A STRONG CONVERSE OF THE
WIENER-LEVY THEOREM

WALTER RUDIN

Introduction. Let A, denote the class of all complex functions on the
unit circle which are sums of absolutely convergent trigonometric series; that
is to say, the class of all f of the form

™ = Z cae™, Z ca] < .

Similarly, if 1 < p < «, let 4, be the class of all complex functions f on the
circle whose Fourier coefficients

2 _L f,r 0\ —inb
fn) =5~ _rf(e e~ ™de
satisfy the condition
P < -

If p < g, then 4, is obviously a proper subclass of 4,. The Wiener-Lévy
theorem (3, p. 245) asserts that if F is analytic on the range of some f € 4.,
then F(f) € A:. Katznelson (2; 1) has established the converse: if F is defined
(for instance) on the interval [—1, 1] of the real axis and if F(f) € 4, for all
f € A; whose range is in [—1, 1], then F is analytic on [—1, 1].

In the present paper we show that the same conclusion follows from weaker
hypotheses; we assume only that for each f € 4, thereis a p < 2 such that
F(f) € A,, and we prove that F must then be analytic. For fixed p < 2,
this result was conjectured by Malliavin.

In its major outlines, our proof is similar to that of Katznelson’s theorem.
One difference lies in the fact that we now have to prove the continuity of F.
If F carries A, to 4,, then F is obviously continuous, since 4; contains only
continuous functions, and the analyticity of F may therefore be established
by showing that the Fourier coefficients of F are sufficiently small. But if
p > 1, then A4, contains discontinuous functions; hence F is not a prior:
continuous, and the knowledge of the Fourier coefficients of F determines F
only, almost everywhere.

Instead of considering this problem on the unit circle, we can (and do)
study it on an arbitrary infinite compact abelian group. The solution turns out
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to be the same, and except for Theorem 2, the greater generality causes very
little additional work.

1. The spaces A4,(G). Throughout this paper, abelian groups will be
written additively, with 0 as identity, G will be an infinite compact abelian
group, I' will be the dual group of G, and the symbol (x, v) will denote the
value of the character ¥ € T' at the point x € G. The Fourier coefficients
f(y) of a Haar integrable function f on G are defined by

joy = [ 1= x i em

where dx denotes the Haar measure of G, normalized so that fg dx = 1.
For 1 < p <, we define

aif={ = ior)”

and we let 4,(G) be the set of all f on G for which the norm A4,[f] is finite.
For p = 1, we also stipulate that all f € 4,(G) are continuous; that is, these
functions are defined everywhere, not just almost everywhere on G.

Holder’s inequality shows thatif f € 4,(G) and g € 4:(G), then fg € 4,(G).
In fact

¢Y) 4,[fg] < 4,[f14:lg].

THEOREM 1. Suppose p < 2. There exists a constant K, > 1, independent
of G, such that, setting

g (%) = exp {iRe(x, v0)} (x €G,v€T)
we have
2) Aylgv] > K, (vo # 0).

Proof. The left side of (2) depends only on the order of y. Thus 4,[g,,]
= K(p, m) if v, has order m (2 < m < ). Since |gy,| = 1, 42[g,] = 1.
Since gy, is not a constant multiple of a character, it follows that |g,,| < 1,
hence |gy,|? < |gy,|” at all points where g,, # 0. Hence K(p, m) > 1 for all m.
As m —» o, K(p, m) > K(p, «). Thus, setting K, = inf K(p, m), we have
K, > 1, and (2) holds. "

THEOREM 2. Suppose p < 2. For each positive integer r,
sup 4,[e'°] > K.
Q
Here Q ranges over all real trigonometric polynomials on G with A.[Q) < 7.

Proof. We shall show that to each number 4 < 1 and to each positive
integer 7 there exist characters v, ..., v, € T such that

3) Aplgngys -+ - g > (WKY)".
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Setting Q(x) = Re[(x,v1) + ...+ (x,v,)], the theorem then follows from
(3). On the other hand, Theorem 1 shows that (3) is a consequence of

4) Aplgnrs - - - gve] > 0 Aplgnl . . . 4plgy. ]

Clearly (4) is true for » = 1. Assume (4) holds for some 7, and put f
=gy, ...g, lf wecan find v,4; such that

(5) Aplfgysr] > wAolfl4,(gy, 41,

the proof is complete, by induction.

Since f € A41(G), f can be approximated in the norm of 4;(G) (hence also
in the norm of 4,(G)) by partial sums of its Fourier series. The inequality
(1) then shows that it suffices to prove (5) under the assumption that f is a
trigonometric polynomial. Let E’ be the support of f, that is, the set of all
v for which f(v) # 0. Then E’ is a finite set.

The remainder of this proof is motivated by the following easily proved
remark: if & € 4,(G), if E" is the support of &, and if no v € T has more than
one representation of the form v = v 4 v", then A4,[fh] = A,[f14,[k].

It is now convenient to consider three cases.

(a) If T contains an element «, of infinite order, we can choose an integer m
so large that the cyclic group E'’ generated by v,41 = my, satisfies the above
condition; then

(6) Aplfgyia] = Ap[f145lgy 1]

(b) If T is of bounded order, then T is a direct sum of finite cyclic groups,
hence we can find v.;, such that the cyclic group E’’ generated by v,4; has
only 0 in common with the finite group generated by E’; this again gives (6).

(c) In the remaining case, I is not of bounded order, but every element
of T has finite order, and the group A generated by E’ is thus finite. To each
integer N we can find v,4+1 such that my,1§ A if |m| < 2N (otherwise T
would be of bounded order). We have

(7) Gy (x) = Zm: (% MY 1), D ] < .

Let #(x) be the partial sum of (7), consisting of those terms which have
|m| < N. Then A4,[fh] = A,[fl4,[h]. Taking N large enough, A4i(gy,.,— %]
can be made as small as desired, and thus (5) can be achieved.

THEOREM 3. Suppose {f,} is a sequence of functions on G, |f,(x)| < M., and
Af) K My for n=1,2,3,...,x € G. If f,(x) — f(x) almost everywhere on
G, then A,[f] < M..

Proof. By Lebesgue’s convergence theorem, fn('y) —>f(‘y) for all vy € T,
and hence

; [f()[P < lim inf Z 1fI? <

n->
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THEOREM 4. If p < 2, then
sup Aplxe] = =.

Here E ranges over all closed subsets of G, and xg is the characteristic function
of E.

Proof. Suppose, on the contrary, that 4,[xz] < M < » for all closed sets
E in G. The same is then true for all measurable sets E, by Theorem 3. If f
is a simple measurable function, 0 < f < 1, then f = 3 a;xg; with >~ a; < 1,
and so 4,[f] < M. Since every complex bounded measurable function on G
is a uniform limit of simple functions, we conclude that

(8) A,lf] < 4M|lfllo (f € L*(G))-
Now choose vy, ..., vy € T such that no v € T has more than one repre-
sentation of the form v = v; 4+ v;, and put

N

glx) = 2 (x, 7o)

1

Uof @)g(— x)dx| = | X F@)EM| < 4,1f14,lg] < 4M - '3,
where 1/p + 1/¢ = 1, and hence

9) f le] <4M-N".
G

On the other hand, the Fourier coefficients of g2 are 1 in N places, 2 in
N(N — 1)/2 places, so that

[lgt =N+ 2NV — 1) < 2N
By Hélder's inequality, we therefore have
N o= [lgl> < ([ lgh* ([ gl < ([ lgh2 21eners,
and hence
(10) [ lel > (v/2)e.

Since ¢ > 2, (9) and (10) are in contradiction if N is large.

Remark. More is true: there is a closed set E in G such that xz ¢ 4,(G).
This can be deduced from Theorem 4, and also follows from our main theorem:
take F(s) = 0 except at one point so where F(so) = 1; for f € 4:1(G), F(f)
is then the characteristic function of the set on which f = s,. The proof of
Theorem 4 can also be adapted to show that there are continuous functions
on G which are not in 4,(G).

2. The main theorem.

THEOREM 5. Suppose G is an infinite abelian group. Suppose F is a complex
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function defined on the interval [—1, 1], with the following property: if f € A,(G)
and if —1 < f(x) <1 for all x € G, then F(f) € A,(G) for some p < 2; a
priori, p may depend on f. Then F is analytic on [—1, 1].

It will be convenient to reduce this to a slightly different version:

THEOREM 5. Suppose G is as above, F is defined on the real line R, and for

each real f € A1(G), we have F(f) € A,(G) for some p < 2. Then F 1is analytic
at the origin.

Suppose Theorem 5’ is proved and F; satisfies the hypotheses of Theorem 5.
Put F(s) = Fi(sins). Since sinf € 4, if f € A;, F is analytic on R, and so
Fi(s) = F(arcsin s) is analytic in a neighbourhood of s = 0. By translation,
F, is analytic on the open segment (—1, 1). To deal with the endpoints, put
Fy(t) = F1(1 — ¢?). The preceding work shows that F. is analytic at ¢ = 0;
being even, Fi(¢) = Yo" a,t*" for small ¢, and so Fi(1 — s) = X o™ a,s" for
small positive s. The other endpoint is treated similarly.

We thus have to prove Theorem 5’. Since constants can be added to F
without affecting the hypotheses, we shall assume that

(11) F0) = 0.
The proof is divided into four steps:

1. Under the above hypotheses, there exist
(a) a neighbourhood V of 0 in G,
(b) numbers p < 2,6 >0, M < o,
such that A,[F(f)] < M for all reai f € A1(G) which vanish outside V
and which have A.4[f] < 6.

II. With p asin 1, there exist numbersn > 0, B < «, such that A,[F(f)] < B
for all real | with A.[f] < .
II1. F s continuous.

IV.F is analytic at the origin.

Proof of 1. Let Vi, V,, Vs, ..., be non-empty open sets in G such that the
closure of V; does not intersect the closure of \U V; (j # 7). Then there are
real functions ¢; € 4:(G) such that ¢;(x) = 1 on V; but ¢,(x) =0 on V;
ifj#1.

Suppose I is false. Since all norms under consideration are translation
invariant, it follows that there exist sequences {p;}, {f:} such that p, < 2,
lim p; = 2, f; is real, f; has its support in V;, and

Aa[fi] < 1/2% but A, [F(f)] > idi[ed].

Put f = >1°fi. Then f € 4,(G), hence F(f) € 4,(G) for some p < 2. For
, =1,2,3,..., we have

(12) F(fi(x)) = ¢:(x) F(f(x)) (x € G);
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for if x € V,, then ¢; = 1 and f; = f; at all other points, both sides of (12)
are 0, by (11). Hence

141¢i] < Ap:[F(f)] < Ailo 4, [F(D),
by (1), and so
(13) Ay [F(H] >4 (1=1,2,3,...).
But for all large enough 7, we have p < p; < 2, so that

Ap[F(N)] < max {4,[F(f)], 42[F(N)]},
which contradicts (13).

Proof of 11. Let p, V, 8, M be as in I. Let U, W be neighbourhoods of 0 in
G such that W C U C U C V. There are finitely many translates of W, say
Wiy, ..., W, whose union covers G. Let Uy, ..., U, Vi,...,V, be the
corresponding translates of U and V, and choose non-negative functions
ai, B: € A1(G) such that a; = 0 outside V;, @; = 1 on U, B8; = 0 outside U,
B:=1on W; (1 <1< n). Define

N
B+ ...+ B
and put
) n
= 1 —_— B - 1
" 1g,-l<f,,A1[ai] ! M;Al[‘/’z]

(Note that ¢; € 4.1(G), since 1+ ...+ B, > 0.)

If now f is real and .1,[f] < #, each of the functions «.f satisfies the condi-
tions of Step I (modulo a translation), so that A4,[F(af)] < M. If a;(x)
# 1 then ¢;(x) = 0; this shows that

¢iF<f) = 1//1'F(azf)-
Since Y ¢; = 1, we finally have therefore

A,[F(] = AP[ > %F(f):l = Ap[}; wimaif)}
<;AMMmﬁB<ZAM&MNwN<B

Proof of 111. Suppose F has a discontinuity at the origin. Applying Step I1
to constant functions, we see that |F(s)| < B if |s] < . Hence there exists
{s:}, s:—0, such that F(s;) —pu 0.

Let E be a closed set in G, let {C,} be an increasing sequence of closed sets
in the complement of E, such that m(E \J C,) — 1, and let {f,} be a sequence
of real function in 4,(G) which are 1 on E, 0 on C,. To each n we can find 4,
such that |s;,|41[f.] < 7. By Step I1, we then have

AIFGuf)] <B  (n=1,2,3,...).
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But F(sifa) = F(si,) on E, 0 on C,. Since |F(s4,fx(x))| < B for all n, x, and
since F(sufn)(x) = u. xe(x) almost everywhere, Theorem 3 shows that
A,lxz] < B/|u|. Since we placed no restrictions on the closed set E, Theorem 4
is contradicted.

Thus F is continuous at the origin. Considering F(so + s) — F(so) in
place of F(s), we conclude that F is continuous on the whole line.

Proof of 1V. Fix p, 9, B as in Step 1[. Put

®(s) = F(Z sin s> (s real).

If A,[f] < 1 and a is any real number, then
Ailsin(f + a)] < |cos a| . 44fsin f] + |sin «

Ai[cos f]

< f {;Jfﬂ ;)! + fi%&fi, = exp (Alf]} <.

Hence if Q is a real trigonometric polynomial on G, with 4,[Q] < 1, Step II
shows that

(14) A,[2(Q + )] < B (« real).

Now fix Q as above, fix an integer #, and define

oux) = ;Z:l @(Q(x) - %”)exp{— e }

By III, & is continuous; hence

lim ey(x) = = | @) + s)e™ds
Noowo 2w -
for all x € G. This integral is equal to
_Lf q,(s)ein(o(x)—S)ds — (i)(n)eino(z)-
27 J _»

By (14), Theorem 3 now shows that

(15) | (n)]4,le™°] < B ;

taking the supremum of the left side of (15), with respect to Q, Theorem 2

gives

(16) |&(n)| < BK, ™ (n=0,%1,+2,...).
The series

a7) > bme

therefore converges absolutely if |{| < log K,; its sum is an analytic function
of s + 1t in a horizontal strip containing the real axis, and the continuity of
& shows that ® coincides with this sum on the whole real axis.
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Thus & is analytic on the real axis, and since F(s) = ®(arc sin (es/q)),
F is analytic at the origin.
This completes the proof.
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