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Contributions towards a conjecture of Erdos on
perfect powers in arithmetic progression

N. Saradha and T. N. Shorey

ABSTRACT

Let n,d,k > 2,b,y and ¢ > 3 be positive integers with the greatest prime factor of b not
exceeding k. It is proved that the equation n(n+d)--- (n+ (k—1)d) = by’ has no solution
if d exceeds dy, where d; equals 30 if £ = 3; 950 if £ = 4; 5 x 10*if £ = 5 or 6; 10% if £ = 7,
8, 9 or 10; 10 if £ > 11. This confirms a conjecture of Erdds on the above equation for
a large number of values of d.

1. Introduction

For an integer v > 1, we define P(v) to be the greatest prime factor of v and we write P(1) = 1.
In this paper, we consider the equation

A= A(n,d, k) =n(n+d)---(n+ (k—1)d) = by’ (1.1)

in positive integers n, d, k, b, y and ¢, where d > 1, k > 2, { > 2, P(b) < k, ged(n,d) =1 and b is
¢-free. We observe that (1.1) has infinitely many solutions if k& = 2. Therefore, we always suppose
that k& > 3. Furthermore, Erdés and Selfridge [ES75] have completely solved (1.1) with d = 1 for
P(b) < k, Saradha [Sar97] has completely solved (1.1) for P(b) = k with k£ > 4 and Gyéry [Gy698]
has completely solved (1.1) for P(b) = k with k = 3, £ > 2. In the case k = 3, { = 2 the only solutions
of (1.1) are given by n = 1,2,48 as a consequence of some old Diophantine results, see [Sar98] for
a history.

From now onwards we assume that d > 1. Then we always suppose that (n,d, k) # (2,7,3) so
that P(A) > k by a result of Shorey and Tijdeman [ST90]. Erdés conjectured that (1.1) implies
that %k is bounded by an absolute constant. Shorey [Sho00] showed that the above conjecture for
¢ > 4 is a consequence of the abc-conjecture. A stronger conjecture states the following.

CONJECTURE 1. Equation (1.1) implies that (k,¢) = (3,3), (4,2) or (3,2).

On the other hand, it is known that (1.1) has infinitely many solutions if (k,¢) = (3,3), (4,2)
or (3,2), see Tijdeman [Tij89]. It was conjectured by Tijdeman that the number of triples (n,d, k)
satisfying (1.1) with £ > 2, £ > 1, k+ ¢ > 6 is finite. Let b = 1. Then Darmon and Granville [DG95]
conjectured that (1.1) implies that (k,¢) = (3,2), in which case we get parametric solutions given
by (n,d) € {((t?+2tu—u?)?, 4tu(u? —t2)), (2(t2 — u?)?, 6t2u? — t* —ut)} with ged(t,u) = 1 and t +u
odd. The cases (k,f) = (3,3), (4,2) are impossible by an old result of Euler, see [DG95]. When d is
fixed, Marszalek [Mar85] confirmed Erdds conjecture. When ¢ = 2, it has been proved that d > 23,
d > 31 and d > 105 in Saradha [Sar98|, Filakovszky and Hajdu [FHO1] and Saradha and Shorey
[SS03], respectively. From now onwards we assume that ¢ > 3. Saradha [Sar97] showed that d > 7
unless d = 5, k = 3. Furthermore, Saradha and Shorey [SS01] showed that (1.1) with & > 4 does
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not hold if d is of the form 23%5¢, where a, b, ¢ are non-negative integers. Let d; be given by

30 if ¢ = 3;
950 if ¢ = 4;
dy ={5x10%if £ =5,6; (1.2)

108 if ¢ =7,8,9, 10;
101 if ¢ > 11.

We prove the following theorem.

THEOREM 1. Assume (1.1) and k > 4 if ¢ > 3. Then d > d;.

We have not been able to prove Theorem 1 for k = 3 whenever ¢ > 3. From now onwards, we
suppose that k > 4 whenever ¢ > 3. Theorem 1 confirms Conjecture 1 for a large number of values
of d. For a survey of results on (1.1), we refer the reader to Shorey [Sho00, Sho02a, Sho02b]. We now
give a plan of the proof of Theorem 1. We assume (1.1) with d < d;. Furthermore, by Lemma 1,
there is no loss of generality in assuming that the following hypothesis holds.

HyprOTHESIS A. We have d < d; and either & is prime or k =4 if £ > 3.

The proof depends on giving a good lower bound for

:n+(k—1)d

o kl+1 ’

(1.3)

say 6 > 01. We achieve this by means of an iterative procedure in Lemma 3. On the other hand, we
obtain an upper bound

0 < Oy (1.4)

by Lemmas 6 and 12. Furthermore, we compare the lower and upper bounds of ¢ in Lemma 13 to
bound ¢ and k. Let ¢ and k be fixed. By (1.3) and (1.4), we have

kT < n 4 (k—1)d < G2k (1.5)

Let ¢ > 3. Then we use Algorithm 1 (see § 8) to see that (1.1) is not satisfied for all values of n
given by (1.5). For £ = 3, we use Algorithm 2 (see § 10). The iterative procedure referred above has
its origin in [SS01, Lemma 3] and [SS03, Lemma 6]. Algorithm 2 is a refinement and an extension
of the algorithm given in [SS01]. Algorithm 1 is a new contribution in this paper. Algorithms 1
and 2 provide a method for solving (1.1) whenever the variables n, d, k, ¢ are bounded. The bound
di; we have given in Theorem 1 is not optimal. Increasing the value of d; would result in heavier
computation. All of our computations are carried out with MATHEMATICA and we use SIMATH
for solving certain elliptic equations in integers.

2. Notation and preliminaries

Let 1 < go < --- be the sequence of all primes coprime to d and let p; < ps < --- be the sequence
of all primes. We write my4(z) for the number of primes <z and coprime to d, 7(x) for the number
of primes <z. We use the estimates

1.5
gi=p; =ilogi fori>1; my(x) <m(x) < 4 ; forz>1; =w(x)>

< for z > 17.
logz  log“x log x

(2.1)
See [RS62, p. 69] for the above inequalities. For an integer x > 0, we write ¢;(z) = Qrg(x)4i With
i>1. We set = p0(d, k) = Hp‘dp—Ordp(k—l)! and

O = bi(d k) = (k= 1)!6. (2.2)
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For s > 0 and h > 0, we define

(k—1) log(k — 1) + log

¢log(k — 1) + log s — log 2 B

Bs(s,h) = max (1,[B2(s,h)] + 1), (2.4)
(k—1) log(k —1) + log 8

((+1) log(k—1) +logs —log2 ¢

Ba(s,h) = Pa(d, k,l,s,h) =k —

Ba(s, h) = Ba(d, k.0, s,h) =k —

and

B5(s,h) = max(1, [B4(s,h)] + 1). (2.6)
Since the left-hand side of (1.1) is divisible by a prime exceeding k and P(b) < k, we have n+ (k—1)
d > k' For k > 4, we see from [SSO01, Theorem 4'] and [SST02, Theorem 1] that A is divisible by
at least yo = [%w(k:)] + 2 primes exceeding k, except when (n,d, k) equals one of the tuples (1,5,4),
(2,7,4), (3,5,4), (1,2,5), (2,7,5), (4,7,5), (4,23,5). We check that these values of (n,d, k) do not
satisfy (1.1). Thus, for k& > 4 we conclude that A is always divisible by at least xo primes > k.
Therefore, we see from (1.1) that

n+(k—1)d > ¢, (k) for k> 4. (2.7)
Hence, from (1.3), we get 6 > 1/k. Furthermore, we derive from (1.1) that

n+id = a;at P(a;) < k, a;is ¢th power free for 0 < i < k (2.8)

79
and

n+id= A4, X, P(A) <k, ged <Hp,XZ-> =1 for0<i<k (2.9)

where the product []p is taken over all primes p with p < k.

We say that an integer N > 1 has Property Py if all the prime factors of N which are greater
than k divide it to an order = 0 (mod /). From (2.8) and (2.9), we see that every term of A has
Property FPy. Suppose that N and N5 are integers satisfying 0 < Ny < Ns. Let » > 1 and ¢ be
integers. We set

t

t
Mr,t = Mr,t(NlaN2) = Nl <1 - ;) + N2; (210)

We say that the triple (N1, Na,r) has Property Py if (i) or (ii) given below holds according as r > 1
or 7 = 1, respectively.

(i) Let r > 1. Then (Na — N;p)/r is an integer and M, ; has Property Py for every ¢ with 0
t

(i) Let r = 1. Then either M;; with 0 < ¢ < [4] has Property Py or M, with —[4] <
Property Fp.

Suppose that Ny = n +id, Noa = n+ jd with 0 < i < j < k, then (N — N;y)/(j —4) = d and
M;_;; with 0 <t < j—iis a term of the product A and hence has Property P. Therefore (i) is
satisfied. Similarly (ii) is also satisfied. Thus, the triple (N7, N, j —i) has Property P;. We say that
the triple (N1, No,r) has Property Py if (No — Ny)/r is an integer and is divisible by a prime = 1
(mod ¢') for every odd prime ¢ dividing ¢. By Lemma 9, we see that if £ > 4 and Ny = n + id,
Ny =n+ jd with 0 <1 < j < k, then the triple (N1, No,j — i) has Property Ps.

Let S = {Ao,...,Ap_1} and T = {ao,...,ar—1}. Furthermore, let I = {u | X, # 1 with
0 < p < k} and let Sy be the set of A, € S with u € I. As already mentioned, we assume that
|I| > 1. Suppose that m; > 1 and my > 0 are integers such that m; + my < w(k). Now we state
some counting functions, which were first introduced in Erdés and Selfridge [ES75, pp. 297-299]
for the case of consecutive integers. Let H(d, k,m1, my) denote the number of distinct a; in 7" that
are composed only of q1,...,qm, and divisible by at most one of the primes ¢m,+1,-- -, @m+mo

<r.
h

<t
< 0 has
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https://doi.org/10.1112/50010437X04001125 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X04001125

N. SARADHA AND T. N. SHOREY

that divides at most to the first power. In particular, when my = 0, we see that H(d,k, m,0)

denotes the number of distinct a; in 7" that are composed only of g1, ..., gm,. It can be seen that
H(d,k,my,me) > |T| — — +e;>— ([—}—l—e'-) 2.11
@homm)=irl- > ([2] > L)) e

i=m1+mao+1 mi1+1<j<h<mi+ma

where €, = 0 if ¢; | k or ¢; > k, €, = 1 otherwise and E;h = 1if gjqy 1 k and gj,q, < K, e;.h =0
otherwise. We define ¢; = 0 if p; | k and ¢; = 1 otherwise; €;, = 0 if p;py|k and €, = 1 otherwise.
Then we find that

k p k k , k
—|lt+ta< ||+t and | —|+€ < | ——| + €
qi bi q59n Djpn

For showing the first inequality, we may assume that €, = 1, ¢; = 0 implying that ¢; > p;, p;|k and
the assertion follows. The proof for the second inequality is similar. Hence we get from (2.11) that

H(d, k,ml,mQ) = Hé(k:,ml,mg) (2.12)
where
) k k
Hy(k,miymg) = T| — Y <[—] +€z’> - > <[—} +ejh> L (213)
i=mi1+mo+1 pi mi1+1<j<h<my+mae PiPh
In particular, we have
(k) k
H(d, k,m1,0) > Hy(k,m1,0) = |T| = > ([—} —I—ei> . (2.14)
i=mi+1 v

We use the above inequality for k& < 2957. If k > 2957, we use H(d, k,m1,mo) and H/(k,mi, ma)
with mg > 0. When mg > 0, we take m; and mg such that p; < -+ < pp,; < k3/10 < D41 < - <
Py tmy < V. From (2.13) we then derive that

H{(k,m1,ma3) = H{(k,m1,ms) (2.15)
where
k ks~ 1 = 1 ma+ 1
H!(k,myi,ms) :=|T| — <H+1>——< —+< >>—< 2 ) 2.16
o) == 3 ([Ben) (S (51 . e

Vi<p<k

By combining (2.12) and (2.15), we get
H(d, k‘, ml,mg) = H(,)/(k‘, my, mg). (2.17)

Let |T'| = k, i.e. all a; are distinct. In Table 1, we display a lower bound H;(m;) for H{(k,m1,0)
given by (2.14) when k varies over an interval and m; is suitably chosen. In Table 2, we display
a lower bound Ha(mq,ma) for H{/(k,m1,ma) given by (2.16) when k varies over an interval and
mq, Mo are suitably chosen.

By Table 1 and (2.14), we have H(d, k,m1,0) > 4 for k = 23,24. We sharpen this as H (d, k, m1,0)
> 5 for k = 23,24. Let k = 24. Suppose that H(d,k,m;,0) = 4. This means that the number
of a; that the primes 23,19,17,13,11,7,5 divide is given by 2,2,2,2,3,4,5, respectively, and no
two primes divide the same a;. This implies that 23 divides ag, as3. Then it is impossible that
11 divides three different a;. The argument for k£ = 23 is similar. For m; > 0 and o; > 0 with
1 < i < my, we also need the following counting function. Let G(d, k,m1,a1,...,an,,) denote the
number of A; in S that are composed of qi,...,¢n, and ordy(4;) < oy —1 for 1 < i < my.
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TABLE 1.

mq Range of & H;y (mq) mq Range of k Hy (mq)

2 4<k<10 4 5 286 < k < 600 27
2 11 <k <22 5 6 601 < k <1097 45
2 23, 24 4 7 1098 < k£ < 1669 7
3 25 < k<90 10 8 1670 < k < 2478 132
4 91 <k <285 16 9 2479 < k < 2957 227
TABLE 2.
mi mo Range of k HQ (ml, m2) mi mo Range of k HQ (ml, m2)
4 12 2958-2960 271 6 15 5329-6240 832
5 11 2961-3480 420 6 16 6241-6888 917
5 12 3481-3720 465 6 17 68897920 986
5 13 3721-4488 494 6 18 7921-9408 1071
5 14 4489-5040 545 6 19 9409-10200 1171
5 15  5041-5165 582 6 20  10201-10608 1237
6 14  5166-5328 792 6 21 10609-11379 1285
Then G(d, k,m1,a1,...,0am,) = Go(k,m1, a1, ..., Q) where
mi1 k (k) k
Go = Go(k,ma, a1, o) =S| =) <[T} +e;’> - > <[—] —|—ei> (2.18)
i—1 \LPi =41 \LPi

with ¢; as defined earlier and € = 0 if pf" | k, e/ = 1 otherwise.

We conclude this section with a lemma which is useful for computation.

LEMMA 1. Suppose that ki and ko are two consecutive primes and let k' be an integer with ki <
k' < ka. Suppose that (1.1) does not hold for k = k;. Then (1.1) does not hold for k = k'.

Proof. Suppose that (1.1) holds for k = k. Since k1 < k' < ky and k1, ko are consecutive primes,
P(b) < K implies that P(b) < ky. Let ¥’ = k1+h. By deleting the terms n+(k'—1)d, ... ,n+ (k' —h)d,
we see from (2.8) that

n(n+d)---(n+ (ki — 1)d) =byf, PU)<k
for some positive integers b’ and y;. Thus (1.1) holds with k& = k1, a contradiction. ]

For the proof of Theorem 1, we see from Lemma 1 that it suffices to show that (1.1) does not
hold under Hypothesis A.

3. An iterative procedure to improve the lower bound for n + (k — 1)d

In this section, we give an iterative procedure in Lemma 3 by which we improve the lower bound
for n+ (k—1)d given by (2.7) and [SS01, Lemma 3]. This procedure is an analogue of that given for
the case ¢ = 2 in [SS03]. We first give a lemma in which we estimate the number of elements of I.
LEMMA 2. Let k > 4. Then (1.1) implies that
(k—1) log(k —1)+1log s
logd + log(k — 1)
545
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and

k—1)log(k—1)+logf
log ng

where ng = max(n,3), p =1ifn=1,2 and ¢ =0 if n > 2.

1) > 5 - | ma(k) - 6 (3.2

The proof is similar to [SS03, Lemma 3]. We require 74(k) instead of m4(k—1) in [SS03, Lemma 3]
since we now have P(A4;) < k. In the next lemma, we describe the iterative procedure.

LEMMA 3. Assume (1.1) such that all A; given by (2.9) are distinct. Then the following assertions
hold.
(i) We have
n+ (k= 1)d > max(B3(1,71)Pk iy 4 10 Prti) 1 85 (1))
where n; = 0 if d < k*~1/2 and n; = 1 otherwise.
(ii) Let n+ (k—1)d > G1k"*! with Gy > 1/k. For i > 2, define

gik ™ < Bs(Git, m)Peysr, Gi = max(Gio1, i)

where n; = 0 if d < G;_1k*/2 and n; = 1 otherwise. Then n + (k — 1)d > Gk,
(iii) Let ip be fixed with n + (k — 1)d = G; k"t and n;y41 = 1. Let

Gio\ i (VK] + 1P}, o iprk o
P okno—i-l)’ W< by < klﬁlf (k] (k)
Then n + (k — 1)d > Vik**! where V; = max (G, v1).

(iv) Fori > 2, we define

([h”k] + 1)pfbik—[h”k]+7r(k)
JAES ’

v; < Vi = max(Vi_1,v;)

where

, 0 ifd<V;_1k"/2
1 otherwise.

Then n + (k — 1)d > V;k+1.

Proof. (i) Suppose that d > k‘~1/2. Then we use (3.1) to estimate |I|. If d < k‘~1/2, then we
use (2.7) to find n > k%/2, which we use in (3.2) to estimate |I|. Thus we get |I| > B2(1,71),
which, together with [I| > 1, implies that |I| > f3(1,71). We arrange all the X; with j € I
in increasing order. Since these X are all distinct, we have n + (k — 1)d > pfr ()+Bs (L) Since
A; are distinct, we have |Si| = |I| > P3(1,m71). Now we arrange these A; in S; in increasing
order and observe that each of the corresponding X; has a prime factor greater than k. This gives
n+(k—1)d > ﬁg(l,ﬁl)pﬁ(k)ﬂ, which proves (i).

(ii) Let n + (k — 1)d > G1k"*l. Note that n + (k — 1)d > G1k“*! with Gy = 1/k is satisfied
by (2.7). We prove the assertion for i = 2. We use (3.1) if d > G1k%/2 and if otherwise, we
see that n > G1kt1/2 and we use (3.2) to estimate |I|. Hence |S1| = |I| = B5(G1,n2), which
implies that n + (k — 1)d > gok**!. Thus n + (k — 1)d > Gok"*!. The assertion for i > 3 follows
similarly.

(iii) Let n + (k — 1)d > G k1. We proceed as in (i) to get |S1| = B5(Giy,Mig+1). Thus there
are at least hik distinct A; with j € I. We arrange them in increasing order and remove the first
[W"'k] of these A;j. Thus we are left with hik — [h"k] > 1 of the A; each of which exceeds [h"k] + 1
and the largest X is divisible by a prime greater than or equal to pp, . [n7k]+ (k). Now the assertion
follows immediately.
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(iv) We have n+(k—1)d > V1“1 by (iii). Hence we get |S1| > B5(V1,n5). Thus there are at least
hok distinct A; with j € I. Furthermore, (5(s, h) is a non-decreasing function of s. Hence hy > hy.
Now we proceed as in (iii) to get n + (k — 1)d > ([h"k] + 1)pf;2k_[h/,k]+ﬂ(k). Hence n+ (k — 1)d >

max(V7,v2)k“*t. This proves the assertion for i = 2. The assertion for i > 3 follows similarly. [

We illustrate Lemma 3 by means of an example. In this example and at all places in the paper
where we compute §, we take h”/ = 0.16 and we iterate four times. The value of h” is not optimal
for every k. Furthermore, in this example, we apply Lemma 3 with d < k‘~! /2 so that n; =1, =0
for 1 <i<4.

Example. We show that
§ > 6.0048kF for k> 173 and ¢ > 3. (3.3)

We observe that the functions (3 and 5 given by (2.4) and (2.6) are non-decreasing functions of
¢ and k. Hence, while evaluating these functions in this example, it is enough to evaluate them at
k =173 and ¢ = 3. We first take k = 173. By using exact values of 7(k), we find that §3(1,0) > 73.
Now using exact values for p;, by Lemma 3(i) we get n + (k — 1)d > max(73 x 179%,617%) >
0.4674 k“*'. In Lemma 3(ii), we take G7 = 0.4674. We compute go = 0.5570. Thus G5 = 0.5570.
Similarly we find G3 = G4 = 0.5634. In Lemma 3(iii), we take ig = 4. We get hy > 0.5 > 0.16 = h”.
Hence v; = 5.1160. Thus V; = 5.1160. In Lemma 3(iv), we compute vy = 5.8194. Hence V5 = 5.8194.
Similarly we find V3 = V4 = 6.0048. Thus we obtain (3.3).

Now let £ > 3000. In Lemma 3 we use the approximate values for p; and w(k) given by (2.1).
We also use pr ()41 > k. Thus we find by Lemma 3(i) that n + (k — 1)d p1k T where

Z
. logk-1 1 15 1
llog(k —1) —log2 logk log’k Kk’
We observe that p; increases as k and ¢ increase. We compute p; at k& = 3000 and ¢ = 3 to get
n+(k—1)d > 0.5081k*1. Thus n+ (k—1)d > 0.5081k*! for all k¥ > 3000 and £ > 3. Next we apply
the iterative procedure of Lemma 3(ii). We take G = p;. Then for i > 2, we get n+(k—1)d > p;k‘*!
where

p1=1

1 log(k — 1) 1 15 1
(0+1)log(k—1)+logpi—1 —log2 logk log’k k'

We observe that p; is an increasing function of k£ and ¢. We compute ps = 0.5901, p3 = py = 0.5914.

Thus n+(k—1)d > 0.5914k+! for all k£ > 3000 and £ > 3. Finally, we apply the iterative procedure

of Lemma 3(iii), (iv). We take G4 = 0.5914 and A" = 0.16. We set p{, = 0.5914. Then for i > 1 we

get n+ (k — 1)d > plk**! where

pi =

k
L= n"(h, — W) ogt | Wik — Bk
pi = B (h; = h7)"log" ( hj * gk

with

log(k — 1) 1 15 1
((+1)log(k—1)+logp, , —log2 logk log’k Kk’
We observe that p} is an increasing function of ¢ and k > 200 by noticing that h, > p; and
(h,—h")log(hik—h"k+k/log k) > 1 for k > 200. We compute b} = 0.5914, p} = 5.2507; hf, = 0.6086,
phy = 5.9770; hi = 0.60963, p5 = 6.0191, A}, = 0.60968, p), = 6.0213. Thus we obtain (3.3) for
k > 3000,1 > 3. Now for k£ with 173 < k < 3000, we apply Lemma 3 with exact values of p; and
m(k) as in the case k = 173 to obtain (3.3). This completes the proof of (3.3). O

Wo—1-

It is clear from the example above that the lower bound given by Lemma 3 for § is a non-
decreasing function of ¢ and k. We use this fact without mentioning it in the following.
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4. Distinctness of A;

A pre-requisite for the iterative procedure in Lemma 3 is that all A; are distinct. In this section,
we show that when A; are not all distinct, then we can bound from above n and k in terms of ¢
and d. These bounds are decreasing functions of £ and 1/d (see (4.1)). Using these bounds we show
in Corollary 1 that A; are distinct whenever (1.1) with Hypothesis A holds.

LEMMA 4. Suppose that (1.1) holds with k > 4. Then either A; with 0 < j < k are distinct or

£/(e—1 —1)/(e2—2¢ £/(e—1
k< <<2%> ! )+ %y " ) and n < <l;—j> ! ). (4.1)
Proof. Suppose that there exist A;, A; with 0 < j <@ < k such that
A=A (4.2)
Then we see from (2.9) that X; > X; + 2 and
(k—1)d > (i — j)d = (n+id) — (n+ jd) = A, X] — A; X[ > 2A; X", (4.3)

Thus it follows that kd > 2€(Aij)(£_1)/e > 20n(*=D/¢ This gives the bound for n in (4.1).
Furthermore, we use (2.7) to get

fed \ Y/ (1)
K<l (k) <n+(k—1)d < (27) + kd, (4.4)

which gives the estimate for k£ in (4.1). O

As a consequence of Lemma 4, we get the following.
LEMMA 5. Assume (1.1) with Hypothesis A and k > 4. Suppose that A; are all not distinct. Then

{=4,k=4;, £=5k<T7, (=6k=4;, (=T k<1l; (=8k<LT7, £=910k=4;
C=11,k<19; =12k <13; (£=13,14,k <7; (=15k <5, (=16,17,18k =4.
(4.5)

Proof. Assume (1.1) with Hypothesis A and k > 4. Suppose that A; are not all distinct. Then (4.1)
and (4.4) are valid. By (4.1), we see that & < 5 for ¢ > 19, which we sharpen by (4.4) to k < 4
for £ > 19. Therefore ¢ < 18. Let £ = 4. Then d < dy = 950. We use (4.1) to get k& < 13. Now for
5 < k < 13, we find that (4.4) is not valid. Thus k£ = 4. The bound for k in (4.5) for all other values
of £ < 18 is found in a similar manner. O

Now we proceed to exclude all of the values of ¢ and k in (4.5). We show the following.
COROLLARY 1. Assume (1.1) with Hypothesis A and k > 4. Then A; are distinct.

Proof. Assume (1.1) with Hypothesis A and k£ > 4. Suppose that A; are not all distinct.
Then (4.1)—(4.5) are valid. We fix k,¢ where k,{ are given by (4.5). From (4.4), we see that
n + (k — 1)d < d3 where d3 is a bounded positive number. Let 1 < r < k. We take Uy(r) to
be the set of divisors of r. Let Us be the set of all positive integers not exceeding 5§/ ‘ and having
the least prime factor greater than k. We always include 1 in Us. We form Us(r) to be the set of
pairs (hX*, hY*) with h € Uj(r) and X,Y in Uy with X <Y and ged(X,Y) = 1. Let Uy be the set
of triples (hX*, hY*,r) with (hX? hY?) € Us(r), 1 < r < k such that the triple (RX? AY? r) has
Property Py. From (4.2)—(4.4), we find that there exist 0 < j < ¢ < k such that 4; = A;, A;|(Z —j)
and X;, X; do not exceed 5;”. Also ged(X;, X;) = 1. Thus (Aij,Aij) € Us(r) with r =i — j.
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Furthermore, d = A;(X} — Xf)/(z — j), which, by (2.9) and (2.10), implies that
XCAx =Aaxt (11t L AX i td=n (i
M, (Aj X5, A X)) = A; X5 (1 S AN S = A X td =0t (j +t)d.

If 0 <t < r, we see that the left-hand side is a term of the product A and hence has Property F.
Suppose that r = 1. Then we take 0 <t < [E]if0<j < [5]—1land —[5] <t <Oif [B]<j<k—1
Then j+t < k—1 in the former case and j+t¢ > 0 in the latter case, implying that MLt(Aij, Aij)
is a term of the product A and therefore has Property Fy. Thus the triple (Aij,Aij,r) has
Property P;. Hence (Aij, Aij,r) € Uy. On the other hand, given k, ¢ as in (4.5), we check that
for any pair (hX% hY*) € Us(r) with 1 < r < k, Property Py does not hold for M, ;(hX* hY").
When r» = 1, we check that MLl(hXe, hY*) as well as ML_l(th, hY*) do not have Property P,.
Thus, no triple (X%, hY* r) with (h X hY?) € Us(r),1 < r < k has Property P;. Hence Uy = ().
This yields a contradiction.

We illustrate the above procedure with an example. Let £ = 11,k = 19. Then we have d < 10
and n + (k — 1)d < 4-6 x 10'6 by (4.4). We form the set Uy = {1,23,29,31}. For each 1 <7 < 19,
we construct Us(r). For instance, we have

Us(17) = {(1,23"),(1,29"), (1,31"), (23", 2911, (23", 31™), (291, 311), (17,17 - 23'1)}.

We check that none of the triples (hX¢ hY*,r) such that (hX¢ hY?) € Us(r) with hlr for every
1 < r < 19 has Property P;. Thus Uy = (), a contradiction. All other possibilities of £ and k in (4.5)
are excluded similarly. O

5. Upper bound for n + (k — 1)d when £ is even

We use the method of Erd8s [Erd39] to derive an upper bound for n + (k — 1)d. We also refer
thereafter to [SS03] for details.

LEMMA 6. Suppose that (1.1) is satistied with ¢ > 4 even. Let hg = ho(k) be a positive integer such
that hg = 1 if4 < k< 24; hg =2 if25 < k < 74; hg =4 if 75 < k < 159; hg = 5 if k > 160.
Then n < k?d?/(4hy).

Proof. Since ¢ is even we may write
n+id =biz} for 0<i<k (5.1)

where b; are square free with P(b;) < k. Let R be the set of b;. Suppose that n > k?d?/(4ho).
First we show that |R| > min(k — 2hg + 3,k). We say that an element b; of R has multiplicity
rj if b; = b; for r; values of 7. In particular, if b; has multiplicity 1, then it means that b; occurs
only once and b; is repeated only when it has multiplicity greater than 1. Suppose that |R| <
min(k — 2hg + 2,k — 1). Then there are at least max(2,2hg — 1) of the b; counted with multiplicity
that are repeated. Thus there exist b;,b; such that b; = b; with 0 < i,j < k,i # j. By (5.1) we
assume without loss of generality that z; > z; and
kd > (i — j)d > 2bj(z — 27)z5 = 26} % (2 — 2))(b;22) 2 = 2612 (2 — 2j)n/2.

Hence n < k?d?/(4b;(2; — zj)?). Thus bj(z; — 2;)? < hg, implying that hy > 1,b; = z; — z; = 1 if
hy = 2, bj S {1,2,3}, Zp — %) = 1if hg = 4 and bj =1, i — zj = 1,2; bj S {2,3}, i —Zj = 1
it hg = 5, by noting that b; are square free. Therefore, there are at most 2hg — 2 of the b; counted
with multiplicity that are repeated. This is a contradiction since max(2,2hg — 1) = 2hy — 1 by
ho > 1. Thus we have |R| > k — 2ho + 3.
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Since b; are square free, we follow the argument of [SS03, (6.7), (6.9)] for k —2ho+3 > 63 to get

k—2ho+4
(L5)F2mo%3(k —2hg +3)! < [ b < 52k%(k — 1)!(1.0731)".
i=0

This implies that &£ < 260. Now we use the counting argument as in [SS03]. We explain with an
example. Let k = 260. Then hg = 5 and |R| > k—7. We find that the number of distinct b; composed
of 2, 3,5, 7,11 is at least 37. On the other hand, since b; are square free, this number is at most 32.
This is a contradiction. Thus k # 260. We exclude all k£ with 160 < k < 260 by the above argument.
When 75 < k < 159, we have |R| > k — 5 and we see that the number of distinct b; composed of 2,
3, 5, 7 exceed 16, which is a contradiction. Next, when 25 < k < 74, we have |R| > k—1 and we find
that the number of distinct b; composed of 2, 3, 5 exceed eight giving a contradiction. Finally, when
4 < k < 24, all bj are distinct and by counting the b; composed of 2,3, we get k < 8. Let k = 8.
Then we see that bo, b3, by, by are distinct and they are composed of 2 and 3. Therefore, these four b;
must take all the values of {1,2,3,6}. Hence, the product of the corresponding terms in A must be
a square. A result of Euler states that a product of four terms in an arithmetic progression is never
a square. Dickson [Dic52, p. 635] gave a historical reference to Euler’s result. We refer to [MS03]
for a proof. Thus k # 8. Similarly, we see that k # 4,6. Let k = 7. We have either 5 dividing by and
b5 or 5 dividing by and bg. Suppose that 5 divides by and bs. Then 7 divides one of by, by, b3, by by
the result of Euler stated above. Suppose that 7 divides by or bz. Since (%1) = (%4) = (%6), we find
that by, by, bg take values from {1,6} or {2,3}, which is not possible since b; are distinct. Thus 7
divides by or by. If 7 divides by, then (b%) = (b73) and (b74) = (b76) implying that either bo, b3 € {3,6}
or by,bg € {3,6}, which is not possible. Likewise 7 dividing by is excluded. The argument for the
case b dividing b1, bg is similar. Thus k # 7. Let kK = 5. Then 5 divides one of by, bo, b3. Suppose that
5 | by. Then by,bs € {1,6}, bg,bs € {2,3} or by,bs € {2,3}, bo,bs € {1,6}. This is not possible.
Thus 5 1 by. Let 5 | by. Then (bg, by, bs,by) = (6,1,3,2). Hence n = 6 (mod 8) and n + 3d = 3
(mod 8), which imply that d = 7 (mod 8). Therefore n + 2d = 4 (mod 8). When 5 | b3, we get
(bo,b1,b2,b4) = (2,3,1,6) and n+ 2d = 4 (mod 8). We consider the case (bg, be, b3, bs) = (6,1,3,2).
We have 3 { 2. Suppose that 3 | z9z3. Then we see from n+2(n+3d) = 3(n+2d) that 223 +223 = 22,
which is impossible. Hence 3 1 zgz3. Then we see from (2.8) that (ag, az,as,as) = (6,4,3,2). Thus

nd 4 6d> = (n 4 2d)(n + 3d) — n(n + 4d) = 12((zox3)" — (zox4)?),
which implies that xox3 > xpz4. Hence

nd + 6d? > 120(zozy) " = 12V00(122525) /0 > 12V 42D/

Thus
1 6d> 1
(=2)/¢ o _ - hndl -
n <121/€£<d+ n><121/£g(d+1)
since n > 25d? /4. Thus n < d/=2) < @2 a contradiction. The argument for the case (bo, ba, b3, by) =
(2,3,1,6) is similar. O

6. Upper bound for n 4 (k — 1)d when £ is odd

We assume in this section that ¢ is odd and we write ¢ = (7' --- (¢~ where {; are distinct primes
and e; are positive integers. We find an upper bound for n + (k — 1)d in Lemma 12 below, which is
based on an extension of a result of Erdés and Selfridge on the distinctness of a; and their products.
See [ES75, Lemma 1] and [SS01, Lemmas 5 and 6]. We use the following well-known result on
cyclotomic polynomials in this extension (see [Ste75]).
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LEMMA 7. For any integer m > 2 and relatively prime integers X, Y with X >Y > 0, let ¢,,(X,Y")
denote the mth cyclotomic polynomial. Then the prime divisors of ¢,,,(X,Y) are congruent to 1
(mod m) except possibly P(m) dividing it at most to the first power.

As a consequence of Lemma 7, we get the following.

LEMMA 8. Suppose that Z1 > Z > 0 are integers with ged(Z1, Z3) = 1 and

zZt — 7¢

(71, Z9) = F—2.

(21, Z>) 7 7,
Then every prime factor p of ®,(Zy, Zs) is either congruent to 1 (mod ¥¢;) for some i with 1 <i < r
or p = {; for some j with 1 < j < r. Furthermore, in the latter case, éjj || ®¢(Z1, Z3) provided ¢; is

not congruent to 1 (mod ¢;) for any ¢; with 1 < i < r,i # j.

Proof. First, we consider the case when /¢ is a prime power, i.e. £ = ¢® for some prime g and « > 0.

Then

an — an a—1 a—1

= -2 :¢q(21722)¢q(zg7z2q)"'¢q(Z1q 7Z2q )

Zy — Zy

Hence, by Lemma 7, we see that every prime factor of ®4a(Z1, Z3) is congruent to 1 (mod ¢) except

perhaps q. When ¢ divides any of the above cyclotomic polynomials, it divides each of them to the

first power. Hence ¢® || @4 (Z1, Z2). . .
Now we consider any ¢. We put Z1 g = Z1; Zog = Zo; for @ > 1,71 ; = foi_l, Zai = Zﬁfi_l.

Then we have

Qy(Z1, Zo) = Pper (Z10—1, Zz,r—1)<1>fr_—11 (Z1p—2,Zop—2) - D en (Z1,0, Z2,0)-

Do (21, 22) =

Now the assertion follows by the case ¢ = ¢% from the previous paragraph. We note here that if
C; divides ® e (Z1,i—1, Z2i—1) then €' || ®,ei(Z1 -1, Zo—1) and ¢; does not divide any other factor
whenever ¢; is not congruent to 1 (mod 6;) for any j with 1 < j < r,j # i. Hence in that case,
|| @o( 21, Zo). O

Now we turn to an extension of a result of Erdos and Selfridge on the distinctness of a; and their
products. We write d = DDy where D1 is the maximal divisor of d such that every prime divisor
of Dy is congruent to 1 (mod ¢;) for some ¢; | £. Thus every prime divisor of Dy is incongruent to 1
(mod ¢;) for any ¢; | £. We observe that D; and Dy defined here agree with the definitions of D;
and Ds in [SS01] when ¢ is an odd prime. The following has been shown in [SSO1].

LEMMA 9. Let ¢ be an odd prime. Then (1.1) with k > 4 implies that
Dy > 1. (6.1)

min(e;,orde; D2)

i and

We observe that 0 = 1 if ged(¢,d) = 1. We show the following.

Fori>1, weset 0; =1/¢

LEMMA 10. Suppose that (1.1) holds. Let ¢’ be an integer with 1 < ¢’ < {. Furthermore, let

0 /
Dy < — a0/ 6.3
PN ke (6.3)
Then for no distinct ¢'-tuples (iy,...,ip) and (j1,...,Je) with iy < -+ < ip and j; < -+ < Jp,
the ratio of the two products a;, ---a;, and aj ---aj, Is an £th power of a rational number.
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Furthermore, for integers my > 1,mg > 0 with my + mo < 7(k), we have
H -1 !
( (d,k,mhglm) + ¢ > < om <£ ;/m) (6.4)

where the left-hand side is zero if H(d, k,my, mg) < 1.

Proof. We follow the argument of [SS01, Lemma 5]. Let (i1, ...,%) and (j1,...,j¢) with i; <--- <
ipr and j; < --- < jp be distinet #/-tuples such that

1\
ail...ail/ :ajl...ajgl g

where t; and ty are positive integers with ged(t1,t2) = 1. As in the proof of [SS01, Lemma 5],
we may assume that (n +i1d)--- (n+ipd) > (n+ j1d) - (n + jpd) and

a- ...a-l
(n +i1d) cee (n —i—igld) — (n —|-j1d) ce (n—i—jg/d) = %(we — yg) (65)
2

where @ = ty2;, -+ i,y = toxj, -+ xj, and aj, - -~ a;, /t5 is a positive integer. We rewrite (6.5) as

. . . . ajl T a]'[/ ‘Iﬁ B y£
(n+id) - (n+ipd) — (n+5d)--- (n+ jod) = 7 pr—" (z —y). (6.6)
2
We observe that the left-hand side of (6.6) is divisible by d. Also by Lemma 8 and (6.2), we find
that Dy divides  — y since ged(aj,d) = 1 for 0 < j < k. Thus > y + 0D,. We estimate the
left-hand side of (6.6) from above and the right-hand side of (6.6) from below as in [SS01, Lemma 6]
to obtain

/
{<f> ODQnZI(Z—l)/f _ (“i) kdnf’_l} ot { <5> (9D2)g/ngl(é—z/)/z o (kd)fl} T (HDQ)Z “o

(6.7)
By (6.3), we see that for each 1 < i < ¢ the term in the ith curly bracket above is positive. This is a
contradiction to (6.7). Finally (6.4) follows as an immediate consequence from the argument [ES75,
pp. 297-299]. See also [SS01, Lemma 6]. O

We apply Lemma 10 to get the following.
LEMMA 11. Suppose that (1.1) holds with Dy < (£0/2k)n\*=2/t. Then k < 11 380.

Proof. Suppose that the hypothesis of Lemma 11 is satisfied. Then we observe that (6.3) is satisfied
with ¢ = 2. Hence, by Lemma 10, we find that the products a;a; with ¢ < j are distinct. Then the
estimates of [Sar97, Lemma 8] are valid. We use these estimates to conclude & < 11380 as in [Sar97,
pp. 165-166]. O

Next we apply Lemmas 10 and 11 to bound n.

LEMMA 12. Suppose that (1.1) holds with ¢ odd. Then n < (k' Dy /£0)"/=) where ' is given by
Table 3 below. (For example, by Table 3, we understand that if £ = 7, then ¢/ =5 for 4 < k < 8
and V' =4 for k> 9.)

Proof. Suppose that (1.1) holds with n > (k¢ Dy /£0)" =) where ¢/ is given in Table 3. Then (6.3)
and the hypothesis of Lemma 11 are valid. Therefore, we derive from Lemmas 11 and 10 that
k < 11380, a; for 0 < i < k are distinct and (6.4) is valid. Now we proceed as in the proof of
[SS01, Lemma 8]. We illustrate the proof with an example. Let £ = 5. Then ¢/ =4 if 4 < k < 8 and
¢ =3 if k > 9 by Table 3. Let k = 4. Then, H(d,4,2,0) > 4 by Table 1. Hence (6.4) is not valid.
Thus k # 4. Suppose that k£ = 2958. Then by Table 2, m; = 4, my = 12 and H(d, 2958, 4,12) > 271.
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TABLE 3.
¢ 4<k<8 k=9 ¢ 4<k<8 k>9
3 2 2 19 11 8
5 4 3 21 12 8
7 5 4 23 13 9
9 6 5 25 14 9
11 8 5 27 15 10
13 9 6 29 16 10
15 10 7 =31 (L+1)/2 (£+1)/2
17 11 7 — — —
TABLE 4.
14 k* 14 k*
3 331 12 103
4,6,15,16 23 17, 20 11
5,7 317 18 13
8,13, 14 47 19, 21-25, 27 7
9 53 26, 28, 29 5
10 19 30-37 4
11 113 — —

Hence (6.4) is not valid. Thus k # 2958. We exclude all values of k£ < 11380 as above. The argument
for excluding other values of ¢ < 29 is similar. Let ¢ > 31. Then ¢ = (£ + 1)/2 by Table 3.
Let Y = Hi(mq) or Ha(my, ma). As above we need to show that (6.4) does not hold for £ < 11380
and ¢ > 31. We observe that if (6.4) does not hold for some odd ¢ = ¢y, then it does not hold for
{ = {y+ 2 provided that

Y > <1+%>m1 (m2+1)+<€0;1> <<1+%>m1—1>. (6.8)

We observe that the right-hand side of (6.8) is a decreasing function of ¢y. Hence, it is enough to
check that (6.8) is valid and (6.4) is not valid at ¢y = 31. We carry out this by checking at ¢y = 31
for all £ < 11380 and for mq,ms,Y as in Tables 1 and 2. O

7. Variables in (1.1) are bounded

Let d < di. We first bound ¢ and k. To do this, we compare the upper bound for n + (k — 1)d
obtained in §§ 5 and 6 and the lower bound for n + (k — 1)d which can be obtained by using the
iterative procedure in § 3. See Lemma 13. Let £ and k be given. Then we bound n by Lemmas 6 or 12
according to whether ¢ is even or odd, respectively. We observe that when n, d, k, ¢ are bounded,
then b and y are also bounded by (1.1).

LEMMA 13. Assume (1.1) with Hypothesis A. Then ¢ < 37 and k < k* with k* given by Table 4.

Proof. Assume (1.1) with Hypothesis A. Then all A; are distinct by Corollary 1. Thus Lemma 3
is valid. Suppose that ¢ is even and ¢ > 38. Then d < k‘~'/2. Hence in Lemma 3, we may take
ni = n, = 0 for every i. Furthermore, by (1.3) and Lemma 6, we get 0k‘*! = n + (k — 1)d <
k%d?/(4ho) + kd. Thus

d? d
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We observe that the right-hand side of (7.1) decreases as k or /¢ increases. Thus we evaluate the
right-hand side at k = 4, £ = 38 and d = 10'® to get § < 1.4 x 10”. On the other hand, we see from
Lemma 3 and a remark after the proof of (3.3) that & > 4 x 108. Thus £ < 36.

Let ¢ < 36 be given. Suppose that k& > k* where k* is given in Table 4. We check that d < k=1 /2
implying that n; = 7} = 0 for every i. Now we compute the lower bound of § by Lemma 3 and the
upper bound by (7.1) to see that they are inconsistent. Thus k < k™.

Suppose that £ is odd and ¢ > 39. Then d < k*~!/2 and hence every 7; = 7, = 0 in Lemma 3.
Furthermore, by (1.3) and Lemma 12, we get

"D /(1"
K =n4 (k—1)d < <Mw 1) + kd (7.2)
where ¢/ = (£ + 1)/2. By the definition of 6 given by (6.2), we find that
D - min(e;,ordy.
—=ni]] ¢ (cvord(D2)) b Dy = d, (7.3)
i=1
Thus, by (7.2) and (7.3), we get
e ey | d
5 < <7> /e 4 2 (7.4)
Replacing ¢/ by (¢ +1)/2 in (7.4), we get
4+ 1)dN D oy, d
§ < ( 5 k (=) 2 (7.5)

We observe that the right-hand side of (7.5) decreases as k or ¢ increases. Hence, we evaluate the
right-hand side of (7.5) at £ = 39, k = 4 and d = 10'® to find that § < 2.3 x 107. On the other
hand, we get § > 7 x 108 for k > 4 by Lemma 3. This is a contradiction. Thus ¢ < 37. Let £ < 37
be given. Suppose that k& > k* where k* is given in Table 4. We check that d < k‘~!/2 implying
that n; = 7, = 0 for every i. Now we compute the lower bound for 6 by Lemma 3. Next we turn to
an upper bound for §. For this, we use (7.4) with ¢’ given by Table 3 when 5 < ¢ < 29 and we use
(7.2) if £ = 3. We observe that (7.5) holds when 31 < ¢ < 37 since ¢/ = (¢ + 1)/2. Finally, we check
that the lower bound and the upper bound for ¢ obtained above are inconsistent. ]

8. Algorithm for solving (1.1) when d is large

In this section, we present an algorithm for finding the solutions of (1.1) whenever k,¢,d" > 0,
91 > 0, 93 > 0 are given such that 1 < d < d' and §; < § < d2. We choose my, a1, ..., ayy,, suitably
and compute Gy given by (2.18). We put

k
if Gy > 3;

k otherwise

ap—1 Qg —1

and a=p{"" - Dmy - (8.1)

Below, we give the various steps of the algorithm.

Algorithm 1.

Step 1. We form the set Wy of divisors of a.
Step 2. We form the set W of pairs (AZ{, BZ%) such that A, B € W; with A < B, ged(A, B) = 1,
Zy/Zy is a convergent in the continued fraction expansion of (A/B)Y¢, Z;, Z, do not

exceed 5;/%1“/5, least prime factor of Z1Z, > k if Gy > 3 and P(Z12Z2) > k if Gy < 3
and (6, k1 — kd')/a)/* < Z;.
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Step 3. Let
51k —d < (2rd)t/(2), (8.2)
Then we carry out (A)—(C) as given below.

(A) We form the set W3 of all positive integers that are th powers having all prime
factors greater than k and not exceeding 8, where d; < min ((3rd )%/ (=2), 5k,
We observe that W3 contains 1. We take Wy = W3 — {1} if Gy > 3 and Wy = W3
otherwise.
(B) Let W5 be the set of integers of the form AZ‘ with A € Wy, Z% € W, such that
61kt —d < AZ' < 64 Let the elements of W5 be arranged in increasing order.
Let W5(i) denote the ith element of Wi.
(C) Let Ws be the set of pairs (W5(j), Ws(i)) with ged(Ws5(j), Ws(i)) = 1, P(W5(j)
W5(Z)) >k if Gp < 3 and W5(Z) — W5(]) < kd' for 1 < <1< |W5|
Step 4. We form W7 = Wy if (8.2) does not hold and Wy = Wy U Wy otherwise.
Step 5. Let Wy be the set of pairs (N7, No) € Wy for which the triple (N7, Na, 1) has Property Ps.
Let Wy be the set of pairs (N1, Na) € Wy for which the triple (N7, Na, ) has Property P;
for some integer r > 1 dividing No — Nq.

Now we show that under suitable conditions Wy # () whenever (1.1) holds.

LEMMA 14. Suppose that (1.1) with Hypothesis A holds. Let k > 4, Gy > 2 and §;k' > a.
Then Wy # () where Wy is constructed as in the algorithm with d' = d;.

Proof. Assume (1.1) with Hypothesis A. By Corollary 1, all the A; are distinct. Therefore, there

are at least G of the A; in Wj, which are composed of pi,...,pn, to the orders not exceeding
a1 —1,..., am, — 1, respectively. Suppose that Gy > 3. Then we divide the interval [0, k) into Gy — 2
sub intervals
k (Go — 3)k
0,—— |, ..., |————,k 8.3
Pams) [ G 59

of length k/(Gp — 2). We find that there exists a sub interval from (8.3) containing two integers
0 < ip < jo < k such that A;,, A;, are in Wj. Since G > 2 there always exist two terms of A, say,
n+id = A; X! and n + jd = Aij with j >4 and A;, A; in W;. By (8.1), we find

(j—i)d=A;X; — AX] with0O<j—i<rk (8.4)

where ¢ > 0 whenever G > 3. Suppose that X; = 1. Then since j > 0, we have a > A; = AjX]e =
n+jd > d. Hence, a > n + jd > n > 6kt — (k — 1)d > §;k*! — (k — 1)a contradicting our
assumption. Thus X; # 1. Similarly, we see that X; # 1 whenever ¢ # 0. Thus we always have
P(X;X;) > k and if Gy > 3, then the least prime factor of X;X; > k. We note that A;, A; are
coprime to d. Hence by (8.4), we get

a = ged(A;, Aj) < k. (8.5)
Furthermore, we put A; = a™1A;, A;» = a~!A;. By dividing both sides of (8.4) by ged(4;, 4;), we
get
1 ‘_
ALXE— ALXE = rd (8.6)

where 0 < r < k/a, (u,v) = (i,7) or (j,4), A, > A;, are in W; and ged(4),, A},) = 1. Furthermore,
by (8.5), we see that

Sk —dy < A X[ ALX] < 6ok (8.7)
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Therefore X,, X, do not exceed 55/%1“/6 and they are bounded from below by ((0;k‘!1—
kdy)/a)'/*. Suppose that (8.2) does not hold. Then we find by (8.7) that

A X2 > (A XD S (51K — d) D > 254, (8.8)
From (8.6) we get
A XL ALX]

which, by (8.8), implies that

()" 5-
A X,
Thus X, /X, is a convergent in the continued fraction expansion of (AJ,/ AL)l/ ¢, see [NZ80, p. 161].
Hence (ALXf,ALXﬁ) € Wy = Wy. We observe that aA;Xf,aALXﬁ are two terms of A and
hence the triple (aA;Xf,aALX ﬁ,ar) has Property P;. Since a < k, we conclude that the triple
(A Xt ALX ﬁ, r) has Property P,. Furthermore, we observe that (A! X’ ALX ﬁ, 1) also has
Property P». Thus the pair (A’ X!, ALX ﬁ) € Wy, which proves the assertion.

Thus we may suppose that (8.2) holds. Furthermore, if A, X=2 > 2xd;, then we argue as in the
previous paragraph to see that (A;Xf, ALX ﬁ) € Wy yielding the assertion. Thus, we may suppose

that A X’ =2 < 2kd;. Hence
AL XE < (AL X)) < (20, )2, (8.9)

which, together with (8.7), implies that A’ X’ € Ws. Let A, X! = Ws(i) for some i > 1. We see
from (8.9) and (8.6) that ALXﬁ < ALXE + kdy < (3kdy)Y=2) and hence ALXﬁ € Ws. Thus by
(8.6), the pair (ALXf,ALXﬁ) € Ws. Arguing as earlier, we see that (A;Xf,ALXﬁ) € Wy which

proves the assertion. ]

/%dl A_L 1-1/¢ /%dl < 1
Al A XE T 2X2

9. Proof of Theorem 1 when £ > 3

We assume (1.1) with Hypothesis A and ¢ > 3. Then k > 4. By Lemma 13, we see that ¢ < 37 and
k < k* with k* given by Table 4. We apply Algorithm 1 with d’ = d; to exclude all of these values
of ¢ and k as follows. For all values of ¢, we choose my,aq,...,qn,, as below. We give the choices
for k < k*, k prime or k = 4.

k=4:m1 =2, 01 = ag =2

5<k<10:m =2, a1=3, ay=2;

11<kEL28:m =3, a1=4, ay=a3=2;
29<k<36:m =3, ar=4, ar=3, a3=2;
3T<k<66:m =3, a1 =5 «aq =3, a3=2;
67<k<100:m =4, a1=4, ay=3, az3=as=2;
1001 <E<<1I98:my =5, a1=4, a=3, az=aq4=a5=2;

k
199 <k <270: my =5, a1=5, ary=3, az3=a4=a;=2;
k

<33l:mp =5, a1 =95, ay=a3=3, aqq=a5=2.
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By these choices of my,a1,...,qy,, we find that Gy > 4 except for k = 4,5,7,19,23 in which
cases G = 2,2,2, 3,3, respectively. By (2.7) and £ > 4, we see that § > &; where 01 k* 2pfr(k)+x()/k: >a
with a given by (8.1). Thus the conditions of Lemma 14 are satisfied. We now explain the rest of
the algorithm by means of an example.

We take ¢ = 5. Then d; = 5-10* and k* = 317. For every k < k*, we compute Gy and by
Lemma 3, we find 6;. We observe that (8.2) is valid only for k£ < 61. Thus

Wo — WoUWs for 4 <k <61,
\wy for 67 < k < 317.

We fix k =11. Then m; =3, 01 =4, ap = a3 =2 and Gy = 4. Thus k = 5, a = 22 - 3-5. We apply
Lemma 3 to get 6 > 7 = §;1. By Lemma 12, we find that
n+ (k—1)d
K6
By (9.1), we need to form the sets Wy as well as Wg. As in Step 1, we first form the set W; of
divisors of 23 - 3. 5. Then we form the set Wo. For this, we fix (4, B) with

A,BeW;,A<B, ged(A,B) =1. (9.2)

Next we find all integers Z1, Zo such that Zy, Z, < 6y/°11%/5 < 575, Zy > ((7- 116 — 5. 10%)/
23.3. 5)1/5 > 9, the least prime factor of Z1Z, > 11 and Z,/Z; is a convergent in the con-
tinued fraction expansion of (A/B)'/5. Then we form the set Wa(A, B) of all pairs (AZ?, BZ3).
Finally we put Wy = | W2(A, B) where the union is taken over all the pairs (A, B) satisfying (9.2).
We get

(9.1)

< ((33-10%%2 +5-10°) /115 < 35312523 = 6.

Wy = {(47°,2% . 315), (3-19°,22.5-13%)}. (9.3)
We proceed to carry out Step 3 (A)—(C). We have d; = 6.2 x 10°. Thus W3 is the set of integers
of the form Z° with the least prime factor of Z exceeding 11 and Z < 90. Hence, W, is the set
of fifth powers of all primes greater than 11 and less than or equal to 89. Then Wy is the set of
integers of the form AZ® with A € Wy, Z° € Wy such that 1077357 < 61k —d; < AZ% < 6.2x10°.
Now we find all pairs (W5 (j), Ws(i)) with ged(W5(5), W5 (i) = 1 and Ws(i) — W5(j) < kdy = 25-10%
for 1 < j < i< |Ws|. We get
We = {(2*-13°,17°),(19°,2-3-13°),(2* - 17°,3-5-13°),(3 - 19°,2% - 5 13%),(31°,2* - 5 17°) }.
(9.4)
Then W7 is the union of the sets in (9.3) and (9.4). Among the pairs (N1, Ny) in W7, we find that
Property P» holds for (N7, N2, 1) only when (N7, N2) is in the set

Ws = {(19°,2-3-13°),(2%-17°,3-5-13%),(31°,2% . 5. 17°)}.

For each pair (N7, N2) in Wg, we check that the triple (N1, No, ) does not have Property P; for any
integer r > 1 dividing Ny — Ni. Thus Wy = (), which is not possible by Lemma 14. Thus k # 11.
All other values of k with 4 < k < 317 are excluded similarly. Finally we exclude all other values of
¢ as above. O

10. Algorithm for solving (1.1) when d is small

We give an algorithm for finding solutions of (1.1) when d is small and this is more efficient than
Algorithm 1. This algorithm is a modified extension of the algorithm given in [SS03]. Let k,¢,
d > 0,5, > 0,55 > 0 be given such that 1 < d < d' and 6; < § < d9. Let d be fixed. We now give
the various steps of the algorithm.
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Algorithm 2.
Step 1. We have n + (k — 1)d > 01k“T!. We use (3.1) if d > 61k*/2 and, otherwise, we use (3.2)
to estimate |I| > o, say. Let x1 = max(a/,2) and pr ()4, = Qo. For any integer i > 0,

we put
. S kZ—H — kd ' ) k€+1
Ek.f
s3(1) = [Q?g ] +1;  s4(2) = min(s2(4), s3(4)).
Now we find all primes @ such that

Qo < Q < min(Qok, & K114, (10.1)
For each @) in (10.1) we form the set
D ={t Q" | ged(t Q',d) =1,P(t) < k,51(Q) <t < 54(Q)}.

We put E' = [J Dy, where the union is taken over all @ satisfying (10.1). Furthermore, if
Qo < (62k)Y*, then we find all primes @ such that

Qo < Q < &/ KL (10.2)
For each @) in (10.2) we form the set
D¢ = {t Q| ged(t Q' d) =1,53(Q) <t < s2(Q) and t Q' has Property Py}.
We put E” = [J D¢) where the union is taken over all @ satisfying (10.2). Finally we put
Eq=FE UE" if Qo< (0,k)"; E=EF otherwise.

Step 2'. Let Eq0 = Eq. We take EZM to be the set of N € E; for which N +d as well as N —d
do not have Property Fy. We put E;1 = Eg — Eé’l. Next, we construct El’i’2 to be the
set of N € Ey; for which N + 2d does not have Property Ff and at least one of N — d,
N —2d does not have Property Fy. We put Ego = Eg1 — Ez/i,2' We proceed inductively to
construct the sets Etli,?»’ E43,.... We observe that

Eqo 2 Egp 2 Ege 2 -+ . (10.3)

Thus, N € Eg; implies that N ¢ EZM which means that either NV + id has Property P, or
every one of N —d, N —2d,..., N — id has Property F.
Step 3'. We construct the sequence (10.3) for every d < d'.

LEMMA 15. Assume (1.1) with Hypothesis A. Let k > 4 and 61 < 0 < . Suppose that d < dy is
fixed. Then Eq; # 0 for 1 <i < [£].

Proof. Assume (1.1) with Hypothesis A and let §; < § < d2. Then we see that there is a term
in A, say n+ hd, 0 < h < k which is divisible by a prime Q1 > pr)4+y, = Qo to an {th power.
Thus n+hd = t;Q{ where t; is a positive integer. Furthermore, ged(t1QY, d) = 1 since ged(n, d) = 1.
Suppose that Qg > (J2k)/*. Then t,52k < Q5 < t1QY < 2k implying 1 < k*. Since t1Qf is a
term of A, it has Property Fy. Hence P(t1) < k. Furthermore, since §; < 6 < do and ngé > OoktH,
we have $1(Q1) < t1 < [52]{:“1/@{] = 54(Q1). Also @ satisfies (10.1). Thus tlQ‘i € E'. Suppose that
Qo < (62k)V/. 1f t1QY satisfies QHk" < t1Qf < 62k, then we see that t;Qf € E". If Q% < Q§k?,
then t1Qf € E'. Hence n + hd € Egpo. By (1.1), we see that n + (h + j)d has Property Py for
0<j <k—h.Alson+ (h—j)d has Property Py for 0 < j < h. Let h < [k/2]. Then n+ hd € Eg;
for every 0 < i < [k/2] since k = 4 or k is prime. Suppose that [k/2] < h < k. Then we
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consider n + (h — [k/2])d = n+ h'd with 0 < h' < [k/2]. We see that n + h'd is a term of A
and arguing as earlier we get n+ h'd € Ey; for every 0 < i < [k/2]. This proves the assertion. [

11. Proof of Theorem 1 when £ =3

We assume (1.1) with Hypothesis A and ¢ = 3. Let k > 4. Then by Lemma 9, we have
d € {7,13,14, 19, 21, 26, 28}. (11.1)

Furthermore, by (7.2) and Lemma 3, we see that k is bounded above by 47,131,47,263, 331, 131, 47
according as d = 7,13, 14, 19,21, 26, 28, respectively. We apply Algorithm 2 to exclude all of these
values of k£ and d. We explain by means of examples. Let d = 19. First we take £ = 109. By Lemma 3,
we see that & > 4.8804 = 01. By (7.2), we get § < 18.65 = d2. We compute x; = o = 56.
Thus Qo = 439. We see that Qp > (d2k)/*. Thus we need to compute E; = E’. First we find
all the primes @) between 439 and 1380. Then we form Db. For instance, when @) = 439, we get
51(Q) = 9, 54(Q) = 31 and D/j3q = {t 43939 < t < 31,¢ # 19}. We now construct E; and follow
Step 2. We find that E,; = {32 -479%,2 - 7-4493,2 - 3 - 7513} and E,2 = 0. This contradicts
Lemma 15. Thus k # 109. Next we take k = 4. Then 6 > 1.339 = ;. By (7.2), we get § < 509 = 5.
Furthermore, x; = o/ = 2. Thus Qp = 7. We see that Qp < (4 x 509)!/?. Thus we need to compute
Eq = E'UE". For the primes between 7 and 23, we compute Dy, as well as Dg). For primes between
29 and 47, we compute Dgg. For instance, suppose @ = 29, then we find that s3(Q) =1, s2(Q) =5
and Dp) = {t 2931 <t < 5,t #5}. We follow Step 2’ to get Eqq = 0. Thus k # 4. All other values
of k are excluded similarly. We exclude all the values of d in (11.1) as above.

Let k = 3. By the result of Gydry [Gy$99], we have 3 1 d. Now we omit the one term in A
divisible by 3. Then we see from (1.1) that

N(N +id) =y}, i=1,2, b =1,24, (11.2)

where N =norn—+difi=1 N =nif i = 2 and y; is some positive integer. Suppose that d
is even. Then N and N + id are both odd and by (11.2) we have N = u3 N + id = v> for some
positive integers u and v. Thus 60 > id = v® — u? implying that (u,v) = (1,3). Thus n = 1,d = 26,
which is not possible by (1.1). Hence, we may assume that d is odd. Thus

de {5,7,11,13,17,19, 23,25, 29}. (11.3)

We put X7 = N +id/2. Then (11.2) becomes X? —i?d?/4 = bjy3. We see that this equation can be
rewritten as X2 = Y3 + (bd)? with b, € {1,2,4}. Now we use SIMATH to find all the integral solu-
tions of this elliptic equation when d is given by (11.3). We check that none of the integral solutions
yield any solution to (1.1). O
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