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TESTING CATEGORIES AND STRONG UNIVERSALITY
J. SICHLER

1. Introduction. A category A is binding (or universal) if any full category
of algebras is isomorphic to a full subcategory of A. There are many binding
categories: the category of all commutative rings with unit and all unit-
preserving homomorphisms [1], the category of bounded lattices [2], the
category of semigroups [3], the category A(1, 1) of all algebras with two unary
fundamental operations and the category of directed graphs [4], the category
of all commutative groupoids [11] and many others. A considerable number
of known universal categories are equational classes of algebras so that a
question of certain importance arises: how the universal equational classes
can be distinguished among all equational classes of algebras? The present
paper offers one possible criterion for equational classes of unary algebras; it
takes on the following form:

There exists a finite category G such that the full embeddability of G into an
equational class A of unary algebras is equivalent to the universality of A.

We may say that the finite category C tests the universality of an equational
class of unary algebras. The present paper is primarily concerned with the
proof of the existence of such a testing category; it will be explicitly described
here. The finiteness of C is the property to be emphasized for there are many
testing categories which are not small: a category K is binding if and only if
some binding category can be fully embedded into it. On the other hand, there
is no small category testing universality of an arbitrary category for all the
universal categories are large. These obvious facts force us to narrow the range
of categories to be tested considerably; the admissible categories have to
satisfy the conditions (0)—(6) listed below.

Let A be a binding category with a small left adequate subcategory L and
let F:L — B be a full embedding to a cocomplete category B. The small
category L appears to be a good candidate for a testing category because the
functor F can be naturally extended by colimits of suitable diagrams to a
functor F* : A — B. There is, however, no reason for the functor F* to be
one-to-one let alone full and there are indeed numerous examples of its failure
to possess either of the two properties even if B was an equational class of
unary algebras. The next question to ask is whether a small left adequate
subcategory L of some particular binding category could be enlarged to a
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subcategory G of A whose representability in B would guarantee both desired
properties of the extended functor. Fortunately enough, this can be done:
the finite testing category G is found among full subcategories of a binding
subcategory of the category of all undirected graphs and all their compatible
mappings.

The categories tested for universality by this small category are not just
equational classes of unary algebras. The criterion applies to any category K
satisfying the conditions (0)—(6).

(0) Kisaconcrete category with a faithful functor | | : K— Set.Kand| |
satisfy (1)—(6) below:

(1) there are class E of epimorphisms and a class M of monomorphisms
of K such that K is a bicategory in the sense of Isbell with respect to these
two classes (cf. [7]),

(2) |m| is a one-to-one mapping for every m € M,

(3) for every object 4 of K and for every bijection b : |A| — X there is
an isomorphism 7 of K such that b = |,

(4) K has and | | preserves equalizers,

(5) K is a cocomplete category,

(6) if D: S — K is a diagram and (4, 7) = colimy (D) (where 4 is an
object of K and 7 : D — const, is the colimiting cone), then

4l = U |rf(D(s)]).
$EOb)(S)

All our considerations will involve a concrete category K together with one
of its forgetful functors | |. To emphasize the fact that a particular faithful
functor | | has been chosen we will often write (K, | |) instead of K.

Recall that the condition (1) means that

(7) both E and M are subcategories of K,
(8) EN'M = Iso(K) (the class of all isomorphisms of K),
(9) every morphism %k of K has a decomposition 2 = m o e for some
m € Mande € E,
(10) if foe =mog,m € M,e € E, then thereish € Ksuchthathoe =g
(and, consequently, m o h = f).

The condition (2) is certainly a natural one; (3) says that every object of K
has enough isomorphic copies. All the conditions are naturally satisfied by
any equational class of unary algebras; let us point out that the condition (6)
is the most restrictive one — it eliminates equational classes of algebras which
are not unary. There are, however, some other categories for which (0)—(6)
do hold. Let us mention at least two different types of these.

The functor categories. Let (K, | |) be a category satisfying (0)—(6) and let ¢
be a small category. Let K€ denote the category whose objects are all functors
F : ¢ — K and whose morphisms are all natural transformations of these
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functors. Define a functor | [*: K®— Setasfollows. For an object F : c—K
put
B = U @I X {d);
c€Obj(c)

for a natural transformation #n:F — G, n = (n.:c € Obj(c)), define
[n|* by |n|*(x,¢) = (|n.](x),c) for all ¢ € Obj(c) and all x € |F(c)|. The
functor | |*isclearly faithful and the properties (0)—(6) of (K, | [*)areexten-
sions of the corresponding properties of (K, | |). The special case of K = Set
is referred to in [3], where the concept of a rich small category is defined. A
small category ¢ is called rich if the functor category Set® is binding. Observe
that every equational class of algebras is isomorphic to some full subcategory
of Set® with a suitable c.

The categories S(F). Let F : Set — Set be a covariant functor. The objects
of the category S(F) are all pairs (X, R) where X is a set and R is a subset of
F(X). A mapping f : X — X’ is a morphism of S(F) from (X, R) to (X', R')
if F(f)(R) € R'. The natural functor | | defined by |(X, R)| = X and by
| f| = f is faithful. Let E be the class of all morphisms e: (X, R) — (X', R')
with e(X) = X’ and F(e)(R) = R’; let M be the class of all one-to-one
morphisms. It is easy to see that S(F) becomes a bicategory which is both
complete and cocomplete. | | preserves all limits and colimits so that all the
properties (0)—(6) are possessed by (S(F),| |).

Let (K, | [)and (L, | [*)beconcretecategories. A fullembeddingG: K —L
is called strong if there exists a functor F : Set — Set such that| [*oG =Fo| |.
A category (L, | [*) is strongly binding or strongly universal if any category of
algebras (equipped by the standard underlying-set functor as the forgetful
one) can be strongly embedded into (L, | |*). The embeddings constructed
here will enable us to show that every category satisfying (0)—(6) which is
binding is also strongly binding; in particular, universality and strong univer-
sality are properties equivalent for every equational class of unary algebras.

In the second section a small category G (which will turn out to be our
testing category) is described and its representation in a category K satisfying
(0)—(6) modified to a form more suitable for the construction of the colimit
construction which is discussed in Section 3. Let us point out that the purpose
of the second section is to eliminate undesired properties of a representation
one starts with; every modifying step is necessary as can be shown by a series
of examples. The fourth section shows the equivalence of universality and
strong universality for the type of category investigated here.

2. The testing category. We will be working within the framework of the
Godel-Bernays set theory; an ordinal will be the set of all the smaller ordinals
and cardinals will be identified with initial ordinals. The symbol V will denote
the disjoint union.

Let U be the category of all undirected graphs without diagonal and all
their compatible mappings; i.e., the objects of U are all pairs (X, R) where X
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is a set and R is a set of two-element subsets of X. A mapping f: X — X’
is a morphism of U from (X,R) to (X', R’) if {x1,x:} € R implies
{ f(x1), f(x2)} € R'. As a concrete category U will always be equipped by the
natural functor | | defined by |(X,R)| = X, | f| = f.

Let G be the abstract category isomorphic to the full subcategory of U
determined by the graphs 1 = ({¢}, 8), 2 = ({0, 1}, {{0, 1}}) and by the full
graph 4 with four vertices. Let us assume that B is already represented as a
full subcategory of a category (K, | |) satisfying (0)-(6); let B, H, and T be
the three objects of K representing 1, 2, and 4, respectively. Let S, be the group
of all permutations of the set 4 = {0, 1, 2, 3}. The following is a description
of the full representation of G in K; it is easy to see that this is indeed a repre-
sentation of the full subcategory of U determined by the objects 1, 2, and 4
of U:

K (B, B) = {15}, K(H,H) = {14, b}, K(I, T) = {s*: 5 € S},
K(B, H) = {do, a1}, K(B, T) = {1i;:1 € 4},
K@H,T) = {t

1 :
. (GATEEN Y &
H >T

f,;:1# 3,1, € 4}, and no other morphisms.

The composition is defined by

(12) boa, = a—. fori =0,1;b0b = 1y,
(13) f;;0b = I, for all £,

(14) I;;0d0 = #;and ,; 0 a, = 4, for all £,
(15) s* o @ = i for all s € S, and all 7,

(16) s* 0 fy; = Isys(p for all s € Sy and all £;;.

It

Observe that C is a finite category. Using the above representation of G in
(K,| |) we will produce a new five-object subcategory of K with all the proper-
ties needed for the construction discussed in the next section.

Let 53 = to1 0 d be a decomposition of #y; provided for by (9), letd : H — 4,
tor: A — T; (10) yields the uniqueness of 4 up to isomorphism. Let 7 # j
and let s € Sy be such that s(0) = 7 and s(1) = j. Put ¢,; = s* 0 fo1. Since s*
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is an isomorphism and fy; € M we may conclude with the use of (8) and (9)
that every £;; is in the class M. Also

(17) S* (o] t,‘j = ts(i).?(j) and t—”' = tij od fOr all tl'j-

As d is an epimorphism of K all ¢;; are pairwise different; using the fact that
KH, T) = {f;:1#j,1,j € 4] together with (17) we obtain

(18) K(A4,T) = {t;j: 1 # j,1,] € 4}.
Similarly, there is a morphism b : 4 — A4 such that
(19) t;;0b =t forall t,;,b0b =14,b0d =dob.

Let f and g be morphisms of K such that ¢y, 0f = f; 0g. Let 51 € Sy be a
permutation interchanging 1 with 3 and leaving 0 and 2 fixed; let s» be defined
by s2(0) = 0, s5(1) = 2,52(2) = 1,and 52(3) = 3. Now, {p30f = si*otpnof =
Sl*Otozog = tong and also If010g = Sz*OtOQOg = Sz*OtogOf = togOf;
hence tpnof =tfpog =tiof =tnog. But f{n € M, so that f = g. Let
(E, ay) = Equalizer (fo1, to2), put a1 = b 0 a¢. Using the transitivity of S;* on
K (4, T') we easily conclude that

(20) for every ir jy kr ] = k: (Ey (10) = Eq(t‘.jy t1k) and (E, al) = Eq(t]'iy thz)
Another easily drawn conclusion is

(21) |ty|(@) = |ta](a’) implies @ = a’; if j 5 k then the equality holds if
and only if ¢ = &’ = |ao|(e) for some ¢ € |E|.

An analogous statement is valid also for |¢;4], ||, and |a4].

Since to1 O do ay = 501 O ay = t—oz 0 ay = lys O do do, (20) ylelds the exis-
tence of a unique ¢ : B — E with agoe = d 0 do; let e = m o n be its decom-
position according to (9) and let P be the domain of m. We have also a; 0 e =
boaoe=bodody=dobody=doa;ifagom =a,0m, then fy; 0dy =
tro0dod@) =th10aomon =1t 0a,0mon = iy Odi, acontradiction. Put
v; = a; om for ¢ = 0, 1 and observe that |v| and |v;| are one-to-one mappings.
For every k € 4 define w;, = t;o 0 0. It is easy to see that

(22) wp = ti 0wy = ty 0 vy for all £y.
Because # is an epimorphism and all w; are pairwise different,
23) K(P,T) = {w, : k € 4}.

Now let v: P— A be a morphism of K. From (23) it follows that
tsp0ov = wy for some k € 4. If & 5 0, 1, then there is an involution s such that
s(7) =2 for ¢ =0,1 and s(k) £ k. Hence w; = {nov =s*0t10v =
s¥ ow, = wyqy, a contradiction. If £ = 0, then fy; 0v = f; 0vy and v = v, as
ton € M.If £k = 1,v = v;. Thus

(24) K(P, 4) = {vo, v1}.
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Suppose that aoof =a;0g for some f,g € K; then fnoaoof =
£010a108 = £3108108 = £510a00f = {300a00f = t5p0a;0g. Butip0ae =
tiwoboay =twoar =typoa is a monomorphism so that f = g. Put
(Q, ¢) = Eq(aq, a1); using (2) and (4) we conclude that

(25) |ao|(x) = lai|(y) if and only if x = y = |¢|(g) for some ¢ € |Q|.

The modified five-object category is generated by a,, m, c, b, ¢, and all s*

(cf. (26)).
(26) b .
Q [4 _(i(.)____._) Q tij QS

> E
ay
m Yo
U
P
The above category will be used for the construction of a full embedding in

the next section. Note that all its morphisms are monomorphisms; by (2),
their underlying mappings are all one-to-one.

3. The construction. An undirected graph G = (X, R) is 3-colourable if
there is a compatible mapping ¢ of G into the complete graph 3 with three
vertices. G is connected if for every two distinct vertices x, ¥ there is a finite
sequence X = Xy, . .., X,—1, X, = ¥ such that

{5 %41} € R for 1=0,...,n— 1.

Let G be the category of all connected 3-colourable graphs and all compatible
mappings between them. G is a binding category; this can be proved easily
using [5; 4], and [11] as the sources of suitable full embeddings.

A full embedding of the category G into a category (K,| |) satisfying
(0)—(6) will be constructed in this section as a colimit functor extending a
representation of the modified small category of the previous section.

To every object G = (X, R) of G a small category S¢ will be assigned as
follows:

Obj(S¢) = (Op:x € X)U (O : (x,9) € X? and {x,y} € R); the mor-
phisms of S beside the units are:

Bzy : Ozy — Oy, for each Oy,
Qozy ¢ Op — Oy for each pair O,, Oy,

aizy : Oy — O,y for each pair Oy, Oyy;
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their composition is defined by

Ba:y O Qozy = Quyg, Bzy O Q1zy = Qoyz, .Bzy o) Byz = 10,,;~

The category S¢ is the scheme of the diagram Dg: S¢ — K defined by
DG(O:c) = E, DG(Ozy) =4, DG(Bzy) = bv DG(“OI:/) = ay, and DG(alzy) = ai
for all x and all (x, ¥), respectively. It is clear that D¢ is a well-defined functor.
The category K is cocomplete; set (L(G), ) = colimg (D¢), where L(G) is an
object of K and 7 : Dy — consty g is the colimiting cone. Writing 7, for 7o,
and 7,y for ro,, one has r = (r;: O; € Obj(S¢)). Let us note explicitly that
T2y O b = 7yg, 72y O @0 = 7;, and 7, 0 a1 = 7, for all x and (x, v), respectively.

Let f:G—G = (X', R') be a morphism in G, denote (L(G'),7") =
colimg (D¢). The system (7, : 2 € X) U (17w’ @ (%, 5) € X2 {x, 9} € R)
of morphisms of K is a natural transformation of D into consty, /) so that
there is a unique morphism L( f) : L(G) — L(G’) such that

27) L(f) or, = 7y’ forallx € X, and
L(f) or, = rymsy for all (x,y) € X? with {x, y} € R.

Clearly, L is a functor.
Now let ¢ : (X, R) — 4 be a colouring of (X, R), i.e., let ¢ be a compatible
mapping of the two graphs. Again, the system of morphisms

(towew) 00 : % € X) U (oo = (%, ) € X2, {x, 3] € R)

is a natural transformation of D¢ into const, which gives a unique morphism
¢* of K such that

(29) (p* O 7y = lp@)ey) O Qo and (p* O Tey = lp@)e(y) for all x € X and all
(x,y) € X2 with {x,y} € R.

The connectedness of (X, R) was used here.

LemMA 1. Let (X, R) be a 3-colourable graph. Then

(@) x =y of and only if for every colouring ¢ : (X, R) — 4, o(x) = ¢(v)
holds;

(b) {x, v} € Rif and only if ¢(x) # ¢(y) for every colouring ¢ : (X, R) — 4.

The connectedness of a graph G together with (6) imply that every element
I of |L(G)| is of the form / = |r,|(z) for some {x, y} € R and some x € |4].

LEMMA 2. Let G = (X, R) be an object of G. Let L = |ry,|(2) and ! = |ry,|(z")
be elements of |L(G)| such that |¢*|(l) = |¢*| (') for every colouring ¢ : G — 4.
Let W be a set and let k:| |oDg— consty be a natural transformation,
k= (ky: 05 € Obj(Sq)). Then kyy(z) = by (2').

Proof. Let ¢ be a colouring of G by three colours; we may assume that
e(X) € {0,1,2} and that ¢(x) = ¢(x’) = 0 (all the other cases can be
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reduced to this one by a suitable choice of the representations of /, I/ and by an
application of a suitable permutation s € S3). Define a new colouring ¢ of G
by ¢ (¢) = ¢(£) for all vertices ¢ of G different from v/, ¢ (') = 3. Let us
observe that [foyw|(2) = [¥* 0 7y[(2) = [Y*[(1) = W¥(V') = W* 0 rey| (@) =
ltowwn| (F') = |tes| (z"). There are several cases to consider now. First of all,
assume that y = y’; in this case ¢ (y) = 3 and z = 2’ because |f;| is a one-to-
one mapping. If ¥ # %', then ¢(y) # ¢¥(y') and (21) yields that z = 2’ =
|ao| (e) for some e € |E|. These two observations imply that k,,(z) = k., (2')
whenever x = «’. If x # x’ and y = y’, an argument similar to the previous
one and using a colouring p : G — 4 with p(x) = 0 and p(x’) = 1 proves the
equality again. The only remaining case is the case of x # x’ and v # y'; we
know already that z = 2’ = |a¢|(¢). Simultaneously,

|to1] (a0l (€)) = |to,pry © @o|(€) = [p* 0 72y 0 ao|(e) = |p*|(1) = [o*| (')
= |p* 0 72y 0 ol (e) = |t1,007) O ao|(e) = |tro 0 ao|(e) = |toa] (laa] (e)).

Since |fo1] is one-to-one, |ao|(e) = |ai|(e); (25) yields the existence of a ¢ € [Q|
such that |c|(g) = e. G is a connected graph so that there are vertices
x = Xg, X1, . . . , X, = &’ with {x,, x;31} € R. Thus
koy(z) = kxy(|030|(3)) =ky o0 ldO o C' (@) = kzgzi 0 laﬂ o Cl(g)

= kzoz O a1 0¢|(g) = ko (c](@)) = ... = ks, (Ic] (@) = kuryr ().

This finishes the proof.

Note that, in particular, |¢*|(Z) = |¢*|(’’) holding for all colourings ¢
implies = I’. Since the functor | | is faithful we conclude

(30) ¢* of = ¢* o g for all colourings ¢ : G — 4 implies that f = g.
Also,
(31) (IL(G)|, Ir]) = colimgec(| |0 Dg).

To prove (31), let (W, k) = colimge¢(] | 0 D¢). There is a unique mapping
h: W — |L(G)| such that for every {x, ¥} in R, & 0 ks = |r,|. From (6) we
conclude that % is an onto mapping. Let w = k,,(2) and @’ = k.- (z’) be two
elements of W such that k(w) = h(w'). It follows |ry|(z) = |r»y|(’) and
Lemma 2 yields w = @',

The next lemma can be proved easily from (31) with the use of (21) and
(25); it describes the functor L more explicitly.

LemMA 3. The composite functor | | o L is naturally equivalent to the functor
H : G — Set defined by

HX,R) =0l VX XI)V RXJ);
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if f: (X,R)— (X', R') 1s a morphism of G then H(f) has the form

H(f)(q) = qforallq € |Q],

H(f)(x,2) = (f(x),1) for all (x,7) € X X I,

H(f) (=, ¥}, 7) = ({ f&), fO)}, 7) for all ({x, 3}, ) in R X J.
I = |E\c[(IQ]) and J = [A\(lao| (|E]) \ |as| (|E])).

If T = @, then |¢| is onto so that ¢ is an epimorphism; hence ¢y = a; which
contradicts (24). Fix an element 7 of I and define a mapping

pe.m ¢ |(X, R)|* — H(X, R) by par (®) = (v, 1).

The system of all mappings p¢ is a natural transformation from the forgetful
functor | |* of the category G to the functor H; all the mappings u¢ are one-to-
one. The composite functor | | o L (which is naturally equivalent to H) is
faithful and thus L is faithful itself. The following statement is needed for the
proof of its fulness.

LEMmma 4. Let G = (X, R) be an object of G. Then every morphism
h: A — L(G) is of the form h = vy, for some {x,y} € R.

Proof. The first fact to be shown is that every morphism f: P — L(G) is
equal to some r,om (x € X).

Let f be such a morphism and let p € |P|. According to (6), |f|(p) =
|724| (z) for some z € |4]; from (23) there it follows that ¢* o f = w;, for any
colouring ¢ : G — 4. Thus

lwew | (@) = [e*[([ £ 1)) = [e*|(Ir2] (2) = llowem] (@)

and since ¢(x) # ¢ (y), either k(p) = ¢(x) or k(p) # ¢(y). Without loss of
generality it may be assumed that 2(¢) % ¢(x). Now |t,mem | (2) = |[wiw| @) =
ltor | (laz] 0 [m|(p)), so that z = |ay om|(p) and | f | (p) = |ry 0 cx o m|(p) =
|ry, o m|(p). We conclude that for every p € |P| there is a x = x, such that
[ f1(p) = |r: o m|(p). According to the considerations at the end of the proof of
Lemma 2, |r,|(lc|(q)) = |r,|(|c|(g)) for arbitrary x,y € X. Assume now that
p,#' € |Pland| £ (p) = |ra| (m| (9)), | £ 1) = |rr| (] (') with x 5 x' and both
|m|(p) and |m|(p’) lying in I. Choose a colouring ¢ of G for which ¢ (x) # ¢ (x’)
and observe that |wyy|(P) = |wpw| ®), |wewy| (') = |wyey|(®’) hold for an
arbitrary colouring ¢ (cf. (29) and (22)). It may be assumed without loss of
generality that k() # ¢(x); observing that |fywrw|(|ao o m|(p)) =
[wyo| (0) = [wen| (#) = ltswrw|(jar o m[(p)) we conclude from (25) that
|m|(p) = |c|(¢) for some ¢ € |Q|, which is a contradiction. Thus x = x" so
there is a unique x € X such that | f |(p) = |r, o m|(p) for all p € |P]; since | |
is a faithful functor, f = r, o m.
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Let £: A > L(G) be a morphism in K. The composite morphisms % o v,
and % o v; are equal to some 7, 0 m and 7, 0 m, respectively. By (18), ¢* 0 b =
i) sy for an arbitrary colouring ¢. Hence wiq) =ty i) OV = ¢* 0h oy =
¥ 07, 0M = by) 50 Qo OM = by, OVg = W), and, analogously wjy =
Weery; (23) yields 2(p) = ¢(x) and j(¢) = ¢(x’). In particular, o(x) #* o(x')
for every colouring ¢. Lemma 1 gives {x, '} € R; for an arbitrary colouring
¢, 0¥ 0l = ligy i) = letwyewy = ©F 07z and from (30) we conclude that
h = rg.

To prove the fulness of L, let # : L (X, R) — L(X’, R’) be a morphism in K;
by Lemma 4, ko7, = rpy’ for any {x,y} € R. If 7.,/ = 7y, then
tw(:c’)<p(z/’) = go* (@] T'Iryr, = (p* O rzn,,n’ = t,p(zu)gO(yu); (18) and Lemma 1 yield
x' =", ¥ = y". Define a mapping f: X > X' by kor, =kor,o0a, =
7oy’ O @y = 7py’; since G is connected, f is a well-defined mapping. Now
kory =7 = L(f)or, for all {x,y} € R; therefore f € G and
k= L(f).

The functor L is full and faithful, but we need a functor which is also one-to-
one on the class of all objects of G. The existence of a full embedding is guaran-
teed by the following modification of Lemma 5 of [9].

LemMma 5 (A. Pultr). Let G be equipped by the standard forgetful functor | |*
and let (K, | |) satisfy (3). IfL : G — Kisa full functor and if there is a mono-
transformation p : | |¥ — | | oL, then there is a full embedding L* : G — K
naturally equivalent to L.

The existence of a monotransformation p follows from the existence of the
monotransformation u: | [* — H described earlier. The colimit-defined functor
L determines a full embedding L* up to a natural equivalence.

1t is shown in [4] that every small category can be fully embedded into a
binding category; this enables us to state the main result of the present paper.

TuaeoreEM 1. The following two conditions are equivalent for any category
K, | |) satisfying (0)-(6):
(1) The finite category G is isomorphic to a full subcategory of K.
(ii) Every full category of algebras is isomorphic to a full subcategory of K.

In other words, the universality of such a category (K, | |[) is tested by the
full representability of C in K.

4. Binding and strongly binding categories. Many binding equational
classes of algebras are also strongly binding. Among the strongly binding
classes are the class of commutative groupoids [11], the class of semigroups
[10] and [13], and many equational classes of unary algebras. A class A(A)
of all algebras of the type A is binding if and only if it is strongly binding. In
this section we will show that ‘‘binding” has the same meaning as ‘“‘strongly
binding” for any category (K, | |) satisfying (0)—(6); in particular, these two
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concepts are equivalent for any equational class of unary algebras. The general
problem of equational classes of algebras of an arbitrary type remains unsolved;
there are binding equational classes (e.g. the equational class of bounded
lattices {2] and the class of commutative rings with unit [1]) for which no
proof of their strong universality is known. On the other hand, no equational
class is known to be universal but not strongly so.

To prove the equivalence of these two concepts for our type of category we
will construct a special embedding of a strongly binding category of algebras
with two unary fundamental operations into the category G and follow it
by the full embedding L* of G into a binding category K; the composite
functor will turn out to be a strong embedding of a very special type (cf.
Theorem 3 below). This will prove the equivalence since the converse
implication is trivial.

The category A of all connected algebras with two unary fundamental
operations is strongly binding (for the proof, cf. [12]). A unary algebra is
connected if the union of the graphs of its fundamental operations is a connected
directed graph, that is a graph whose symmetrization is a connected undirected
graph according to the definition in the previous section. A directed graph is a
pair (X, R) in which X is a set and R € X2 A mapping f: X > X' is a
morphism of the category D of all irreflexive connected directed graphs from
(X,R) to (X', R") if (f(x),f(y)) € R whenever (x,y) € R.

Given a set S, define functors V5, K5, Qs from the category Set of all sets
and mappings into itself by Vg(X) = X V S, Vs(f)(s) = s for s € S and
Vis(f)x) = flx); Ks(X) =X XS, Ks(f)(x,5) = (f(x),s); Qs (S 0)
is the covariant Hom-functor Hom (S, —).

First, a full embedding ® : A — D will be constructed.

Let (X; a, b) be a connected algebra with two unary fundamental operations
a,b: X —>X.Set #(X;a,b) = (X X 5,R), where

R={((e,), (e,i 4+ 1)1 € 4,3 € X} U {((,0), (@), 2)): % € XJ U
((®2), 6@), 9):x € X).

If f: (X;a,0) = (X';ad’,0") is a homomorphism of the two algebras, define
&(f)(x,7) = (f(x), ) for all 7 € 4. It is easy to see that ® is a one-to-one
functor from A to D. To prove its fulness, consider an arbitrary morphism
h:®X;a,b) > ®X’;a,0b") in D. The only vertices z for which both (z, z)
and (z", z) belong to R for some 2/, 5’ are of the form (x,7) with 7 = 1, 2, 3;
thus (X X {1, 2, 3}) is contained in X’ X {1,2,3}. If k(x,2) = (x/, 3),
then k(x, 3) = (x’, 4) which is impossible; similarly % (x, 2) % (x/, 1). Hence
h(x,2) = (x',2) and this, in turn, implies that & (x,+) = (x/, 1) for all 7 € 5.
There is a mapping f: X — X’ such that (f(x),7) = k(x, 7) for all these 7
and for all x € X. ((x,0), (a(x), 2)) € R for every x € X; since % is a mor-
phismin D, (h(x,0),k(a(x),2)) € R’.Buth(x,0) = (f(x),0)and k(a(x),2) =
(fla(x)),2) so that f(a(x)) = a(f(x)). The compatibility of f with the
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second fundamental operation is established in a similar way; 2 = ®(f) and f
is a morphism of A.

Observe that R is naturally bijective to X X 6 with respect to all morphisms
of the graphs of the form ®(X; a, b).

The full embedding of the category of all directed irreflexive graphs into the
category of all 3-colourable undirected graphs which is constructed in [5]
carries connected graphs to connected undirected graphs without diagonal;
hence its restriction ¥ to D is a full embedding of D into G. The set Z of
vertices of a graph (Z,7) = ¥(Y,S) is naturally bijective to the set
Y v (§ X 11) and the set T of its edges is bijective naturally to the set
S X 15. The naturality is again with respect to all morphisms between the
graphs in question. Consider the composite functor ¥ o & : A — G now; the
undirected graph (Z, ) = (¥ o ®)(X; @, b) has Z bijective naturally to the
set X X 71~ (X X5)V (X X66) and 7T is naturally bijective to
X X 90= (X X6)X15.

If the category (K, | |) is binding, then the small category C described in
the first section is fully representable in K; let (26) be its modified representa-
tion and let L* be the full embedding constructed above. The composite
functor L* o ¥ 0 & is a full embedding of A into K. The functor | | o L* is
naturally equivalent to H (see Lemma 3 and Lemma 5). Let U be the standard
underlying-set functor of the category A of unary algebras. Taking into
account the naturality properties of ® and ¥ we conclude that the functor
| |oL*o ¥o @& is naturally equivalent to the functor V|4 0 Kz o U with
B=(IXT71)V (JX90);IJ,and |Q| are the same as in Lemma 3. Conse-

quently, there is a functor F : Set — Set satis{fying FoU =| |oL*o¥o®;
F is naturally equivalent to Vo 0 Kp. The full embedding L* o ¥ o & is
strong; since A is a strongly binding category, so is (K, | |). This concludes

the proof of our second theorem.

THEOREM 2. A category (K, | |) satisfying (0)—(6) is binding if and only 1f
it 1s strongly binding.

A natural question to ask now is how complicated are the set-functors
carrying the strong embeddings of full categories of algebras into equational
classes of unary algebras or, how simple these functors can really be. The
next theorem shows that a very narrow class of functors is completely
sufficient.

TuEOREM 3. Let (K, | |) bea binding category satisfying the conditions (0)—(6).

Then

(I) for every full category N of algebras there are sets A, B, and C and a
strong embedding of N into (K, | |) over a set-functor naturally equivalent to
VioKz0Qgs

(I1) in the case of a full category N of unary algebras the strong embedding
is carried by a functor naturally equivalent to some V4 o Kp.
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Theorem 3 will be proved in several steps: first of all, a strong embedding
of the category A(A) of all algebras of the type A into a suitable category of
algebras with many unary operations will be constructed over a set-functor
Q¢ with sufficiently large C. This construction is a very standard one and it
is included here for the sake of completeness only. The second step is a strong
embedding of this category into the category A(1, 1, 1) of all algebras with
three fundamental unary operations over a functor Kp.. A(1, 1, 1) is in turn
being embedded strongly into A(1,1) and this strong embedding is carried
by the functor K;; Theorem 1 of [12] describes a strong embedding R of
A(1, 1) into the category A of all connected algebras with two fundamental
unary operations whose carrying functor is V. 0 K;. Composing all these
embeddings one obtains a strong embedding Za: A(A) — A carried by a
set-functor naturally equivalent to some V 4+ 0 Kz« 0 Q¢, since

VooKeo0Vz0K,

is naturally equivalent to V(gzxeyvp 0 Kxe. Applying the strong embedding
of A into K we obtain the desired result (recall that the last embedding is
again carried by a functor of the form V4. o K and apply the above natural
equivalence).

A type A is a sequence of ordinal numbers indexed by an ordinal number,
i.e., A = (k,: a € b), where a, b, and k, are ordinal numbers. The objects of
the category A(A) are all pairs (X, (0,:a € b)) in which X is a set and
0, : X*« — X is a mapping for every a € b. Morphisms are all mappings
f: X — X’ such that 0,/ (f 0 ¢) = f(0.(p)) for all ¢ € X%, A(A) is equipped
with the standard underlying-set functor as the forgetful one; every full
category of algebras is a full subcategory of some A(A).

The following three lemmas describe the strong embeddings required for
the proof of Theorem 3. The symbol 4+ means the ordinal sum.

LEMMA 6. Let A = (k,: a € b) be a type and let k = sup{k,: a € b}. Set
A = (1.:¢ € b+ k). There is a strong embedding

G:A(a) > A(A)
carried by the functor Q.

Proof. Observe that the replacement of every nullary operation o, by a
constant unary operation with the value o, defines a strong embedding of
A(A) into a category of algebras without nullary operations; the embedding
is carried by the identity functor. Thus we may assume that k, > 0 for all
a €b. For an algebra (X, (0,:a € b)) € A(A) set G(X, (0,:a € b)) =
(X*, (0¢* : ¢ € b + k)) where the unary operations o.* : X* — X* are defined
as

0F(p)(m) = o0.(¢) for every m € k, ¢ € b; ¢ is the restriction of ¢ to k.,
0.(p)(m) = ¢(c) for every m € k and ¢ ¢ b.
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The unary operations of the second group are all the projections of X* onto its
diagonal; it is easy to see that the mappings compatible with all of them are
exactly all the mappings of the form Q,(f); Qx(f) is compatible with all the
operations of the first group if and only if f is a homomorphism in A(A); this
shows that G is a full embedding.

LEMMA 7. Let A = (1,: a € k) be a type. For every set B with card(B) =
card (k) there is a strong embedding S : A(A) — A(1, 1, 1) carried by the functor
Kj.

Proof. Combining results of [14; 4; 12] it is easy to show that there is a rigid
connected algebra with two fundamental unary operations of any infinite
cardinality (an object R of a category K is called rigid if Homg (R, R) =
{1g}). It is not difficult to construct such an algebra on a finite set: the
symmetric group S, (#z = 3) has two generators and no nontrivial mapping
commutes with all the permutations on an n-element set.

Let B* = (B;¢,d) be a rigid connected algebra with unary operations
¢, d. There is a one-to-one mapping of k into the set B so that the operational
symbols of the class A(A) can be indexed by the elements of B. Let
(X, (05 : b € B)) be an algebra from A(A). Define

S(-X, (Ob:b E B)) = (X XB;Cydve)
where

C(x! b) = (xy E(b))v d(xv b) = (xv j(b))! e(x, b) = (ob(x)y b)
for all (x,b) € X X B.

Obviously, S is a well-defined functor which is one-to-one both on objects and
on morphisms (S(f) = Kz(f) for every morphism f of A(A)). Now let % be
a homomorphism from S(X, (0,:b € B)) into S(X’, (0, : b € B)). Note
that ({x} X B, ¢, d,) (where ¢, and d, are the restrictions of ¢ and d, respec-
tively, to {x} X B) is an algebra isomorphic to B*. Any homomorphism sends
a connected part of the algebra (X X B;¢,d) into a connected part of
(X’ X B; ¢, d"); the maximal connected parts of these algebras are, however,
isomorphic to the rigid algebra B* and we conclude from this the existence of
a mapping f : X — X’ such that Kz(f) = k. The compatibility of % with the
third operation implies that f is a morphism in A(A). This shows the fulness
of S.

Lemma 8. A(1,1,1) can be strongly embedded into A(1,1) over the set-
Sfunctor Ks.

Proof. For an algebra (X;¢,d,e) in A(1,1,1) set T(X;c,d,e) =
(X X 5;a,b) with a, b described by the formulae:
a(x,i) = (x,7+ 1) forall x € X and ¢ € 5; the addition is modulo 5,
b(x,7) = (x,1 — 1) forallx € Xand: =0,1,
b(x, 2) = (c(x),4),b(x,3) = (dx),2), b(x,4) = (e(x),3) forall x € X.
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Define T(f) = K;(f) for every morphism f of A(1,1,1); T is a one-to-one
functor. Let % : T(X;¢,d,e) > T(X';¢',d’, ¢') be a morphism of A(1,1).
Since a(z) = b(z) if and only if 2 € X X {0}, a'(h(x,0)) = h(a(x,0)) =
h(b(x,0)) = b'(k(x,0)) implies the existence of a mapping f: X — X’ such
that 2 (x, 0) = (f(x), 0). Furthermore,

h(x,7) = h(a'(x,0)) = (@')'(f(x),0) = (f(x),1)
for all 7; hence & = K;5(f). Now, (fe(x),4) = h(c(x),4) = (&, 2)) =

o (h(x,2)) =0 (f(x),2) = (f(x),4); we establish similarly that f is com-
patible with the other two operations.

To finish the proof of Theorem 3, recall that the strong embedding
0=L*o¥Yod: A— (K,| |)is carried by a set-functor V4 o Ky  (with
A’, B’ dependent on the representation of the testing category used to con-
struct L*) and define

Sa=RoToSoG:A(A) - A;

Za is a strong embedding over the set-functor (V: 0 K;) 0 Kgay 0 Qsupcay-
0 0 Z, is the desired strong embedding.

5. A problem. Let us emphasize once more that the condition (6) imposes
a strong restriction on the range of the categories admissible for testing by
the presented method; all the equational classes not equivalent to equational
classes of unary algebras are excluded. Is there a small category testing the
universality of an arbitrary equational class of (finitary) algebras?
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