a compact subset of 2 and let ¢ > 0 be differentiable. We have,
by Corollary 3.1,

05/Q(]Lw,v)s/QL<¢,U>=/QR<¢,v>

= [ acorvior - v, (4’—"1) AWV
Q %4

= [ AT+ 2L (AT 1)

¢P
< f AV — 2 sgu!
Q vP

— /Q AVl — rgg.

For general u, let ¢ =u™ — u~. The proof is easily completed. g

THEOREM 3.1. Let A (z, f) = ”;QV%W’Zd(p_I)(I_ﬁ_%), withf <0, 1 <p < Q. Then
Sor any ue CP(R"*"\(0, 0)), we have

_ p pa
/ Az, 1) |VLol = <M> / |Z|k |ul”, (3-8)
Re+m\(0,0) p Rr+m\(0,0) d

where k=Q — %—i—p(a—i—ﬂ) + (1 = pB).

Proof. Choosing v =d” and noting that
Viv=(Z\d?, ..., 72,d°, Z, 1dP, ...  Zp s md?)=BdP"'V d,
it follows that
Vool = |BldP" |Vid] =—pd’~ |V.d],
and

—Vi(A(z, H|VLvP 2V )

_ _vL.(ﬂ‘lﬂ

Bp Bp

-V, . <lﬂ ’p;Q
p p

"2 o-n(1-p-2)
d » |ﬂ|p—2 4dB-Dr=1 |VLd|p_2 BV.d

p—2

A7V |y, g2 de>

p—1
= (@) Y (|Z|ot(11—2)d—,Q,(P—l)—a(P—Z)VLd)
p
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—_ p\/!
_ <Q P) {a(p 2))2[#P- D1 g~ 200D g1, v, d
p
0 —2(p—1)—a(p-2)—1,_a(p-2) 2
+ —;(p—l)—a(p—2) d» |z VL d]|

I i e d}, (3.9)

where we have used (2.2). Otherwise, using the formulae

Vilzl - Vid = (Zilzl, ... Zalzl, Zy a2l o Zogml2])
. (d—Za—l |Z|2a21’ o d—Za—l |Z|2a2n, d—2a—1 |Z|a(a + 1)11,
W d72 7z (a4 1))
—2a—1 , 5
= 2] |z]
|Z|2a+1
= a1

Lod =220 204 (2.2), (3.9) becomes

2o+

—V(A(z, IVLvP 2V )

Q-p\"! a(p-2-1 122 2 1y a(p)
— (&) et B e
+|:_2(p—1)—(x(p—2)i|d_7’(p D-a(p-2)— 1|Z|2 |z|%(P=2)
V4 d*

o —= a (Q - 1)|Z|2a
+ |z (r=2g-% 2(p—1)—a(p-2) per

-1
= (%)ﬁ {|z|Pad—Q+%—“f’—1 [a(p -2)+ % —Q—ap+2a+0-— 1}}

-1
_ (g)p {|z|1’"af‘Q+"?_"”_1_'9“_1)“1)1(g B 1>}
» p

_o\7P
— (u) |Z|pad—[Q—,g,+P(a+ﬁ)+1—/3] -
p

Hence we obtain the claim by Lemma 3.2. O

REMARK. If B=1— %, then (3.8) is (1.4) in [8].

4. A sharp Hardy-type inequality for ,. We first give a generalization of Theo-
rem 8.3.4 in [2].

LEMMA 4.1. If there exists a function 0<f € C* such that V(x) > L%f
ae. on R"xR™ then Spec(H) (the spectrum of H)C[0,00), where Hf(x)=
—Lof (X)+ V(x)f (x).
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Proof. Let W:L]%f, ¢ € C§° and 1//:% Then

o(¢) = /R Vgl + VIgl?) dx

z/ (|VL¢|2+M|¢|2) dx
Rn+n1 (f

> fR (UL =2V Vil — fLof + WD dx
- fR (—wLJ —2VIfViW — fLof + L%ffw)fw dx
_ /'; AUV Ve~ Loy T dx
_ /R UV = L)) d
- fRM(—E Vi VLY + Vg V() dx
= /R Vi (= Vif? + Vi(f2 ) dx
— [ v as
= | SVl dx.
i

Since C° is a form core, the conclusion is proved. U

THEOREM 4.1. Suppose that u € Ci°(R" x R™). Then

(Q—_z)zf ﬂbﬂ(z t)dzdt</ \Vou(z, 0)* dz dt (4.1)
2 Rner dz(a+1) ’ - Rn+m ’
Proof. Note
Lof=acf+lPon =3 2L ey 20 (4.2)
j=1 82] j=1 8"‘j

For s > 0 and k < 0, choosing
f=ls+ 2P 4 @+ 2T

A direct calculation implies

P k—1

9 _ k(o + 1) [s + 122D (a + 1)2|z|2] 21>z, (4.3)
BZ]-

82 k—1

8_2];‘ _ 2]((0[ + 1) [S+ |Z|2(a+l) +(Cl + 1)2|l|2] |Z|2a

J

-1
x {2(k —D(e+1) [s + 2P (o + 1)2|t|2] 12222 + 20|z 223 + 1 }

(4.4)
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0 k—1
¥ _ k(e + 1)1 [s+ |2]2@+D 4 (o + 1)2|z|2] , (4.5)
alj ’
32 k—1
a_i; — o+ 1) [s—i— |212@+D 4 (@ + 1)2|t|2]
J
-1
x {2(k —) [s~|— |22+ 4 (@ + 1)2|z|2] (a+ 172+ 1}. (4.6)
Combining (4.4) and (4.6) with (4.2) leads to
k—1
Lof = 2k(a+1) [s+ 2]2@+D 4 (@ + 1)2|z|2] |22

" ~1
X { ZZ(k —D(a+1) [s—i— |22 4 (o + 1)2|z|2] |z 2}
j=1
m _1

+ 320k — D+ 1) [s—i— |212@ D 4 (@ + 1)2|z|2] (o + 1722
=1

+2a|z|-zz§+1+(a+1)}

k=2
— 4k — D)o + 1) [s T 122D g (o 1)2|t|2] |22 [|z|2<a+” t(at 1)2|z|2]

k—1
+2k(a+1)[s+|Z|2("‘+l)+(a+1)2|l|2] 122 m(a+ 1) +n+2a], (47

Lof  [4K* (o + 1)* + 2k(o + D)(m(a + 1) +n — 2)]

f [+ |212e+D 4 (@ + 12[12]
x |Z|20t |:|Z|2(Ot+l) +(Ol + 1)2|t|2]

k(e + 1)]z2 [l + 1)+ n+2a] s 49)
[S—I—|Z|2(°‘+l)+((¥+1)2|t|2]2 ' ’

Denote
g(k) = 4 + DX+ 2@+ 1) [mla+1)+n— 2]k
= 4(a + 1)*k> 4+ 2(a + 1)(Q — 2)k. 4.9)

Clearly, taking k = — ﬁ, one has

. _ 2 0-2 ’ 0-2
min g(k) = 4(cr + 1) [—4(a+1)} +2(a+1)(Q - 2) [—4((”1)}
_©-2 (©-2°
== 3
_o(ez2y
__( _ ) (4.10)
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and

Lo (Q=2\ [I2P“") + @+ D2elP] 1=
f _< 2 ) [5+ 122D + (o + 121
N k(o 4+ 1)|z% [m(o + 1) + n+ 2] s

[s+ 212D + (o + 1)2|t|2]2

<0. (4.11)

By Lemma 4.1, we have
/ |: (Q _ 2)2 [|Z|2(a+l) +(Ol + 1)2|l|2] |Z|20t
Rn+m 2 [S+ |Z|2(O(+1) + (a + 1)2|t|2]2
k(o 4+ 1)s|z** [m(a + 1) +n + 2a]
[+ 122D 4 (@ + 12]12]

:|u2(z, tdzdt

< / \Vou(z, 1)]>dz dt (4.12)
[RrHrm

Letting s — 0, we deduce the claim. ]
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