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THE GIBBS PHENOMENON FOR GENERALIZED 
TAYLOR AND EULER TRANSFORMS 

ROBERT E. POWELL AND RICHARD A. SHOOP 

1. I n t r o d u c t i o n . L e t / be a real-valued function satisfying the Dirichlet 
conditions in a neighborhood of x = x0, a t which p o i n t / has a j u m p discon
t inui ty. If (5n(x)} is the sequence of part ial sums of the Fourier series of / a t 
x, then {Sre(x)} cannot converge uniformly a t X — XQ. Moreover, for any 
number r £ [ — 7r, 7T], there exists a sequence {tn}, where tn —» x0 and 

c /, N /(*o + 0 ) + / ( * o - 0 ) 

, /(xo + 0) - f(x0 — 0) f r s i n u ( 

+ J— — I du + o (1 ) (n —> oo ). 
7T J Q U 

This behavior of the sequence {5n(x)} is referred to as the Gibbs phenomenon 
a t x = x0. Let 4̂ = (anA;) be a regular summabi l i ty matr ix and {<jn(x)) be the 
A -transform of the sequence {Sn(x)}, i.e., 

oo 

«nip) = Yl ankSk(x), n = 0, 1, 2, . . . . 

If {(Tn(x)} displays the Gibbs phenomenon a t x — x0 also, then A preserves 
the Gibbs phenomenon. Miracle [5] proved t ha t the transform A preserves 
the Gibbs phenomenon for all functions satisfying the Dirichlet conditions 
over [ — 7T, 7r], if and only if, given r G [ — IT, 7r], there exists a sequence {tn}, 
such t ha t tn —-> 0, and 

(1) <Tn(tn) = I — — ^ + ^(1) ( » - > 0 0 ) , 
•/ o w 

where {o"n(x)} is the ^4-transform of the sequence of part ial sums of the Fourier 
series for the function 

Î
- T T / 2 , if -7T < x < 0 

0, if x = 0 (mod TT) 

TT/2, if 0 < X < TT, 

extended to be 27r-periodic. For this part icular function 

(2) (̂0= f'i^du. 
J o sin u 
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GIBBS PHENOMENON 385 

Moreover, since <rn(x) is an odd function of x for each n, a matrix A preserves 
the Gibbs phenomenon if, for each nonnegative number r, a nonnegative null 
sequence {tn\ can be chosen so that (1) holds. 

The preservation of the Gibbs phenomenon by a matrix transformation has 
been studied for the Cesâro means by Cramer [1] and Gronwall [2] ; for Euler 
means by Szâsz [9]; for Borel means by Lorch [4]; for Hausdorff means by 
Szâsz [10] ; for Riesz means by Kuttner [3], for Taylor means and [F, dn] means 
by Miracle [5]; and for Sonnenschein means by Sledd [7]. 

In this paper the Gibbs phenomenon is investigated for generalized Taylor 
methods studied by Powell [6; 7] in § 2, and § 3, and for a generalized Euler 
method studied by Wood [11] in § 4. 

2. The Gibbs phenomenon for the ^{rn) summability method. The 
^~{rn)-transform [6] is defined as follows: 

Definition 2.1. Let {rn} be a sequence of complex numbers, such that, for 
each ny rn 9e 1. Let ank = 0 if k < n and 

n i]_^)5 = x^/+i. 
The matrix A = (ank) is the^"(rw) method corresponding to the sequence {rn}. 

If rn = r (r ^ 1) for each n, the corresponding^{rn) method is the Taylor 
matrix T(r). 

THEOREM 2.2. Let [rk] be a sequence of real numbers where 0 ^ rk ^ 5 for 
some 0 ^ 8 < 1 and all k = 1, 2, . . . . Let Sn(t) be given by (2), {<rn(t)\ the 
^'(/*)-transform of the sequence \Sn(f)\, and 

î£J 2r 
j=l 1 - Ti 

If {tn\ is a sequence of positive numbers for which limn^œ tn = 0, while limn^œ Kn tn 

= r (0 ^ r ^ oo ), and linv>œ ntn
2 = 0, then 

lim an(tn) = I du, 

i.e., the^/~(rn) matrix preserves the Gibbs phenomenon. 

Proof. Since 0 S rk ^ 8 for some 0 ^ 8 < 1 and all k = 1, 2, . . . we have 
that the^~{rn)-transform is regular [6, Theorem 3.6]. Now 

(3) <Jn(t) = J2ank J —^-—du. 
k=n

 J o sin u 

Since |sin 2ku\ ^ &7r|sin u\ for \u\ ^ w/2 and k = 1, 2, . . . we have that 

CO 

Z ) On 
sin 2&^ 

sin z* 
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and 

k=n dZ \j=l A — TjZ J I 2=1 

is absolutely convergent since 

rt a - ")* 
JLt l - rfi 

is analytic on {z:\z\ ^ 1}. Thus 2Z?=nanA; (sin2few)/(sinu) is uniformly con
vergent for u £ [0,/] (t S TT/2), and (3) can be rewritten as 

13 ank sin 2to dw 
o sin w S 

o sin u K t=n ) 

J o sin u I j=i 1 — r̂ e / 
or 

n+l 

f « I I (! - ^) ( Mnu ) 
(4) crw(0 = i = i ^ I m J \du. 

J o sin w \ n+i / 

Define the quantities p ; and Oj by 

p . g - ^ i = 1 _ Tje2ium 

Thus, 

(5) pj cos 6 j = 1 — Tj cos 2uy 

(6) p̂  sin Bj — r j sin 2w, 

(7) p / = 1 - 2r, cos 2^ + r / , 

and 

(8) o ^ l - r,. 

Rewriting (3) we have 

/

't -, n+l , _ / n + l \ 

_L_ ri i—IIsin I £ ej + 2nu) du. 
o s i n Z4 J = i pj \ j=i J 

Using (8), 

j = l Pj j=i \ Pj I 
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and, by (7), 

1 1 ~ rj ^ 2^(1 — cos 2M) 

Pj Pj 

So 

(10) 1 - — ^^^20(u2) (u->0) 
Pj Pj 

and 

n-f l i ra+1 

o ^ i - n —^ ^ E -^o(M
2) = o(^«2) 

j=i pj j=i Pj 

where 
rc+l 

.7=1 P ; 

Since rk 6 [0, 1) and p3^ 1 — r̂  we have 

n+l -J 

IT — — = 1 + Oinu) 
j=i Pj 

and, hence, (9) becomes 

—— fl + Oinu2)} sin I Y* 07- + 2nu I dw 
o sin u \ j^i I 

/

*t sin I J2 ej + %nu ) 
— ^ ^ 

o sin u 

+ 0\n I -^— sin I Y) 6*-, + 2nu) du\. 
\ J o sin u \jA 1 ) 

Now 

I Cl u2 In+1 \ I Cl 

\n | — sin ( Y] dj + 2ra* I dw < —— I z/ du = Oint2) int2 —> 0). 
I J o sin w \ ^1 / | 2 J o 

Thus, 

, sin I J2 dJ + 2 w^ ) 
\ j=i I -J. 

Now, by (7), 

(11) (7n(/) = / ^ T ^ Ldu + 0(nr) (nt2-+0). 

\pftj — 2fju\ = \pflj — pj sin dj + r̂  sin 2^ — 2r JU\ 

= Pi(^y ~" s m Oj) + ?^(2# — sin 2u) 

^ p ^ / + 8rju\ 
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and, by (10), 

Pj - (1 " n) = ^ • 0(u*). 
Pj 

Thus, 

(1 - r^dj - 2rju\ g \Pfij - 2rju\ + |(1 - r,)0, - Pjdj\ 

^ Pjd* + 8rju* + ^6r 0(u) (u->0). 
Pj 

Since 

r. ^ it . n IT ri . rt ^ 7rr̂  
0* ^ 7: sin dj ~ — — sin 2^ ^ —- ^ 

* * Pj Pi 

we have that 

| (1 - rj)0j - 2rju\ ^ Pj l^A uz + Srju + ^ f • 0(u) 
\ pj / pj 

= 0{uz) (w-»0) . 

Thus, 

dj = -~^~ u + 0(u), (u -> 0) 

and, using (11), 

<r»(0 = I - — sin \ Y, T^I— u + 0{uz) \ + 2nu\ du 
Jo sin u {pi LI — Tj 'J ) 

= I — sin S\ Y"* - h 2n \u + 0(unz)} du 
J o sin u U_ pi 1 — Tj J ; 

= I — s i n g l y ] - h 2n )u\ cos 0(nuz) du 
J o sin u \ \ pi 1 — r j I ) 

+ I — sin 0(nuz) cos i ( Y z 3— + 2n \u\ du. 
J o sin u \\pi I — Tj I ) 

The procedure used to derive the error estimate in (11) shows that the second 
integral is 0(nt2) (nt2 —• 0). Also, 

cos 0(nuz) = 1 + 0(nu3), 
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SO 

'*® = J s i ^ s i n {( ? F?T + 2nr\ ^ + °^ M 3 ) ] du + °(w/ 

sin Knu du + 0 (nt ) 
o sin u 

— du + 0(ntl) (»/*->0). 
1 sin i£nw , , ^ / .2s / .2 

' o W 

If {/n} satisfies the hypotheses of the theorem, then 

*.(O = f '" — " d« + O(ntn
2) (»-*«) 

•/ 0 ^ 0 

-fiTn tn 
S i n W , . _ , . 2 \ / \ 

a& + 0(w/n ) (w —» oo ) 

dw + 0(1) (w -^ oo). 
o u 

Letting rn = r £ [0, 1) in Theorem 2.2, we obtain the following corollary, 
which is essentially Theorem 4.1 due to Miracle [5]. 

COROLLARY 2.3. Let Sn(t) be given by (2), and let r £ [0, 1). Let {an(t)\ be 
the T(r)-transform of the sequence {Sn(t)\, and Kn = 2(w + r)/(l — r). If \tn\ 
is a sequence of positive numbers for which limw_>0O tn = 0, while lim,,^ Kntn = 
T (0 ^ T ^ oo ) and l im^œ ntn

2 = 0, then 

lim (Tn(tn) = I du. 
n - ) O T ^ 0 W 

3. The Gibbs phenomenon for the L(r, 0 summability method. The 
L(r, /)-transform is defined to be the matrix A = (ank), where 

if k < n 

e x p ( r = - ; ) U-nin\t)rk~n, ifk^n; 

here L/w)(/) denotes the Laguerre polynomial of degree j . It is assumed that 
both r and t are real, and that 0 ^ r < 1. The special case L(r} 0) is the Taylor 
matrix T{r). According to [7, Theorem 2.1], the conditions on r and t ensure 
that the matrix A is regular, and has real entries. 

THEOREM 3.1. Let r and t be real numbers with 0 ^ r < 1, let Sn(x) be given 
by (2), and let {arn(x)\ be the L(r, t)-transform of {Sn(x)\. If {xn\ is a sequence 
of positive numbers such that xn —» 0, [2(« + r ) / ( l — r)]xn —> r (0 ^ r ^ oo ), 
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and nxn
2 —» 0, then 

/ ; 
lim <rn(xn) = I ^ — du, 

i.e., the L(r, t) matrix preserves the Gibbs phenomenon. 

Proof. We have 

» Cxsm2ku , 
**(*) = 1J On* J • <*« 

= I - Im i X ) «n*«2*W ( du 

J o sin u K k=n ; 

= (1 - r)"+1 exp ( T ^ ) P ~ Im { £ L*_„("> (0/"V4 v } F M - ri Jo smu \£rn ' 

= (1 - r)"+1exp (-^-) P ^ - I m |e2ta £ L ^ O v K \ 1 — 77 «/ o sin M I tSi 

X (reUu)k~nj 

= (1 - r)"+ exp ^ — j J o ^ — Im | ( 1 _ „ « - ) • . ! 

XexP(r^?^)} 
Thus, 

(12) *„(*) = (1 - r)"+1 f 'JL ta{ 
J o sin w I 

2iw\n+l - re ) 

X exp 
( tr tre2iu \ \ 
\ l - r ~ l-re2iuJ) 

Now, 

exp 
/ tr _ treiu \ _ -, I I v 1 X tr(l - eUu) 1 
\ 1 - r 1 - rem) I I jfcl *! L(l - r ) ( l - ^2 i M)J 

^ z 
1 I /r 

£ i *! I (1 - rY 

tr OO ^ 

(1 - r)' 

\l-e' 

M\ 

whe 

M = sup 
0<M<7T/2 t 

(20' ,,̂ -x 
î=î J! 

< oo. 
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Hence, 

(13) exp (~- - treUU
2iu) = 1 + 0{u) (u -> 0). 

\ i — r i — re / 

From (12) and (13) it follows that 

/

'x -J i linu \ 

ZÛ77,Im )7î ^2^^+Tl du 
o sin u 1(1 — re ) ) 

i . e . , 

/

x ] C Unu \ 

o sh^iIm i d - r e ' g f F i / ^M + 0(~x) (* -* 0 ) -
But the integral appearing in (14) is precisely the integral which arises when 
the Taylor transform T(r) is applied to the series (2). According to [5, Theorem 
4.1], we, therefore, have that 

lim o-n(xn) = I du, 
n-^œ J 0 U 

provided {xn} satisfies the hypotheses of the theorem. 

4. The Gibbs phenomenon for the J(gm, z) summability method. 
The J(gmj z)-transform [11] is defined as follows: 

Definition 4.1. Let \gm) be a convergent sequence of functions, each function 
analytic on {z: \z\ < p} for p > 1, and let 

g(z) = lim gm(z) 
m-)co 

where the convergence is uniform on compact subsets of {z: \z\ < p) and 
g(u) 9^ 0 for — 1 ^ u rg 0. Let {Çn

(m)(x)) be a sequence of polynomials defined 
by 

oo 

and define the linear operator Lm by 

where / is defined on [0, 1] and x £ [0, 1]. T h e matr ix B = (bmn) given by 

n=o \ m J 
_ ..... for |1 - z\ < 
n=0 
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is the J{gmy z) summability method corresponding to the sequence \gm) and 
the parameter z. 

If gm(z) = 1 f° r a ^ m then the J(gm, z) transform is merely the Euler trans
form E(z). 

In the following let z be real and 0 < z g 1 (write z = x). Thus, the J(gm, x) 
method is regular [11, Theorem 2.1]. Also, denote 

oo 

gmipc) = X) (-l)namnx
n, 

oo 

""m \pC ) = ? J \ -L ) @"mnPC J 

oo 

*(*)=£ (- l )V-
The following lemma is the result of a straightforward calculation. 

LEMMA 4.2. The J(gm, x) summability transform B = (bmn) is given by 

®mn \g(x - 1) fco \ n 1 
1 0 , if n > m. if' 1 

THEOREM 4.3. Let amn be real for all m, n = 1, . . . , and let x £ (0, 1]. Let 
Sn(t) be given by (2) and {<rn{t)} be the J(gmj x)-transform of {Sn(t)\. If {tm\ is a 
sequence of positive numbers such that tm —> 0, mtm -^ r/x (0 ^ r ^ oo ) and 
mtm

2 —> 0 //^w 

lim am(tm) = I du, 

i.e., the J(gm, x) matrix preserves the Gibbs phenomenon. 

Proof. By Lemma 4.2, 

(15) 

g(x — 1) n=0 *=o \ n J Jo sin w 

i r i 
g(x — 1) Jo sin w 

X Im { £ amk(l - xf S (OT ~ *) (x e
2 <T(l - *)"-*-} 

J f 1 
<7m(0 g ( x - l ) J 0 s i n M 

X Im i £ m / ^ (* - 1)*(1 - x + xe2 i u)m-4 d«. 
\ k=0 Kl J 
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Write £ = 1 — x + xe2iu and 

Pm(t)= V^-lmiXm)du. 
J o sin u 

By (15) 

* m ( 0 = " 7 TT \ -. I ™ K X (—l)kamk\T j 2in) (du 

g{x—l)J0smu I fco M — x + xe 1 ) 

g(x — 1) Jo sin u 

X Im {r[gm(ï -x~+^r) ~ h™ ( ï-X*+1«n 5)]} ** 
So 

(16) *.<0 = ^—ri) X - b I m { H M Î ^ T ^ ? 1 5 ) -gm{x - l) 

g(x — 1) g(x — 1) Jo sin w 

X Im \C\hm(x -l)-hm (t J ^ ^ i . ) j} <*« 

dw 

&m(* ~ 1) 
Pm(0-g(x - 1) 

In order to estimate the first and third terms in (16), we use the following: 
Since, for each m, gm{z) = ]T?=o ( — 1)* o,mkz

k is analytic on D = {z: \z\ < p}, 
p > 1, and {gm} converges uniformly to g on compact subsets of D, given 
Pi (1 < pi < p) there exists A > 0 such that 

(17) E K * | V * £A for all m. 
fc=0 

Also, if |si| ^ 1 and |s2| ^ 1, then 

\gm(Zl) - gm(z2)\ ^ \Zi - Z2\ SUp | g m ' ( * ) | . 
Z € [ Z 1 , 2 2 ] 

and, using Holder's inequality, 
CO 

|gm'(*)| ^ 2 *km*l 
* = 1 

[ oo " ] l / 2 T oo ^ 2 "j 

Z km l̂2pi2A; Z 72* 
fc=l J L *=1 P i J 

L *=i p i J 

= A1. 

1/2 
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Hence, if |zi| ^ 1 and \z2\ ^ 1, then 

\gm(Zl) - gm(z2)\ ^ A^Zi - Z2\. 

Hue [0, TT/4] and x G (0, 1], then 

x — 1 
\x — 11 ^ 1 and 

1 — x + xe 
< 1. 

Thus, 

x^T) X ^ I» {H.«-(l-**+1«M-) ~ gm(X " 1} J/ **l 
= I ^ L D I J0 5 ^ 1er |«-(i-*«+1«ï<") " U x " 1}rM 

|g(x — 1)1 Jo sin u 

= |g(x — 1)| Jo sin u 

= 0 ( 0 ( / ->0) . 

X — 1 

1 i ^ 
- (x - 1) du 

du 

Similarly, 

x^i) X ' ^ i m M*-<* - x ) - ^ ( i - x x + l - ) ] } <H ;(* - 1) 

= 0 ( 0 (*->0). 

Also, by (17), 

oo 

\hm{x - 1)| ^ X lflm*| 

[ oo ~ i i / 2 r °° i " i 1 / 2 

E kwlV* E -4 
*=m+l J L&=m+1 pi J 

[ i "ll/2 

t-m+l Pi J Thus, 

hm(x — 1) 

«(* - 1) 

By (16), 

£A\ 

Pm{t) = o{l) (m-»oo) . 

<r»(0 = g
g

m
(^_ $ Pmit) + o(l) G - O . m - o o ) , 
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i .e . , 

*m(0 = Pm{t) + 0(1) (t -> 0, M -* 00 ). 

If {tm} satisfies the hypotheses of the theorem, then 

- r ^ - Im {(1 - x + xeUu)m] du + 0(1) (m -> oo ). 
o sin w 

Using the result 

lim r m - ^ - I m { ( l -x + xeUu)m\du = V^^du 
m-4oo ^ o s in u J o u 

proved by Szâsz [9] we have 

lim <Tm(tm) = I - — d u . 
m->œ ^ 0 U 

The authors wish to thank the referee for the improvement of Theorem 4.3. 
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