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Distance Sets of Urysohn Metric Spaces

N. W. Sauer

Abstract. A metric space M = (M; d) is homogeneous if for every isometry f of a finite subspace of M
to a subspace of M there exists an isometry of M onto M extending f. The space M is universal if it
isometrically embeds every finite metric space F with dist(F) C dist(M) (with dist(M) being the set of
distances between points in M).

A metric space U is a Urysohn metric space if it is homogeneous, universal, separable, and com-
plete. (We deduce as a corollary that a Urysohn metric space U isometrically embeds every separable
metric space M with dist(M) C dist(U).)

The main results are: (1) A characterization of the sets dist(U) for Urysohn metric spaces U. (2) If
R is the distance set of a Urysohn metric space and M and N are two metric spaces, of any cardinality
with distances in R, then they amalgamate disjointly to a metric space with distances in R. (3) The
completion of every homogeneous, universal, separable metric space M is homogeneous.

1 Introduction

The classical Urysohn metric space Us., is a homogeneous separable complete met-
ric space that embeds every separable metric space; see [19]. In this paper we will
discuss the following question. For which subsets R of the reals ® and for which
subsets of the set of properties of being homogeneous, separable, complete, univer-
sal or embedding every separable metric space with distances in R, does there exist
a metric space M with dist(M) = R? It is, for example, well known that there exists
a unique homogeneous, separable, complete metric space that isometrically embeds
every separable metric space with set of distances a subset of the interval [0, 1]. This
space is the Urysohn sphere Uy 1.

A note as to terminology: countable homogeneous universal metric spaces are
separable and so is their completion. In earlier papers, for example [12}[14}[15], such
countable metric spaces are called Urysohn spaces. The reason for this derived from
the fact that in the case of a countable homogeneous universal metric space with
set of distances the non negative rationals, its completion is the classical Urysohn
space. The completion was then thought of as an easy final step in the construction.
In this paper we realized that a sharper distinction is necessary and hence suggest
the definition given above. Note that a countable, homogeneous, universal, metric
space with a finite set of distances or for which 0 is not a limit of the set of distances
is a Urysohn metric space in both terminologies. The notion of homogeneous in
model theory and Fraissé theory specializes in the case of metric spaces to the one
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given here. But in some areas the notion homogeneous means vertex transitive, and
ultrahomogeneous is used for what is defined to be homogeneous here.

In [6]], Kechris, Pestov, and Todorcevic established a connection between struc-
tural Ramsey theory and automorphism groups of homogeneous relational struc-
tures. There, and in particular also in [[17], the notion of oscillation stability of such
groups is defined. It is shown that this notion is equivalent to a partition problem
in the case of homogeneous metric spaces. A metric space M = (M;d) is oscillation
stable if for every e > 0 and f: M — R bounded and uniformly continuous there
exists a copy M* = (M*; d) of M in M such that

sup{|f(x) — f())| | x,y e M"} <e.

Prompted by results of V. Milman [11]] it is shown in [[16] that the Hilbert sphere ¢, is
not oscillation stable and in [[14] that the Urysohn sphere U/ ) is oscillation stable.
In particular it was shown in [[14] that the Urysohn metric spaces U, are indivisible,
which, due to the main result in [§], implies the oscillation stability of Uyg ;. (U,
is the Urysohn metric space with dist(U,) = {0,1,2,...,n}.) It is shown in [18]
that all Urysohn metric spaces with a finite distance set are indivisible. This result
together with the characterization result of Urysohn metric spaces given in this paper
will be used (just as in the case of the results in [8] and [14] for the classical Urysohn
metric space), to further investigate the oscillation stability question for Urysohn
metric spaces. See [12] for details and additional references on oscillation stability.

J. Clemens in [2]] proved that given a set of non-negative reals, R C R, the set
R is the set of distances for some complete and separable metric space if and only
if R is an analytic set containing 0 and either R is countable or 0 is a limit point
of A. Clemens then seeks to determine distance sets of metric spaces that are homo-
geneous. The following three definitions describe the metric spaces under consider-
ation and define the basic tool for their characterization.

Definition 1.1 A metric space M is universal if it isometrically embeds every finite
metric space F with dist(F) C dist(M).

Definition 1.2 A metric space U is a Urysohn metric space if it is homogeneous,
universal, separable, and complete.

Definition 1.3 A triple (a,b,c) of non negative numbers is metricifa < b + ¢,
b<a+c,andc<a+b.

A set R C > satisfies the 4-values condition if for all pairs of metric triples of
numbers in R of the form (a, b, x) and (c, d, x) exists a number y € R so that the
triples (b, ¢, y) and (a, d, y) are metric.

The notion of the 4-values condition was first formulated in [3] and will be dis-
cussed and used at length in this paper.
We will prove the following theorem.

Theorem 1.4 (See Theorems[4.I3land2.11) Let0 € R C R>q with 0 as a limit.
Then there exists a Urysohn metric space Uy if and only if R is a closed subset of R that
satisfies the 4-values condition.
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Let0 € R C N> that does not have 0 as a limit. Then there exists a Urysohn metric
space U if and only if R is a countable subset of R that satisfies the 4-values condition.
Any two Urysohn metric spaces having the same set of distances are isometric.

It follows from [3} Theorem 1.4] and is stated in this paper as Theorem B.11] that
if 0 € R C N> is a countable set of numbers that satisfies the 4-values condition,
then there exists a unique countable homogeneous universal metric space U with
dist(Ugr) = R. Note that this space U is not a Urysohn metric space if 0 is a limit of
R and R is not closed in .

Theorem 1.5 (See Theorem [3.9) The set of distances of a homogeneous universal
metric space satisfies the 4-values condition.

Proposition 10 of [12] provides an example of a countable homogeneous met-
ric space whose completion is not homogeneous. But, in the case of homogeneous
universal metric spaces, we have the following theorem.

Theorem 1.6 (See Theorem[4D) The completion of a homogeneous universal sepa-
rable metric space M is homogeneous.

On the other hand, according to Example[5.3] the completion of a homogeneous,
universal, separable, metric space U need not be universal. That is, the completion
M might not embed every finite metric space with distances in dist(M). The next
theorem characterizes the finite metric spaces that have an embedding into M. In
particular it follows from the next theorem that dist(M) is the closure of dist(U) in
R (Corollary[4.7]). See Example[5.2lfor a metric space for which the distance set of its
completion is not closed.

Theorem 1.7 (See Theorem[4.6) Let 0 € R C R>¢ be countable, satisfy the 4-values
condition, and have 0 as a limit. Let M = (M; d) be the completion of U, the countable
homogeneous universal metric space given by Theorem[3.11] with dist(Ug) = R.

A finite metric space A = (A; dp) with A = {a; | i € m} has an isometric embedding
into M if and only if for every € > 0 there exists a metric space Bwith B = {b; | i € m}
and distances in R so that | d(a;, a;) — d(b;i, bj)| < € foralli, j € m.

Using “Katétov functions”, M. Katétov in [5] generalized Urysohn’s construction
to metric spaces that are “s-homogeneous” and have “weight” k for x an inaccessi-
ble cardinal number, thus extending Urysohn’s original result. The distance sets of
the such constructed Urysohn type spaces are either >, or the unit interval. More
recently those Urysohn spaces attracted attention because of interesting properties
of their isometry group, Iso(U). For example, Uspenskij’s result [20] that the isom-
etry group of the Urysohn space is a universal Polish group and the connection of
Iso(Ujp,1;) to minimal topological groups, [21]. See also Mbombo and Pestov [9]
and Melleray [[I0] for further discussion.

We do not follow Katétov’s method but lean instead on the general Fraissé theory
(see [4]]) for our results. Fraissé theory is particularly well suited for investigating par-
tition problems of separable metric spaces, our main interest. Nevertheless it turned
out to be easy to extend the arguments to obtain a general amalgamation result, The-
orem [3.8] for metric spaces whose distance sets are subsets of a closed set of reals
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satisfying the 4-values condition. This then implies, by extending the Fraissé con-
structions in an obvious way (see for example [7] or more recently [1]] or many other
recent generalizations), the existence of Urysohn type metric spaces U that are “k-
homogeneous” and have weight « for x an inaccessible cardinal. The distance sets of
those spaces U are closed subsets of R satisfying the 4-values condition. Providing
another construction for the “Katétov type metric spaces” with sets of distances all of
R or the unit interval.

2 Notation and Fraissé Theory

For another and more detailed introduction to Fraissé theory in the context of metric
spaces, see [12]. The exposition here is complete and self contained but might require
some, indeed very limited, familiarity with simple model theoretic constructions.

A pair H = (H, d) is a premetric space if d: H*> — R>, the distance function of
H, is a function with d(x,y) = 0 if and only if x = y and d(x,y) = d(y,x) for
all x,y € H. For A C H we denote by H [ A the substructure of H generated by A,
that is, the premetric space on A with distance function the restriction of d to A2
The skeleton of H is the set of finite induced subspaces of H, and the age of H is the
class of finite premetric spaces isometric to some element of the skeleton of H. Let
dist(H) = {d(x, y) | x,y € H}.

A function t: F — R, with F a finite subset of H is a type function of H. For t a
type function let Sp(t) be the premetric space on F U {t} for which:

(i) Sp(t) [ dom(t) = H[dom(t).
(ii) VxeF ( d(t,x) = t(x)) .

Note that Sp(t) is a metric space if and only if H [ dom(t) is a metric space and if

for all x, y € dom(%):

[t(x) — t(y)] < d(x, y) < tx) +t(y).
For t a type function let
tset(t) = {y € H\ dom(t) : Vx € dom(t) (d(y, x) = t(x)) },

the typeset of t. Every element y € tset(t) is a realization of t in H. Let dist(t) =
{t(x) | x € dom(t)}.

Definition 2.1 Let M = (M;d) be a metric space. A type function £ of M is metric
if Sp(#) is a metric space and it is a Katétov function of M if Sp(£) is an element of the
age of M.

A type function of M is restricted if it is metric and if dist(¥) C dist(M).

Note that a type function € of a universal metric space M is a Katétov function if
and only if it is restricted.

Lemma 2.2 If every restricted type function of a metric space M = (M;d) has a
realization in M, then every countable metric space N = (N; d) with dist(N) C dist(M)
has an isometric embedding into M.
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If every Katétov function of a metric space M = (M; d) has a realization in M, then
every countable metric space N = (N;d) whose age is a subset of the age of M has an
isometric embedding into M.

Proof Enumerate N into an w sequence (vi;i € w) and let N, = {v; | i € n} for
n € w. If f, is an isometry of N [ N, into M, let f,4; be the extension of f, to an
isometry of N [ N4, into M constructed as follows: Let £ be the type function of M
with dom(t) = f,[N,] and £(f,(x)) = d(x,v,). Then ¢ is a restricted type function
of M and hence has a realization, say g, in M. Let f,+1(v,) = a.

Then f = {J,c,, fu with fy the empty function is an isometry of N into M.

The proof of the second part of the lemma is analogous. ]

Lemma 2.3 Let M and N be two countable metric spaces with dist(M) = dist(N) and
so that every restricted type function of M has a realization in M and every restricted
type function of N has a realization in N.

Or, let M and N be two countable metric spaces with equal ages and so that every
Katetov function of M has a realization in M and every Katétov function of N has a
realization in N.

Then every isometry of a finite subspace of M into N has an extension to an isometry
of M onto N.

Proof Extend the proof of Lemma to a back and forth argument by alternat-
ing the extension of finite isometries between M and N. (As in the standard proof
that every countable dense and unbounded linear order is order isomorphic to the
rationals.) [ |

Corollary 2.4 Let M be a countable metric space so that every Katétov function of M
has a realization in M. Then M is homogeneous. If every restricted type function of M
has a realization in M, then M is homogeneous universal.

Lemma 2.5 Every Katétov function of a homogeneous metric space M has a realization
in M. Every restricted type function of a homogeneous universal metric space M has a
realization in M.

Proof IfM is homogeneousand ¢ is a Katétov function of M, there exists an isometry
f of Sp(£) into M. Let g be the restriction of f to dom(£). Then g~! is an isometry of a
finite subspace of M to a finite subspace of M, which has, because M is homogeneous,
an extension, say h, to an isometry of M onto M. The point h(f(£)) is a realization
of £. ]

Lemma 2.6 Let M = (M;d) be a homogeneous metric space and let A = (A;d,) be
a countable metric space with A N M finite whose age is a subset of the age of M and
for which d(x, y) = da(x, y) for all x,y € AN M. Then there exists a realization of
A in M, that is, a subset B C M \ (A N M) for which there is an isometry of A onto
M| (BU (M N A)) that fixes AN M pointwise.

Proof The proof is by induction on A \ M or a recursive construction realizing
Katétov functions step by step. ]
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Corollary 2.7 Every complete and homogeneous universal metric space V embeds
isometrically every separable metric space M = (M;d) with disttM) C dist(V). A
Urysohn metric space U = (U; d) embeds isometrically every separable metric space M
with dist(M) C dist(U).

Proof Let A be a dense subset of M and A = M | A. Because dist(A) C dist(M) C
dist(V) and V is universal, the age of A is a subset of the age of V. Lemma[2.6supplies
an isometric embedding of A into V, which, because V is complete and A is dense in
M, has an extension to an isometric embedding of M into V. The second assertion
follows because every Urysohn metric space is homogeneous and complete. ]

Lemma 2.8 Let M = (M;d) be a separable metric space and T a countable subset of
M. If M realizes all of its restricted type functions, then it contains a countable dense
subspace S with T C S, which realizes all of its restricted type functions and for which
dist(S) is a dense subset of dist(M). If M realizes all of its Katétov functions, then it
contains a countable dense subspace S with T C S, which realizes all of its Katétov
functions and for which dist(S) is a dense subset of dist(M).

Proof Let M be separable and realize all of its restricted type functions. For A C M
let spec(A) be the set of distances between points of A and K (A) the set of restricted
type functions £ of M with dom(¢) C A.

Let Sy be a countable dense subset of M with T' C S, and so that the set dist(M[S,)
is a dense subset of dist(M). If for n € w a countable set S, has been determined,
choose a realization £ for every restricted type function £ € K(S,). Let S,y; = S, U
{€] & € K(S,)}. The set S,;; is countable, because K(S,) is countable. Then S =
U, e Sn is countable and every restricted type function £ € X(S) has a realization
in S. [ |

Hence we obtain the following from Corollary[2.4l

Corollary 2.9 Every separable, homogeneous, universal, metric space M = (M;d)
contains a countable, dense, homogeneous, universal subspace N for which dist(N) is
a dense subset of dist(M). Every separable, homogeneous, metric space M = (M;d)
contains a countable, dense, homogeneous subspace N for which dist(N) is a dense subset
of dist(M).

Theorem 2.10 Every Katétov function of a homogeneous metric space M has a real-
ization in M. Every restricted type function of a homogeneous universal metric space M
has a realization in M.

If a metric space M is countable and every Katétov function has a realization in M,
then M is homogeneous. If a metric space M is countable and every restricted type
function has a realization in M, then M is homogeneous universal.

If a metric space M is complete and separable and every Katétov function has a real-
ization in M, then M is homogeneous. If a metric space M is complete and separable and
every restricted type function has a realization in M, then M is a Urysohn metric space.

Proof On account of Corollary[2.4 and Lemma 2.5] it remains to consider the case
that M is complete and separable.
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Let F be a finite subset of M and f an isometry of M | F into M. Lemma[2.8yields
a dense countable subspace S = (S;d) of M, with F C S, which in the case of Katétov
functions realizes all of its Katétov functions and hence is homogeneous on account
of Corollary[2.4] It follows that there is an extension g of f to an isometry of S onto
S. Because M is complete, the isometry g has an extension to an isometry of M to M.
It follows that M is homogeneous.

In the case of reduced type functions the metric space M is homogeneous as well,
because every reduced type function is a Katétov function. Let N = (N;d) be a
separable metric space with dist(N) C dist(M). Let T be a countable dense subset
of N. According to Lemma 2.2] there exists an isometry f of N [ T into M, which
because M is complete, has an extension to an isometry of N into M. Hence M is
Urysohn. ]

Theorem 2.11 Any two homogeneous, separable, and complete metric spaces M and
N with the same age are isometric. Any two Urysohn metric spaces M and N with
dist(M) = dist(N) are isometric.

Proof Let S, be a countable dense subset of M and let T,y be a countable dense subset
of N. There exists an isometry f of M [ Sy into N and then a dense countable homo-
geneous subspace T = (T;d) of N with f[So] U Top C N. There exists an isometry g
of T into M with g(f(x)) = xforall x € Sy. Then g[T] is dense in M and because M,
and N are complete, there exists an extension of g to an isometry of NontoM. H

Definition 2.12 A pair (A, B) of metric spaces is an amalgamation instance if
da(x,y) = dg(x,y) for all x,y € AN B. Then II(A, B) is the set of metric spaces
with

II(A,B) = {C=(AUB;dc) | ClA=Aand C| B=B}.

For R C R let
ITr(A, B) = {C € II(A, B) | dist(C) C R}.

Definition 2.13 An age of metric spaces is a class of finite metric spaces closed under
subspaces and isometric copies and which is updirected; that is, for all metric spaces
A and B in the class there exists a metric space C in the class that isometrically embeds
both spaces A and B. An age is countable if it has countably many isometry classes.

Definition 2.14 A Fraissé class A of metric spaces is a countable age of finite metric
spaces that is closed under amalgamation. That is, for all amalgamation instances
(A, B) with A, B € A, there exists a metric space C € ANII(A, B).

Theorem 2.15 (Fraissé ) For every Fraissé class A of metric spaces there exists a unique
countable homogeneous metric space U 4, the Fraissé limit of A, whose age is equal to A.

Note that Theorem 2.I5limplies that two countable homogeneous universal met-
ric spaces with the same set of distances are isometric and, together with Theo-
rem[2.17} that any two homogeneous and countable or separable and complete met-
ric spaces with the same age are isometric. Hence we can give the following definition.
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Definition 2.16 A Urysohn metric space or countable homogenous universal met-
ric space with set of distances equals to R will be denoted by Ug. A homogenous
metric space with age A which is countable or separable and complete will be de-
noted by U 4.

3 The 4-values Condition

Note that a triple (a, b, ¢) of numbers is metric if and only if |a — b| < ¢ < a+b. For
(a, b, c,d) a quadruple of numbers and x a number, write x ~> (a, b, ¢, d) to mean
that the triples (x, a, b) and (x, ¢, d) are metric. Then Definition[I.3] can be reworded
to: a set R C ¥ satisfies the 4-values condition if and only if for all quadruples
(a, b, ¢, d) of numbers in R for which there exists an x € R with x ~~ (a, b, ¢, d) there
exists also a y € Rwith y ~~ (a,d, c, b).

Note that if x ~» (a,b,c,d), then x ~ (b,a,c,d), x ~ (a,b,d,c), and x ~
(c,d, a,b), but not necessarily x ~~ (g, ¢, b, d). It follows that in order to verify the
4-values condition for R it is sufficient to consider quadruples (a, b, c, d) for which
a > max{b, c,d}.

Definition 3.1 For R C R>( let Q(R) be the set of quadruples (a, b, c, d) of num-
bers in R for which there exists a number x € R with x ~» (a, b, ¢, d) and for which
a > max{b, c,d}.

It follows that a set of numbers R C ¥t satisfies the 4-values condition if and
onlyif (a, b, c,d) € Q(R) implies that (a,d, c,b) € Q(R).

Lemma 3.2 Letx,a,b,c,d € R>¢. Thenx ~~ (a,b, c,d) implies that |a — d| < b+c¢
and |b—c| <a+d.

Proof Ifa > b,then|b—c| <a+danda—b <x <c+dimplying|a—d| <b+c.
Ifb>a,then|a—d| <b+candb—a<x<c+dimplying|b—c|<a+d N

The next lemma appeared first in [3], and for completeness the statement and
proof are given in the present notation.

Lemma 3.3 Aset R C R satisfies the 4-values condition if and only if for any two
metric spaces of the form A = ({p, v, w}; da) and B = ({q, v, w}; dp) with dist(A) C R
and dist(B) C Rand R 5 x = da (v, w) = dg(v, w) the set LIz(A, B) # 2.

Proof Let R satisfy the 4-values condition and assume that the spaces A and B with
x = da(v,w) = dp(v, w) are given. Let

(31) a:dA(paV)v b:dA(P7W), C:dB(qaw)a d:dB(q7V)'

Then x ~~ (a, b, ¢, d). Hence there is a number y € R with y ~~ (a,d, ¢, b) implying
that the space C = ({p, q,v,w};dc) € IIr(A, B) with dc(p, g) = y.

For the other direction of the prooflet x,a,b,c,d € Rand x ~> (a, b, c,d). Then
let A = ({p,v,w};ds) and B = ({g, v, w};dp) be metric spaces with distances as in
(BJ) and with x = da(v, w) = dg(v, w). Let C = ({p,q, v, w};dc) € LIr(A,B). Then
R> y~(a,d,cb)fory =dc(p,q). [ |
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Definition 3.4 For two metric spaces A = ({p,v,w};ds) and B = ({q,v, w};dp)
with distances as in (3.1]) let

w(A,B) = max{|a—d|,|b—¢|}, UA,B)=min{a+d,b+c}

Lemma 3.5 Let A = ({p,v,w};ds) and B = ({q,v,w};dg) be two metric spaces
with da(v, w) = dg(v, w), then u(A, B) < I(A, B) and

[u(A,B),I(A,B)] ={dc(p,q) | C€1I(A,B)}.

Let R C R satisfy the 4-values condition and dist(A) Udist(B) C R. Then there exists
anumber y € RN [u(A, B), [(A, B)].

Proof Let the numbers (a, b, ¢, d) be given by condition (3.I).

That u(A, B) < [(A, B) follows from Lemma3.2l If y € [u(A,B), (A, B)], then
la—d| <y <a+dand|b—c| < y < b+c, and hence the triples (y, a, d) and (y, b, ¢)
are metric. If y = dc(p, q) for C € II(A, B), then the triples (y, a, d) and (y, b, c) are
metric, and hence |[a — d| < y <a+dand |b—¢c| <y <b+c.

If R satisfies the 4-values condition and dist(A) U dist(B) C R, it follows from
Lemma[3.3]that IIz (A, B) # &, and hence

& £~ {dc(p,q) | C € Lr(A,B)} = RN{dc(p,q) | C € LI(A,B)}
= RN [u(A,B), (A, B)]. [ |
Lemma 3.6 Let the set R C N> satisfy the 4-values condition and let (A = (A;da),
B = (B; dp)) with dist(A)Udist(B) C R be an amalgamation instance. Let A\B = {p}

and B\ A = {q}.
Then 1Ig(A, B) # @ if AU Bis finite or if R is closed.

Proof Forv,w € ANBletA,, = A[|{p,v,w}andB,, = B[ {q,v,w}. Note that
(Ay, Byyw) is an amalgamation instance. We have to prove that there is a number y €
R so that the premetric space C = (AUB; d) with d(p, q) = y and d(p,v) = da(p,v)
and d(q,v) = dg(q,v) and d(v,w) = da(v,w) = dg(v,w) forallv,w € ANBisa
metric space. That is, for

8= ﬂ [u(AV,Wa Bv,w)7 [(Av,w; Bv,w)] s
v,WwEANB

we have to prove, according to Lemma[3.5] that S N R # &. Let
U= sup{ | da(p,v) — ds(q,v)| | v € ANB}, T:=inf{da(p,v)+ds(q,v)}.

Thenu < Taccording to Lemmal[3.2]land [ﬁ,/[\] C 8 according to Definition 3.4

Let R be closed. There exists for every ¢ > Oapointv € ANBwithtl — ¢ <
|da(p,v) —dg(g,v)] < tand apointw € ANBwith [ < da(p, w)+dp(g, w) < [+e.
Then

U—e< ‘ dA(PH’) - dB(Cb V)‘ < U(AV,Wa Bvﬁw) < u

<T< da(p,w) +ds(q, w) < [(Ayy, Byyy) < [+
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Because R satisfies the 4-values condition, it follows that for every € > 0 there exists
anumber y. € Rwith

n—e< u(Av,w) <y < [(Av,vm Bv,w) </[\+ €.
Hence, because R is closed, there exists a number y € RN [ﬁ,A[] CRNS.
If AU Bis finite, let v € A N B such that 1t = | da(p,v) — dp(g,v)| and w € ANB
such that [ = da(p, w) = dg(q, w). Then

ﬁ = u(Av,Wa Bv,w) < [(AV,Wv Bv,w) :T

~

Because R satisfies the 4-values condition, there exists a number y € RN [u,[] C
RNS. [ |

Lemma 3.7 Let the set R C N> satisfy the 4-values condition and let (A = (A;da),
B = (B;dg)) with dist(A)Udist(B) C R be an amalgamation instance. Let A\B = {p}.
Then 11x(A, B) # @ if A U Bis finite or if R is closed.

Proof Note thatfor ANB C C C Band C = BJC, the pair (A, C) is an amalgamation
instance. Let
M= |J IAB[O).

ANBCCCB

Then (M; <) is a partial order for L = (L;d) < N = (N;d)if LC Nand N|L = L.
Every chain in the partial order (M; <) has an upper bound, and hence using Zorn’s
lemma, the partial order (M; <) has a maximal element M = (M;dy). f M = AUB,
then M € IIg(A, B). Otherwiseletb € (AUB) \ M andlet D = (M \ {p}) U {b}
and D = B[ D. Lemmal[3.6applied to the amalgamation instance (M, D) results in a
metric space contradicting the maximality of M. ]

Theorem 3.8 Let the set R C R satisfy the 4-values condition and let (A = (A;da),
B = (B;dg)) with dist(A) U dist(B) C R be an amalgamation instance.
Then LIg(A, B) # @ if AU B s finite or if R is closed.

Proof Let
M= |J IAB[O).

ANBCCCB

Then (M; <) is a partial order for L = (L;d) X N = (N;d)if LC Nand N|L = L.
Every chain in the partial order (M; <) has an upper bound, and hence using Zorn’s
lemma the partial order (M; <) has a maximal element M = (M;dy). IfM = AUB
then M € IIR(A,B). Otherwise let b € (AU B) \ M and let D = (M N B) U {b}
and D = B[ D. Lemma[3.7lapplied to the amalgamation instance (M, D) results in a
metric space contradicting the maximality of M. ]

Theorem 3.9 The set of distances of a homogeneous universal metric space satisfies
the 4-values condition.
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Proof Let M = (M;d) be a homogeneous universal metric space with R = dist(M).
Let A = ({p,v,w};ds) and B = ({g,v, w}; dp) with dist(A) C R and dist(B) C R
and let R 3 x = da(v,w) = dp(v,w). There exists an isometric copy with points
{p’,v',w'} C M in M. Let t be the restricted type function with dom(t) = {v',w’}
and with t(v') = dg(g,v) and t(w’) = dg(q, w). Let q’ be a realization of t. Then the
metric space C = ({p, v, w, q};dc) with C] {p,v,w} = Aand C| {gq,v,w} = B, and
dc(p,q) = d(p’,q’) is a metric space in IIr(A, B). Hence the theorem follows from
Lemma[3.3] [ |

Definition 3.10 Let R C R0, then Fy is the class of finite metric spaces M with
dist(M) C R.

Theorem 3.11 Let0 € R C R be a countable set of numbers satisfying the 4-values
condition. Then there exists a countable homogeneous universal metric space U g.

If there exists a countable homogeneous universal metric space Ug, then R satisfies
the 4-values condition.

Proof The class Jy of finite metric spaces is closed under isometric copies and
substructures, and it follows from Theorem [3.8] and Definition 2.12] that & #
ITr(A,B) C Jrforall A, B € Jg. Hence Iy is updirected and closed under amalga-
mation and hence a Fraissé class. According to Theorem[2.15]there exists a countable
homogeneous metric space U 5, whose age is equal to J. It follows that U, is the
countable homogeneous universal metric space Ug. u

Lemma 3.12 Let R C R be a set of numbers that satisfies the 4-values condition.
For every countable subset T of R, there exists a dense countable subset C O T of R that
satisfies the 4-values condition.

Proof Let S O T be a countable dense subset of R. There are countably many in-
stances of the form x ~» (a,b, c,d) with numbers in S. Because R does satisfy the
4-values condition there is a countably set S’ C R so that for all those quadruples
thereisa y € §' with y ~~ (a, d, ¢, b). Repeating this process countably often leads to
a countable subset C C R that satisfies the 4-values condition. [ ]

In order to verify the 4-values condition the following lemma is often useful.

Lemma 3.13 Ifa<b+cora<b+dora<c+dand(a,b,c,d) € Q(R), then
there exists y € {a,b,c,d} with y ~> (a,d, c,b).

Proof Ifa < b+ ¢, thena ~ (a,d,c,b). Ifa < b+ dthenb ~~ (a,d,c,b) unless
2b < cin which case ¢ ~ (a,d, c,b). Ifa < c+d, then ¢ ~ (a,d, c,b) unless 2c < b
in which case b ~~ (a,d, ¢, b). [ |

Hence, in order to verify that R satisfies the 4-values condition, it suffices to con-
sider quadruples for which a is larger than the sum of any two of the other three
numbers.
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4 Completion of Homogeneous Universal Metric Spaces

Definition 4.1 Let A = (A;ds) and B = (B;dp) be two metric spaces with A =
{ai|iemecwlandB = {b; | i € m € w}and AN B = &. A metric space
P=(AUB;dp) withP[A = Aand P|B = Bisan h-join of A and Bifdp(a;, b;) < h
for all i € m. (The h-join P depends explicitly on the enumeration of A and B.)

Let Fr be the class of finite metric spaces F with dist(F) C R. For r a positive
real, let Fp|, be the metric spaces in F € F for which the smallest postive number in
dist(F) is larger than r.

Lemma 4.2 Let R C N> satisfy the 4-values condition and have 0 as a limit.
Let A = (A;dy) and B = (B;dp) be two metric spaces in Fg for which A =
{ag,a1,az,...,a,}and B= {by,b1,by,...,by,} and AN B = &. Let

A'={a;|iem} and B ={b;|iecm}
and A’ B' metric spaces with A’ = A[ A’ and B’ = B| B'. Let
k > max{| da(am, a;) — dp(bm, b;)| | i € m}
andh € Randl € R with
I+k<h<min ({dA(am,a,-) | i€ m}U{ds(bm,bi)|ic m})

Then if there exists an l-join Q = (A’ UB');dq) € Fr of A’ and B’, there exists an
h-join P € Jg of A and B.

Proof There exist, according to Theorem 3.8 a metric space A* = (A*;da-) €
Iz (A, Q) and a metric space B* = (B*;dp~) € LIz(B, Q). Note that

| da(am, ai) — da=(am, bi)| <1 and  |dp(bm, bi) — dp- (b, ai)] <1

foralli € m. Let P = (A U B;d) be the premetric space with P [ (A U B’) = A* and
P|(BUA’) = B* and with d(a,,, b,,) = h.
In order to see that P is a metric space we have to check the triples of the form
(am, by, a;) and (a,,, b, b;) for all i € m. Indeed,
| d(am, a;) — d(b, ai)| < [d(am, a;) — d(bm, bi)| + [ (b, bi) — d(bm, a;)]
<k+I<h=dlay,,by).
This verifies that the triple (a,,, by, a;) is metric, because h < d(a,,, a;), and hence the

distance d(a, b,,) is not larger than the other two distances in the triple (a,,, by, a;).
Similarly, the triangles of the form (a,,, b, b;) are metric. [ |

Lemma 4.3 Let R C R satisfy the 4-values condition and have 0 as a limit. Then,
foreverym € wandr > 0and h € R+ there exists a number y(h) < h such that for
all metric spaces

A= ({ai|i€m}ds) € Fr, and B= ({bi|i€ m}ds) € Fy,

with | da(ai, aj) — ds(b;, bj)| < y(h) foralli, j € mand AN B = & exists an h-join
of A and B in Fy.
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Proof Forevery0 < x € Rlet0 < x* € Rwith 2 -x* < x. Given h and r let
0 < hy—1 < min{h,r} and for all integers m — 1 > i > 0let h; = h,, and
~(h) = hy. The lemma follows from Lemma[4.2] via induction on i. [ |

Note: Let a, b, a’, b’ be four points in a metric space, then

(4.1)  |d(a,b) —d(a’,b")| <|d(a,b) —d(a,b")| +|d(a,b’) — d(a’,b")]|
< d(b,b") +d(a,a’).

Theorem 4.4 Let0 € R C R be countable, satisfy the 4-values condition, and
have 0 as a limit. Let Uy be the countable homogenous universal metric space with R
as set of distances given by TheoremBI1l Then M = (M; d), the completion of Uy, is
homogeneous, separable, and complete.

Proof The homogeneous universal space Ur = (U;d) is dense in M. It follows from
Theorem[2.10]that M is homogeneous if every Katétov function of M has a realization
in M.

Let ¢ be a Katétov function of M with dom(¢) = {a; | i € m € w} = A
There exists a subset B = {b; | i € m} U {b,,} C M with d(a;,a;) = d(b;,b;) and
£(a;) = d(by, b;) for all i, j € m. Let k = min(dist(Sp(¥))).

Let0 < e € Rand B’ = {b/ | 0 < i < m} C U with d(b;,b!) < e. Then
from inequality (I): | d(b;, bj) — d(b], ])| < 2eforall 0 < i,j < m. Note that
if e < % then min{d(b;, b)) | 0 < i,j < m} > k. If there is a set of points
A" ={a] | i € m} C U withd(a;,q]) < e, then |d(a;,a;) — d(ai’,a]’.)| < 2eforall
i, j € m. Hence, because d(a;, a;) = d(b;, b;),

| d(a],a) — d(b, b))| < de.

17]

It follows from Lemmal[43lthat if 4¢ < min(~y(h), k) then there exists an h-join C' =
({B"UA'};dc/) € Frof Ug [ B’ and Ug [ A’. It follows from Lemma [2.5] that
there exists a realization C = ({¢; | i € m};d) of C' in Ug with d(a/,¢;) < hand
d(ci, cj) = d(b], ]) foralli, j € m. Also,

(4.2) d(ci,a;) < d(c,a!)+d(al,a;) <h+e<2hforalli € m.

Let (h,;n € w) and (e,;;n € w) be a sequence of numbers in R with h, > 2 - b4
and 4e, < min(7(%hn)7 k). Then there exist sets of points:

(4.3) B, = {bl; |0 < i< m}withd(b]

i 0i) < en < lhn and
2
Cp = {cni | i € m}with d(c,;,a;) < h, and with

d(b,,;, n])

d(bn mo n+1 m) < d(bn mo H,M) + d(bﬂ M n+1 m) < h

= d(cp,i,cnj) and d(c;, a;) < h, foralli, j € mand
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Using the fact that Katétov functions of U have realizations in U construct recur-
sively points ¢, ,, € U so thatforalli € mandn € w:

d(cnﬁm7 Cn,i) = d(b;m, b;/m‘)v d(Cn.m7 Cn+1,m) = d(by/mu b;2+1,m) < hn~

That is, the function f with f(b; ;) = ¢,; for 0 <i < mand n € w is an isometry of
a subset of U to a subset of U.

It follows from inequality that for every i € m, the sequence (¢, ;) converges
to a; and from inequality (4.3]) that the sequence (¢, ) is Cauchy converging to, say
¢ For every 0 < i < m the sequence (b;_’i) converges to b;, and hence for every
i€ m,

n,m»

lim d(b),,,bni) = d(by, b;) = €(a;).
n— o0

It follows that d(c,,, a;) = lim, o0 d(cym, ¢ui) = £(a;) implying that c,, is a realiza-
tion of the Katétov function €. [ |

Theorem 4.5 The completion of a homogeneous universal separable metric space M
is homogeneous.

Proof The space M contains a countable dense homogenous universal subspace N
according to Corollary2.9l Let R = dist(N). It follows from Theorem [2.11] that we
can take N to be the homogeneous universal metric space Ug. The theorem follows
from Theorem[4.4] because the completion of Uy is equal to the completion of M. M

Theorem 4.6 Let0 € R C R be countable, satisfy the 4-values condition, and have
0 as a limit and let M = (M; d) be the completion of Ugr = (U; d).

A finite metric space A = (A; dp) with A = {a; | i € m} has an isometric embedding
into M if and only if for every € > 0, there exists a metric space B = (B; dg) € Fg with
B = {b; | i € m} sothat|d(a;,a;) — d(bi,b;)| < € foralli,j € m.

Proof The condition is clearly necessary.

Let k = min(dist(A)). Let (h,) be a sequence of positive numbers in R so that
hy < § and 2h,1; < h, for all n € w. Let (e,) be a sequence of positive numbers
in R so that y(h,) < 2e, and e,+1 < e,, with -y given by Lemma[4.3] For n € w let

B, = (B,;dg,) be a metric space with B, = {b,; | i € m} € Fg and with
(4.4) | da(ai,a;) — dp, (bni, by j)| < en < hy.
Then

| dg,., (bui1is burr,j) — dg, (bui, buj)| < ene1 + e, < 2e,.

It follows from Lemma that there exists, for every n € w, an h,-join P, =
(B, UB,;1;dp) € Fr of B, with B,,;;.
The space Uy is homogeneous universal, and hence each of the finite metric spaces
P, has an isometric embedding into Uy. It follows from Lemma [2.6] via a recursive
construction that there exist isometric copies B, = {b,,; | i € m} of the sets B, in U
so that, for all n € w, '
d(b, b/ ) = dPn(bn,ia bn+1.i) < hn-

n,i’ “n+l,i
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It follows that for every i € m the sequence (b, ;) is Cauchy and hence has a limit, say
b; € M. Also for all i, j € m,

lim d(b:“‘, b;]) = lim d(bm‘, bn‘j) = dA(ai,aj),
n—00 ' ’ n— 00 )

with the last equality implied by inequality (4.4)). ]

Corollary 4.7 Let0 € R C R be countable, satisfy the 4-values condition, and
have 0 as a limit, and let M = (M; d) be the completion of Ur = (U; d). Then dist(M)
is the closure of R. The set of distances of the completion N of a homogeneous universal
separable metric space is a closed subset of }t.

Proof Lete > 0begiven and let a be in the closure of dist(M). There exists a number
b € dist(M) with |a — b| < §. There exists a number ¢ € R with |b — ¢[ < 5. That
dist(N) is closed follows as in the proof of Theorem (4.5 [ |

Note that in general the distance set of the completion of a metric space need not
be closed. (See Example[5.2])

Definition 4.8 For R C R let
RV={x€R|3e>0((x,x+e)NR=2)}.

Lemma 4.9 Let R C R, satisfy the 4-values condition and have 0 as a limit. If
{x,y,2} CRwithz=y+xandx € RV, thenz € RV,

Proof Let {x,y,z} C Rwithz = y+xandx € RV and ¢ > 0 so that (x,x+€)R = @
and let 0 < § < min{e,x}. Ifz & R, there exists z < z’ € Rwithz/ — z < §. Then
z ~ (2/,0,x,y). fR > u ~ (2/,y,x,09), then the triple (4, x, u) is metric and
hence u < x + d, which implies, because (x, 6] N R = &, that u < x. It follows that
u+y < x+y =z <z, and hence that the triple (u, y,z’) is not metric, which
contradicts R satisfying the 4-values condition. ]

Lemma 4.10 Let R C N> satisfy the 4-values condition and have 0 as a limit. If
{x,7,2} C Rwithz =y +xand {x,y} C RY, then both x and y are isolated points of
Randz € RV,

Proof It follows from Lemma @9 that z € RV. Letz = y + x and {x, y} C RV. If,
say x, is not isolated in R, let ¢ > 0 be such that (y,y +¢) "R = . LetR> 6 < x
with 0 < § < eandlet 0 < u < x with u € R such that x — u < §. Note that
X~ (z, 9,0, u).

IfR > r ~ (z,u,0,y), then r < y + § because the triple (r, y, ) is metric and
hence r < y because of the choice of . Thenr + u < y + u < y + x = z and hence
the triple (r, u, z) is not metric in contradiction to r ~ (z, u, d, y). [ |

Lemma 4.11 Let0 € R C R satisfy the 4-values condition and have 0 as a limit.
Let S be a dense subset of R.

Then there exists, for every metric space A = (A;dy) € FrwithA = {a; | i € m}
and every € > 0, a metric space B = (B;dg) € Fs with B = {b; | i € m} so that
| da(ai,aj) — dg(bi, bj)| < e foralli,j € m.
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Proof Let
1
A= 5min{y+x—z| z<y+xand{x,y,z} C dist(A)}.

Let I C dist(A) be the set of isolated points of R that are elements of dist(A). Note
thatI C S.

Let E be the set of positive numbers in dist(A) \ RO withey < e; < e < --- <
en—1 < e, an enumeration of E. Let ey < ¢y € Sso that ey — ¢y < min{A,e}. The
numbers ¢; € S are determined recursively so thate; > ¢; and %(?,— —e) > €1 — €
for all indices i € n.

Let K be the set of positive numbers in dist(A) N RV that are not isolated and let
ko > ky > k; > --- > k,_; > k, be an enumeration of K. Let ky > io € S so that
ko — Eo < %(é\n — e,). The numbers E € § are determined recursively so that k; > E,-
and %(ki — E) > ki 7/12,41 for all indices i € r.

For every x € I let X = x and let 0 = 0. Note that the inequalities above imply for
{x, 5,2} C dist(A) withx,y #0andz=x+yandx € Eory € Ethatz <X+ .

Claim If (x,y,z) is a metric triple of numbers with entries in dist(A), then (x,7,z)
is a metric triples of numbers with entries in S.

Proof Letz > max{y,x}. It follows from the choice of A and the definition of the
function " that Z > max{y,x}, and if z < y + x, then Z < y + &, and hence that the
triple (z, y, x) is metric.

Letz = y + x with x, y # 0. If at least one of x and y are in E, thenz < X + y. If
both are not in E, then they are both in RO and it follows from Lemma 10l that both
xand y are isolated in R and z € RV, If zis isolated, thenZ =z = x + y = x + 7. If
isnot isolated, thenZ < z=x+y =x+ 7. [ |

It follows that the premetric space B = (B;dp) with B = {b; | i € m} and
dp(bi, bj) = X; j for x; j = da(aj, a;) is a metric space with | da(a;, aj) — dg(b;, bj)| <
eforalli, j € m. ]

Corollary 4.12 Let0 € R C R satisfy the 4-values condition and have 0 as a limit.
Let S be a dense subset of R.

Then there exists, for every metric space A = (A;dy) € FrwithA = {a; | i € m}
and every € > 0, a metric space B = (B;dp) € Fswith B = {b; | i € m} so that
da(ai, b)) < eforalli € m.

Proof The proof follows from Lemmas4.IT]and[4.3] [ |

Theorem 4.13 Let0 € R C N> with 0 as a limit. Then there exists a Urysohn metric

space U if and only if R is a closed subset of R that satisfies the 4-values condition.
Let0 € R C > that does not have 0 as a limit. Then there exists a Urysohn metric

space Uy if and only if R is a countable subset of R satisfying the 4-values condition.

Proof Let0 € R C R>( with 0 as a limit.
If there exists a Urysohn metric space Ug, it follows from Theorem [3.9] that Uy
satisfies the 4-values condition, because Urysohn metric spaces are homogeneous.
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The space Uy contains, according to Corollary[2.9] a dense, countable, homogeneous,
universal subspace Ut with T a dense subset of dist(Ug). Then Uy is the completion
of U7, and by Corollary[d.7lthe set R is closed.

Let R be closed and satisfy the 4-values condition. It follows from Lemma [3.12]
that R has a countable dense subset T that satisfies the 4-values condition. Let the
countable homogeneous universal metric space Uy be given by Theorem[3.11] The
completion M of U is homogeneous and separable and complete according to The-
orem[4.4] It follows from Corollary[4.7] that dist(M) is the closure of T that implies
because T is dense in R and R is closed that dist(M) = R. It remains to prove that M
is universal, that is, that every finite metric space A € J has an isometric embedding
into M. This then indeed follows from Lemma[4.11land Theorem 4.6

Let 0 € R C R, that does not have 0 as a limit.

If R is uncountable, then there does not exist a Urysohn metric space U, because
Urysohn metric spaces are separable. If R is countable, then there exists a homo-
geneous universal metric space Uy according to Theorem B.11l The space Uy is a
Urysohn metric space, because the completion of Uy, is equal to Ug. ]

5 Examples

Example 5.1 1t is not difficult to check that the set of reals in the intervals [0, c0)
and [0, 1] satisfy the 4-values condition. Hence there exist, according to Theo-
rem[4.13] a Urysohn space U/ o), the classical Urysohn space and U g 1}, the Urysohn
sphere.

Example 5.2 The set of distances of the completion of a metric space need not be
closed:
Let R be the set of rationals in the interval [0, 1] and

V ={a;|i € R}U{b;|i€R).

Let V = (V;d) be the metric space with d(a;, b;) = i and d(a;,a;) = d(a;,bj) = 1
foralli, j € Rwithi # j. The completion of Vis V.

Example 5.3 The completion of a homogeneous universal separable metric space
U is homogeneous according to Theorem[4.5] but as the example below shows, the
completion need not be universal. The age of the completion consists of all finite
metric spaces that can be “approximated” by metric spaces with distances in R, The-
orem[4.6land Lemmal4.11}

Let R be the set of rationals in the interval [0, 1) together with the number 2. Then
R satisfies the 4-values condition. To see this, let x ~+ (a, b, ¢, d) with x, a, b, c,d € R.
According to Lemma it suffices to assume a > max{b + ¢,b + d,c + d}. If
a€[0,1),thenb+c¢ ~ (a,d,c,b). Ifa=2,thenb =2o0rx = 2. If b = 2, then
2~ (a,d,c,b). If x = 2,thenc =2ord = 2. Ifc = 2, then 2 ~ (a,d, c,b) and if
d=2,thenb+c~ (a,d,c,b).

Hence, according to Theorem [3.11] there exists a homogeneous universal count-
able metric space Ug. Let M be the completion of Ug. According to Corollary [4.7]
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dist(M) = [0,1] U {2} := T, which does not satisfy the 4-values condition, be-
cause 1 ~~ (2,1, %, %), but there is no number y € T with y ~» (2, %, %, 1). The
class Fr contains a triangle with distance set {2, 1, 1}. The class R does not contain
any triangle with distance set of the form {a,b,c} with2 — 1 < 2 < 2+ { and
1 — 1 < b,c <1+ 1. Hence M does not contain a triangle with distance set {2,1, 1}
and is therefore not universal. Theorem [4.6] characterizes the finite metric spaces in
the age of M.

Indeed, it is not difficult to check that M consists of countably many copies of the

Urysohn space Uy 1} for which any two points in different copies have distance 2.

Example 5.4 Some additional examples of subsets R of the reals satisfying the
4-values condition.

To decide wether a finite set of numbers satisfies the 4-values condition is only of
polynomial complexity. On the other hand, there does not seem to be an easy way to
see directly if a finite set satisfies the 4-values condition. For examples of such finite
sets R see [13]]. In the case of infinite sets R it can be quite challenging to determine
whether R satisfies the 4-values condition. It is not difficult to see that the sets

1

|n€w}, Rzz{x+3n|x€ [0,1],n€w}.
satisfy the 4-values condition, while the set
1
R; = [O,ﬂ U{x+3n\x€ [0,1],1 §n€w}

does not. Note that if R satisfies the 4-values condition and a > 0, then the sets
[0,a] N R and {ax | x € R} satisfy the 4-values condition. Every sum closed set
R C R containing 0 satisfies the 4-values condition. The set w and every initial
interval of w satisfies the 4-values condition. The sets R = [0,1] U [3,4] U [9, 10]
and R = [0, 1] U [3,4] U (8, 9] satisty the 4-values condition. The set R = [0, 1] U
[3,4] U [8,9] does not satisfy the 4-values condition.

It is a bit more challenging to prove that the set F of Cantor numbers with finitely
many digits 2 in the ternary expansion satisfy the 4-values condition. Hence there
exists a unique countable homogeneous universal metric space U according to The-
orem [3.I1] The set of all Cantor numbers does not satisfy the 4-values condition,
but it follows from Theorem [4.5] that there exists separable complete homogeneous
metric space U whose set of distances is the set of Cantor numbers. It follows from
Theorem .11l that U is the unique, separable, complete, metric space whose age is
the set of finite metric spaces that can be approximated by finite metric spaces with
distances in C as described in Theorem [4.6]
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