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QUADRATIC FORMS ASSOCIATED WITH PLANAR
ENDOMORPHISMS

G.E. PRINCE

Any linear operator A on E? is shown to have two real quadratic forms on S !
associated with it. They represent the expansion and rotation of the map and the
eigenvalues of A can be described in a geometrically intrinsic way in terms of the
eigenvalues of these two quadratic forms via the formula

1
Az = 3 (7% +A5%) & 1/ -AP0ARt.

A number of theorems concerning these quadratic forms are presented.

1. INTRODUCTION

The geometric structure of linear maps is usually analysed through the standard
(additive) decomposition into an expansionary part, a shear and a twist through the
Euler-Cauchy-Stokes decomposition theorem [3]. However, in the planar case any endo-
morphism A on E? has associated with it a pair of quadratic forms A®P, A™ on S* which
represent the expansion and rotation of the map. In particular, the associated eigenval-
ues AT, A5 and APt ALt are the minimum and maximum values of the expansion and
rotation of the map.

The result of the main theorem is that
AP+ AP

2 + _ /\liot. /\got

A1,2 =
where ), » are the (possibly complex) eigenvalues of A.

As a corollary of this result, in the case of a repeated eigenvalue of A, the correspond-
ing eigenspace has dimension 2 when AT = A = 0 and dimension 1 when only one
of these rotations is zero. Apart from their intrinsic attraction and apparent originality,
these results find application in the classification of planar flows (1, 2].
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2. QUADRATIC FORMS ON THE CIRCLE
Here are some elementary results concerning quadratic forms on S! needed in the
next section when the expansion and rotation of a linear operator on E? are introduced.

THEOREM 2.1. Let @ :S' — R be a non-zero quadratic form on the circle with
symmetric matrix representation [Q] (relative to some orthonormal basis) so that

Q@) = [a]"[Ql[a]

where @ = (cos(@), sin(¢)), ¢ € [0,2r). Then the eigenvalues of Q are its maximum and
minimum values and these values are achieved in the corresponding eigendirections. The
quadratic form is constant if and only if it has a repeated eigenvalue.

PrOOF:
. dQ(ﬂ) _ (LT o~ ~T ~1
o = [@7][Q)a] + [@]"[Q)[E"]
= 2(z']"[Q][a)
= 2[a]"(Q](a"]

d o~ . . . . .
since Ea[u] = [@*] and Q)] is symmetric. Hence the local extrema occur in the eigendi-

rections of ). Because the domain of @ is S! this pair of local extrema are global in
character.
Let ¥ be an eigendirection of @ belonging to ), then

Q@) = MNal"[@] = A.
Clearly if A is a repeated eigenvalue, then @ has this value in every direction. 0

DEFINITION 2.2: The average value of a non-zero quadratic form Q@ : S' = R is

_ 1 27

Q= o )y Q((cos ¢,sin ¢))d¢.

THEOREM 2.3. Let Q:S® — R be a non-zero quadratic form on S*, then
| Q= -;—trace (Q).
PROOF: Suppose that
Q((cos ¢,sin¢)) = acos’ ¢ + 2F cos ¢sin ¢ + ysin® ¢

for some «, 3,7 € R. Then

2n
@:51; (acos® @ + 2B cos psin @ + ysin® ¢) do
0

_(a+y) 1
=a = Etrace (Q). 0
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THEOREM 2.4. LetQ:S' — R be a non-zero quadratic form on S* with average
value Q = (1/2) trace (Q). This average value is achieved in the direction
-~ 1 ~
Uay = %(umax + umin)

where Upay, Umin are the eigendirections corresponding to the max/min values of Q.

Proor: If Q has a repeated eigenvalue the result follows immediately from Theo-
rem 2.1. If Q has a distinct eigenvalues we use {%max; @min} a5 an orthonormal basis for
S! and write

U 1= COS @ Umax + SIN @ Upmin

so that
Q(B) = Amax €05° @ + Amin sin® ¢
0
~ 1 2 1 5
Q@) = 3 trace (Q) <= cos’¢ = 5 =sin ¢

and so

~ 1 . ~

Uay = ﬁ(uma.x + umin)-
(This is intended to cover all 4 points on S*.) 0

3. EIGENVALUES OF PLANAR ENDOMORPHISMS
Let A be a linear operator on E?, then for any non-zero u € E? with % := u/||ul|
A(u) = (A(u) -B)8 + (A(u) - T)Tt,
where ut := Ry/2(u) (so that if u = (u',u?) then ut = (—u?,u!)). Hence
Au) = (A@@) - B)u + (4®@) - TH)ut
and, since the adjoint of R,/ is R../2 relative to the standard inner product,
A(u) = (A@@) - B)u+ (R_nj2 0 A(T) - T)u'.
If the matrix representation of A (relative to the natural basis) is
(4] = (Gu a12)
Q21 Q22
then the matrix representations of the two quadratic forms
A®P(T) := A(@) - &, A™YT):=R_,0A(R)-T
are

a ! (12 + a2y) a 1(a an)
11 o \e12 21 21 22 — Unl
[Aexp] =1, 2 , [Arot.] =|; 2

§(a12 + ag;) a2 5(022 —ayn) —a12
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DEFINITION 3.1:  A®P(Z) and A™'(%) are respectively called the erpansion and
rotation of the operator A in the direction of 4. The average values of the expansion and
rotation of A are the average values of A™P(%) and A™!(%) respectively.

It is interesting to compare this result with the standard Euler-Cauchy—Stokes de-
composition theorem (3]:

THEOREM 3.2. (Euler-Cauchy-Stokes Decomposition Theorem) The matrix rep-
resentation of A can be uniquely decomposed as

4= 2+ 540

where © := trace ([A]) (so that ©/2 is the average expansion of A), T is a trace-free
symmetric matrix representing shear and §) is a skew-symmetric matrix representing the
twist of the map. Explicitly

(4l =

2

(an + 022)I 1ljlan —ax az+an 1 0 212 — Az
a2 +axn Qe —ay a1 — Q12 0

It is a simple matter to show (in an obvious abuse of notation) that
ATP(T) = AP + 5(T) - U, A™(T) = A™ + T(T) - at.

Now we apply Theorem 2.1 to the rotation and expansion of A. Part (c) of the
following theorem follows from the definition of A™".)
ProposITION 3.3.

(a) Ifthe quadratic form A®*P is not zero, then its eigenvalues are the maximum
and minimum values of the expansion of the map A and these are achieved
in the corresponding eigendirections. The map A has constant expansion
in all directions if and only if A%*P has a repeated eigenvalue.

(b) If the quadratic form A™" is not zero then its eigenvalues are the maximum
and minimum values of the rotation of the map A and these are achieved
in the corresponding eigendirections. The map A has constant rotation in
every direction if and only if A™" has a repeated eigenvalue.

(¢) The zeros of A™ occur in the eigendirections of A.
The main theorem relates the eigenvalues of A to those of A**P and A™:

THEOREM 3.4. Let the (possibly repeated) eigenvalues of A be Aj, A\, and those
of AP and A™ be AT, AJP and A%, \P* respectively. Then

AP 4 pexp
A2 = —1——5—2 £ /= APEARE
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PROOF: This is a straight forward calculation using the matrix representations of
A, A™ and A™ (relative to the natural basis). The crucial facts are:

det[A™] = —% (trace [4]) + det[A4]

and
trace [A®®] = trace [A].

0

This theorem shows that the average expansion of A is the arithmetic mean of
the maximum and minimum expansions. More strikingly it shows that A has complex
eigenvalues precisely when the maximum and minimum rotations have the same sign,
so that the map rotates every direction in the same sense. This is intuitively satisfying
given the behaviour of pure planar rotations. Finally, the theorem has a corollary which
explains the geometric multiplicity of repeated eigenvalues of the map A.

COROLLARY 3.5. If the linear operator A has a repeated eigenvalue )\ its geo-
metric multiplicity is 2 if and only if X" = 0 = A (so that A™ is the zero quadratic
form) and its geometric multiplicity is 1 if and only if only one of A®, \5®* is zero.

ProOF: The main theorem indicates that the repetition of X\ is equivalent to
APt )Pt = (. Notice also that A™*(%) = 0 in any eigendirection of A (whether the
corresponding eigenvalue is repeated or not).

Now suppose that A has geometric multiplicity 2 so that A = AI. Then A™ = 0 so
that AT%, AI°* are trivially zero. On the other hand, if A" = 0 = A} then A™ = 0 since
APt A% are the global maximimum and minimum values of the rotation of A. Thus

Aw) = A%(Q)u, Y ue E?

and so the repeated eigenvalue has geometric multiplicity 2.
It is an immediate consequence of this argument that geometric multiplicity 1 is
equivalent to only one of A%, A5® being zero. 0

This corollary shows that a repeated eigenvalue occurs when a map’s rotation is zero
in at least one direction (and the eigenvalue achieves geometric multiplicity 2 only when
the map itself is a pure expansion).

We can now classify the eigenvalues of linear operators on E? according to their
corresponding rotations using A[® € A™(%) < A\, Vu e Sh

zeros of A™ on [0, 7) | Eigenvalues of A
none complex
1 repeated, geometric multiplicity 1
2 real and distinct
00 repeated, geometric multiplicity 2

https://doi.org/10.1017/50004972700018979 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700018979

464 G.E. Prince 6]

Needless to say the eigenvectors of A are the zeros of A™.

Finally, two remarks: while the constructions of A™ and A®®P are not invariant
under similarity transformations, their determinant and trace respectively are. That is,
the determinant of the symmetrisation of P! o (R_,,/z o A) o P is the same as that of
the symmetrisation of R_,;2 o A and similarly for the trace of the symmetrisation of
P~1o0 Ao P. The second remark is that any inner product for R? would have done: the
rotation R_,/; being replaced by a linear map R with R*(u) = —u and R(u) orthogonal
to u (for nonzero u).

4. GENERALISATIONS

There are two clear directions for generalisation of these results: one is to C? and
the other is to E*. The C? results are rather disappointing inasmuch as the two quadratic
forms A®*P, A™ of the real case do not become Hermitian quadratic. If u = (u!,u?), then
ut = (-u?u') and the map corresponding to Ry, is then antilinear. If we denote this
map by R, /2 we have

Au) = (A(ﬂ) . ﬁ)u+ R_, 3 0 A(T) ~1’I)ul
where R_, 20A: C? — C? is antilinear. The quadratic forms A®*P, A™* defined by
A¥P(T) = A(@) - 4, A7) = TZ-,,,z o A(u)-u

arise from sesquilinear and completely antilinear maps on C? x C? respectively. Neither
quadratic form has an a priori Hermitian matrix representation although A™' has a
symmetric matrix representation. However, the result of the main theorem still holds for
the eigenvalues of the 3 matrices

1 1
(a“ (112) an 5(012 +az21) az1 5((122 —an)

1 1
d21 G2 -2'(0:12 +an) as §(a22 —ay) —a12

The corollary to the main theorem also holds because a repeated eigenvalue of A means
that both eigenvalues of the third matrix above must be real with at least one zero.

The generalisation to E™ seems straight forward in one direction at least. If a linear
operator on E” has an invariant 2-space, the behaviour of its restriction to this 2-space
can be analysed with the results given here. This is probably more interesting when the
2-space is not a direct sum of eigenspaces. The case of orthogonal operators on E* is
probably the simplest.

On the other hand on E™ one might try and generalise the decomposition of A(u)
into components along @ and along its orthogonal complement:
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Aw) = (4w - D)+ Y (4w - 3)at,
i
= (4@ - Bu+ ) _(A@ - R(@)u,

where {ui,...,ur_,} is any orthogonal basis for the orthogonal complement of Sp{u}
with all elements having the same length as u. The rotations R; are the linear operators
on E" satisfying

I?ﬂ(u) = uil’ Rl(u;L) =-u (no sum), R,('U,;') = 'U,j“, J # i.

However, these rotations in general depend on u unlike the E? case. This is easily seen
in E* where each of the R; has exactly one real eigenspace spanned by the appropriate

u}. So it seems that analysis in the E™ case is best accomplished by examination of

invariant two spaces.
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