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THE GIBBS PHENOMENON FOR GENERALIZED
TAYLOR AND EULER TRANSFORMS

ROBERT E. POWELL AND RICHARD A. SHOOP

1. Introduction. Let f be a real-valued function satisfying the Dirichlet
conditions in a neighborhood of x = x,, at which point f has a jump discon-
tinuity. If {S,(x)} is the sequence of partial sums of the Fourier series of f at
x, then {S,(x)} cannot converge uniformly at x = x,. Moreover, for any
number 7 € [—m, 7], there exists a sequence {¢,}, where ¢, — x, and

Sn(tn) :f(xO + O) _;—f(xo _ 0)

Lo +0) = flon = 0>f0’sf2”du +o(1) (n— o).

™

This behavior of the sequence {.S,(x)} is referred to as the Gibbs phenomenon
atx = x9. Let A = (a,x) be a regular summability matrix and {s,(x)} be the
A-transform of the sequence {S,(x)}, i.e.,

©

aa(x) = Z Sy (x), n=0,1,2,....

If {o,(x)} displays the Gibbs phenomenon at x = x, also, then A preserves
the Gibbs phenomenon. Miracle [5] proved that the transform A4 preserves
the Gibbs phenomenon for all functions satisfying the Dirichlet conditions
over [—m, =], if and only if, given 7 € [—, =], there exists a sequence {t,},
such that ¢, — 0, and

(1) "'n(tn) = j‘or ﬂ% du + 0(1) (n——»oo),

where {c,(x)} is the A-transform of the sequence of partial sums of the Fourier
series for the function

—7/2,if —r <x <0
Y(t) =<0,if x =0 (mod =)
m/2,if 0 < x < ,

extended to be 27-periodic. For this particular function

@) sn<¢)=f0’mdu

sin %
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Moreover, since o,(x) is an odd function of x for each %, a matrix A preserves
the Gibbs phenomenon if, for each nonnegative number 7, a nonnegative null
sequence {f,} can be chosen so that (1) holds.

The preservation of the Gibbs phenomenon by a matrix transformation has
been studied for the Cesaro means by Cramér [1] and Gronwall [2]; for Euler
means by Szasz [9]; for Borel means by Lorch [4]; for Hausdorff means by
Szé4sz [10]; for Riesz means by Kuttner [3], for Taylor means and [F, d,] means
by Miracle [5]; and for Sonnenschein means by Sledd [7].

In this paper the Gibbs phenomenon is investigated for generalized Taylor
methods studied by Powell [6; 7] in § 2, and § 3, and for a generalized Euler
method studied by Wood [11] in § 4.

2. The Gibbs phenomenon for the .7 (r,) summability method. The
T (r,)-transform [6] is defined as follows:

Definition 2.1. Let {r,} be a sequence of complex numbers, such that, for
each n,r, # 1. Let a,, = 0if 2 < n and

ﬁl (1 - M)Z Z ankz

=1 1 — ;2
The matrix A = (a) is the.Z (r,) method corresponding to the sequence {r,}.
If r, = r (r # 1) for each #, the corresponding .7 (r,) method is the Taylor
matrix 7°(r).
THEOREM 2.2. Let {r,} be a sequence of real numbers where 0 < r, < 8§ for
some O <6< 1land all k =1, 2, .... Let S,(t) be given by (2), {a,({)} the
T (ri)-transform of the sequence {S,(t)}, and

n+1 ¢
K,= 2 Ii_’—f— + 2n.
j=1

If {t,} is a sequence of positive numbers for which lim,_ t, = 0, whilelim,_ K, t,
=7 (0=7 =), and lim,_, nt,> = 0, then

lim o, (t,) = f S‘;”du,
0

N—oo

i.e., the. 7 (r,) matrix preserves the Gibbs phenomenon.

Proof. Since 0 < r, < 6forsome 0 <d< landall 2 =1, 2, ... we have
that the. (r,)-transform is regular [6, Theorem 3.6]. Now

B) ) = iank f tﬂn—z—@du

= o sinu
Since [sin 2ku| < kn|sin «| for |u| < v/2and k = 1,2, ... we have that
= sin 2ku =
2o <
kZ=;L Ank sin % = T kér:z klankl
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and

; (& + Dan = {ﬁ (1 - r,)z}

j=1 1 - er z=1

is absolutely convergent since
T (1 =7z
j=1 1— Y ;2
is analytic on {z:]|z| £ 1}. Thus Y5, au (sin 2ku)/(sin«) is uniformly con-
vergent foru € [0,{] ({ £ 7/2), and (3) can be rewritten as

11

Z Qi SIn 2ku du
o sinu =,

! TS 2(k+l)iul
— Im e D ame Idu

o sin u et

1 n+1 _ 21u
.1 {—m I 1 7’1)26“‘ }du

0 sin u =1 L —rse

a'n(t) =

|
S~

I
—

I
S~

or

n+1

@ mmaﬁgi;mmﬁﬂem s
(] e

Define the quantities p; and 6; by

pje i =1 — r e,
Thus,
(5) pjcosl; =1 — r;cos 2u,
(6) p;sin @; = 7, sin 2u,
(7) p2=1—2r;c082u + r2,
and
8) p;=1—r,

Rewriting (3) we have

© w0 = [ T w0 (S 0+ o) au

0 sinu# o y
Using (8),
n+1 n+1
OSI—Hl_r"§ (I_I_Lf)
j=1 Pj j=1 Pj
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—T]-<
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2r;(1 — cos 2u)
p) .

pPj
So

1—'7’]'

Pj

(10) 1 -

and

where

n+1

H,

&
LERy

=1 Pj

Pj

<50w) (u—0)
P

n+1

2

j=1

250w’y = OHu')
Pj

Since 7, € [0, 1) and p; = 1 — 7; we have

1
jaax 1_7]'

Pj

j=1

=1+ 0@nu®)

and, hence, (9) becomes

on(t)

i

1

sin #

n+1

> 6, + 2nu
j=1

)i

{1 + O(nu®)} sin (

n+1

, sin (Z 0; + 2nu)
= f =t du
0 sin u
{ ft u2 (n+l }
+ O\n . ;msm ; 0]-—f—2nu)du .
Now
o (§ o) 2 o) o
. _ ’ BT _
n \ sin —sin ; 0; + 2nu ) du| < 5 J, udu = 0mt”) (nt”—0).
Thus,
n+1
, sin (E 0; + 2nu)
— j=1 2 2
1) o,(t) = j; o du + O(nt”) (nt*— 0).
Now, by (7),
,pﬂj - 27']'”' = Ipﬁj _ ijin 0]' + ] Sin 214 — 2r,—u|
=< p;(6; — sin ;) + r;(2u — sin 2u)
< o, + 8,
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and, by (10),
] 2
pi— (L—r;) ==-0).
Y
Thus,

(1 —7r))0; — 2rju| < |pf; — 2rju| + |(1 — 7;)0; — psb;l

IA

p 87 + Srad + f 8,-0(u®) (u— 0).
J
Since

Tr; . T
—Lsin2u<s—Lu

0; =
2p; Pj

™ .
o sin 0, =

we have that

2

3
[Q—7)8; — 2ru| = p, (Lr]) u' + 8ru’ + T 0@
Pj Pj
=0@") (u—0).
Thus,
27’1 3
0; = 1=, +0w®), (u—0)
— 7,
and, using (11),
! .{”“I:zr, 3] }
o (t) = . sin g S 2 1= r,-u +0W’) | + 2nug du

_fz 1 Sin{[wl 2r; +2:| + o( 3)}(1
“ Josinu = 1 -7, o un "

fz 1 {(n+1 % ) } .
- : j
= J, o Sin Z -7, + 2n Ju g cos O(nu’) du

j=1
+ ft 1 sin O (nu®) {(nff 2 + 2 )u}du
, sz Sin u") cos 21—, n .

The procedure used to derive the error estimate in (11) shows that the second
integral is O(nt?) (nt* — 0). Also,

cos O(nu®) = 1 4+ O(nu?),
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SO

() = f 1 gn {(f 12” + Zn) }[1 + 0mu®)] du + 0 (ni)

0o SIn % =1

t
=f 1 smK,,udu—{-O(nt)

0 sin u

- f S“‘K"“d + 0(mt®)  (nt*—0).
0

If {¢,} satisfies the hypotheses of the theorem, then

a,,<zn>=f0 SR b+ Oty (> 0)

Knin _:
= f Slzudu +O0mt)) (m—o0)

0

fsmud +0(1) (m—o0).

Letting 7, = r € [0, 1) in Theorem 2.2, we obtain the following corollary,
which is essentially Theorem 4.1 due to Miracle [5].

COROLLARY 2.3. Let S,(t) be given by (2), and let r € [0, 1). Let {a,(t)} be
the T (r)-transform of the sequence {S,(t)}, and K, = 2(n + r)/(1 — 7). If {t,}
is a sequence of positive numbers for which lim,_ t, = 0, while lim, . K,t, =
7 (0 =7 =) and lim,,, nt,2 = 0, then

lim o, (t,) = f s1r;u du.
0

n-co

3. The Gibbs phenomenon for the L(r, {) summability method. The
L(r, t)-transform is defined to be the matrix 4 = (a,), where

0, ifk <m
Apy = (1 _ r)n+1 exp (l_t_r_;) Lk—n(n) (t)rk—n, ’Lfk g n;
here L,™ (¢) denotes the Laguerre polynomial of degree j. It is assumed that
both 7 and ¢ are real, and that 0 < » < 1. The special case L(r, 0) is the Taylor
matrix 7'(r). According to [7, Theorem 2.1], the conditions on 7 and ¢ ensure
that the matrix 4 is regular, and has real entries.

THEOREM 3.1. Let r and t be real numbers with 0 < r < 1, let S,(x) be given
by (2), and let {o,(x)} be the L(r, t)-transform of {S,(x)}. If {x,} is a sequence
of positive numbers such that x, — 0, [2(n +7)/(1 —7r)]x, > 7 (0 = 7 £ ©0),
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and nx,? — 0, then

. "sin %
lim o, (x,) = f du,
0 u

N—0

1.e., the L(r, t) matrix preserves the Gibbs phenomenon.

Proof. We have

ou(x) = Z a”kf sin 2ku du
0

= sin u#
f" 1 { I }
p— U
= J, sinuIm ’; Uil du
= (1 —r)"exp ( r ) Ifl— Im {i L™ (t)rk_"em“} du
1—7 0o SIn#% k=n
— (1 _ r)n+l exp ( 174 ) fz 1 Im {eﬂnu i Lk_n(n) (t)
1—7 0 sin u k=n

X (762111)]6—"} dn
_ 3 1 ir ) fz 1 { ezmu
(1= 7" exp (1 —r 0 sin u Im 1 — ret™yt!

—t1’32 tu
X exp P du.

Thus,
T 1 e21nu
_ _ n+1 _
(12) O'n(x) - (1 7) ﬁ Sil'l u Im {(1 _ re?zu)n+l
tr tre®™ )}
X exp (1 e . T du.
Now,
tr tre*™ ) ’ & 1,: tr(1 — &*™) :lk
exp (1 —7r 1 — ™™ 1 = ,; ELL( — 7)1 — re’™)
- 1 tr " 2tu |k
< I LA _ u
=2 k!‘(l—r)z 11—
- __1_ tr k
=u 2 k!’(l—r)z M
where
© N\ J
M = sup —(2*?,—)‘%]'_1 < 0.
o0<ugr/2 | =1 J-
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Hence,

tr tre*™
1 0 =14 0(@u) (”‘_’O)

re

(13) exp ( i

From (12) and (13) it follows that
s q e21nu }
_ _ n+1
a'n(x) - (1 7’) ﬁ Sil’l u Im {(1 _ reZiu)rH—l du

jfz u [Zinu(l—r)n+l] }
+Ol osinulm ¢ 1 — re®™ duf,

€

14) o,(x) = @ — )" fx 1 Im {(1 — r;:u)nﬂ} du +0x) (x—0).

o sin u

-—r

i.e.,

But the integral appearing in (14) is precisely the integral which arises when
the Taylor transform 7°(7) is applied to the series (2). According to [5, Theorem
4.1], we, therefore, have that

. .
. sin %
lim o, (x,) = f 2 du,

n—co 0

provided {x,} satisfies the hypotheses of the theorem.

4. The Gibbs phenomenon for the J(g,, z) summability method.
The J(g,, z)-transform [11] is defined as follows:

Definition 4.1. Let {g,} be a convergent sequence of functions, each function
analytic on {z: |z < p} for p > 1, and let
g(z) = lim gu(2)

Mm—co

where the convergence is uniform on compact subsets of {z: |3| < p} and
g(u) # 0for —1 < u < 0. Let {{," (x)} be a sequence of polynomials defined
by

() (1 — u)* = 2 £ ()"

and define the linear operator L,, by

Lm(fr x) = g(_xl_—is ni:;) (_l)m_ng‘m—n("»(—n - l)xn(l - x)m—fy(%)

where f is defined on [0, 1] and x € [0, 1]. The matrix B = (b,,) given by

L,(f,2) = ; bmnf(%) for [1 —z| <p
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is the J(gn, 2) summability method corresponding to the sequence {g,} and
the parameter 2.

If g,,(z) = 1 for all m then the J(g,, z) transform is merely the Euler trans-
form E(z).

In the following let z be real and 0 < z < 1 (writez = «x). Thus, the J(gy, x)

method is regular [11, Theorem 2.1]. Also, denote
gm(x) = Z:;) (“l)namnxny

hn@) = > (= 1)

n=m+1
HORSDIRCI VS
The following lemma is the result of a straightforward calculation.

LEMMA 4.2. The J(gn, x) summability transform B = (by,) ts given by

k=0
0, ifn > m.

THEOREM 4.3. Let ay, be real for all m, n =1, ..., and let x € (0, 1]. Let
S, (t) be given by (2) and {c,(t)} be the J(gm, x)-transform of {S,(¢)}. If {tn} is a
sequence of positive numbers such that t, — 0, mt, —>7/x (0 =7 < 0) and
min? — 0 then

lim oy (ty) = f SI® du,

Mm-co 0 u

1 n m—nm_n m'—k .
bmn={Z@TT)x(l_x) Z( n )"m’" JO=n=m

i.e., the J(gn, x) matrix preserves the Gibbs phenomenon.

Proof. By Lemma 4.2,

IS SR < S PN oo (m - k) f’ sin 2nu
7n(t) = glx — 1) = F(1 =) ;;» n ) o sinu du
1 |

=g(x— 1) Jo sinu

X Im {zm: (1 — x)" :sz (m ; k) (xe*™"(1 — x)m_k‘"} du,

)
1 !
(15) om(t) = glx — 1) j; sin u

m (k)
X Im {Z g____mk'(O) (x— DA —x+ xe“")'"—k} du.
k=0 .
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Write £ = 1 — x 4+ xe?™ and

:
1 m
P,.() = j; -S—i_rT;Im &™) du.

By (15)

_ 1 : 1 { m = k ( x —1 _)k}

om(t) = ec — 1 Jo SinuIm £ k=20 (—1)am 1__“x ¥z du
1 ‘1
T gl —1)Josinu
o x—=1 ), (_x=1
X Im {E [g"‘(l “at xe”“) fim (1 —x Tt xem)]} du.

So

1 | m x—1
(16) Um(t) = g(x . 1) 0 Sin uIm {E l:gm(l —x + xe?iu) - gm(x - 1):]} du
1 |
(x—1) Jy sinu

gm(x - 1)
R — P (t) +7

ctm {0 =)

Bp(x — 1)
— 2t P ().
g —1) 0
In order to estimate the first and third terms in (16), we use the following:
Since, for each m, g,(z) = Yo (—1)* a2 is analytic on D = {z: |z] < p},
p > 1, and {g,} converges uniformly to g on compact subsets of D, given
p1 (1 < p1 < p) there exists A > 0 such that

A7) Y laml’ p™ = A for all m.
k=0
Also, if |z:] £ 1 and |z,] = 1, then
lgm (1) — gn(32)| = |31 — 2o sup lgn"(2)1,
z€lzy,22

and, using Holder’s inequality,

len’ @) £ 2, Flaml

https://doi.org/10.4153/CJM-1975-047-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1975-047-3

394 R. E. POWELL AND R. A. SHOOP

Hence, if |21] < 1 and [z.] < 1, then

Igm(zl) - gm(22)| = Allzl - Zz[-
If u € [0, #/4] and x € (0, 1], then

x —1
e —1] =1 and |1_x+xem <
Thus,
L ft 1 {M[ (_x_—_l_w) _ B ]}
gle — 1) Jo sma A e\ T, Tz gn(x — 1) |( du
: L g (_Ll__)
T lgx — 1) Jo sinu IE" |&m 1 — x + x&™ — gn(x — 1)| du
A1 o x —1
=g — 1] Jo sinu |1 —x F+ xe™™ (x—1)| du
Ao Loy
<
T lglx = 1) Jo sinudu
=0@) @¢—0).
Similarly,
1 L | { ’”l: ( v —1 ):I}
g(x _ 1) o sinuIm £ hm(x - 1) - hm l—_m—zm du
=0@¢) (¢—0).
Also, by (17),
(e — 1| < kZ |
1/2 ® 1 1/2
é[ Iamkl pP1 :I I: -—ﬁ:]
k=m k=m+1 P1
— 1
sa 5 L|"
Thus,
R (x ) B
By (16),

a,,,(t)_g"'((x 1))Pm(t)+o(1) t—0,m— ),

https://doi.org/10.4153/CJM-1975-047-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1975-047-3

GIBBS PHENOMENON 395

i.e.,
om(t) = Pu(t) +0(1) (¢—0,m—> ).
If {t,} satisfies the hypotheses of the theorem, then

Om(tm) = j;'m sir}u Im {(1 — % + x"™)™ du + 0(1) (m — ).

Using the result

tm T .
lim f L Im (1 = % + %Y du = f S
mow Yo SINU 0 U

proved by Sz4sz [9] we have

.
. sin u
lim o (t) = f du.
Mm-oc0 0

u

The authors wish to thank the referee for the improvement of Theorem 4.3.
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