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Abstract. For a C! non-conformal repeller, this paper proves that there exists an ergodic
measure of full Carathéodory singular dimension. For an average conformal hyperbolic
set of a C! diffeomorphism, this paper constructs a Borel probability measure (with
support strictly inside the repeller) of full Hausdorff dimension. If the average conformal
hyperbolic set is of a C!** diffeomorphism, this paper shows that there exists an ergodic
measure of maximal dimension.

Key words: measure of full dimension, measure of maximal dimension, repeller, hyper-
bolic sets
2020 Mathematics Subject Classification: 37C45, 37D20 (Primary); 37130 (Secondary)

1. Introduction

Let f: M — M be a C'T® expanding map on a compact smooth Riemannian manifold
M with a conformal repeller A. Let u be the unique equilibrium measure corresponding to
the Holder continuous function —s log || Dy f ||, where s is the unique solution of Bowen’s
equation

P(fla, =s log Dy fI) =0,

then the following properties hold:

(1) dimyg A =dimpg A =y;

(2) the s-Hausdorff dimension of A is positive and finite, moreover, it is equivalent to
the equilibrium measure p;

(3) dimH n = dimH A,

Check f
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where dimyg and dimpg denote the Hausdorff dimension and the box dimension,
respectively. The first property of Hausdorff dimension was first established by Bowen
in a special case [8]. Ruelle showed the general case in [24], where his proof consists
of showing the second property. Falconer [15] obtained the equality between Hausdorff
dimension and box dimension. Later, the smoothness C'** was eventually relaxed to C'
by Gatzouras and Peres [18]. The third property is clear from the variational principle of
topological pressure. Such a measure is called the measure of full dimension.

By the variational principle of topological pressure, there exists an equilibrium measure
provided that the entropy map u +— h,(f) is upper semi-continuous. The existence of
measures of full dimension could be regarded as a dimensional version of the existence
of an equilibrium state. However, the map u — dimy @ enjoys no continuity property
even if the entropy map is upper semi-continuous. This is the crucial difference between
dimension and pressure/entropy.

As one can see, a C! conformal repeller admits a measure of full dimension. How
about the non-conformal and hyperbolic case? The answer is usually negative, although
a certain special non-conformal repeller—average conformal repeller, which is introduced
in [2], does have an ergodic measure of full dimension (see [10, Theorem E]). So it is
natural to generalize the question into two parts: one is to consider a general quantity
of dimension type; the other one is to consider the existence of measures of maximal
dimension, that is, try to find an invariant measure which attains the supremum of the
following quantity:

§(f) = sup{dimy u : puis f-invariant}.

This quantity was introduced by Denker and Urbanski [14] in the context of
one-dimensional complex dynamics, where they considered the supremum over the
ergodic measures of positive entropy. Later, this quantity has been intensively studied
in one-dimensional complex dynamics (see [25] for more details).

For non-conformal repellers, we consider a substitute quantity of dimension type
called Carathéodory singular dimension (see §2.3.2 for a detailed definition) which was
introduced by Cao, Pesin, and Zhao [11]. They proved its continuity for C!T® maps
under C' topology. Later, following the approach described in [21], the authors introduced
the Carathéodory singular dimension of invariant measures in [12], and proved that the
unique zero of the measure theoretic pressure function equals the Carathéodory singular
dimension of ergodic measures. For a general C! non-conformal repeller, in this paper, we
will prove that there exists an ergodic measure of full Carathéodory singular dimension.

For the existence of measures of maximal dimension for hyperbolic diffeomorphisms, it
was shown by Barreira and Wolf [5] that if f : M — M is a C'™ surface diffeomorphism
and A is a topological mixing locally maximal hyperbolic set, then there exists an ergodic
measure of maximal dimension, see [4, Ch. 5] for the hyperbolic conformal case. In [22],
Rams proved the existence of a measure of maximal dimension for piecewise linear
horseshoe maps by computing § (1) explicitly. In [30], Wolf showed that there exist finitely
many measures of maximal dimension for polynomial automorphisms of C2. However,
these are not guaranteed to be measures of full dimension unless the automorphism is
volume preserving. It should be noted that only a minimal lack of hyperbolicity may

https://doi.org/10.1017/etds.2023.12 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.12

Measures of maximal and full dimension for smooth maps 33

yield no measure of maximal dimension. Urbanski and Wolf [26] constructed nonlinear
horseshoes of a surface, which are hyperbolic except at one parabolic fixed point, and
which do not have any measure of maximal dimension.

For an average conformal hyperbolic (ACH for short) set A of a C! diffeomorphism,
which is introduced in [29], we construct a Borel probability measure p (not necessarily
invariant) on A and show that this measure has full Hausdorff dimension, that is,
dimg p = dimgy A. Our method consists of using the weak Gibbs measure of a continuous
function. The desired measure is the product of two weak Gibbs measure with respect to
the future and past behavior of the derivative continuous function along unstable and stable
directions. The measure constructed in this way has support strictly inside the repeller. If A
is an average conformal hyperbolic set of a C'+¢ diffeomorphism, following Barreira and
Wolf’s approach in [5], this paper proves that there exists an ergodic measure of maximal
dimension, which extends the result [5] for average conformal hyperbolic sets.

The paper is organized as follows. In §2, we recall some necessary concepts, such
as average conformal hyperbolic set and Carathéodory singular dimension, and give the
statement of the main result in this paper. Section 3 presents the detailed proofs of the
results in the previous section. Namely, we prove that there exists an ergodic measure of
full Carathéodory singular dimension on a C! non-conformal repeller; and we construct
a Borel probability measure of full Hausdorff dimension on a C' average conformal
hyperbolic set; finally, we show that there exists an ergodic measure of maximal dimension
on a C!** average conformal hyperbolic set.

2. Preliminaries and statements

In this section, we recall some notions in dimension theory and smooth dynamical systems,
and give the statement of the main results in this paper. The proofs will be postponed to
the next section.

2.1. Topological pressure. Let f : X — X be a continuous transformation on a compact
metric space X equipped with metric d. A subset F' C X is called an (n, €)—separated
set with respect to f if for any two different points x, y € F, we have d,(x, y) :=
maxo<k<p—1 d(fk(x), fk(y)) > €. A sequence of continuous functions ® = {¢,},>1 is
called sub-additive, if

Oman < Ou + o f* foralln,m € N.

Given a sub-additive potential ® = {¢,},>1 on X, put

P,(f, P, €) =sup { Z e¢”(x)|F is an (n, €)-separated subset ofX}.

xeF

Definition 2.1. We call the following quantity
1
P(f, ®) = lim lim sup — log P,(f, ®, €) 2.1)
€e~>0 psoo N

the sub-additive topological pressure of (f, ®).
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Remark 2.1. If ® = {¢,},>1 is additive in the sense that ¢,(x) = ¢(x) + ¢ (fx) +
.-+ ¢ (f"'x) for some continuous function ¢ : X — R, we simply write P(f, ®) as
P(f, ¢). If it is clear from the context of the dynamics, we will simplify the topological
pressure as P(¢).

Cao, Feng, and Huang [9] proved the following variational principle:

P(f, ®) =suplhu(f) + Li(P, ) 1 p € My(X), Li(P, p) # —00}, 2.2)

where M ;(X) denotes the space of all f-invariant measures on X, 4, (f) denotes the
metric entropy of f with respect to u (see [27] for details of metric entropy), and

1
Lo(®, ) = lim ~ / dadi
n—oo n

for every u € M r(X). The previous limit is well defined. A standard sub-additive argu-
ment yields the existence of this limit. A measure u € M ¢(X) that attains the supermum
in equation (2.2) is called an equilibrium state of the topological pressure P(f, P).

2.2. Dimensions of sets and measures. Now we recall the definitions of Hausdorff and
box dimensions of subsets and measures. Given a subset Z C X, for any s > 0, let

0
H(Z) = inf{ Z(diamU,-)S : {Ui}i>1 is a cover of Z with diamU; < §, for all i > 1}

i=1

and
H(Z) = slin}) H3(2).

The above limit exists, though the limit may be infinity. We call H*(Z) the s-Hausdorff
measure of Z.

Definition 2.2. The following jump-up value of H*(Z)
dimy Z = inf{s : H*(Z) = 0} = sup{s : H*(Z) = o0}

is called the Hausdorff dimension of Z. The lower and upper box dimension of Z are

defined respectively by
log N(Z, — : log N(Z, 8
dimgzZ = lim inf og—() and dimpZ = lim sup Og—()
§—0 —log é 5§50 —logé

where N (Z, §) denotes the least number of balls of radius § that are needed to cover the
set Z. If dimpZ = dimg Z, we will denote the common value by dimp Z and call it the
box dimension of Z.

Given a Borel probability measure u on X, the following quantity

dimyg u = inf{dimyg Z : Z C X and u(Z2) = 1}
= alin}) inf{dimyg Z: Z C X and u(Z) > 1 — 6}

https://doi.org/10.1017/etds.2023.12 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.12

Measures of maximal and full dimension for smooth maps 35

is called the Hausdorff dimension of the measure . Similarly, we call the following two
quantities

dimgpu = Slir% inf{dimgZ : Z C X and u(Z) > 1 — 6}
and
dimgu = gin% inf{dimpZ : Z C X and u(Z) > 1 — 8}
—

the lower box dimension and upper box dimension of u, respectively.
If 1 is a finite measure on X, the following quantities

log 11(B(x)) log (B (x))

d, (x) = lim sup and d,,(x) = lim inf
r—0

r—0 log r
are called lower and upper point-wise dimensions of p at point x, respectively, where
B,(x) ={y € X :d(x,y) <r}. We recall two basic properties relating these quantities
with the Hausdorff dimension of subsets and measures (see [21] for details):

log r

@) ifgu(x) > a for p almost every x € A, then dimyg u > a;
) ifc_lu(x) L aforeveryx € Z C A, thendimy Z < a.

2.3. Measures of full Carathéodory singular dimension for repellers. In this section,
we will recall the concept of Carathéodory singular dimension of subsets and invariant
measures. For a non-conformal repeller of a C! map, we will show that there exists an
ergodic measure of full Carathéodory singular dimension.

2.3.1. Singular valued potentials. Let f: M — M be a C! transformation of a
mo-dimensional compact smooth Riemannian manifold M, and let A be a compact
f-invariant subset of M. Denote by M (f|5) and £(f|a) the set of all f-invariant measures
and ergodic measures on A, respectively.
If a compact f-invariant subset A satisfies the following two properties:
(1) there exists an open neighborhood U of A such that A={xeU: f"(x) e U
for all n > 0};
(2) thereis k > 1 such that

IDx foll = «llv| forallx € A, andv e Ty M,

where || - || is the norm induced by the Riemannian metricon M, and Dy f : TyM —
Tr(x)M is the differential operator,
then we call A a repeller for f or f is expanding on A.
Given x € A and n > 1, denote the singular values of D, f" (square roots of the
eigenvalues of (Dy f™)* D, f") in the decreasing order by

ar(x, f1) > oalx, f*) = - = apy(x, f1). (2.3)
For t € [0, mg], set
mo
@' (x, f") = Z log a; (x, ") + (¢ — [t]) log otmy—[r (x, f). 24
i=mgo—[t]+1
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The functions x — a;(x, f™), x — ¢'(x, ™) are continuous for every n > 1, since f is
smooth. It is easy to see that for all n, £ € N,

o (x, Y > 0 (x, M)+ @' (F1 (), £).

Hence, the sequence of functions ® f(z) := {—¢"' (-, f™M}n>1 is sub-additive, which is
called the sub-additive singular valued potentials.

2.3.2. Carathéodory singular dimension of sets and measures. The Carathéodory
singular dimension of a repeller is introduced in [11]. Following the approach in [11], we
will introduce the notions of Carathéodory singular dimension of subsets and measures.

Let B, (x,r) :={x € M : d,(x,y) < r}. Given a subset Z C A, for each small number
r > 0,let

m(Z,t,r) = Nliﬁrnoo inf { Xl: exp <y63i1%gi,r) —(pl(y, f"’))},

where the infimum is taken over all collections {B,, (x;, r)} of Bowen’s balls with x; € A,
n; > N that cover Z. It is easy to see that there is a critical point

dimc, Z :=inf{t : m(Z,t,r) =0} = sup{t : m(Z, t, r) = 400} 2.5)
Consequently, we call the following quantity

dim¢ Z := liminf dim¢c, Z
r—0

the Carathéodory singular dimension of Z. In particular, the Carathéodory singular dimen-
sion of the repeller A is independent of sufficiently small » > O (see [11, Theorem 4.1]).
For each f-invariant measure u supported on A, let

dimc, p = inf{dimc, Z : p(2) = 1},
and the following quantity
dimc p := lim inf dimc - @
r—0
is called the Carathéodory singular dimension of the measure (.

THEOREM A. Let f: M — M be a C' transformation of an mq-dimensional compact
smooth Riemannian manifold M, and A a repeller of f. Then there exists an f-invariant
ergodic measure | such that

dime u = dime A = sup{dim¢c v : v € M(f|a)}.

2.4. Measures of full and maximal dimension for ACH sets. In this section, we first
recall the concept of an average conformal hyperbolic set which is introduced in [29]. By
modifying the methods in [13], we construct a Borel probability measure (not necessarily
invariant) of full Hausdorff dimension for ACH sets of C! diffeomorphisms. Following
Barreira and Wolf’s approach [5], we prove that there exists an ergodic measure of maximal
Hausdorff dimension for ACH sets of C'** diffeomorphisms.
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2.4.1. Definition of ACH. Let f : M — M bea C' diffeomorphism on a m(-dimensional
compact Riemannian manifold. For each x € M, the following quantities

D D
”x—f(v)”, m(Dy f) = inf 1D fFI
ozver,m IVl ogvel M ||

IDx fll =

are respectively called the maximal norm and minimum norm of the differentiable operator
Dy f : TxM — TyyM, where || - || is the norm induced by the Riemannian metric on M.
A compact f-invariant subset A C M is called a locally maximal hyperbolic set if there
exists an open neighborhood U such that A = (1), ., f"U, and a continuous splitting of
the tangent bundle 7, M = E{ & E¥, and constants 0 < X < 1, C > 0 such that for every
x e A:

(1) Dyf(EY) = E%. . Dy f(E}) = EY . ;

(2) foreveryn € N,onehas || Dy f""(v)|| < C\'||v| forallv € E¥, and || Dy f" (v)|| <

C\'v| forallv € ES.

For x € M and v € Ty M, the Lyapunov exponent of v at x is the limit

) 1
A, v) = nll)rgo - log || Dy f" (W) ||

whenever the limit exists. Given an invariant measure u € M(f|a), by the Oseledec
multiplicative ergodic theorem [20], for p-almost every x, every vector v € Ty M has
a Lyapunov exponent, and they can be denoted by hi(x) = ha(x) = - - - = hyy(x).
Furthermore, if u is ergodic, since the Lyapunov exponents are f-invariant, we write
the Lyapunov exponents as hi(u) = ha(u) = -+ - = hyo(n). Notice that || Dy fl =

IDx flEell, 1Dx f I = | Dy f "2 || in the hyperbolic setting.
A hyperbolic set A C M is called an average conformal hyperbolic set if for each
i€ E(f1a). one has ki (1) = ha(i) = - - - = hq, (1) > 0 and kg, +1(18) = hg,42(p) =

<= Ay () < 0, where d, = dim E* and dg = dim E® = mo — d,. In other words,
it has only two Lyapunov exponents A, (v) > 0 and \s;(v) < O with respect to each
v e E(fIa)-

2.4.2. Statements of main results. Although we cannot obtain an invariant measure of
full dimension even in the case of conformal hyperbolic dynamical systems (see [4, Ch. 5]
for a detailed description), the following result shows that there exists a measure (not
necessarily invariant) of full dimension for ACH sets of a C! diffeomorphism.

THEOREM B. Let f : M — M be a C' diffeomorphism on a m-dimensional compact
Riemannian manifold, and let A C M be a compact locally maximal hyperbolic set
such that f|a is topologically mixing and average conformal. Then there exists a Borel
probability measure (L on A with support strictly inside A such that

dimH m = dimH A.

Under the setting of the above theorem, if f is of C!7* smoothness, then there exists an
f-invariant ergodic measure of maximal dimension.
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THEOREM C. Let f : M — M be a C'*% diffeomorphism on an mo-dimensional com-
pact Riemannian manifold, and let A C M be a compact locally maximal hyperbolic
set such that f|p is topologically mixing and average conformal. Then there exists an
[f-invariant ergodic probability measure (1 on A such that

dimyg pu = sup{dimg v : v € M(f|a)}.

3. Proofs
In this section, we provide the detailed proof of the main results in this paper.

3.1. Proof of Theorem A. By the definition of Carathéodory singular dimension of
subsets and measures, for every u € M(f]|), we have that
dimec A = dimc, A > dimc,r n

for all sufficiently small r > 0, see [11, Theorem 4.1] for the first equality. Letting »r — 0,
one has dim¢ A > dim¢ u for every u € M(f|a). Hence, we have that

dime A > sup{dime 1 : 1 € M(fIn)).
However, for each f-invariant measure u, let
Pu(fla, @) :=hu(f) + L(Pp (1), ).

It is easy to see that P, (f|a, Py(t)) =0 has a unique root, since P, (f|r, Ps(?)) is
strictly decreasing and continuous with respect to . If u € £(f]5), it follows from [12,
Theorem A] that

dimec p =1,

where #,, is the unique solution of the equation P, (f|, ® r(¢)) = 0. Let ¢* be the unique
zero of Bowen’s equation P(f|a, ®f(t)) = 0. Then dimc A = t* (see [11, Theorem 4.1]
for details).

Since f is expanding on A, the map u — P, (f|a, @7 (t*)) is upper semi-continuous
on M(f|a). It follows from the variational principle of sub-additive topological pressure
that there exists an f-invariant ergodic measure it so that

0= P(fla, @r(t") = Pz(flar, Pr(™)).
Hence,
dimc A =1* =ty = dim¢ [I.

This completes the proof of the theorem. (]

3.2. Proof of Theorem B. We first recall some facts of average conformal hyperbolic
sets. For each x € A, denote

¢u(x) = — log [det Dy fpe|"%, ¢y (x) = log |det Dy f|gs /%, 3.1
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where d, =dim E¥, d°* =dim E¥, and d, + d; = mg. It is clear that ¢, and ¢, are
continuous functions, since f is a c! diffeomorphism. Furthermore, the following

properties hold:
(1) forany n € Z, one has m(Dyx f"| i) < |det Dxf"|Ei|1/df < IDx f"1gi || and
, 1
lim  —(log || Dx f"|gi | —log m(Dyx f"|gi)) =0 (3.2)
n—=oo |n| x x

uniformly on A, for i € {u,s}. In fact, let ¥, (x) =log || Dy f" || —logm
(Dy f"|gv). Then the sequence of continuous functions W :={y,},>1 is
sub-additive. By [19, Theorem A.3], one has

1
lim —max ¥, (x) = sup{L (¥, ) : € E(fI)}

n—oo n xelA
= sup{hi(u) — Ag, () : n € E(f1a)}
=0.
The case of i = s can be proven in a similar fashion. This yields the uniformly
convergence in equation (3.2). See [2, Theorem 4.2] for the detailed proof of the
case of average conformal repellers;
(2) let t, and f; denote the unique root of P(f|a,t¢,) =0 and P(f|a,t¢s) =0,
respectively. Then

dimy A = dimp A = 1, + 1, (3.3)

see [29, Theorem A and Remark 7] for a detailed description.
Since f is hyperbolic on A, it is expansive, so we let 0 < ¢ < 1 be an expansive constant
of f|a. In the rest of the proof of Theorem B, we fix a small number § > 0. According to
equation (3.2), there exists N (8) such that

D, f"|gu D | s
1 < Il xn{1|Ex Il I l xzjil [Es || <
exp{— D /2o du(f'x)} exp{— D 29 ¢s(f7'x)}

for any n, £ > N(8) and any x € A. Fix a positive integer L > N (). It follows from the
uniform continuity of the map x — || Dy | that there exists 0 < g9 < c¢/4 such that

D. fL D, f L
-5 < l szII <o -5 D, f LII <
| Dy f=]] Dy f==]

and

forany y, z € A withd(y, z) < &p.
Choose a Markov partition R = {Rj, ..., Ry} of A such that

diam R := max{diam R; | i =1,...,s} < &

and #H{l <g<s:R,NR; =2} >0 for every pefl,...,s} (see [7]). Let A=
(aij)1<i,j<s be the structure matrix of R and (X4, o) be the corresponding Markov
subshift. We denote the set of all words of length n of ¥4 by X (n) and let

lack ... ay...ale={b= ;)€ Xal|a=b;, foralli=—k, ...,0,...,¢
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foreacha = (a;) € £4 and k, £ € N. Define a coding map 4 : ¥4 — A by

4
h(_ila—k...ao...aele) = ﬂ f_jRaj forall (a_;...ap) e Zk+£+1),
j=—k

then the map £ is a continuous surjection which satisfies h o 0 = f o h. Let
¢

R(—k,ﬁ):{ N fjRaj:(a_k...ag)eE(k+€+l)}.
j=—k

Since 4 is bounded finite to one (see [1]), there is an integer ¢y > 0 such that

#HWeR(—k )| x e W} <ep (34)

forevery x € A and k, £ € N.
We construct the desired Borel probability measure as follows. Since #,¢, o & and
ts¢ps o h are continuous functions and

P(o,typyoh)=P(f|r, tupu) =0, P(o,t;¢50h) = P(f|a,t;¢5) =0,

there exist two weak Gibbs measures m,, m_ on X4 in the sense that there exist two
sequences of positive constants {A¢}sen and { By }ren satisfying limy—, oo (1/€) log Ay = 0
and limy_, 5 (1/k) log By = 0 such that

1 - m4(olao . . . arly)

Aip1 .
B exp { Y—o tudbu o h(oia)

} < A

and
1 < m_(—kla—k ... aolo)

Bt exp { Yk _o 1o 0 h(o—Ta)

} < By

forevery a = (a;) € X4 and k, £ € N (see [3, pp. 289]).
Let m be a Borel probability measure on X4 such that

Cimy(olao . ..aeldm_(—xla—g ... aolo), ao=1,
0, agn ;ﬁ 1,

for every a = (a;) € £, k, £ € N, and C1 = m_ (o[1]0) " 'm_(o[110)~".
Define a Borel probability measure p on A by

m(—kla—g ...ao...acle) = {

w(A) = m(h~'(A))

for each Borel subset A C A. It is clear from the definition that the support of w is Rj.
Furthermore, if ag = 1and (a_¢ ...ag...ap) € Z(k+ £+ 1), k, £ € N, then we have
that for x € ﬂj;:_k IRy,
‘ »
Cl < M(mj:—k f jRaj)
Avr1 Bt exp{Y0_g tutu(fix) + X5 _g te8(f i)

To prove Theorem B, we first prove some auxiliary results.

< CiAg1 By, (3))
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LEMMA 3.1. Let f: M — M be a C' diffeomorphism on an mqo-dimensional compact
Riemannian manifold, and let A C M be a compact locally maximal hyperbolic set
such that f|a is topologically mixing and average conformal. There exists ey > 0 (make
go small if necessarily) such that for any n,m € N, if x,z € A satisfy maxogj<n—1
d(f'x, fiz) <eoandy, w € A satisfy maxog j<m—1 d(f~ 7y, f~Iw) < o, then

|det D /| g |/
det D f7] | /s

—né nd

<e

and
det Dy, f ™| g |1/

<
et Dy, =7 s [1/d

—mé mé

Proof. Since log |det D, f| is uniformly continuous on A, there exists ¢y > 0 such that if
d(x, z) < &o, then
|log |det D, f| — log |det Dy f|| < 6.
Hence, if x, z € A satisfy maxog j<n—1 d(f/x, fiz) < ep, then
n—1

) 1/dy
det Dy fles, 1

|det D | gu] '/
= log 174
|det foxflE;_/Xl u

(0]
% ldet Dy f7 e [ 1/

< né.

The other one can be proven in a similar fashion. This completes the proof of the
lemma. O

Set 6o =inf{d(x,y): x € Rp, YER;, RyNR; =¥, 1<p<qg<s}>0,r=
min{do/2, e9/2} > 0, and C; = maxi;i<r—1 Maxyep{l|Dx f' I}

LEMMA 3.2. Forn,f > L > N(§), ifx € A and 0 < r < rg satisfy that Cor exp{2né —
S0 du(fix)} < ro and Cor exp{208 — Y"\20 ¢s(f %)} < ro, then

B,(x) C Bj,(x, =, n),
where B;’;(x, _g’ n) — {Z cM: d(f]x’ flz) < ro, forallj = —K, e, I’l}

Proof. Take y € B, (x), we first show that d(f/x, f/y) <rg forevery j=1,...,nif
Cor exp(2n8 — 32125 $u(f'2)) < ro.

Choose 0 < &1 < ¢&9/2 so small that Co(r + €1) exp{2né — Z?;ol du(fix)} < ro.
According to the definition of the Riemannian metric, there exists a smooth curve
& : [0, 1] — M such that

1
£0)=x, §()=y and /()IIé(S)IIdSSr+81.

Since

t
d(x,s<r)><f I ds <r+e1 <e0O<t <),
0

https://doi.org/10.1017/etds.2023.12 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.12

42 Y. Chen et al

we have

t
d(flx, ffe@) < /O I Decsy £2N1 - 1E ()| ds
t
< e’3||Dfo||f0 IE ()| ds

t
=e‘3||Dfo|Eg||fO 1)1l ds

L—1
<O +ene™ 0 [T Idet Doy flps, 1M
i=0
L—1 )
= (r +¢&1) exp {(L + 1)é — Z ¢u(flx)}
i=0

< ro(< &g).

Furthermore, we have that

t
d(f*x, fem) < /0 D) fEN - 1D fprgee SN - 16 )l ds
t
Dy fHN - ID e S fo 1E) ds

t
= P ID [ eyl Do fE e, ||/ &)1l ds
Jex 0

2L—1
< (r e T (ldet Dyi flps, I
i=0
2L—1 }
=(r+e1)exp {Z(L + 1)§ — Z ¢u(f’x)}.
i=0

Therefore, for every j =1,...,n, write j = g;L +1t;, where g; e Nand 0 <t; < L,
we have

1 8i”

d(f'x, fIEm) < f H 1D ity 41 1D ey £711 - 1E )N ds

gji—1
< Caeti? - Humwfu/nmww
gjL—1
< Car+eexp {gi(L+1D5— ) ¢u<f"x>}
i=0
Jj—1 '
< Co(r +€1) exp 2j5—z¢u(f’x)}
i=0
n—1 )
< Ca(r + 1) exp 2n8—2¢u<f’x)}
i=0

<rp(0<t <.
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Setting r = 1, we obtain d(f/x, f/y) < ro for every 1 < j < n. Analogously, one can
show that d(f ~/x, f~/y) <rofor j=1,..., €if Cor exp{2¢8 — 31—y ¢s(f 1 x)} < ro.
This completes the proof of the lemma. O

For each x € A and sufficiently small 0 < r < ro, let
n .
7] = min {n eZ: Cor exp {Z(n +1)5 — Z qbu(f’x)} > ro},
i=0

ny = min {n eZt: Cor exp {Z(n +1)5 — qus(f_ix)} > ro}.

i=0

It follows from the definition of ny, n, that ni,ny - +oo (r — 0). Recall that

R ={Ry, ..., Ry} is a Markov partition of A and e is defined in equation (3.4).
LEMMA 3.3. For each x € A, take a sufficiently small 0 < r < ro so that n1, ny > L.
Then there exist Wy, ..., W, € R(—ny,n1) with m = m(x, ro, —na, ny) < S2€0 such

that
Wi N BL(x, —np.n1) #£ @ forallk=1,...,m,
and Br(x) N A C Uj—; Wi.
Proof. Forye A,let Ry ={Q € R|RNQ #3,y € ReR}and Py =UR}, 0, then
Py C Bey(y) N A. From the definition of 8¢, if z € A and d(y, z) < Jp, then for any

QO € R containing z, Q € Ry.
Let

P(x7 —na, nl)

ny
= {W = ﬂ f_]Raj € R(—np, nyp) : Ra_/ C Pf-/x forall j = —nop, ... ,n1}

j=—n2

and P(x, ro, —np,n1) = {W € P(x, —na, ny) : Brjg(x, —nz,n1) N W # @}. By Lemma
3.2 and the choice of ny, ny, we have

B,(x)NA C B (x, —na,n) N A C U W.
WeP(x,rg,—na.ny)

Let m = #P(x, ro, —n2, n1) and P(x, ro, —na, n1) = {Wy, ..., Wy}. To complete the
proof of the lemma, it suffices to show that

m = m(x, ro, —na, n1) < se.
To prove this, set £y =#R iy, €= #Rf—nzx and take ay, ..., 00, B1,..., B €
{1,..., s} sothat
12 %3
P =U ke Pron= U Bay
p=1 g=1
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Then,

1 2
Pex,ro, —nz.n)) =) | Qpas
p=1 ¢=1
where Q4 ={W € P(x,ro, —n2,n1) : W C f"Rp, N f7" Ry, }.Fix1 < p <4y, 1<
< Ly suchthat Q4 # &. Putt =#Q, , and let

Qg =Wy Wi ).
Since (4, o) is topologically mixing, there is a Ko > 2 such that AX > 0 for each
K > Ko. We choose (apwi; . .. wg,—184) € £(Ko + 1) and take

Ko—1

i i —n1—k n1+ny+Ko i i
e €Woy ﬂ( m f ka> such that f zpq g
k=1

foreachi =1,2,...,¢t.
Hence, for 1 <i, j <t, one has
d(f*2 . fFapg) <d(f*2 .0 %) +d(ffx frapy)
< 2g9 + 2¢9
<

c
for each k = —ny, ..., 0, ..., ny, where c is the expansive constant of f. Moreover, for
k=1,...,Ky— 1, we have that

d(f"H'k ’pq, f”1+k g ¢) <diam R,, < c.

This implies that d( f™ pq, f’”z q) < c forevery m € Z. Thus, 7 = z{,,q foreach 1 <

P4
i, j < t.Hence, we have that
t
eMWi,= [ W
i=1 WeQ,,

Furthermore, one has #Q,, < ep since #H{W € R(—n,ny) : z;,,q € W} < ep. Hence,

we have
m = #P(x, ro, —n2, np)
L b
=22 #0pq
p=1g=1
< szeo.
This completes the proof of the lemma. O

Using the previous results, we proceed with the proof of Theorem B.

Proof of Theorem B. For every x € suppu (= Rj) and sufficiently small O0<r<
ro, choose ny, ny > L > N(8) and Wy, ..., W,, € R(—n2, n1) with m < s2ep, as in
Lemma 3.3. Foreachk =1, . .., m, pick
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Yk € Wi N B (x, —na, ny).

By Lemma 3.1, we have

exp { > ¢u(f"yk>} < exp {(m +18+ ) ¢>u(f"x)}

i=0 i=0
and
ny np
exp { > ¢s<f‘fyk)} <exp { (ma+ 18+ ¢s(f_’x)}-
=0 =0
Furthermore, for each k = 1, . . ., m, it follows from equation (3.5) that

ni njz
1(Wi) < C1Ap 11Bny+1 exp { PRAACEBEDD rs¢>s<f‘fyk)}

i—0 =0
ny
= ClAnl—Han—H exXp {(tu(nl + 1)+ (2 + 1) + Z tu¢u(flx)

i=0

+y ws(ffx)}

j=0
=< ClAnl—Han—H eXP{3(le(n1 + 1) +t5(n2 + 1))6}
- exp { =21+ DS+ ) tuu(f10) =25 (2 + DS+ ) ts¢s<f‘-’x>}

i=0 j=0
Cor

dimyg A
< C1An +1Bny41 (?) -exp{3(t,(n1 + 1) + t;(n2 + 1))8},
where we use the fact that dimyg A = t, + t;. Hence, we have
1(Br(x) N A)
m
<Y (W) (3.6)
k=1

< CApy 11 By 178 A exp(3(1,(n1 4 1) + t(n2 + 1))8),

where C = s2eoclcg““” Aro_ dimgr A
By the definition of n1, n», we have

nl—l
2n16 — Z ¢u(fix) < logrg —log C> —logr, 3.7
i=0
ny—1
238 — Y s (f'x) < log rg — log C, — log 7. (3.8)
i=0

Let M := max,ep{¢,(x), ¢s(x)} < 0. Thus, by equation (3.7), we conclude

L 2mé—mM . . logrg—1logCy —logr
lim inf —— > lim inf s
r—0 log r r—0 log r
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that is,

lim inf .
r—0 logr = 25—M

Similarly, by equatoin (3.8), one has

L. np -1
lim inf > .
r—0 log r 26— M

Therefore, by equation (3.6), we have

30t +19)8
26— M

log u(B,(x)) _

lim inf > dimyg A

r—0 log r

for every x € suppu. The arbitrariness of § implies
d,(x) > dimy A
for every x € suppu. Thus, we have that
dimg pu > dimg A.

However, the reverse inequality dimy p < dimg A clearly follows from the definitions.
This completes the proof of Theorem B. O

3.3. Proof of Theorem C. Assume that f : M — M is a C'T diffeomorphism on an
mo-dimensional compact Riemannian manifold, and let A C M be a compact locally
maximal hyperbolic set such that f|, is topologically mixing and average conformal.
Recall that M(f|a) and £(f|a) denote the set of f-invariant measures and ergodic
measures on A, respectively.

Recall that the topological pressure P(¢) of a continuous function ¢ : A +— R (with
respect to f|,) satisfies the following variational principle:

P(¢)= sup {hu(f)+/¢du}~ (3.9)
neM(fla)

Remark that P(0) = hp(f) is the topological entropy of f|A. A measure € M(f]a)

which attains the supermum in equation (3.9) is called an equilibrium measure of ¢,

and two functions ¢, ¥ : A — R are said to be cohomologous if ¢ — =n —no f for

some continuous function  : A — R. Denote by C*(A) the space of Holder continuous

functions ¢ : A — R with Holder exponent «. We list several properties of the topological

pressure in the following (see [23] for details):

(1) the map ¢ — P(¢) is analytic in C*(A);

(2) each function ¢ € C%(A) has a unique equilibrium measure vy € E(f]a);

(3) foreach ¢, ¥ € C*(A), we have vy = vy, if and only if ¢ — ¢ is cohomologous to
a constant;

(4) foreach ¢, ¥ € C¥(A) and t € R, we have

%P(qﬂr“ﬁ) >0,

with equality if and only if ¢ is cohomologous to a constant.
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Note that the functions ¢, and ¢, defined in equation (3.1) are «-Holder continuous in
this case. For each v € M(f]|4), put

1 1
) == [dudv. 200 = [g.av and d(")z””(f)<xu<v> - mv))’

then A, (v) > 0, \g(v) < 0. Furthermore, if v € £(f|A), then
dimg v =d(v). (3.10)

See [28] for the detailed proofs, which can be viewed as an extension of Young’s results in
[31] to the case of an average conformal hyperbolic setting. If © € M(f|a), Fang, Cao,
and Zhao [16, Theorem 4.4] proved that

dimg p = esssup{dimg v : v € E(f|a)},

with the essential supremum taken with respect to the ergodic decomposition t of u.
See [6, Theorem 2] for the case of hyperbolic surface diffeomorphisms. Their approach
extends without change to general conformal hyperbolic diffeomorphisms (see [4,
Theorem 13.2.4]). Consequently, to prove Theorem C, it suffices to show that there exists
€ E(f|a) so that

dimgy p = sup{dimy v : v € E(f|a)}-

Next, one can show the desired result by following mutatis mutandis Barreira and Wolf’s
proof [5] (see also [4, Ch. 5]). We outline some key steps for the reader’s convenience.
Consider the following bivariate function:

0:R* >R, 0O(p,q) = P(ppu +qsy).

Since ¢y, ¢s € C*(A), pou + qds has a unique equilibrium measure v, , € E(f]4) for
each (p, ¢) € R?. Let

MNPy q) = MWpg)s N(pg) = Ms(pg),  h(p,q) = hvp,q )

and Q(p, q) = h(p,q) — phu(p, q) + qghs(p, q). By properties (1)—(4) of the topolog-
ical pressure, one can show X,, \y and A as functions in R? are real-analytic. Further-
more, let

_ h(p, q)
M(psq)’

Then d; and d,, are also real-analytic.
Since the maps v — X\, (v) and v +— Ag(v) are continuous on the compact space

h(p,q)

dy(p, q) )

ds(p,q) =

M(fa), put
mn— min (), A= max (),
peM(fln) T ueMly
AP = min (), MM = max A (w). (3.11)
peMipiy s peMirin
Set

Lo = O M), L= O, ™).
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Note that I, # @ (respectively Iy # &) if and only if ¢, (respectively ¢s) is not
cohomologous to a constant.
Let {v,},>1 be a sequence of measures in £(f|4) such that

lim dimg v, = sup{dimg v : v € E(f|a)}-
n— o0

Without loss of generality, assume that {v,},>1 converges to some measure m € M(f|a).
By equation (3.10) and the upper semi-continuity of the entropy map v +— h,(f), one has

lim sup dimg v, = lim sup d(v,) < d(m).
n— 00 n— 00

To prove the desired result, it suffices to show that there exists u € £(f|a) such that
dimyg pu = d(m). (3.12)

We also note that when m is ergodic, it follows from equation (3.10) that dimy m = d(m),
this completes the proof. However, m may be non-ergodic.
As in [4, Lemmas 5.24, 5.25, and 5.26], one can show the following properties:
(i) if Ng(m) € I, then there exists p € [0, h,, (f)/Ny,(m)] such that N\, (p, ys(p)) =
Ay (m);
(i) assume that neither ¢, nor ¢ are cohomologous to a constant, then \,(m) € I,
if and only if As(m) € I;
@iii) if Ay (p, g) = My (m) and As(p, g) = hs(m) for some p, g € R, thenm = v 4.
Item (ii) implies that it is sufficient to consider the following four cases:
I Ny(m) € I, and \y(m) € I,
) Ng(m) € I; and ¢, is cohomologous to a constant;
) n,(m) € I, and ¢; is cohomologous to a constant;
(IV)  Ny(m) ¢ I, and \s(m) ¢ I;.
For case (I), as in [5, Lemma 4], one can prove that there exists (p, q) € R2 so that
m = vp 4. For cases (II) and (III), following the proof of [5, Lemmas 5 and 6], one can
also show that m = v, 4 for some (p, q) € R2. For the last case, one can show that: (1)
Au(m) = )\E‘i“ and A (m) = AJ"™; (2) there exists v € £(f|) such that

M (V) = hy(m), hs(v) = Ng(m) and  hy(f) = hp ().
This completes the proof of equation (3.12).
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