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THE 7-FULL TIGHT RIESZ ORDERS ON A(Q)

BY
GARY DAVIS AND STEPHEN H. MCCLEARY

Let G be a lattice-ordered group (I-group), and let t, u e G*. We write t7u
if tAg=11is equivalent to un g =1, and say that a tight Riesz order T on G is
a-full if te T and t 7 u imply ue T. We study the set I, of m-full tight Riesz
orders on an l-permutation group (G, ), Q) a totally ordered set. In this
description of results we assume that (G, (}) is transitive. If () is discrete, we
find that the I-group A(Q2) of all automorphisms of € has no m-full tight Riesz
orders. Suppose now that  is dense, and let G be A(Q) or any laterally
complete [-subgroup of A(2). Then G has w-full tight Riesz orders, all of
which are compatible, and all maximal tight Riesz orders on G are w-full. The
a-full tight Riesz orders are precisely the sets consisting of G* with some
non-empty normal set of minimal prime subgroups deleted, so that any maximal
tight Riesz order must consist of G* with all conjugates of some minimal prime
subgroup deleted. We obtain a one-to-one correspondence between 7, and
the set £, of all w-full l-ideals (#G) of G. Thus A(R), R the real numbers,
has precisely four w-full (compatible) tight Riesz orders, two of which are
maximal. This investigation of tight Riesz orders sheds new light on minimal
prime subgroups of laterally complete [-groups.

§1. Definitions. We say that g, ke G"={ge G| g=1} are disjoint (written
gLk) if gnk=1. For any S< G, S* denotes the polar {ge G:|g|L|s| for all
s€ S}, a convex l-subgroup of G. When g, he G* and g* = h*, we write g h.
(A w-class is sometimes known as a filet or carrier of G.) We shall say that a
subset X of G* is w-full if xe X and x @ y imply ye X; and that a convex
I-subgroup C of G is w-full if C* is «r-full.

For any totally ordered set (2, the group A(€) of order-automorphisms of )
becomes an [-group under the pointwise order, whereby f = g iff of = wg for all
w €. Of special interest are 1 =Z (the integers) and 2 =R (the real numbers).
When G is an [-subgroup of A({), i.e. a subgroup which is also a sublattice,
(G, Q) is called an I-permutation group. Support(g) means {w € Q| wg# w}, and
when a subset % of Q) contains support(g), we say that % supports g.

When (G,Q) is an [-permutation group, |g| L |k| iff support(g)N
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support(k) = J. If every non-singleton interval of  supports some 1# fe G,
then g7 h if and only if the supports of g and h have the same topological
closures (with respect to the order topology on ). The same description of =
holds for A(Q)) whenever () is homogeneous, but as we shall not use this result,
we omit the proof. However, the description is easily seen to fail for A(Q)
when € is R with each irrational replaced by a three point chain.

Let W denote {ge G*|g*={1}}, the set of weak units of G. No m-full
convex [-subgroup of G can meet W except for G itself.

If WX &, then W is a r-full normal filter on G*, and is a tight Riesz order
provided it is factorable. (For this and various subsequent statements, we
assume that G contains more than one element.)

We recall now some well known facts. Let g, he G*. Then g**Nh** =
(gAh)** [3, p. 2.5]. Hence (gAh)t =g Uh*, where U denotes supremum in
the lattice {g*|ge G'}; for g*Uh*=(g"* Nh*")* =(gAh)***=(gAh)*. Since
also (gvh) =g "Nh*, 7 is a lattice congruence on G*, i.e. g, wg, and h, wh,
imply (g, Ah,) 7m(g,A h,) and dually; and also they imply (g h,) 7 (g,h,) be-
cause (gh) 7 (g v h). Moreover, g*< h* implies (gnh) wh and (gv h) 7 g, and
in particular if we W, (wAh) wh and wvhe W; for (gah)*=(g""Nh*) =
h**=h* and (gvh)*=g-Nh'=g*".

A tight Riesz order on an l-group G is a proper filter T of G* (i.e. g=teT
implies ge T and s,te T implies sante T, and 1§ T) which is normal (i.e.
T¢ =T for all g€ G) and factorable (i.e. T < T?, which forces T = T> since T is
a filter). T is compatible if in addition inf T= 1. The collection of tight Riesz
orders on G will be ordered by inclusion, as will the collection of convex
I-subgroups of G.

We mention here one example of a w-full tight Riesz order, due indepen-
dently to Davis and Fox [5] and to Ball [2]: W={ge A*(R)|support(g) is
dense in R}, the set of weak units of A(R).

A prime subgroup of G is a convex [-subgroup P of G for which gah =1
implies g€ P or h € P. The maximal tangents of a tight Riesz order T are the
convex [-subgroups of G maximal with respect to not meeting T, and they
constitute a normal set of primes. We denote the set of maximal tangents of T
by Max(T). Reilly [16] has shown that T=G*\UMax(T). Thus each tight
Riesz order T is obtained by deleting from G™ a normal set of prime subgroups
of G. Conversely, deletion from G* of a non-empty normal set of primes yields
a normal proper filter on G* which is a tight Riesz order provided it is
factorable. Factorability is generally the main difficulty in producing tight Riesz
orders, and often this difficulty is overcome by assuming that G is divisibie,
which makes factorability obvious. However, A({2) is not always divisible.

Of great importance will be the radical Rad(T)= [\Max(T) of a tight Riesz
order T. Rad(T) is an I-ideal of G. Ball [2] also treats Rad(T), which he writes
as M(T).
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ProrosiTioN 1.1. Let G be any I-group, and let Te J,. Then each maximal
tangent of T is w-full, and Rad(T) is m-full.

Proof. Let M be a maximal tangent of T. Then (M™)m, meaning {ge
G™ | g mm for some m e M*}, is a convex subsemigroup of G* containing 1. (If
h=<gmm, then hm (gvm).) Hence the subgroup P of G generated by (M")m
is a convex Il-subgroup of G which has (M")7 as its set of positive elements
and thus is o-full. Since MNT= and T is wr-full, PNT= . Hence M =P,
so that M is r-full. Since the maximal tangents of T are m-full, their
intersection Rad(T) is also 7r-full.

Thus every w-full tight Riesz order is obtained by deleting from G* a
non-empty normal set of 7-full primes; and conversely given factorability. We
shall find conditions under which every m-full subset of G is factorable.

§2. Sectional quasi-pseudo-complementarity and minimal prime subgroups.
We shall make crucial use of the foilowing lattice-theoretic notion. An I-group
G is quasi-pseudo-complemented (QPC) if W# J and if for any ge G*, there
exists g*e€ G* such that gang*=1 and gvg*e W. More generally, G is
sectionally quasi-pseudo-complemented (SQPC) if for any 1= g < h, there exists
g*e G* such that g*=h, gang*=1, and (gvg*) mh. This definition is un-
changed by omission of the requirement that g* <h; for g* can be replaced by
g“Ah, and gv(g*ah)=(gvg*)n(gvh)=((gvg*)anh) mh. A similar argu-
ment shows that if G is QPC, it is also SOPC; and the converse holds when
W# &. Thus SQPC is just a generalization of QPC to the case in which G
lacks weak units. Observe that if G is SQPC and F is any #r-full filter, then for
any ge G*, there exists g¥*e€ G* such that gang*=1 and gvg*eF.

The notion of SQPC has been treated by Spirason and Strzelecki [17] for
vector lattices, by Keimel [13] for a number of algebraic systems, by Cornish
[4] for lattices, and by Davis and Fox [5] for I-groups. A few of our results
(2.3, 2.4, 2.5) can be found in these sources, though for convenience we prove
them again here.

G is said to be laterally complete if each pairwise disjoint subset of G has a
supremum; and to be conditionally laterally complete if each pairwise disjoint
subset of G which is bounded above has a supremum. For any €, A(Q) is
laterally complete, and its I-ideal B(€2) ={ge A(Q) | support(g) is bounded} is
conditionally laterally complete.

Rick Ball and Colin Fox have independently observed that lateraily complete
lI-groups are QPC. We prove here a slightly more general result.

ProposiTioN 2.1. If G is laterally complete . (resp., conditionally laterally
complete), then G is QPC (resp., SOPC).

_ Proof. We prove first that if G is conditionally laterally complete, then G is
SQPC. Let h=ge G". Let {g} be maximal with respect to being a pairwise
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disjoint subset of G such that for each i, g L g and g =<h. Since {g} has h as
an upper bound, sup{g;} exists, and we denote it by g*. Then g g*=1, for if
not, then since g L1 g for each i, g*g~'v1 would be an upper bound of {g}
strictly smaller than g*. Also (gvg*) mh, for gvg*=h and if there existed
ke G such that k L (gvg*) but not k L h, then kAah would violate the
maximality of {g}. This proves the proposition for conditionally laterally
complete [-groups. For laterally complete [-groups, the proposition is estab-
lished once it is shown that W# (J, and that follows from an argument like the
one that just produced g*.

The minimal prime subgroups of G will play a crucial role in the study of
.. Since the minimal primes have {1} as their intersection, G is never a
minimal prime subgroup of itself (since we are assuming G#{1}.) We shall
frequently use the well known fact that in any [-group G, a prime P is minimal
if and only if for each pe P*, there exists g€ G*\P such that pang=1 [3, p.
2.13]. From this it is immediate that every minimal prime P is a union of polars,
namely P={J{g"|ge G"\P}. Thus in any I-group, all minimal primes are
7-full. We prove now that the converse holds precisely when G is SQPC.

Lemma 2.2 Let C be a w-full convex l-subgroup of an l-group G, and let
1<ge G. Then the m-full convex l-subgroup D of G generated by C and g has
D= {feG"|f=f m(cvg) for some f'e G*, ce C*}.

Proof. Clearly the set which we claim is D" is convex and contains 1.
Moreover, it is a semigroup, for if f} 7 (¢c;vg) and f5 7 (c,vg), then
(fofs) w (fivfs) m((cyvg)vic, v g) =(civey)vg Therefore the subgroup D
generated by this set is a convex [-subgroup which has precisely this set as its
positive set D*. D" is w-full because if hawf<f w(cvg), then h=
(hvf)yw (fvf)=f w(cvg);ie. D is w-full.

Lemma 2.3. Let G be any l-group, and let 1<ke G. Let C be maximal
among the m-full convex l-subgroups of G which do not contain k. Then C is
prime.

Proof. Suppose by way of contradiction that gah =1 for some g heC.
Then the wr-full convex [-subgroup generated by C and g contains k, so by
Lemma 2.2, k=k{ w(c,vg), and similarly k <k% 7 (c,vh), where kie G*
and c¢eC. Hence k=(kink) m({(c;vgn(c,vh)=(c,Aac)vic;Ah)v
(gnc)v(gnanh)eC since ganh =1, a contradiction.

CoroLLARY 2.4. Let C be a convex l-subgroup of an l-group G. Then C is
w-full if and only if C is the intersection of a collection of -full prime subgroups

of G.

TaeoREM 2.5. Let G be an l-group. Then the following are equivalent:
(1) G is SQPC.
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(2) A prime subgroup P# G is w-full if and only if it is a minimal prime
subgroup.

(3) Every m-full convex l-subgroup C# G is the intersection of the minimal
primes containing it.

Proof. Supose that G is SQPC. Let P# G be a wr-full prime, and suppose
that M is another prime such that M < P. Pick pe P*\M and pick p*e G* such
that pAp™=1 and pvp*e G"\P (possible since G*\P is a m-full filter.) Since
pAp*=1, p*e M c P—a contradiction.

Conversely, suppose that every ar-full prime is a minimal prime. Let 1=g=
h. The polar g* is a ar-full convex I-subgroup of G. By Lemma 2.2, the w-full
convex [-subgroup D of G generated by g* and g has as its positive elements
precisely {fe G* |f=<f mw(cvg) for some f'e G*, ce(g')*}. Then he D, for
otherwise D could be enlarged to a 7r-full convex [-subgroup D' maximal with
respect to not containing h; and then by Lemma 2.3, D' would be prime, but
D' could not be a minimal prime because ge D’ and g*< D'. Since he D,
h=h'"m(cvg) for some h'e G*, ce(g")". Hence h=(hah') m(hAa(cvg))=
(hnc)v(hng)=(hac)vg Thus (hac)vg)mh and (hAac)Ag=cArg=1,ie.
hAc serves as g*.

We have shown the equivalence of (1) and (2). By Corollary 2.4, (2) implies
(3). Conversely, if P# G is a w-full prime, then by (3), P is the intersection of
the minimal primes containing it, each of which must be P since P is itself
prime. Hence P is a minimal prime.

Let H be a convex [-subgroup of an I-group G. Let Min(H) be the set of
minimal prime subgroups of G which contain H, and let F(H)=
G*\U Min(H). If H is an [-ideal of G and if Min(H)# &, then F(H) is a
normal proper filter which is a tight Riesz order provided it is factorable. We
denote by £, the set of w-full l-ideals H(#G) of G. If G is SQPC and
He %, then (\Min(H)=H by Theorem 2.5, and F(H) is a r-full tight Riesz
order provided it is factorable.

Ball introduces a related notion in [2]. He deletes from G* the union of
those primes which are minimal among the primes containing H, and calls the
remainder U(H). He shows that when H# G, U(H)={xe G"|ge G* and
xAy€H imply y e H}. We prove now that for w-full convex [-subgroups H in
SQPC I-groups, U(H) = F(H).

Lemma 2.6. Let H be a m-full convex l-subgroup of an I-group G. Then every
P minimal among the prime subgroups of G which contain H is m-full. Hence
U(H) is m-full.

Proof. Let P be minimal among the prime subgroups of G which contain H.
Lemma 7 of [2] says that for every pe P*, there exists x€ G*\P such that
xApeM. Now let gmpe P, and pick xe G*\P such that xApe M. Then
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(xAg) m(xAp), so since M is w-full, xAge M< P. Since xe G"\P, ge P".
This shows that P" is r-full, i.e. P is 7-full. Then clearly U(H) is also wr-full.

In view of Theorem 2.5, this lemma yields

ProrosiTion 2.7. Let G be SQPC, and let H# G be a mw-full convex I-
subgroup of G. Then every P minimal among the prime subgroups of G which
contain H is in fact a minimal prime subgroup of G. Thus F(H)=U(H)=
{xeG"|yeG" and xAyeH imply ye H}.

ProrosiTioN 2.8. Let G be QPC. Let ge G*, and pick g*€ G* such that
gng*=1 and gvg*e W. Then each minimal prime subgroup of G contains
precisely one of the two elements g and g*. Furthermore, for any Te I, ge T if
and only if g*eRad(T).

Proof. Let P be a minimal prime. Since gA g* =1, either ge P or g*€ P. If
both lie in P, then gv g* € P, so that P meets W, which is impossible since P is
minimal and thus 7r-full. Now let T € .. The maximal tangents of T are w-full
by Proposition 1.1 and thus are minimal. If ge T, then g lies outside all
maximal tangents of T, so ¢* lies in all of them and thus in their intersection
Rad(T); and the converse is proved by reversing this argument.

Our nicest description of 7, (Theorem 4.1) requires that G be more than
just SQPC, but many of its conclusions hold for all SQPC [-subgroups.

TueoreM 2.9. Let G be SQPC (e.g. conditionally laterally complete). Then
(1) the following are equivalent for tight Riesz orders T:
(a) TeT, (ie. T is w-full)
(b) all maximal tangents of T are minimal prime subgroups of G.
(c) T2 W. (The equivalence of (c) holds when W# O ; but W# & does
not guarantee that We J..)

(2) each Te J, is compatible.

3) for T, T, T, Max(T,)=Max(T,) iff T,= T,.

(4) T — Rad(T) is an o-embedding (preserving order both ways) of 7, into
£_; and Max(T)=Min(Rad(T)), so that T=F{Rad(T))=
{xeG"|ye G" and xnyeRad(T) imply y e Rad(T)}.

(5) for Te I, Rad(T)={1} if and only if T=W.

ReMaRrk. The integers Z serve as a counterexample to various attempts to
strengthen these conclusions. However, Z is in a sense the only kind of
counterexample which does so; cf. Theorem 5.1.

Proof. Our proof that (a) implies (b) is essentially a part of the proof of
Theorem 10 of Davis and Fox [5]. Let M be a maximal tangent of Te J, so
that M is prime, and pick t€ T. For any m € M™, there exists m* € G such that
mv m*e T and thus m™* & M; and such that m A m*= 1. Hence M is a minimal
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prime. The converse follows (in any [-group at all) from the fact that minimal
primes are wr-full.

It is easily seen that in any [-group, all m-full tight Riesz orders contain W.
Conversely (assuming W# (J), let T2 W. Let M be a maximal tangent of T.
For any m € M"*, there exists m*e G such that mvm*e W, so that m*§ M;
and such that mAm™*=1. Hence M is a minimal prime.

For (2), let Te J,.. If 1<ge G, then there exists g*e G such that gvg*e T
and gAg*=1, which guarantees g°#gvg*. (If G is represented as an I-
permutation group (G, ), then when o <wg, wg>>w(gv g*).) The rest of the
argument we borrow from Ball [2]: Since T is factorable, gv g* = 1,1, for some
t,, t,€ T. If g=each t, then g><1,1,=gv g*. Hence g is not a lower bound for
T, showing that inf T=1.

Suppose T, = T,, T,€ J,.. Let MeMax(T,). Then MNT, =T, so Mc M’
for some M'eMax(T;). But M’ is a minimal prime, so M = M’ e Max(T,). This
shows that T; < T, implies Max(T,) < Max(T;), and the converse is clear.

Now we prove (4) by Proposition 1.1. Rad(T)€ £,.. Suppose T, T,, T e
... Then Max(T,)<Max(T,), so that () Max(T,)=Max(T,), i.e. Rad(T,)<
Rad(T,). On the other hand, suppose t€ T;\T,. Then t€ M for some maximal
tangent of T,. Since M is a minimal prime, we may pick '€ G*\M such that
tAt'=1. Because te Ty, t lies in no maximal tangent of Ty, so t' lies in every
maximal tangent of T, and thus in Rad(T,). Thus t'€ Rad(T,;)\Rad(T,). Hence
T — Rad(T) is an o-embedding.

Since all maximal tangents of T are minimal primes, Max(T) < Min(Rad(T)).
Now let M e Min(Rad(T)). Then MNT = . For if te MN T, pick t* € G such
that tvi*e T\M and tAt*= 1. Since t€ T, ¢ lies in no maximal tangent of T, so
t* lies in each maximal tangent of T and thus in Rad(T), which is contained in
M. But then tvt*e M, a contradiction. Hence MNT=J, so that M is
contained in and thus equal to a maximal tangent P of T. Hence
Min(Rad(T)) < Max(T).

Lastly, (5) is a translation of the fact that in any [l-group, W is obtained by
deleting from G* the union of any collection of minimal primes whose
intersection is {1}.

§3. Factorability of s-full normal filters

Lemma 3.1. Let (G,Q) be any l-permutation group, and let {g} be any
pairwise disjoint set for which sup{g} exists. Then this sup is pointwise on
U support(g;), i.e. if w esupport(g;) for some i, then w sup{g}= wg.

Remark. Such a sup need not be pointwise throughout Q. Let G=
{g€ AR)|3n, €Z" such that Vw R, (v +n,)g = wg+n,}. Let z be translation
by +1 and pick 1<fe A(R) supported by the interval (-3, +3). For i=0, let f,
be the (pointwise) sup of {f*”|neZ*, and n can be divided by 2 precisely i
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times}. Thus, for example, f, “has a copy of f at each odd integer”. Each f, € G,
and {f;} has a sup in G, namely f'vf, where f' is the pointwise sup of {f;}. (f'vf
“has a copy of f at each integer”.) Hence sup{f;} is not pointwise on support(f).

Proof of Lemma 3.1. Let s =sup{g}. Suppose w <wg <ws. On the one
hand, sg;' =sup{g | j# i}. But o <wsg;', so (sg;')gi'v1<sg . Since {g} is
pairwise disjoint, (sg;')g;'v1 is also an upper bound for {g|j# i}, a con-
tradiction.

An o-block of an I-permutation group (G, Q) is a convex subset A of ) such
that for any g€ G, either Ag=A or AgNA= . If (G, Q) is transitive and ) is
discrete, () is the disjoint union of o-blocks which are copies of the ordered set
Z of integers. This is the kind of o-block which causes trouble, and we now
generalize to the intransitive case. We shall say that an o-block A of (G, ) is a
Z-block if {ge G| Ag= A}, restricted to A, is o-isomorphic to the o-group Z.
(This does not force A to be o-isomorphic to the ordered set Z). We shall refer
to the element corresponding to 1€Z as ‘“‘translation by +1”. Any transitive
(G, Q) on a dense Q has no Z-blocks.

Lemma 3.2. Let (G,Q) be a laterally complete l-permutation group, and
suppose t€ G* has the property that there is no Z-block A of (G, Q) for which
At=A and t|A is translation by +1. Then t can be factored as t= t,t, with
t, L,e G and t, mtwt,.

Proof. Let {s;} be maximal with respect to

(a) for each i, 5;€e G and 1<s, =1,

(b) s; L s; when i#j,

(c) for each i, {w | w <ws; = wt} does not support any 1# ge G.

We use lateral completeness to form ¢, =sup{s;} =t (except that if {s;}= &,
we let t,=1.) We claim that t, 7 t. Suppose by way of contradiction that there
exists 1 <u such that u 1 ¢, (and hence u 1 s, for all i), but not u L t; and with
no loss of generality, suppose that u=<t. Replacing u by u®At, we may assume
also that for any w such that v <wu, wu is not the successor of w in the orbit
oG except perhaps when wu=owt. Let A={w|w <wu=wot}. If A does not
support any 1# ge G, we contradict the maximality of S. Thus we may pick
1< ge G with support(g) = A. We wish to pick w € support(g) and he G* such
that w <wh <wu. We can do this unless for all w € support(g) (< support(u)),
wu is the successor of w in wG and hence wu = wt. But in that case, when
w esupport(g), A={p | wt™" =p=wt" for some neZ"} would be an o-block of
(G, ). By hypothesis, A could not be a Z-block, so there would exist ke G
which fixed w and thus also each wt", and moved strictly down some point v
between some wt” and wt"*'. Then vt~ ! < wt" < vk <v, so that v would not be
the successor of vt™' in vG, a contradiction. Thus we may indeed pick
wesupport(g) and he G such that w <wh <wu. Letting w=uAgah, we
have 1=w=u, v <ww<owu, and support(w)< A.
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Among the pairwise disjoint subsets of G which contain w and whose
elements have support contained in A, pick one which is maximal, and call it X.
Use lateral completeness again to form x =sup X, and let y=(xAu) 'u=u.
Then 1=y=u=t, and for all i,y L s. Since w esupport(w), Lemma 3.1
guarantees that wx=oww<wu, so that 1<y. Any 1<fe G supported by
{nlp<py=pic{n|pw<wpy=pu=p}c{w|px=p}NA would violate the
maximality of X, so y satisfies condition (c). This violates the maximality of {s;}.
Therefore t, t. (Incidentally, this means that {s;} must have been non-empty.)

Let t, =tt;', so that t;t,=t and 1=t, <t. We claim t; 7 t. Suppose by way of
contradiction that there exists 1 <<u such that u L t; but not u 1 ¢, with u<t.
Then support(u) ={w|w <wt,=ot}. Recall that t,=sup{s;}, so that
t,u ' #some s, and thus support(u) Nsupport(s;) # &. Thus uas;>1. Also,
support(u A s;) = support(u) Nsupport(s;) € {w | ® < wt, = wt} Nsupport(s;) S {w |
w <ws; = wt} since s; =t, on support(s;) by Lemma 3.1. Letting g=uAs;, we
contradict condition (c) for s;, proving the lemma.

Tueorem 3.3. Let (g, Q) be a laterally complete 1-permutation group having
no Z-blocks. Then every w-full subset of G (and in particular every w-full
normal filter) is factorable.

Remark. The hypothesis of this theorem is satisfied by any transitive later-
ally complete (G, ) for which Q is dense.

§4. The correspondence between J . and &£,

THEOREM 4.1. Let (G, Q) be a laterally complete 1-permutation group having
no Z-blocks. Then all the conclusions of Theorem 2.9 obtain. Moreover:

(1) W is the smallest member of J., and the maximal tangents of W are
precisely the minimal prime subgroups of G.

(2) I, consists precisely of the sets G\ U{M,}, where {M,} is a non-empty
normal set of minimal prime subgroups of G; and Rad(G™*)\ U{M;}) = N M.

(3) Each maximal (compatible) tight Riesz order lies in I, and has the form
G"\Ugcc M? for some minimal prime subgroup M of G.

(4) 7, is closed under arbitrary intersection. For T,, T,€ I, Max(T, N T,) =
Max(T,)UMax(T,); and if T, and T, are incomparable, T, N T, cannot have
the form G*\U,cc M® for any minimal prime subgroup M of G.

(5) T—Rad(T) is an o-isomorphism from I, onto %,; its inverse is
H— F(H)={xe G"|ye G" and xAnyeH imply ye H}.

Remark. The hypotheses of this theorem are satisfied by any transitive
laterally complete (G, Q) for which Q is dense. But even then, as we shall see
later, G"\ U, M*® can fail to be maximal even when M is a minimal prime.

Proof. By Theorem 3.3, each w-full subset of G* is factorable. Hence W is
a (m-full) tight Riesz order, and by Theorem 2.9 is the smallest such. By
Theorem 2.9, the maximal tangents of W are minimal primes. Conversely, let

https://doi.org/10.4153/CMB-1981-024-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1981-024-3

146 G. DAVIS AND S. H. MCCLEARY [June

M be any minimal prime. Since M is w-full, MNW=. Hence M is
contained in and thus equal to a maximal tangent of W.

Each Te 7, is simply G"\|UMax(T). The maximal tangents of T constitute
a normal set of primes. By Proposition 1.1, they are w-full, and then by
Theorem 2.5, they are minimal. Conversely, if {M;} is a non-empty normal set
of minimal (hence w-full) primes, then T=G"\U{M;} is a «-full normal
proper filter, and being factorable by Theorem 3.3, it is a tight Riesz order.
Each M, is contained in and thus equal to a maximal tangent of T, so '
Rad(T)= (Max(T)<=({M,}. Suppose by way of contradiction that there
exists 1<ge [ {M,}\Rad(T), so that g& P for some other maximal tangent P
of T. Pick g*e€ G such that gang*=1 and gvg*e W. Since g&P, we have
g*e P and thus g* & T. On the other hand, g lies in each M,, so by Proposition
2.8, ¢* lies in no M, forcing g*e T, a contradiction. Therefore Rad(T)=
N{M}.

For (3), let T be a maximal tight Riesz order (and of course, a maximal
compatible tight Riesz order is also maximal as a tight Riesz order.) Let P be a
maximal tangent of T, and let M be a minimal prime contained in P. Then
G"\ Ugec M® is a tight Riesz order containing T. By the maximality of T,
T=G"\ Uz M-

Since the intersection of any collection of 4r-full tight Riesz orders is
non-empty (because it contains W) and w-full, it is factorable. Thus I is
closed under intersection. We shall return to (4) after proving (5).

In view of Theorem 2.9, (5) will follow once we know that every He £,
is Rad(T) for some TeJ, By part (2) of the present theorem,
F(H)=G"\UMin(H)e 7, and Rad(F(H))=()Min(H). By Theorem 2.5,
M Min(H) = H.

Finally, we finish (4). Let T, T, € 9. By (3) of Theorem 2.9 Max(T, N T,) 2
Max(T,)UMax(T,). Let MeMax(T,NT,). Then M2Rad(T,NT,)=
Rad(T,) NRad(T,) by part (5). Since M is prime, M contains either Rad(T;) or
Rad(T,). Since M is a minimal prime, part (4) of Theorem 2.9 guarantees that
MeMax(T;)UMax(T,). Thus Max(T,NT,)=Max(T,)UMax(T,). Suppose
Ti:NT,=G " \U,cc M® for some minimal prime M. Then M e Max(T,NT,) =
Max(T,) UMax(T,), and we may suppose MeMax(T,). Then T,<
G \Ugea M*=T1NT,, s0 Ty = T>.

ProposiTioN 4.2 Under the hypotheses of the previous theorem, let T be any
tight Riesz order whatsoever. Then T is a (wm-full) tight Riesz order, and
Tw=Tv W in the partially ordered set of all tight Riesz orders.

Proof. It is easily checked that Tar is a wr-full normal proper filter and thus
factorable. Since a tight Riesz order F contains W if and only if F is 7r-full,
To=TvW.

§5. 0-2-homogeneous ). () is said to be 0-2-homogeneous if for all g <
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v, o <7, there exists g€ A(Q)) such that Bg=0c and yg=1 Q has countable
terminality if () has a countable coinitial subset and a countable cofinal subset.
For any ) enjoying these two properties, A({2) has precisely three proper
l-ideals [10]: A, ={ge A(Q)|support(g) is bounded below}, its dual A,, and
B=A,NA,. Obviously these [-ideals are w-full. The set W of weak units of
A(Q) is {ge A*(Q) | support(g) is dense in Q}. Let T, ={ge A*(Q) |for some
o €}, support(g) N(—=, ) is dense in (—», w)} and let T, be the dual of T,.
"Part of the next theorem is due to Davis and Fox [5].

THEOREM 5.1. Let Q) be 0-2-homogeneous and have countable terminality
(e.g. Q=R). Then A(QY) has precisely four mw-full (compatible) tight Riesz orders:
T, and T, (which are the only two maximal tight Riesz orders on A(Q0), T, N T,
and W. The maximal tangents of T, are precisely the minimal prime subgroups
containing A,, so that Rad(T,)=A,; and dually for A,. Max(T,NT,)=
Max(T,)UMax(T,), and Rad(T, NT,)=B. The maximal tangents of W are
precisely the minimal prime subgroups, and Rad(W) = {1}.

Proof. &, has precisely four members, and the characterization F(H)=
{xeG"|ye G and xAye H imply y € H} leads easily to the four m-full tight
Riesz orders T,, T,, T, N'T,, and W. The rest follows from Theorem 4.1.

For Q as in the theorem, let M be a minimal prime of A(Q) which does not
contain B. (Such primes exist since the intersection of all minimal primes is
{1}.) Then A*(Q)\Ugca@ M? has radical {1}, so A"(Q)\U,ca@ M? is the
smallest 7r-full tight Riesz order W. Thus A" (Q)\ Ugeca M® can fail to be
maximal even when M is a minimal prime.

CoROLLARY 5.2. Let ) be as in the theorem. Let M and P be minimal prime
subgroups of A(€), with P2 B but M2 B. Then Ugca P*<Uzea@ ME.

Proof. P> B =Rad(T, NT,)=Rad(T,)NRad(T,), so P contains either
Rad(T,)=A, or Rad(T,)=A, say the former. Hence (UgcaP?)" =
AT ON\T, < A"(QO\W=U,ca@ M® by the above remarks.

It would be interesting to know whether all minimal primes P containing A,
are conjugate. We have been unable to decide this.

ExamprLE 5.3. Let G={gc AR)|(0+1)g=wg+1, VoeR}. Then W=
{g € G|support(g) is dense in R} is the only w-full (compatible) tight Riesz
order on G.

Remark. The same statement (and proof) apply to any ““full and periodically
o-primitive” [-permutation group; see [14] for definition and results. For the
example as it stands, it was observed by Ball [2] that W is a tight Riesz order.

Proof. G is laterally complete [15, Theorem 19], and (G, Q) has no proper
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o-blocks and thus no Z-blocks. Moreover, G is [-simple [11], so &, contains
only {1}.

ExampLe 5.3. Let G={ge AR)|3In,€Z" such that Vo eR, (0+n,)g=
wg+n.}. Then W={ge G |support(g) is dense in R} is the only -full (com-
patible) tight Riesz order on G.

Outline of proof. G is SPQC, on Theorem 2.9 applies. Since G is I-simple
[12], G has at most one 7r-full tight Riesz order. Despite the fact that G is not
laterally complete, it can be seen directly that W is factorable. Thus W is a
wr-full compatible tight Riesz order. A similar compatible tight Riesz order for
G (not m-full) was found by Glass [8, Example 3].

Now we drop the hypothesis of countable terminality. The [-ideal structure
of A(Q) becomes vastly more complicated (Ball, [1]). First we prove a lemma
due to Andrew Glass and Charles Holland [7, 314, proof omitted].

LemMA 5.4. Let Q be 0-2-homogeneous. Then all I-ideals of A(Q) are -full.

Proof. Let H be an [-ideal of A(Q), let he H", and g h. Since every
non-singleton interval of ) supports some 1# fe A(Q), support(g) and sup-
port(h) have the same topological closures. Let o €support(g) Nsupport(h),
and let ) denote the Dedekind completion of Q. Let @&,= w. For n=1, let
@, be the smallest 7€ such that 7=®,_, and 7 is fixed by g if n is odd
(resp. fixed by h if n is even). (Thus &;=sup{wg'|icZ'}.) Let B(w)=
sup{w, | neZ '} Q. Begin again at » and define @(w) dually. Then the
Q-interval A(w) = (a@(w), B(w)) is 0-2-homogeneous and has countable termi-
nality, and &(w) and B(w) are fixed by both g and h. Let § denote the
restriction of g to A(w), and h the restriction of H. Since g h, support(h) is
bounded neither above nor below in A(w). By the proof of Theorem 6 in [10], g
is exceeded by the supremum of some two conjugates of h. Splicing together
the various A(w)’s, and bearing in mind that g 7 h, we see that g is exceeded by
the supremum of some two conjugates of h. Hence g € H, proving the lemma.

ProposiTION 5.5. Let ) be 0-2-homogeneous. Then T, is o-isomorphic to the
set of all l-ideals (# A(QY)) of A(Q).

For o-2-homogeneous (), Ball [1] has discovered a great deal about the
[-ideal structure of A((), and this information can be translated into information
about J .. Every normal subgroup of A({) is in fact an I-ideal, so &, includes
all normal subgroups #A(Q). T, is maximal if and only if ) has a countable
cofinal subset; and dually. (This was established by Davis and Fox in [5] and
[6]) If Q has coinitial and cofinal subsets of cardinality no greater than X,
each r-full tight Riesz order can be enlarged to a maximal (7-full) tight Riesz
order. For other information see [1].

https://doi.org/10.4153/CMB-1981-024-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1981-024-3

1981] THE 7-FULL TIGHT RIESZ ORDERS ON A(Q) 149

§6. 7. for arbitrary A(Q)

Even when A(Q) has Z-blocks, there is a one-to-one correspondence be-
tween J,.(A(Q)) and £, (A(Q)|Q, ), where A(Q)|{ is the I-homomorphic
image of A(Q) obtained by restriction to a certain subset Q) of Q. We need to
delete enough of Q) so that the action of A()) on the remainder € has no
Z-blocks. Let Q,=; when i is not a limit ordinal, let ; be (),_; with the
Z-blocks of A(Q)|€;_; deleted; and when i is a limit ordinal, let €; be [, <; ;.
Eventually €); = (), for some i, this {}; we denote by Q. By induction, each Q;
is a fixed block of A(Q), i.e. Q;A(Q)=Q,. In particular, Q is a fixed block of
A(Q). The action A(Q)| Q is an [-homomorphic image of A({). A word of
warning: A(Q) | need not be all of A({). Also, it may happen that =,
and in this case we establish the convention that A(Q)| Q={1}, so that
L (AWQ) | Q)=. When S< A(Q), we denote by Ex(S) the expansion {fe
AQ): f | Qe S}; and of course Ex* denotes the set of positive elements of Ex.
In the following theorem, the conclusions of Theorem 2.9 all obtain, but here
we get also a different and more interesting description of 7, (A(€2)).

THEOREM 6.1. Let € be any totally ordered set. Then an o-iso-
morphism between J.,,(A(Q) and £, (A(Q) | Q) is given by T — Rad(T | Q2), the
inverse map being H — Ex™(F,q) | a(H)). (In particular, A(Q) has a w-full
tight Riesz order if and only if A(Q)|Q%{1}.) When T< H, Max(T)=
{Ex(M) | MeMax(F,q,| a(H))}, and Rad(T)=Ex(H).

Remark. When () is homogeneous and discrete, this theorem guarantees
that A(Q)) has no w-full tight Riesz orders (and its proof guarantees that no
ar-full proper filter on A*(Q) is factorable.) However, A(Q) has other tight
Riesz orders; indeed, unless €} is o-isomorphic to Z, A(£)) has compatible tight
Riesz orders (Glass, [9]). Whether or not () is homogeneous, some additional
information about J, can be obtained from Theorem 2.9, though we shall not
bother to record it here.

Proof. Suppose first that Q# . A(Q)|Q is laterally complete because the
pointwise supremum of any pairwise disjoint subset of A(Q)|Q is again
in A(Q)|Q. By construction, A(Q)|Q has no Z-blocks. Hence Theorem
4.1 applies to (A, Q), in particular the correspondence between
T.(AQ)|Q) and £,.(AQ)|Q). For any Se T, (A(Q)|Q), we clearly have
Ex(S)e 9,.(A(Q)). To establish the desired o-isomorphism, it remains to show
that every Te J,(A(Q)) arises in this way.

Let Te J,, and let te T. Let ' be any element of A*(Q) which agrees with ¢
on ). We must show that t'e T. Writing t = t,1,(t; € T) and letting s = t; A 1,, we
have s € T such that s><t. We let v be that element of A(Q) which agrees with
s except on subsets 3 of () which are maximal with respect to “S < Q\{) and 3
is convex in ) and satisfies s =3,; and on any such 3, r is translation by +1
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on any Z-block A <X for which s | A # 1,, and fixes all other points of %. Then
rs; for if not, there would exist 1# g€ A(Q) supported by a set consisting of
some 3, of the above sort with its Z-blocks deleted, and it is easily seen by
induction (cf. the definition of 1) that this cannot happen. Since r s, re T, so
r=rry(r;e T). On each Z-block A for which r is translation by +1, either
rp,=1, or r,=1,. Hence r;Ar, fixes all points in such A’s, and thus fixes all
points in X’s of the above form; and r; Ar,=<s on the rest of Q. But r;Ar,eT,
and ryAr,=t' (since for any 2 maximal with respect to the above conditions
but for which 3s# 3, we have 2s>2 since 2 is an o-block of A(2), and thus
S(riAr)=Ss<3s?=3t=3t). Therefore t'€ T, as claimed.

This shows that if any t € T is changed arbitrarily off Q) (subject to remaining
positive), then it remains in T. Hence T = Ex*(T|Q). Then since 15¢ T,
1a¢ T| Q. It follows easily that T |Qe 7, (A(Q)| ). Thus indeed T =Ex"(S)
for some Se J,.(A(Q)| Q). This establishes the o-isomorphism when Q# @.
When Q=@ (so that £_(A(Q) | 1) = & by convention), the argument in the
preceding paragraph shows that any Te J.(A({2)) would contain 1, so that
T.(AQ))= .

Concerning maximal tangents, observe that if M is a maximal tangent of
Te J.(A(Q)), then since changing an element of T off ) (to another positive
element) leaves us in T, Ex(M‘fl)<T= &, so M=Ex(M|Q). The rest we
leave to the reader.

The original draft of this paper, by the first author, was written independently of the work of Ball
[2]. The contributions of the second author were made while visiting La Trobe University, and he
wishes to express gratitude for the support and warm hospitality he received there.

There is some overlap with our work here and Bigard’s work on #r-full subgroups (which he calls
z-subgroups) of an [-group. These results can be found in Lecture Notes in Mathematics, Springer
Verlag, Volume 608, by A. Bigard, K. Keimel and S. Wolfenstein.

The referee points out that Lemma 3.1 is probably well-known. However, we know of no
reference to it in any of the work on ordered permutation groups.
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