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A square matrix is said to be stochastic if its elements 
are non-negative and if each of its row sums is equal to one. 
Thus X = 1 is always an eigenvalue of a stochastic matrix. 

It is the intent of this paper to establish the theorem 
stated below. Though the result itself is well known 
(e.g. [l, pp. 102-104]) it is believed that the proof given is 
new. In any event it is self contained. 

Let A = (a .) be an mX n matrix and let u and v be 

positive integers such that 1 <. u <_ m, 1 <C v <̂  n. Let a denote 
a strictly increasing sequence of u integers (i , . . . , i ) 

chosen from 1, . . . , m, and let (3 denote a strictly increasing 
sequence of v integers (j , . . . , j ) chosen from 1, . . . , n. 

Then Afĉ jP] is that submatrix of A with rows indexed by a 
and columns indexed by p. Afo'lp) is the submatrix of A with 
rows indexed by a and columns indexed by the complement of 
(3 in {1, 2, . . . , n} . A(»| p] and A(a\ p) are defined analogously. 

We shall write A1 for the transpose of A. 

THEOREM. Let A be an n x n stochastic matrix. Then 
one is a simple zero of the minimum function of A. 

2 
Proof. Given y such that (A1 - I) y = 0, set x = (A' - I)y. 

It suffices to show that x. = 0. In any event we can assume that 
x and y are real. Then, since (Af - I)x - 0, we have 

n 

(1) T a . x. = x., j = 1, . . . , n 
1J 1 J 

i = l J J 

n 

and thus | x. | <_ S a. . | x. | . If strict inequality hold s for 
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any j , we would have 

n n n 
2 x < 2 2 a x = 2 x 

j= i J j= i 1=1 i J * i= i i 

a c o n t r a d i c t i o n . Thus we have 

(2) 2 a . . | x . = x. , j - l , . . . , n . 
i = l 

Let E = { i l x . > 0) , F = ( i l x . < 0} , and H = { i l x = 0) 
l ' i J i } 

Then (2) m a y be w r i t t e n 

x . if j e E 
I J 

(3) 2 a. . x - 2 a x = - x if j £ F 
i e E 1J ' i £ F 1J ' * J 

! 0 if j e H 

whi le (1) inay be w r i t t e n as 

(4) 2 a x -f 2 a x = x , j = 1, . . . , n. 
1 £ E 1 £ F 

It r e a d i l y fol lows f r o m (3) and (4) tha t 2 a .x = 0 
. „ ii i 
I E F J 

if J £ E , 2 a . . x = 0 if J E F , and 2 a x = 2 a x = 0 
i e E 1J * i £ E i j i

 i E F
 l j * 

if j £ H . Thus A [ F | E ] = 0 , A [ E | F ] = 0, and A ( H | H ] = 0. 

The def in i t ion of x l e ads to the equa t ion 

n 
(5) 2 a . y . = y . + x . , j = l , . . . , n . 

i = i 1J ' J J 

Since A ( H | H ] = 0, this b e c o m e s 

(6) 2 a. . y. = y. , j E H . 

i e H 1J a J 

C l e a r l y 2 a. . <_ 1 for any i . Suppose for s o m e 
j £ H 1J 

746 

https://doi.org/10.4153/CMB-1967-079-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-079-5


i e H, 2 a. . < 1 and y. ^ 0. Then we would have , us ing (6), 
° • u 1 J 1 

j e H o o 

2 a. ly. | < | y . I = £ 2 2 a . . l y . | < 2 ly . l 
i l l i ' n i i 

j e H o J o o i e H j e H J i e H 

= 2 |y | < 2 2 a |y | , 
j e H J j e H i e H J 

a c o n t r a d i c t i o n . Thus i e H, 2 a . < 1 = ^ y = 0. 
j eH o o 

If i eH, and 2 a. . = 1, c e r t a i n l y a . = 0 for 
J e H O O 

j e E U F . 

It fol lows that a . .y . = 0 when i e H, i e E U F , and thus 

(7) 2 a . . y . = 0, j e E U F . 
i e H 1J X 

Since A[F | E] = 0, we have f r o m (5) and (7) 

2 a . v = y. + x., j e E ; 
i s E 1J X J J 

whence 

(8) 2 2 a. .y . = 2 y. + 2 x . . 
j e E i e E 1J 1 j e E J j e E J 

But A [ E | F ] = 0 and A ( H | H ] = 0 and t h e r e f o r e 

2 2 a . . y . = 2 2 a . . y . = 2 y. . 
j e E i e E 1J * j = l i e E 1J * i e E 1 

Thus (8) y i e ld s 2 x . = 0 and E i s s een to be void. 
j e E J 

S i m i l a r l y F i s empty, and thus for a l l i, i e H . Th i s 
m e a n s that x = 0, as was to be p r o v e d . 
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