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Weights of the Mod p Kernels of
Theta Operators

Siegfried Böcherer, Toshiyuki Kikuta, and Sho Takemori

Abstract. Let Θ[ j] be an analogue of the Ramanujan theta operator for Siegel modular forms. For
a given prime p, we give the weights of elements of mod p kernel of Θ[ j], where the mod p kernel
of Θ[ j] is the set of all Siegel modular forms F such that Θ[ j](F) is congruent to zero modulo p. In
order to construct examples of themod p kernel ofΘ[ j] from any Siegel modular form,we introduce
new operators A( j)(M) and show the modularity of F∣A( j)(M) when F is a Siegel modular form.
Finally, we give some examples of themod p kernel of Θ[ j] and the ûltrations of some of them.

1 Introduction

Serre [23] developed the theory of p-adic and congruences for the elliptic modular
forms and produced several interesting results. For q-expansions f = ∑n≥0 a f (n)qn

of the ellipticmodular forms, the Ramanujan theta operator is deûned as

θ = q
d
dq

∶ f z→ θ( f ) =∑
n≥1

na f (n)qn .

_is operator plays an important role in Serre’s paper. In particular, he showed that
the ûltrations of all elements of themod p kernel of θ are divisible by p for the case of
level 1, where themod p kernel of θ is the set of all ellipticmodular forms f such that
θ( f ) ≡ 0mod p. Moreover, Katz [15] showed that this property holds for the general
level case.
Böcherer and Nagaoka [6] extended the notion of the θ-operator to the case of

Siegel modular forms of degree n. For this operator Θ (deûned in [6]), several people
found examples of elements of the mod p kernel of Θ, i.e., Siegel modular forms F
satisfying Θ(F) ≡ 0 mod p. _e Klingen–Eisenstein series of weight 12 arising from
Ramanujan’s ∆ function is such an example for p = 23 [2]. Mizumoto [18] found
another example of weight 16 and p = 31, which comes from the Klingen–Eisenstein
series arising from a cusp form of weight 16. Recently, Kodama and Nagaoka, as well
as the authors, constructed families of such examples of weight n+p−1

2 (resp. n+3p−1
2 )

and degree n if the weight is even (resp. odd) [5, 16,21,22,25].
A new feature in the case of Siegel modular forms that are not elliptic modular

forms is that one should also study vector-valued generalizations Θ[ j] of Θ-operator
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for 0 ≤ j ≤ n; their p-adic propertieswere given in [8], e.g.,Θ[1] maps a Siegel modular
form ∑T aF(T)qT to a formal series ∑T TaF(T)qT with coeõcients in symmetric
matrices of size n.

In this paper, we discuss the necessity (as in the one variable cases) of the relation
between the weight and the prime p for an element of the mod p kernel of the gen-
eralized theta operators Θ[ j] in the case where the weight is small compared with p.
We remark that Yamauchi [28] andWeissauer [26] also studied the necessity in the
special cases Θ[1] or Θ. Moreover we construct elements of themod p kernel of Θ[ j]

from arbitrary Siegel modular forms. In order to do this, we introduce an operator
A( j)(M) and study its properties (Section 4). Finally, we give some examples of the
mod p kernel of Θ[ j] and introduce the ûltrations of some of them (Sections 5, 6).

2 Preliminaries

2.1 Siegel Modular Forms

We denote by Hn the Siegel upper half-space of degree n. We deûne an action of the
symplectic group Spn(R) onHn by gZ = (AZ+B)(CZ+D)−1 for Z ∈ Hn , g = ( A B

C D ) ∈
Spn(R). For a holomorphic function F∶Hn → C and amatrix g = ( A B

C D ) ∈ Spn(R),
we deûne a slash operator by F∣k g = j(g , Z)−kF(gZ),where j(g , Z) ∶= det(CZ+D).

Let N be a natural number. In this paper, we deal with three types of congruence
subgroups of Siegel modular group Γn = Spn(Z) as follows:

Γ(n)(N) ∶= {( A B
C D ) ∈ Γn ∣B ≡ C ≡ 0n mod N , A ≡ D ≡ 1n mod N} ,

Γ(n)
1 (N) ∶= {( A B

C D ) ∈ Γn ∣C ≡ 0n mod N , A ≡ D ≡ 1n mod N} ,

Γ(n)
0 (N) ∶= {( A B

C D ) ∈ Γn ∣C ≡ 0n mod N} .

Let Γ be one of the abovemodular groups of degree n with level N . For a natural
number k and a Dirichlet character χ∶ (Z/NZ)× → C×, the space Mk(Γ, χ) of Siegel
modular forms of weight k with character χ consists of all holomorphic functions
F∶Hn → C satisfying F∣k g = χ(detD)F(Z), for g = ( A B

C D ) ∈ Γ. If n = 1, the usual
condition for the cusps should be added.

If k = l/2 ishalf-integral, thenwe assume that the levelN of Γ satisûes 4 ∣ N . For g ∈
Γ(n)
0 (4), we put j1/2(g , Z) ∶= θ(n)(gZ)/θ(n)(Z), where θ(n)(Z) ∶= ∑X∈Zn e2πi tXZX .
_en it is known that j1/2(g , Z)2 = ( −4

det D ) det(CZ+D) for g = ( A B
C D ) ∈ Γ(n)

0 (4),
where (−4

∗
) is the Kronecker character for the discriminant −4.

We deûne a slash operator for a holomorphic function F∶Hn → C by

F∣k g ∶= j1/2(g , Z)−lF(gZ) for g = ( A B
C D ) ∈ Γ.

We denote by Mk(Γ, χ) the space of all holomorphic functions F∶Hn → C such that
F∣k g = χ(detD)F(Z) for g = ( A B

C D ) ∈ Γ. For more details on Siegel modular forms
of half-integral weight, we refer to [1].
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When χ is a trivial character, we simply write Mk(Γ) for Mk(Γ, χ). Any
F ∈ Mk(Γ, χ) has a Fourier expansion of the form

F(Z) = ∑
0≤T∈ 1

N Λn

aF(T)qT , qT ∶= e2πitr(TZ) , Z ∈ Hn ,

where Λn ∶= {T = (t i j) ∈ Symn(Q) ∣ t i i , 2t i j ∈ Z} (the lattice in Symn(R) of
half-integral, symmetric matrices). In particular, if Γ satisûes Γ ⊃ Γ(n)

1 (N), then the
Fourier expansion of F is given by the form F(Z) = ∑0≤T∈Λn aF(T)qT .

We denote by Λ+
n the set of all positive deûnite elements of Λn . For a subring R of

C, let Mk(Γ, χ)R ⊂ Mk(Γ, χ) denote the R-module of all Siegel modular formswhose
Fourier coeõcients are in R.

2.2 Vector-valued Siegel Modular Forms

For later use, we brie�y introduce the notion of vector-valued Siegel modular forms.
Let Γ ⊂ Γn be one of the subgroups of level N introduced in Subsection 2.1, and let
ρ∶GLn(C) → GLC(Vρ) be a polynomial representation of GLn(C). A holomorphic
function F∶Hn → Vρ is said to be a (holomorphic) vector-valued Siegel modular form
of automorphy factor ρ and of level Γ if and only if F satisûes the following property:
F(gZ) = ρ(CZ + D)F(Z) for all g = ( A B

C D ) ∈ Γ. If n = 1, we add the cusp condition.
As in the scalar-valued case, a vector-valued Siegel modular form F has the follow-

ing Fourier expansion:

F(Z) = ∑
0≤T∈ 1

N Λn

aF(T)qT , Z ∈ Hn , aF(T) ∈ Vρ .

2.3 Congruences for Modular Forms

Let F1, F2 be two formal power series of the forms Fi = ∑0≤T∈ 1
N Λn aFi (T)qT with

aFi (T) ∈ Z(p). We write F1 ≡ F2 mod p, if and only if aF1(T) ≡ aF2(T) mod p for all
T ∈ 1

N Λn with T ≥ 0.
Let p be a prime and M̃k(Γ)p l the space ofmodular formsmodulo pl for Γ deûned

as M̃k(Γ)p l ∶= {F̃ ∣ F ∈ Mk(Γ)Z(p)}, where F̃ ∶= ∑T ãF(T)qT and ãF(T) ∶= aF(T)

mod pl . We put M̃(Γ)p l ∶= ∑k∈Z≥0 M̃k(Γ)p l .
We also explain a notion of vector-valuedmodular forms modulo pl . A naive no-

tion of vector-valued modular forms modulo pl is suõcient for our purpose. We
suppose that the representation ρ is matrix-valued and V = Cd . We call a formal se-
ries ∑T a(T)qT with a(T) ∈ (Z/plZ)d amodular form modulo pl , if it arises from
a Cd-valuedmodular form with Fourier coeõcients in Zd

(p) by reduction modulo pl

(coeõcientwise). Congruences between Cd-valuedmodular forms can be explained
in the same way. Note that this notion depends on choosing a basis for the represen-
tation space V = Vρ . All the vector-valued modular forms considered in our paper
arise from scalar-valued ones by diòerential operators and the choice of coordinates
will be obvious.

Let ωN be the ûltration ofmodular formsmodulo p introduced by Serre and Swin-
nerton-Dyer: for a formal power series of the form F = ∑T∈Λn aF(T)qT (not constant
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modulo p) with aF(T) ∈ Z(p), we deûne

ωN(F) ∶= inf{k ∈ Z≥1 ∣ F̃ ∈ M̃k(Γ
(n)
1 (N))p}.

If F ≡ c mod p for some c ∈ Z(p), then we regard it as ωN(F) = 0.
_e following proposition immediately follows from [7, 14].

Proposition 2.1 Let p be an odd prime, N a positive integer with p ∤ N , and
F ∈ Mk(Γ

(n)
1 (N))Z(p) . _en ωN(F) ≡ k mod p − 1. In particular, if k < p and

F /≡ c mod p for any c ∈ Z(p), then k = ωN(F).

Let M, N be positive integers with N ∣ M and F ∈ Mk(Γ
(n)
1 (N))Z(p) . _en F can

be regarded as an element of Mk(Γ
(n)
1 (M))Z(p) and hence ωM(F) is deûned. It is

plausible that ωN(F) = ωM(F) if p ∤ M. We remark that we can prove the equality
in some cases.

Proposition 2.2 Let p be a prime, M, N positive integers such that M ≥ 3, N ∣ M
and p ∤ M, and F ∈ Mk(Γ

(n)
1 (N))Z(p) .

(i) Deûne a positive integer M′ by M′ ∶= N∏q∣M ,q∤N q, where q runs over the prime
factors of M such that q ∤ N. _en we have ωM′(F) = ωM(F). Moreover, if
M′/N = ∏

t
i=1 q i is a prime factorization of M′/N and p ∤ ∏n

ν=1(q
2ν
i − 1) for all

i with 1 ≤ i ≤ t, then we have ωN(F) = ωM(F).
(ii) If n = 1, then we have ωN(F) = ωM(F).

Proof For F ∈ Mk(Γ
(n)
1 (M)) (N ∣ M), we deûne the trace and the norm as follows:

TrΓ(n)1 (M)/Γ(n)1 (N)
F ∶= ∑

γ∈Γ(n)1 (M)/Γ(n)1 (N)

F∣kγ ∈ Mk(Γ
(n)
1 (N)),

NΓ(n)1 (M)/Γ(n)1 (N)
F ∶= ∏

γ∈Γ(n)1 (M)/Γ(n)1 (N)

F∣kγ ∈ Mki(Γ
(n)
1 (N)).

Here i is the index [Γ(n)
1 (N) ∶ Γ(n)

1 (M)]. It is known that the q-expansion principal
holds for Siegel modular forms [14]. _erefore, if F has p-integral rational Fourier
coeõcients, then TrΓ(n)1 (M)/Γ(n)1 (N)

F and NΓ(n)1 (M)/Γ(n)1 (N)
F also do.

(i) We ûrst prove that if i ∶= [Γ(n)
1 (N) ∶ Γ(n)

1 (M)] is coprime to p, then ωN(F) =
ωM(F). Let l = ωM(F), G ∈ M l(Γ

(n)
1 (M))Z(p) , and F ≡ G mod p. By taking

the trace of both sides of F ≡ G mod p, we have iF ≡ H mod p for some H ∈

M l(Γ
(n)
1 (N))Z(p) . _is implies l = ωM(F) ≥ ωN(F). _e opposite inequality fol-

lows from the deûnition. _erefore we obtain ωN(F) = ωM(F).
_e strong approximation theorem for the symplectic group indicates that

[Γ(n)
1 (M′) ∶ Γ(n)

1 (M)] = ∏
l ∶ prime

[C(n)
1, l (M′) ∶ C(n)

1, l (M)].

Here, for a positive integer M, C(n)
1, l (M) is the closure of Γ(n)

1 (M) in GL2n(Zl) by the
l-adic topology. _us [Γ(n)

1 (M′) ∶ Γ(n)
1 (M)] is coprime to p. _erefore ωM′(F) =
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ωM(F) follows. Note that for a prime q, we have ∣ Sp(n,Fq)∣ = qn2
∏

n
i=1(q

2i − 1),
where Fq is the prime ûeld of order q. If p ∤ ∏n

ν=1(q
2ν − 1), then for a prime q with

q ∤ pN , [Γ(n)
1 (Nq) ∶ Γ(n)

1 (N)] is coprime to p. Hence we have ωN(F) = ωM′(F) if
p ∤∏n

ν=1(q
2ν
i − 1) for all 1 ≤ i ≤ t.

(ii) Let n = 1 and suppose that F ∈ Mk(Γ
(1)
1 (N))Z(p) , G ∈ M l(Γ

(1)
1 (M))Z(p) , l =

ωM(F), and F ≡ G mod p. Taking the norm of both sides of F ≡ G mod p, we have
F i ≡ H mod p, where i = [Γ(1)

1 (N) ∶ Γ(1)
1 (M)] and H is a modular form such that

H ∈ M l i(Γ
(1)
1 (N))Z(p) . _erefore we have ωN(F i) ≤ l i = iωM(F). Applying Katz’s

result [15],wehaveωN(F i) = iωN(F) for any i ∈ Z≥1. _is implies iωN(F) ≤ iωM(F)
and hence ωN(F) ≤ ωM(F). _e opposite inequality follows from the deûnition.
_erefore we obtain ωN(F) = ωM(F).

Deûnition 2.3 A formal power series of the form F = ∑T∈Λn aF(T)qT with
aF(T) ∈ Qp is called a p-adic modular form (of degree n) if there exists a sequence
{G l ∈ Mk l (Γn)Q} of Siegel modular forms such that liml→∞G l = F(p-adically). In
other words, inf{νp(aF(T) − aG l (T)) ∣ 0 ≤ T ∈ Λn}→∞ as l →∞, where νp is the
usual additive p-valuation ofQ, normalized by νp(p) = 1.

_eorem 2.4 ([8]) Let p be a primewith p ≥ n+3. _en any F ∈ Mk(Γ
(n)
0 (pm))Z(p)

(m ≥ 0) is a p-adic modular form. In particular, we have M̃(Γ(n)
0 (pm))p l ⊂ M̃(Γn)p l

for any l ≥ 0 and m ≥ 1.

2.4 Theta Operators and Their Properties

To deûne the operators Θ[ j] we need some notation. For a squarematrix T of size n,
we denote by T[ j] the matrix of size (n

j) × (n
j) whose entries are given by the deter-

minants of all submatrices of size j. For the reader’s convenience, we give an example
for n = 3.

Example 2.5 Let T = (t i j) be a square matrix of size 3. _en we have T[1] = T ,
T[3] = detT and

T[2] =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

∣
t11 t12
t21 t22

∣ ∣
t11 t13
t21 t23

∣ ∣
t12 t13
t22 t23

∣

∣
t11 t12
t31 t32

∣ ∣
t11 t13
t31 t33

∣ ∣
t12 t13
t32 t33

∣

∣
t21 t22
t31 t32

∣ ∣
t21 t23
t31 t33

∣ ∣
t22 t23
t32 t33

∣

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Here we ûxed an order to determine the entries of these matrices. _e deûnition of
T[ j] depends on the choice of the order.

Using this notation, we can explain Θ[ j] by

F =∑
T
aF(T)qT z→ Θ[ j](F) ∶=∑

T
T[ j] ⋅ aF(T)qT
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for any formal power series F of the type above (cf. [5]).
_ese operators were introduced in [8], and it was shown that they deûne (vector-

valued) modular forms modulo p, when applied to modular forms. Note that Θ[n] is
the Θ-operator deûned in [6], i.e., for a formal Fourier series F = ∑T∈Λn aF(T)qT ,
we have Θ[n](F) = ∑T∈Λn(detT)aF(T)qT . Hence, we simply write Θ for Θ[n].
For 0 ≤ j ≤ n, we observe the following (obvious) properties of these operators

with respect to congruences.

Proposition 2.6 (i) Θ[ j](F) /≡ 0 mod p is equivalent to the existence of T ∈ Λn
and a j × j submatrix R of T such that aF(T) /≡ 0 mod p and p ∤ detR.

(ii) Θ[ j](F) ≡ 0 mod p implies Θ[ j+1](F) ≡ 0 mod p.
(iii) Θ[ j](F) is mod p singular if and only if T[ j]aF(T) ≡ 0 mod p for all T ∈ Λ+

n .
(iv) Let j ≥ 0 be an integer. Assume that Θ[ j](F) is mod p singular with p-rank rp ,

where the p-rank is themaximum of r for 0 ≤ r ≤ n such that there exists T ∈ Λn

with rank(T) = r satisfying T[ j]aF(T) /≡ 0mod p. _en we have Θ[rp+1](F) ≡ 0
mod p.

_e following theorem is due to Katz [15], Serre [23], and Swinnerton-Dyer [24].

_eorem 2.7 Let p be an arbitrary prime and N a positive integer with p ∤ N. For
f ∈ Mk(Γ

(1)
1 (N))Z(p) , (k ∈ Z≥1), suppose that Θ[1]( f ) ≡ 0 mod p. _en we have

p ∣ ωN( f ).

Remark 2.8 In this case (the degree is 1), the operator Θ[1] is the usual Ramanujan
operator θ.

Swinnerton-Dyer and Serre proved the case N = 1 andKatz proved the case N ≥ 3.
_e case N = 2 is obtained by the case N ≥ 3 and Proposition 2.2.

_eorem 2.9 ([6]) Let p be a prime with p ≥ n + 3 and N a positive integer. If
F ∈ Mk(Γ(n)(N))Z(p) , then Θ̃(F) ∈ M̃k+p+1(Γ(n)(N))p . _erefore we can regard Θ
as amap Θ∶ M̃(Γ(n)(N))p → M̃(Γ(n)(N))p .

We introduce a relation between mod p singular modular forms (see §3.1) and the
mod p kernel of Θ[ j].

Proposition 2.10 Let p be a prime with p ≥ 3 and N a positive integer with p ∤ N.
For a positive integer k, assume that F ∈ Mk(Γ(n)(N))Z(p) is mod p singular of p-rank
rp with k /≡ rp/2 mod 2. _en we have Θ[rp](Φ(n−rp)(F)) ≡ 0 mod p. Here Φ is the
Siegel Φ-operator and hence Φ(n−rp)(F) ∈ Mk(Γ(rp)(N)).

Remark 2.11 _e p-rank is deûned as themaximumof r (0 ≤ r ≤ n) such that there
exists T ∈ Λn with rank(T) = r satisfying aF(T) /≡ 0 mod p.

If F ∈ Mk(Γ(n)(N)) is mod p singular of p-rank rp , thenwe have 2k− rp ≡ 0 mod
p − 1 by the result of [4]. _erefore in this case rp should automatically be even.
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Proof By applying theΦ-operator several times,wemay suppose that the p-rank rp
is n − 1. _en it suõces to prove that Θ[n−1](Φ(F)) ≡ 0 mod p. Moreover, by taking

F(NZ) ∈ Mk(Γ
(n)
1 (N2))

when F is of Γ(n)(N), it suõces to prove it for F ∈ Mk(Γ
(n)
1 (N)).

Let T0 ∈ Λn be of rank(T0) = n − 1 satisfying aF(T0) /≡ 0 mod p. If necessary,
replacing F by F∣k(

tu−1 0n
0n u ) ∈ Mk(Γ

(n)
1 (N)) for a suitable (

tu−1 0n
0n u ) ∈ Γn , we can

assume that T0 = ( 0 0
0 M0 ) for some M0 ∈ Λ+

n−1 (since

F′ = F∣k (
tu−1 0n
0n u )

is mod p singular such that aF′(T0) = det(u)kaF(uT0
tu)). We shall prove p ∣ detM0

for any such M0.
We recall the well-known fact [12, 13,29] that F has a Fourier–Jacobi expansion of

the form
F(Z) = ∑

M∈Λn−1

φT(τ, z)e2πitr(M⋅τ′) .

Here we decomposed Hn ∋ Z = ( τ tz
z τ′ ) for τ ∈ H1, τ′ ∈ Hn−1. Pick up the M0-th

Fourier–Jacobi coeõcient and consider its theta expansion

φM0(τ, z) =∑
µ

hµ(τ)ΘM0[µ](τ, z),

where µ runs over all elements of Z(1,n−1) ⋅ (2M0)/Z(1,n−1) and

hµ(τ) =
∞

∑
l=0
aF (

l µ/2
tµ/2 M0

) e2πi(l− 1
4 M−1

0 [
t µ])τ .

From themod p singularity of F, the above h0 satisûes that h0 ≡ c /≡ 0 mod p. More-
over, h0 is a modular form of weight k − n−1

2 ∈ Z≥1 for Γ(1)
0 (NL) by [4, Lemma 5.1].

Here L is the level of M0. If p ∤ L, then we have k − n−1
2 ≡ 0 mod p − 1 by Katz

[15]. However this is impossible because of k /≡
rp
2 mod 2. Hence p ∣ L follows. In

particular we have p ∣ detM0. _is completes the proof of Proposition 2.10.

3 Main Results and Their Proofs

3.1 Main Results

For any T ∈ Λn , we denote by ε(T) the content of T deûned as

ε(T) ∶= max{d ∈ Z≥1 ∣ d−1T ∈ Λn}.

Let F be a scalar-valued modular form. If F /≡ 0 mod p and Θ(F) ≡ 0 mod p, then
there are three possibilities.

(a) For any T ∈ Λ+
n we have aF(T) ≡ 0 mod p.

(b) For any T ∈ Λ+
n with aF(T) /≡ 0 mod p, we have p ∣ ε(T).

(c) _ere exists T ∈ Λ+
n such that aF(T) /≡ 0 mod p and p ∤ ε(T).

A modular form F of the type (a) is called mod p singular. In this case, the authors
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discussed the possible weight in [4]. _erefore, the main purpose of this paper is to
consider types (b) and (c).

_e ûrst main result concerns F of type (b), but under a condition on k. Note
that condition (b) is equivalent to that Θ[1](F) is mod p singular, namely the vector-
valuedmodular form Θ[1](F) (mod p) satisûes the same condition for vector-valued
modular forms as (a) above, because of Proposition 2.6 (iii).

_eorem 3.1 Let p be a prime with p ≥ 3 and N a positive integer with p ∤ N. For a
positive integer k, let F ∈ Mk(Γ

(n)
1 (N))Z(p) . Assume that F /≡ c mod p for any c ∈ Z(p).

(i) If Θ[1](F) ≡ 0 mod p and
⎧⎪⎪
⎨
⎪⎪⎩

0 < k < 2p − 1 (k odd),
0 < k < 3p − 1 (k even)

then k =
⎧⎪⎪
⎨
⎪⎪⎩

p (k odd),
2p (k even).

(ii) If Θ[1](F) ≡ 0 mod p, 0 < k < p2 − p + 1 and p ∣ k, then k = ωN(F).
(iii) If Θ[1](F) is non-trivial mod p singular of p-rank rp (Proposition 2.6 (iv)), then

2k − rp ≡ 0 mod p − 1.

Remark 3.2 A modular form F satisfying Θ[1](F) ≡ 0 mod p is called totally p-
singular by Weissauer [26] who also obtained similar statements (at least for the case
of level 1) under a certain condition on the largeness of p in geometrical terminology.
Our statement is phrased in classical (elementary) language.

_ere exists amod p singular modular form F (/≡ 0 mod p) such that Θ[1](F) ≡ 0
mod p. In fact, we can construct such an example in the following way. For any mod
p singular modular form F ∈ Mk(Γn)Z(p) , we consider

G ∶= ∑
T∈Λn

aF(pT)qpT ∈ Mk(Γ
(n)
0 (p2)) .

Applying _eorem 2.4, we can take H ∈ Mk′(Γn)Z(p) such that H ≡ G mod p. _en
H is amod p singular modular form such that Θ[1](H) ≡ 0 mod p. For the existence
ofmod p singular modular forms and for their possible weights, see [4].

Statement (iii) in this theorem follows immediately from a property on mod p
singular vector-valued Siegel modular forms,which is a generalization of the result in
[4].

_eorem 3.3 Let p be a prime with p ≥ 3 and k a positive integer. Let N be a positive
integerwith p ∤ N and F ∈ Mk(Γ

(n)
1 (N))Z(p) . Suppose that Θ

[ j](F) is mod p singular
of p-rank rp ,where the p-rank is deûned in Proposition 2.6 (iv). _en 2k ≡ rp mod p − 1
holds.

Remark 3.4 We may allow the modular group to be of type Γ(n)
1 (N) ∩ Γ(n)

0 (pl)
with N coprime to p. Wemay also allow quadratic nebentypus modulo p.

_e second main result concerns F of type (c). We remark that p ∤ ε(T) for
T ∈ Λn is equivalent to the existence of j with 1 ≤ j ≤ n − 1 such that p ∤ T[ j],
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where we write p ∣ T[ j] if p divides all entries of T[ j], otherwise we write p ∤ T[ j].
Moreover the existence of j and T ∈ Λ+

n with p ∤ T[ j] such that aF(T) /≡ 0 mod p,
implies Θ[ j](F) /≡ 0 mod p. Namely we have

∃T ∈ Λ+
n such that aF(T) /≡ 0 mod p, p ∤ ε(T)

⇐⇒ ∃ j(1 ≤ j ≤ n − 1), ∃T ∈ Λ+
n such that aF(T) /≡ 0 mod p, p ∤ T[ j]

Ô⇒ ∃ j (1 ≤ j ≤ n − 1) such that Θ[ j](F) /≡ 0 mod p.

Note also that the converse of the last right arrow is not assured in general.
For any F of the type (c), we can ûnd j such that

Θ[ j](F) /≡ 0 mod p and Θ[ j+1](F) ≡ 0 mod p.

_en we have the following statement.

_eorem 3.5 Let p be a prime with p ≥ 3 and N a positive integer with p ∤ N. Let n,
j, and k be positive integers such that j < n. Assume that F ∈ Mk(Γ

(n)
1 (N))Z(p) satisûes

Θ[ j](F) /≡ 0 mod p and Θ[ j+1](F) ≡ 0 mod p.
(i) If

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

k < p + ( j − 1)/2 ( j odd),
k < 2p + ( j − 2)/2 ( j even, k − j/2 odd),
k < 3p + ( j − 2)/2 ( j even, k − j/2 even)

then
⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

2k − j = p ( j odd),
k − j/2 = p ( j even, k − j/2 odd),
k − j/2 ≡ 0 mod p − 1 or k − j/2 = 2p ( j even, k − j/2 even).

(ii) If
⎧⎪⎪
⎨
⎪⎪⎩

2k − j < p2 − p + 1 ( j odd),
k − j/2 < p2 − p ( j even)

and p ∣ (2k − j),

then k = ωN(F).

In amore general situation, we predict the following property.

Conjecture 3.6 Let p be a prime and n, j, and k be positive integers with j < n.
Let k be “suõciently small” compared with p. Assume that F ∈ Mk(Γ

(n)
1 (N))Z(p)

(k ∈ Z≥1) satisûes Θ[ j](F) /≡ 0 mod p and Θ[ j+1](F) ≡ 0 mod p. _en we have

p ∣ (2ωN(F) − j).

_erefore, we can regard_eorem 3.5 as an example that supports this conjecture.

Remark 3.7 If theweight is large comparedwith p, the statement of this conjecture
is not true. We will show this, by numerical examples (§5.3, §5.4), for the case of
degree 2 and level 1,
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Yamauchi [28] concluded similar statements as in the two theorems above for the
case of degree 2,without condition on the smallness of k comparedwith p, but under a
certain geometrical non-vanishing condition. _e proof is also algebraic geometrical.

3.2 Proof of Theorem 3.3

Since_eorem 3.1 (iii) follows from _eorem 3.3, we start by proving _eorem 3.3.
We observe that the Fourier expansion of Θ[ j](F) runs only over elements of Λn

with rank(T) ≥ j. _erefore only the case j ≤ rp is of interest to us. Also it may be
convenient to reduce the claim to the case rp = n−1 by applying the Siegel Φ-operator
several times; for details on the Siegel Φ-operator in the vector-valued case we refer
to [13,27]. We just mention that for j < n wemay identify

Φ( ∑
T∈Λn

T[ j] ⋅ aF(T)qT)

with∑S∈Λn−1 S
[ j] ⋅ aF( 0 0

0 S )q
S .

We introduce some useful notation following [13]. For an n-rowedmatrix M and
two subsets P, Q of {1, . . . , n} with t elements we denote by M[t]

(P ,Q)
the determinant

of the t-rowed matrix MP
Q which we obtain from M by deleting all rows that do not

belong to P and all columns that do not belong to Q.
Now starting from the Fourier expansion F = ∑ aF(T)qT , there exists T0 ∈ Λn

with rank(T0) = n − 1 such that T[ j]
0 ⋅ aF(T0) is not congruent to zero modulo p. If

necessary, taking

F∣k(
tu−1 0n
0n u ) ∈ Mk(Γ

(n)
1 (N))

for a suitable
(

tu−1 0n
0n u ) ∈ Γn ,

we can assume that T0 is of the form T0 = ( 0 0
0 M0 ) with M0 ∈ Λ+

n−1 (since

F′ = F∣k(
tu−1 0n
0n u )

satisûes the assumption of_eorem 3.3 and aF′(T0) = det(u)kaF(uT0
tu)).

_e property of T0 from above implies that there is at least one entry of thematrix
T[ j]
0 that is not congruent zero modulo p, i.e., there exist subsets ao , bo of {1, . . . , n}

with det(T0
ao
bo ) /≡ 0 mod p. From the special shape of T0 it follows that both ao and bo

are subsets of {2, . . . , n}, i.e., the (ao , bo)-entry ofT[ j]
0 is a determinant of a submatrix

of M0, which we call d0.
We decompose Z ∈ Hn as Z = (

τ z

zt τ′ ) with τ′ ∈ Hn−1 and study the Fourier–
Jacobi coeõcient φM0(τ, z)e

2πitr(M0τ′) viewed as a subseries of the Fourier expansion
of F. We apply the operator Θ[ j] to this subseries of F; then its (ao , bo) entry is just
d0 ⋅ φM0(τ, z)e

2πitr(M0τ′). Now proceeding as in [4], for all R ∈ Λn , the R-th Fourier
coeõcients of this series should be congruent to zero modulo p unless R is of rank
n − 1. _is implies that in the theta expansion of φM0 a modular form h0 of weight
k − n−1

2 appears, which should be congruent to a (nonzero) constant modulo p. _e
requested congruence follows from this as in [4].
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3.3 Proof of Theorem 3.1

(i) From Proposition 2.6, the assumption Θ[1](F) ≡ 0 mod p implies that, for any
T ∈ Λn satisfying aF(T) /≡ 0 mod p, we have p ∣ ε(T). In particular, all diagonal
components of such T are divisible by p. Moreover, since F is not congruent to a
constant modulo p, there exists T /= 0n (T ∈ Λn) such that aF(T) /≡ 0 mod p and
p ∣ ε(T). We ûx one of them and denote it by T0. Let diag(T0) = (d1 , d2 , . . . , dn)
(with p ∣ d i for any i), where d i is the (i , i) entry of T0. Since T0 /= 0n , we can assume
that d1 > 0 by changing F to

F∣k(
tu−1 0n
0n u ) ∈ Mk(Γ

(n)
1 (N))

for a suitable (
tu−1 0n
0n u ) ∈ Γn (Note that F′ = F∣k (

tu−1 0n
0n u ) satisûes the assumption of

_eorem 3.1 and aF′(T0) = det(u)kaF(uT0
tu)).

Consider the integral extract for T0 deûned by Börcherer and Nagaoka [7]:

f (τ) ∶=∑
l
a(l)q l , a(l) ∶=∑

T
aF(T),

where T runs over all positive semi-deûnite elements of Λn satisfying

T ≡ T0 mod M , diag(T) = (l , d2 , . . . , dn)

and M ∈ N is large enough such that (pdetT0 ,M) = 1 and a(d1) = aF(T0). _e
reason why we can ûnd M such that a(d1) = aF(T0) is due to the same argument as
in [7, p. 229, lines 4–5]. _en we have f ∈ Mk(Γ

(1)
1 (NM2)) and a(d1) = aF(T0) /≡

0 mod p. Moreover, p ∣ l when a(l) /≡ 0 mod p and f /≡ c mod p for any c ∈ Z(p).
_erefore we have Θ[1]( f ) ≡ 0 mod p and ωNM2( f ) > 0. Applying _eorem 2.7,
we obtain p ∣ ωNM2( f ). By Proposition 2.1, ωNM2( f ) ≡ k mod p − 1 and therefore
ωNM2( f ) and k have the same parity.

If k is odd, then 0 < ωNM2( f ) ≤ k < 2p − 1 and p ∣ ωNM2( f ). In this case we have
ωNM2( f ) = p. _erefore, k = p or k = 2p− 1. By the assumption k < 2p− 1, we obtain
k = p.

If k is even, then ωNM2( f ) is even such that 0 < ωNM2( f ) ≤ k < 3p − 1 and
p ∣ ωNM2( f ). In this case we have ωNM2( f ) = 2p. _erefore k = 2p or k = 3p − 1.
Since the assumption k < 3p − 1, we obtain k = 2p. _is completes the proof of
_eorem 3.1 (i).

(ii) As in the proof of (i), we can take f ∈ Mk(Γ
(1)
1 (NM2)) (p ∤ M) such that

Θ[1]( f ) ≡ 0 mod p, f /≡ c mod p for any c ∈ Z(p) and 0 < ωNM2( f ) ≤ ωN(F) ≤ k.
To prove k = ωN(F), we may prove k = ωNM2( f ). Now we obtain p ∣ ωNM2( f )
by _eorem 2.7. By the assumption, we have ωNM2( f ) ≡ k mod p(p − 1), because
ωNM2( f ) ≡ k ≡ 0 mod p and ωNM2( f ) ≡ k mod p − 1. _en there exists t ≥ 0 such
that k = ωNM2( f ) + tp(p − 1). However, from 0 < k < p2 − p + 1, we have t = 0 and
hence k = ωNM2( f ). _is completes the proof of_eorem 3.1 (ii).

(iii) _e statement follows immediately from _eorem 3.3.
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3.4 Proof of Theorem 3.5

(i) By Proposition 2.6 and the assumption Θ[ j](F) /≡ 0 mod p, there exist T ∈ Λn and
a j × j submatrix M of T such that aF(T) /≡ 0 mod p and p ∤ detM.

Replacing F by F∣k(
tu−1 0n
0n u ) ∈ Mk(Γ

(n)
1 (N)) for a suitable (

tu−1 0n
0n u ) ∈ Γn , we can

assume that there is a principal submatrixM of size j in T such that p ∤ detM,where
a principal matrix is deûned as amatrix obtained by omitting the same columns and
rows (since F′ = F∣k(

tu−1 0n
0n u ) satisûes the assumption of_eorem 3.5 and aF′(T0) =

det(u)kaF(uT0
tu)). In particular,wemay suppose that T is of the form T0 = ( 0 0

0 M0 )

with M0 ∈ Λ j , p ∤ detM0, and aF(T0) /≡ 0 mod p.
_e Fourier–Jacobi expansion of F can be written in the form

F(Z) = ∑
M∈Λ j

φM(τ, z)e2πitr(M⋅τ′) .

Here we decomposedHn ∋ Z = ( τ tz
z τ′ ) for τ ∈ Hn− j and τ′ ∈ H j .

We consider the M0-th Fourier–Jacobi coeõcient

φM0(τ, z) =∑
µ

hµ(τ)ΘM0[µ](τ, z),

where µ runs over all elements of Z(n− j, j) ⋅ (2M0)/Z(n− j, j) and

hµ(τ) = ∑
L∈Λn− j

aF (
L µ

2t µ
2 M0

) e2πitr((L− 1
4 M−1

0 [
t µ])τ) .

_en hµ is amodular form of weight k − j
2 for Γ(n− j)(4NQ), where Q is the level of

M0 and we have p ∤ Q. Hence we have

Hµ ∶= hµ(4NQτ) ∈ Mk− j
2
(Γ(n− j)

1 (42N2Q2))Z(p) .

Now we prove the following lemma.

Lemma 3.8 If the Fourier coeõcient of Hµ at L − 1
4M

−1
0 [tµ] is nonzero modulo p,

then all entries of L − 1
4M

−1
0 [tµ] are divisible by p. In particular, by Proposition 2.6, we

have Θ[1](Hµ) ≡ 0 mod p.

Proof We have by a direct calculation

S = (
L µ

2t µ
2 M0

)

= (
1n− j

µ
2 M

−1
0

0 1 j
)(

L − 1
4M

−1
0 [tµ] 0

0 M0
)(

1n− j 0
M−1

0
t µ
2 1 j

) .

(Multi-) linear algebra shows that for J ∶= {n − j + 1, . . . , n} and i, i′ ∈ {1, . . . , n − j},
we have

S[ j]
({i}∪J ,{i′}∪J) = (L −

1
4
M−1

0 [tµ])
[1]

(i , i′)
⋅ detM0 .

Here the notation S[t]
(P ,Q)

is the same as in the proof of_eorem 3.3.
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We observe that the le�-hand side is divisible by p and detM0 is coprime to p,
therefore all entries of L − 1

4M
−1
0 [tµ] are divisible by p.

We return to the proof of_eorem 3.5. Let j be odd. By Θ[1](Hµ) ≡ 0 mod p, we
can easily prove Θ[1](H2

µ) ≡ 0mod p. _en H2
µ is of weight 2k − j < 2p− 1 and 2k − j

is odd. _erefore 2k − j /≡ 0 mod p − 1. _is implies H2
µ /≡ c mod p for any c ∈ Z(p)

(see [7]). Hence we can apply _eorem 3.1 (i) to H2
µ . We conclude that 2k − j = p in

the case where j is odd.
Let j be even and k − j/2 odd. _e weight of Hµ is k − j/2 < 2p − 1 and therefore

Hµ /≡ c mod p for any c ∈ Z(p), because of 2k − j /≡ 0 mod p − 1. In this case, we can
directly apply _eorem 3.1 (i) to Hµ . Hence we obtain k − j/2 = p.

Let j be even and k − j/2 even. Note that k − j/2 < 3p − 1 by the assumption. If
Hµ ≡ c mod p for some c ∈ Z(p), then we have k − j/2 ≡ 0 mod p − 1, otherwise
we can apply _eorem 3.1 (i) to Hµ . _erefore, we obtain k − j/2 ≡ 0 mod p − 1 or
k − j/2 = 2p. _is completes the proof of (i) in _eorem 3.5.

(ii) Let Hµ ∈ Mk− j
2
(Γ(n− j)

1 (42N2Q2))Z(p) be the function appearing in the proof
of (i). Note that ω42N2Q2(Hµ) + j/2 ≤ ωN(F) ≤ k. By the assumption, we have

⎧⎪⎪
⎨
⎪⎪⎩

ω42N2Q2(H2
µ) ≤ 2k − j < p2 − p + 1 ( j odd),

ω42N2Q2(Hµ) ≤ k − j/2 < p2 − p ( j even)
and p ∣ (2k − j).

To apply _eorem 3.1 (ii) to H2
µ ( j odd) and Hµ ( j even), we need to conûrm that

they are not congruent to constants modulo p.
If j is odd, then 2k − j /≡ 0 mod p − 1. _is implies H2

µ /≡ c for any c ∈ Z(p). Hence
we can apply _eorem 3.1 (ii) to H2

µ . It follows that

2k − j = ω42N2Q2(H2
µ) ≤ 2ω42N2Q2(Hµ) ≤ 2ωN(F) − j ≤ 2k − j.

_is indicates k = ωN(F).
Let j be even. Assume that Hµ ≡ c mod p for some c ∈ Z(p). _en we have both

conditions k − j/2 ≡ 0 mod p − 1 and p ∣ (k − j/2) because of the assumption of
the theorem. _en there exists t ≥ 1 such that 2k − j = tp(p − 1). However this is
impossible because of 2k− j < p2− p. _is means that Hµ /≡ c mod p for any c ∈ Z(p).

Hence we can apply _eorem 3.1 (ii) to Hµ and then

k = ω42N2Q2(Hµ) + j/2 ≤ ω42N2Q2(F) ≤ k.

_erefore we obtain k = ωN(F).
_is completes the proof of (ii) in _eorem 3.5.

4 On Operators A( j)(p)
Following Choi, Choie, and Richter [10], for a Siegel modular form F ∈ Mk(Γn)Z(p)

with a Fourier expansion F = ∑T aF(T)qT , we deûne an operator A(p) (their nota-
tion is U(p)) as

F∣A(p) ∶= ∑
T∈Λn
p∣ det T

aF(T)qT .
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We remark that this operator A(p) is diòerent from the usual U(p)-type Hecke op-
erator investigated in [3] and elsewhere. If p ≥ n + 3, it is easy to see that F̃∣A(p) =
̃FE p+1

p−1 −Θp−1(F̃) ∈ M̃k+p2−1(Γn)p , because Θ(F̃) ∈ M̃k+p+1(Γn)p (see_eorem 2.9).
Here Ep−1 ∈ Mp−1(Γn)Z(p) is such that Ep−1 ≡ 1 mod p obtained in [6]. Essentially,
this formula appeared inDewar–Richter [11]. Itwas not explicitly proved that F∣A(p)
is a truemodular form; we prove it here for more general operators A( j)(M).

Let M be a positive integer. For a formal Fourier series of the form

F = ∑
T∈Λn

aF(T)qT ,

we set F∣A( j)(M) ∶= ∑T[ j]≡0 mod M aF(T)qT . _en we can prove its modularity as
follows.

_eorem 4.1 Let k, j, n ( j ≤ n),M, and N be positive integers. If F ∈ Mk(Γ
(n)
1 (N)),

then F∣A( j)(N) ∈ Mk(Γ
(n)
1 (NM2)). In particular, if F ∈ Mk(Γ

(n)
0 (N), χ) for a

Dirichlet character χ modulo N , then F∣A( j)(M) ∈ Mk(Γ
(n)
0 (NM2), χ).

Remark 4.2 As a special case in the above, we have

F∣A(n)(M) = F∣A(M) = ∑
T∈Λn

M∣det T

aF(T)qT ,

F∣A(1)(M) = F∣U(M)V(M) = ∑
T∈Λn

aF(MT)qMT .

Here U(M) and V(M) are the usual operator described as

F∣U(M) = ∑
T∈Λn

aF(MT)qT , F∣V(M) = ∑
T∈Λn

aF(T)qMT .

For more details, see [3].

Proof We put J ∶= {T mod M ∣ T ∈ Λn}. Note that J is a ûnite set. _en, as in [7],
we can ûnd that ∑T≡T0 mod M aF(T)qT ∈ Mk(Γ

(n)
1 (NM2)) for any T0 ∈ J. Now we

consider J( j)
0 ∶= {T mod M ∣ T ∈ Λn , T[ j] ≡ 0 mod M} ⊂ J. _en we have

F∣A( j)(M) = ∑
T0∈J

( j)
0

∑
T≡T0 mod M

aF(T)e2πitr(TZ) .

Hence F∣A( j)(M) ∈ Mk(Γ
(n)
1 (NM2)).

Assume that F ∈ Mk(Γ
(n)
0 (N), χ). Using the standard procedure of twisting, we

show that F∣A( j)(M) ∈ Mk(Γ
(n)
0 (NM2), χ). If g = ( A B

C D ) ∈ Γ(n)
0 (NM2), using [7],

we get,

(4.1) F∣A( j)(M)∣k g = ∑
T0∈J

( j)
0

∑
S
F∣k (

1n S
M

0n 1n
) e−2πi tr(T0

S
M )∣k g ,
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where S runs over all symmetric integral matrices of size n modulo M. _enwe easily
get

(
1n S

M
0n 1n

) ⋅ g = g̃ ⋅ (1n S̃
M

0n 1n
)

with g̃ ∈ Γ(n)
0 (N) and some integral symmetric S̃ satisfying S̃ ≡ tDSD mod M. Note

here that g̃ satisûes g̃ ≡ ( ∗ ∗
∗ D ) mod N . Keeping in mind that AtD ≡ 1n mod M, we

may rewrite (4.1) as

∑
T0

∑
S̃

(F∣k g̃)∣k (
1n S̃

M
0n 1n

) e−2πi tr(−tAT0A S̃
M ) .

We observe that F∣k g̃ = χ(detD)F and T0 z→ T̃0 ∶= −tAT0A just permutes the set
J( j)
0 ; this proves the assertion.

Remark 4.3 _e proof actually shows that F∣A( j)(M) is a modular form of level
lcm(M2 ,N).

We have the same statement as in _eorem 4.1 for F of half integral weight in the
following way. We consider G(Z) ∶= F ⋅ θ(n)(MZ), where θ(n)(Z) is the theta func-
tion introduced in Subsection 2.1. _is is of integral weight and (obviously) we have
F∣A( j)(M) = (F∣A( j)(M)) ⋅ θ(n)(MZ). _erefore, the statement for F follows from
that for G.

For any F ∈ Mk(Γn), we have F∣A( j)(pm) ∈ Mk(Γ
(n)
0 (p2m)) by _eorem 4.1. By

_eorem 2.4, we can regard as A( j)(pm)∶ M̃(Γn)p l → M̃(Γn)p l .

Proposition 4.4 For any l ≥ 1, m ≥ 1 and j (1 ≤ j ≤ n), we can decompose M̃(Γn)p l

as M̃(Γn)p l = KerA( j)(pm)⊕ ImA( j)(pm).

Proof Let F̃ ∈ M̃(Γn)p l . We set

F̃1 ∶= ∑
T[ j] /≡0 mod pm

ãF(T)qT , F̃2 ∶= ∑
T[ j]≡0 mod pm

ãF(T)qT .

Namely F̃1 ∶= F̃ − F̃∣A( j)(pm) and F̃2 ∶= F̃∣A( j)(pm). _en F̃ can be written as F̃ =

F̃1 + F̃2. _en F̃1 ∈ KerA( j)(pm), F̃2 ∈ ImA( j)(pm). _is shows

M̃(Γn)p l ⊂ KerA( j)(pm) + ImA( j)(pm).

_e converse inclusion is trivial. _erefore M̃(Γn)p l = KerA( j)(pm) + ImA( j)(pm).
We shall prove that the summation of the right-hand side is direct. Let

F̃ ∈ KerA( j)(pm) ∩ ImA( j)(pm).

_en F̃ = G̃∣A( j)(pm) for some G̃ ∈ M̃(Γn)p l . _is implies

F̃ = ∑
T[ j]≡0 mod pm

ãG(T)qT .

On the other hand, it follows from F̃ ∈ KerA( j)(pm) that F̃∣A( j)(pm) = F̃ = 0. Hence
we have KerA( j)(pm) ∩ ImA( j)(pm) = 0.
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Remark 4.5 Similarly we have also M̃(Γn)p l = KerΘm ⊕ ImΘm , for any l and m
with 1 ≤ l ≤ m.

We consider the action of A( j)(pm) on the space of p-adicmodular forms.

Proposition 4.6 If F is a p-adic modular form of degree n, then F∣A( j)(pm) is a
p-adicmodular form of degree n for any 1 ≤ j ≤ n and m ≥ 1.

Proof Since F is a p-adicmodular form, there exists a sequence {G l ∈ Mk l (Γn)Z(p)}l

such that F ≡ G l mod pl . _en we have F∣A( j)(pm) ≡ G l ∣A( j)(pm) mod pl . By_e-
orem 4.1, G l ∣A( j)(pm) ∈ Mk l (Γ

(n)
0 (p2m))Z(p) holds. By_eorem 2.4, G l ∣A( j)(pm) is

also a p-adic modular form. _erefore F∣A( j)(pm) is a limit of a sequence of p-adic
modular forms. _is implies the assertion.

5 Examples

In this section, we introduce some examples of elements of the modp kernel of Θ[ j]

and analyze the ûltrations of some of them.

5.1 Siegel–Eisenstein Series

Let E(n)
k be the Siegel–Eisenstein series of weight k of degree n, where k > n + 1 is an

even integer. Let p be a prime and n a positive even integer such that p ≡ (−1)
n
2 mod 4

and p > n + 3. We set k(n ,p) ∶=
n+p−1

2 . By Nagaoka’s result [21], E(n)
k(n ,p)

is an element
of themod p kernel of Θ. Note that this is mod p non-singular by the result of [4]. It
follows from k(n ,p) < p that ω1(E

(n)
k(n ,p)

) = k(n ,p).

As an easy application of_eorem 3.5 (i), we can prove Θ[n−1](E(n)
k(n ,p)

) /≡ 0 mod p
as follows. We can ûnd an integer 1 ≤ j0 ≤ n − 1 such that j0 is the maximum of
positive integers j satisfying Θ[ j](E(n)

k(n ,p)
) /≡ 0 mod p. Applying _eorem 3.5 (i), we

have n + p − 1 − j0 = p. _is implies j0 = n − 1.

5.2 Theta Series

In [5], we use certain theta series attached to quadratic forms to construct several
types of Siegel modular forms in themod p kernel of Θ[ j]. We compute ωN for some
cases: here N can be an arbitrary number coprime to p. In this way we conûrm that
the constructions in [5] are the best possible ones in the sense that the level one forms
obtained are of smallest possible weight.
First case: Here S is an even positive deûnite quadratic form of (even) rank n, exact
level p and det(S) = p2.

We showed that the normalized theta series

θ(n)
S (Z) ∶=

1
♯AutZ(S)

∑
X∈Z(n ,n)

eπitr(tXSXZ)
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is congruent modulo p to a level one form F of weight k = n/2 + (p − 1), where
AutZ(S) = {A ∈ Z(n ,n) ∣ tASA = S}. _en aF(S) = 1, in particular, F /≡ 0 mod p and

Θ[n−1](F) ≡ 0 mod p, Θ[n−2](F) /≡ 0 mod p.

Here the second statement follows from S[n−2] ⋅ aF(S) /≡ 0 mod p. Since j = n − 2
(even) and k − j

2 = k − n−2
2 = p < p2 − p, we can apply _eorem 3.1 (ii) to F. _is

implies k = ω1(F).
Second case: Here S is an even positive quadratic form of (even) rank n, exact level
p with det(S) = p. In this case, θ(n)

S is congruent modulo p to a level one form of
weight k = n

2 +
p−1
2 . _en Θ[n](F) ≡ 0 mod p, but Θ[n−1](F) /≡ 0 mod p. Since

j = n − 1 (odd) and 2k − j = 2k − n + 1 = p < p2 − p + 1, we can apply _eorem 3.1 (ii).
_erefore, in this case also we have k = ω1(F).
Second case, with harmonic polynomial: Let S be as before and consider

θ(n)
S ,det(Z) ∶= ∑

X∈Z(n ,n)
det(X)eπitr(tXSXZ) .

Here wemust assume in addition that AutZ(S) does not contain improper automor-
phisms, i.e., all automorphisms have determinant +1. _en it was shown [5] that this
theta series is congruentmodulo p to a (cuspidal) level onemodular form F ofweight
k = n

2 +1+3 p−1
2 . _e proofwasmuchmore complicated than in the other cases. Again

F satisûes Θ[n](F) ≡ 0 mod p, but Θ[n−1](F) /≡ 0 mod p.
In this case, from j = n − 1 (odd) we have 2k − j = n + 2 + 3(p − 1) − (n − 1) = 3p.

_en p ∣ (2k − j) and 2k − j = 3p < p2 − p + 1 (when p ≥ 5). Applying _eorem 3.5
(ii), we have k = ω1(F).

Remark 5.1 _ere is amissing casehere, namely θ(n)
S ,det with S of level p anddet(S) =

p2. Here we do not yet know a good explicit construction of a level one form F con-
gruent modulo p to θ(n)

S ,det with low weight. A consideration similar to the one above
suggests that ω1(F) = n

2 + 1 + 2(p − 1) should hold.

5.3 Operators A( j)(p)

For any F ∈ Mk(Γn)Z(p) , we have Θ[ j](F∣A( j)(p)) ≡ 0 mod p by the deûnition of
A( j)(p). Namely, we can always construct elements of the mod p kernel of Θ[ j] for
any prime p. In particular, if p ≥ n + 3 and j = n, then we get weight k + p2 − 1 for
any k ∈ Z≥1 (see Section 4). Moreover these examples are not necessarily of type (b)
introduced in Subsection 3.1. Because, ifwe take a suitable F, then there exists T ∈ Λn
with p ∤ ε(T) such that aF∣A( j)(p)(T) /≡ 0 mod p. We remark that F is an element of
themod p kernel of Θ[ j] if and only if F∣A( j)(p) ≡ F mod p.

Let X(2)
10 , X

(2)
12 be cusp forms of degree 2, level 1, andweights 10 and 12, respectively.

We normalize them so that aX10 (
1 1/2

1/2 1 ) = aX12 (
1 1/2

1/2 1 ) = 1.
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Example 5.2 We have by direct calculation

ω1(E
(2)
8 ∣ A(7)) = 32, ω1(E

(2)
10 ∣ A(7)) = 4, ω1(X10 ∣ A(7)) = 46.

All of these formulas satisfy p ∣ (2ω1(F)− n + 1). _erefore Conjecture 3.6 is true for
these examples.

We introducemore examples ofω1(F∣A(p)) in tables in Section 6. We shall explain
the tables. Let p ≥ 5 be a prime and Rp = Fp[x4 , x6 , x10 , x12] a polynomial ring over
Fp . For a positive integer k,we denote by Rp,k ⊂ Rp the space of isobaric polynomials
of weight k. We deûne a linear map ψk ∶Rp,k → M̃k(Γ2)p by ψk( f (x4 , x6 , x10 , x12)) =

f (Ẽ(2)
4 , Ẽ(2)

6 , X̃10 , X̃12). _en ψk is an isomorphism [19]. Let H ∈ M̃p−1(Γ2)p be a
modular form with H = 1. _erefore

H =

⎧⎪⎪
⎨
⎪⎪⎩

Ẽ(2)
4 if p = 5,
Ẽ(2)

6 if p = 7.

Note that ψ−1
k (H) is a prime element of Rp . For F ∈ M̃k(Γ2)p , denote by ordH(F) the

maximum integer e such that ψ−1
k (F)/(ψ−1

k (H))e ∈ Rp . We understand ordH(0) =
∞.

We compute images of the linear operator A(p)∶ M̃k(Γ2)p → M̃k+p2−1(Γ2)p for a
basis of M̃k(Γ2)p for even k ≤ 60 and p = 5, 7. We ûx a basis Bk ,p = {F1 , . . . , Fm} of
M̃k(Γ2)p so that

(5.1) ordH(∑
G∈S

aGG) = min{ordH(aGG) ∣ G ∈ S} ,

for any choice of aG ∈ Fp for each G ∈ S. Here S = {F∣A(p) ∶ F ∈ Bk ,p}. We can take
such a basis as follows. In general, let R be a polynomial ring over a ûeld K and h a
nonzero element of R. We ûx amonomial order of R. Let M be a subspace of R over
K spanned by monomials which are not divisible by the initial term of h. Since {h}
is a Gröbner basis of the ideal Rh, we can perform the reduction algorithm uniquely.
_at is, for any f ∈ R, we can uniquely write f as

(5.2) f =
∞

∑
i=0

g i( f )h i ,

where g i( f ) ∈M and g i( f ) = 0 for suõciently large i. Take a basisB = {F1 , . . . , Fm}

of M̃k(Γ2)p . We put f i = ψ−1
k+p2−1(Fi ∣A(p)) and denote g j( f i) by the element ofM as

in (5.2) for h = ψ−1
p−1(H). Take a positive integer a so that g j( f i) = 0 for all j > a. Let

M′ be a subspace ofM spanned by {g j( f i)}1≤i≤m ,0≤ j . We ûx a linear isomorphism
Ψ ∶M′ ≅ Fν

p and put v( f i) = Ψ(g0( f i))⊕ Ψ(g1( f i))⊕ ⋅ ⋅ ⋅ ⊕ Ψ(ga( f i)) ∈ Fν(a+1)
p . If

we take a basis B so that the matrix (v( f1), . . . , v( fm)) is an echelon form, then the
basis satisûes (5.1).
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For example, we take B18,5 as B18,5 = {Ẽ3
4 Ẽ6 , Ẽ3

4 Ẽ6 + 2Ẽ3
6 , Ẽ6 X̃12 , Ẽ2

4 X̃10}. Here
we simply write E(2)

k as Ek . _en its images are given as

Ẽ3
4 Ẽ6∣A(5) = Ẽ6

4 Ẽ6(Ẽ3
4 − 2X̃12)

(Ẽ3
4 Ẽ6 + 2Ẽ3

6)∣A(5) = Ẽ
6
4(Ẽ

3
4 Ẽ6 + 2Ẽ3

6 + Ẽ
2
4 X̃10),

Ẽ6 X̃12∣A(5) = Ẽ2
4 X̃10∣A(5) = 0.

We omit the explicit description of Bk ,p for other cases. We note that the multiset
{ordH(F∣A(p)) ∣ F ∈ Bk ,p} does not depend on the choice of Bk ,p satisfying (5.1).
Deûne amap αk ,p ∶Bk ,p → Z2 × F2

p by

αk ,p(F) = (ordH(F∣A(p)), l , l mod p, 2l − 1 mod p),

where l = ω1(F∣A(p)). Tables 1 and 2 show themultiset {αk ,p(F) ∣ F ∈ Bk ,p}. Each
element [(a, b, c, d), e] in the tables means that there exists exactly e modular forms
F ∈ Bk ,p such that αk ,p(F) = (a, b, c, d).
Examples show that there exists a modular form F with ω1(F∣A(p)) /≡ 0 mod p

and 2ω1(F∣A(p)) − 1 /≡ 0 mod p. Filtrations of such modular forms in these tables
are {24, 42, 54} if p = 5 and {24, 48, 52} if p = 7. For example, amodular form of
degree 2, weight 24, level 1

F = E3
4E

2
6 + 2E4

6 + 3E2
4E6X10 + 3E4X2

10 + 2E2
6X12 + 3X2

12

satisûes Θ[2](F) ≡ 0 mod 5 and Θ[1](F) /≡ 0 mod 5, but we have

2ω1(F) − 1 /≡ 0 mod 5.

Bold elements in tables indicate thosemodular forms.

5.4 More Examples of Filtrations

In this subsection, we use the example of ω1(F) for F ∈ Mk(Γ2)Z(p) with Θ(F) ≡
0 mod p to test the validity of Conjecture 3.6. Here we compute the kernel of
Θ∶ M̃k(Γ2)p → M̃k+p+1(Γ2)p for p < 80 and an even k ≤ 100 with bk+p+1 ≤ 15. Here

bk =

⎧⎪⎪
⎨
⎪⎪⎩

[k/10] if k is even,
[(k − 5)/10] if k is odd.

Note that bk gives the Sturm bound for M̃k(Γ2)p (see [9, 17]). We take a basis B =
{F1 , . . . , Fm} of KerΘ so that (5.1) holds for S = B.

We understand ordH(F) for F ∈ M̃k(Γ2)p with an odd k as follows: By Nagaoka
[20], there uniquely exists G ∈ M̃k−35(Γ2)p such that F = X35G, where X35 is the
Igusa’s generator of weight 35. _en we deûne ordH(F) = ordH(G).

_en we have computed the ûltration ω1(Fi) for i = 1, . . . ,m. Table 3 lists ûl-
trations. _e meaning of the table is as follows: for a prime p, a positive integer k
appears in the corresponding cell if and only if k ≤ 100, bk+p+1 ≤ 15 and there exists
F ∈ M̃k(Γ2)p such that F /= 0, ω1(F) = k and Θ(F) = 0.
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Table 3 also shows that there exists F ∈ M̃k(Γ2)p such that Θ(F) = 0, ω1(F) /≡
0 mod p and 2ω1(F) − 1 /≡ 0 mod p. _e pairs (p,ω1(F)) for such F in the table are

(5, 24), (5, 42), (5, 54), (5, 66), (5, 72), (5, 74), (5, 84), (5, 92), (5, 96), (7, 24),
(7, 48), (7, 52), (7, 72), (7, 76), (7, 80), (7, 94), (7, 96), (11, 60), (13, 84).

6 Tables

6.1 Tables for Filtrations of Images of A(p)

_e following tables are of [(a, b, c, d), e], where

(a, b, c, d) ∶= αk ,p(F) = (ordH(F∣A(p)), l , l mod p, 2l − 1 mod p),

l = ω1(F∣A(p)), and e is the number ofmodular forms in Bk ,p which have αk ,p(F).
For more details, see Subsection 5.3

Table 1: Filtrations of Images of A(5)

4 [(7, 0, 0, 4), 1]
6 [(3, 18, 3, 0), 1]
8 [(8, 0, 0, 4), 1]
10 [(4, 18, 3, 0), 1], [(∞, 0, 0, 4), 1]
12 [(2, 28, 3, 0), 1], [(9, 0, 0, 4), 1], [(∞, 0, 0, 4), 1]
14 [(5, 18, 3, 0), 1], [(∞, 0, 0, 4), 1]
16 [(3, 28, 3, 0), 1], [(10, 0, 0, 4), 1], [(∞, 0, 0, 4), 2]
18 [(6, 18, 3, 0), 2], [(∞, 0, 0, 4), 2]
20 [(4, 28, 3, 0), 2], [(11, 0, 0, 4), 1], [(∞, 0, 0, 4), 2]
22 [(2, 38, 3, 0), 1], [(7, 18, 3, 0), 2], [(∞, 0, 0, 4), 3]
24 [(0, 48, 3, 0), 2], [(5, 28, 3, 0), 2], [(6, 24, 4, 2), 1], [(12, 0, 0, 4), 1],

[(∞, 0, 0, 4), 2]
26 [(3, 38, 3, 0), 1], [(8, 18, 3, 0), 2], [(∞, 0, 0, 4), 4]
28 [(1, 48, 3, 0), 2], [(6, 28, 3, 0), 2], [(7, 24, 4, 2), 1], [(13, 0, 0, 4), 1],

[(∞, 0, 0, 4), 4]
30 [(4, 38, 3, 0), 1], [(6, 30, 0, 4), 1], [(9, 18, 3, 0), 2], [(∞, 0, 0, 4), 7]
32 [(2, 48, 3, 0), 3], [(7, 28, 3, 0), 2], [(8, 24, 4, 2), 1], [(14, 0, 0, 4), 1],

[(∞, 0, 0, 4), 5]
34 [(0, 58, 3, 0), 3], [(5, 38, 3, 0), 1], [(7, 30, 0, 4), 1], [(10, 18, 3, 0), 2],

[(∞, 0, 0, 4), 7]
36 [(3, 48, 3, 0), 4], [(8, 28, 3, 0), 2], [(9, 24, 4, 2), 1], [(15, 0, 0, 4), 1],

[(∞, 0, 0, 4), 9]
38 [(1, 58, 3, 0), 3], [(6, 38, 3, 0), 1], [(8, 30, 0, 4), 1], [(11, 18, 3, 0), 2],

[(∞, 0, 0, 4), 9]
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40 [(4, 48, 3, 0), 5], [(9, 28, 3, 0), 2], [(10, 24, 4, 2), 1], [(16, 0, 0, 4), 1],
[(∞, 0, 0, 4), 12]

42 [(2, 58, 3, 0), 4], [(6, 42, 2, 3), 1], [(7, 38, 3, 0), 1], [(9, 30, 0, 4), 1],
[(12, 18, 3, 0), 2], [(∞, 0, 0, 4), 13]

44 [(0, 68, 3, 0), 3], [(5, 48, 3, 0), 5], [(10, 28, 3, 0), 2], [(11, 24, 4, 2), 1],
[(17, 0, 0, 4), 1], [(∞, 0, 0, 4), 12]

46 [(3, 58, 3, 0), 5], [(7, 42, 2, 3), 1], [(8, 38, 3, 0), 1], [(10, 30, 0, 4), 1],
[(13, 18, 3, 0), 2], [(∞, 0, 0, 4), 17]

48 [(1, 68, 3, 0), 3], [(6, 48, 3, 0), 7], [(11, 28, 3, 0), 2], [(12, 24, 4, 2), 1],
[(18, 0, 0, 4), 1], [(∞, 0, 0, 4), 17]

50 [(4, 58, 3, 0), 5], [(6, 50, 0, 4), 1], [(8, 42, 2, 3), 1], [(9, 38, 3, 0), 1],
[(11, 30, 0, 4), 1], [(14, 18, 3, 0), 2], [(∞, 0, 0, 4), 20]

52 [(2, 68, 3, 0), 4], [(7, 48, 3, 0), 7], [(12, 28, 3, 0), 2], [(13, 24, 4, 2), 1],
[(19, 0, 0, 4), 1], [(∞, 0, 0, 4), 22]

54 [(0, 78, 3, 0), 6], [(5, 58, 3, 0), 5], [(6, 54, 4, 2), 1], [(7, 50, 0, 4), 1],
[(9, 42, 2, 3), 1], [(10, 38, 3, 0), 1], [(12, 30, 0, 4), 1], [(15, 18, 3, 0), 2],
[(∞, 0, 0, 4), 21]

56 [(3, 68, 3, 0), 4], [(5, 60, 0, 4), 1], [(8, 48, 3, 0), 7], [(13, 28, 3, 0), 2],
[(14, 24, 4, 2), 1], [(20, 0, 0, 4), 1], [(∞, 0, 0, 4), 26]

58 [(1, 78, 3, 0), 7], [(6, 58, 3, 0), 5], [(7, 54, 4, 2), 1], [(8, 50, 0, 4), 1],
[(10, 42, 2, 3), 1], [(11, 38, 3, 0), 1], [(13, 30, 0, 4), 1], [(16, 18, 3, 0), 2],
[(∞, 0, 0, 4), 27]

60 [(4, 68, 3, 0), 4], [(6, 60, 0, 4), 2], [(9, 48, 3, 0), 7], [(14, 28, 3, 0), 2],
[(15, 24, 4, 2), 1], [(21, 0, 0, 4), 1], [(∞, 0, 0, 4), 35]

Table 2: Filtrations of Images of A(7)

4 [(8, 4, 4, 0), 1]
6 [(9, 0, 0, 6), 1]
8 [(4, 32, 4, 0), 1]
10 [(2, 46, 4, 0), 1], [(9, 4, 4, 0), 1]
12 [(0, 60, 4, 0), 2], [(10, 0, 0, 6), 1]
14 [(5, 32, 4, 0), 1], [(∞, 0, 0, 6), 1]
16 [(3, 46, 4, 0), 2], [(10, 4, 4, 0), 1], [(∞, 0, 0, 6), 1]
18 [(1, 60, 4, 0), 2], [(11, 0, 0, 6), 1], [(∞, 0, 0, 6), 1]
20 [(6, 32, 4, 0), 2], [(∞, 0, 0, 6), 3]
22 [(4, 46, 4, 0), 2], [(11, 4, 4, 0), 1], [(∞, 0, 0, 6), 3]
24 [(2, 60, 4, 0), 3], [(8, 24, 3, 5), 1], [(12, 0, 0, 6), 1], [(∞, 0, 0, 6), 3]
26 [(0, 74, 4, 0), 2], [(7, 32, 4, 0), 2], [(∞, 0, 0, 6), 3]
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28 [(5, 46, 4, 0), 2], [(8, 28, 0, 6), 1], [(12, 4, 4, 0), 1], [(∞, 0, 0, 6), 6]
30 [(3, 60, 4, 0), 4], [(9, 24, 3, 5), 1], [(13, 0, 0, 6), 1], [(∞, 0, 0, 6), 5]
32 [(1, 74, 4, 0), 3], [(8, 32, 4, 0), 3], [(∞, 0, 0, 6), 6]
34 [(6, 46, 4, 0), 3], [(9, 28, 0, 6), 1], [(13, 4, 4, 0), 1], [(∞, 0, 0, 6), 9]
36 [(4, 60, 4, 0), 6], [(10, 24, 3, 5), 1], [(14, 0, 0, 6), 1], [(∞, 0, 0, 6), 9]
38 [(2, 74, 4, 0), 4], [(9, 32, 4, 0), 3], [(∞, 0, 0, 6), 9]
40 [(0, 88, 4, 0), 7], [(7, 46, 4, 0), 3], [(10, 28, 0, 6), 1], [(14, 4, 4, 0), 1],

[(∞, 0, 0, 6), 9]
42 [(5, 60, 4, 0), 7], [(11, 24, 3, 5), 1], [(15, 0, 0, 6), 1], [(∞, 0, 0, 6), 13]
44 [(3, 74, 4, 0), 6], [(10, 32, 4, 0), 3], [(∞, 0, 0, 6), 15]
46 [(1, 88, 4, 0), 8], [(8, 46, 4, 0), 4], [(11, 28, 0, 6), 1], [(15, 4, 4, 0), 1],

[(∞, 0, 0, 6), 13]
48 [(6, 60, 4, 0), 7], [(8, 48, 6, 4), 1], [(12, 24, 3, 5), 1], [(16, 0, 0, 6), 1],

[(∞, 0, 0, 6), 21]
50 [(4, 74, 4, 0), 7], [(11, 32, 4, 0), 3], [(∞, 0, 0, 6), 21]
52 [(2, 88, 4, 0), 9], [(8, 52, 3, 5), 1], [(9, 46, 4, 0), 4], [(12, 28, 0, 6), 1],

[(16, 4, 4, 0), 1], [(∞, 0, 0, 6), 21]
54 [(0, 102, 4, 0), 8], [(7, 60, 4, 0), 7], [(9, 48, 6, 4), 1], [(13, 24, 3, 5), 1],

[(17, 0, 0, 6), 1], [(∞, 0, 0, 6), 21]
56 [(5, 74, 4, 0), 8], [(8, 56, 0, 6), 1], [(12, 32, 4, 0), 3], [(∞, 0, 0, 6), 30]
58 [(3, 88, 4, 0), 11], [(9, 52, 3, 5), 1], [(10, 46, 4, 0), 4], [(13, 28, 0, 6), 1],

[(17, 4, 4, 0), 1], [(∞, 0, 0, 6), 28]
60 [(1, 102, 4, 0), 10], [(8, 60, 4, 0), 9], [(10, 48, 6, 4), 1], [(14, 24, 3, 5), 1],

[(18, 0, 0, 6), 1], [(∞, 0, 0, 6), 30]

6.2 Table for Filtrations of the Kernel of Θ[2]

Table 3 shows ûltration ω1(F) for F ∈ Mk(Γ2)Z(p) with Θ[2](F) ≡ 0 mod p, k ≤ 100,
p < 80 and bk+p+1 ≤ 15. For more details, see Subsection 5.4.

Table 3: Filtrations of the kernel of Θ[2]

p k
5 0, 18, 24, 28, 30, 38, 42, 48, 50, 54, 58, 60, 66, 68, 72, 74, 78, 80,

83, 84, 88, 90, 92, 93, 96, 98
7 0, 4, 24, 28, 32, 46, 48, 52, 56, 60, 70, 72, 74, 76, 80, 81, 84, 88,

94, 95, 96, 98
11 0, 6, 28, 44, 50, 60, 66, 72, 83, 88, 94
13 0, 20, 46, 52, 59, 72, 78, 84, 98
17 0, 26, 60, 68, 77, 94
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19 0, 10, 48, 76, 86
23 0, 12, 35, 58, 92
29 0, 44
31 0, 16, 47, 78
37 0, 56, 93
41 0, 62
43 0, 22
47 0, 24, 71
53 0, 80
59 0, 30, 89
61 0, 92
67 0, 34
71 0, 36
73 0
79 0, 40
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[23] J.-P. Serre, Formes modulaires et fonctions zêta p-adiques. In: Modular functions of one variable,
III. Lecture Notes in Math., 350. Springer, Berlin, 1973, pp. 191–268.

[24] H. P. F. Swinnerton-Dyer, On l-adic representations and congruences for coeõcients ofmodular
forms. In: Modular functions of one variable, III. Lecture Notes in Math., 350. Springer, Berlin,
1973, pp. 1–55.

[25] S. Takemori, Congruence relations for Siegel modular forms of weight 47, 71, and 89. Exp. Math.
23(2014), no. 4, 423–428. http://dx.doi.org/10.1080/10586458.2014.935895

[26] R. Weissauer, Siegel modular forms mod p. arxiv:0804.3134
[27] , Vektorwertige SiegelscheModulformen kleinen Gewichtes. J. Reine Angew. Math.

343(1983), 184–202.
[28] T. Yamauchi,_e weight reduction ofmod p Siegel modular forms for GSp4 . arxiv:1410.7894
[29] C. Ziegler, Jacobi forms of higher degree. Abh. Math. Sem. Univ. Hamburg 59(1989), 191–224.

http://dx.doi.org/10.1007/BF02942329

Mathematisches Institut, Universität Mannheim, 68131 Mannheim, Germany
e-mail: boecherer@t-online.de

Faculty of Information Engineering, Department of Information and Systems Engineering, Fukuoka In-
stitute of Technology, 3-30-1 Wajiro-higashi, Higashi-ku, Fukuoka 811-0295, Japan
e-mail: kikuta@fit.ac.jp

Department ofMathematics, Hokkaido University, Kita 10, Nishi 8, Kita-Ku, Sapporo, 060-0810, Japan
e-mail: takemori@math.sci.hokudai.ac.jp

https://doi.org/10.4153/CJM-2017-014-0 Published online by Cambridge University Press

http://dx.doi.org/10.1007/s00208-008-0245-0
http://dx.doi.org/10.1216/RMJ-2015-45-3-963
http://arxiv.org/abs/1508.01610
http://dx.doi.org/10.1007/BF01456941
http://dx.doi.org/10.1007/s002090000135
http://dx.doi.org/10.1007/s00209-005-0832-7
http://dx.doi.org/10.1090/S0002-9939-2015-12567-1
http://dx.doi.org/10.1007/s11139-015-9720-x
http://dx.doi.org/10.1080/10586458.2014.935895
http://arxiv.org/abs/0804.3134
http://arxiv.org/abs/1410.7894
http://dx.doi.org/10.1007/BF02942329
mailto:boecherer@t-online.de
mailto:kikuta@fit.ac.jp
mailto:takemori@math.sci.hokudai.ac.jp
https://doi.org/10.4153/CJM-2017-014-0

