
EXTENSIONS OF I-BISIMPLE SEMIGROUPS 

R. J. WARNE 

A bisimple semigroup S is called /-bisimple if Es, the set of idempotents of 
5, with its natural order is order-isomorphic to I, the set of integers, under 
the reverse of the usual order. In (9), the author completely determined the 
structure of 7-bisimple semigroups mod groups; in this paper, he also gave an 
isomorphism theorem, a homomorphism theorem, an explicit determination of 
the maximal group homomorphic image, and a complete determination of the 
congruences for these semigroups. 

Clifford gave a general means of finding all possible extensions of a (weakly 
reductive) semigroup 5 by a semigroup T with zero (2). As with the Schreier 
theory of group extensions, these means are of a theoretical nature and to 
carry them out for particular classes of semigroups is usually difficult (2). This 
has been done for only three cases: (1) S is completely simple, T arbitrary; 
(2) S is a group and T completely 0-simple; (3) 51 is a Brandt semigroup and 
T arbitrary. The first is due to Clifford (1), the second to Munn (2, §4.5), 
and the third to Warne (7). In (5), Warne determined when the extensions 
of a completely 0-simple semigroup by a completely 0-simple semigroup are 
given by partial homomorphisms. 

In this paper, we give an explicit determination of the extensions of an 
7-bisimple semigroup S by a completely 0-simple (Brandt) semigroup. We 
determine the multiplication of the translational hull S of S. All extensions of 
5 by a semigroup T can then be described if one knows the structure of T 
and the partial homomorphisms of T\Q into S such that AB = 0 in T implies 
that A6B6 6 S (2). (The construction of S is needed as S has no identity.) 

Let 5 and T be disjoint semigroups, T having a zero element 0. A semigroup 
V will be called an (ideal) extension of S by T if it contains S as an ideal, and 
if the Rees factor semigroup V/S (2) is isomorphic with T. 

Multiplication in S and T will be denoted by juxtaposition. T* will denote 
the set of non-zero elements of T. 

If F is an extension of a semigroup S by a semigroup T (with zero), then 
we say that V is determined by a partial homomorphism if there exists a 
partial homomorphism w: T* —> S such that for all A, B G T*, c, d G S, 

(AB i f A B ^ O ( i n r ) , 
{ATTBT if AB = 0 (in T). 

A o c = (Aw)c ; C O A — C{A-K) ; c o d = cd where o denotes the operation in 
V. (IT always gives an extension of 5 by T (2, p. 138, Theorem 4.19)). 
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For all concepts and notation not defined in this paper the reader is referred 
to (2). 

THEOREM A (8). 5 is an I-bisimple semigroup if and only if S ~ G x I x I, 
where G is a group, I is the group of integers, under the multiplication 

(g, n, m) (h, p, q) = (gap~rham~r', n -\- p — r, m + q — p), r = min(m, p) 

or under the multiplication 

(g, n, m) (h, p} q) = (gas~m~phas~Q, n + p, s), s = max (m + p, q), 

where a is an endomorphism of G and a0 is the identity transformation. 

S = (G, ô) will denote an 7-bisimple semigroup with structure group G and 
structure endomorphism 8. 

LEMMA 1. A semigroup S is left reductive and right reductive if and only if the 
inner right (left) translations pa and Xb of S are linked implies that a = b for all 
a, b Ç S. If S is a right (left) reductive semigroup Xa(pa) and the right (left) 
translation p(X) are linked if and only if p = pa (X = Xa). An 7-bisimple semi
group is right reductive and left reductive. 

The first two assertions are easy to prove, so we omit their proofs. 

Proof. Let S = (G, b) be an J-bisimple semigroup. If 
(g,ij)(e,jj) = (h,k,l)(ej,j), 

j = I +j ~ min(j, 0 and i = k + j - 1. If (g, i,j) (e, I, I) = (A, &, /) (e, /, /), 
j + / — min(j, I) = /. Thus, (g,i,j) = (h,k,l) and 5 is right reductive. 
Similarly, 5 is left reductive. 

Let M (I, G) be the full group of mappings of I into G (pointwise multipli
cation). 

THEOREM 1. Let S — (G, a) be an I-bisimple semigroup. Let 

H = {(3 G M(I, G): (i + 1)0 = (# )« for all i}. 

H is a subgroup of M (I, G). Let pt(i G I) be the inner right translation of (I, + ) 
determined by i. W = H X / , under the multiplication 

(*) GM)(7, j ) = (PoPiy,i+j), 

where o denotes the operation in H and juxtaposition denotes iteration of mappings, 
is a group. Let S be the translational hull of S. Then S = WUS under the 
multiplication 

08,a)o (y,b) = 08, a) (7, 6), 
(g, i,j) o (h, s, t) = (g, i,j)(h, s, t) 

where juxtaposition denotes multiplication in W and S and 

(/3, a) o (g, i,j) = ((i - a)(5g, i - a,j), 

(g, i,j) o (13, a) = (g(jt3), i,j + a). 
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Proof. Let p be a right translation of 5. If (e, i, i)p = (h, x, y), e being the 
identity of G, then (e, i, i) (h, x, y) = (h, x, y) and x > i. Thus 

(e, i, i)p = (iff, i + iph ip2) 

where |S(pi, p2) is a mapping of 7 into G (7°, 7) (7° is the non-negative integers). 
Since (e} i + 1, i + 1) (e, i, i) = (e, i + 1, i + 1), 

(e, i + M + 1) (# , * + ipu ip2) = ((i + 1)0, (i + 1) + (i + l)pi, (î + l)p2). 

Thus, if i P l = 0, (i + l ) P l = 0, (i + l)p2 = ip2 + 1, and (i + 1)0 = (*0)«, 
and, if ip\ > 1, (i + l)pi = ipi — 1, (i + l)p2 = ip2, and (i + 1)0 = i($. Let 
us first consider the case ipi = 0 for all i G 7. Then, it is easy to see that 
ip2 = i + z where 0p2 = z. Hence, 

(g,i,j)p = (g,iJ)((e,j,j)p) = (g(jP),i,j + z). 

Thus, we may write 

(l) (g, i,j)pw,z) = teOW, ^ i + *) 
where 0 is a mapping of 7 into G such that (i + 1)0 = (i0)a for all i G 7 
and s Ç 7. Conversely it is easy to see that (1) is a right translation of S. 

Next, suppose that there exists u G 7 such that upi 9^ 0. I t is easy to see 
that there then exists a unique £ G 7 such that (2 + i)p\ = — i if i < 0 and 
(£ + i)pi = 0 iH > 0. If £p2 = 2, it follows that (t + i)p2 = s + i if i > 0 and 
(/ + i)p2 = z if i < 0. If we let /0 = g0, we see that (t + i)P = go a* if i > 0 
and (/ + i)0 = g0 if i < 0. Since (e, i, i + n) (e, i, i) = (e, i, i + ») if » > 0, 
(6, i,i -{- n)p — [(ifi)an~iPl, i, 12 + ip2 — ^pi] if » > ipi and 

(e, i, i + »)p = (i0, i + ipi - w, ^2) 
if ipi > » where » G 7°. Since (g, i -{- nt i + m) = (g, i + », i) (e, i, i -\- m), 
we obtain 

(g(iP)oLm~iPl, i + n,m -\- ip2 — ipi) if m > ipi, 
(2) (g, * + », * + m)p - ^ « P X - * . ^ ; + w + i p i _ w > i p a ) i f ipi > m 

where », m G 7°. We note that if (g, &, l) G 5, & = i + », / = i + w (i G 7, 
m G 7°) by (3; 4) and Theorem A. 

If we let i ~ t + s in (2), then we obtain, if 5 > 0, 

(3) (g,t + s + n,t + s + m)p = (g(g0a
s+m), t + s + n, m + z + s) 

and if 5 < 0 
ffefc«m + s) , * + ^ + », m + 2 + s) 

(4) (g, / + 5 + », / + 5 + m)p = \ if m > —5, 
[(ga_s_w go, t -\- n — m, z) if — 5 > m. 

Now, let x = / + 5 + » and y = t + 5 + m. Thus, (3) becomes 

(5) fe, x, y)p = (g(goav""0» *> * + J ~ 0 for 5 > 0 

and (4) becomes 

( 6 ) feX>:y)p = {(ga^go.t- y + x,z) \i-s>m 
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where s < 0. I t is easily seen that (5) and (6) are equivalent to 

(a r v)n = i t o ^ ^ ^ + y " 0 Hy >*> 
U> *> y)P \ (ga'-'go, x + (t - y),z) ily<L 

Hence 

(g, x, y)p = (gat-min«'-»goav-min(v>t\ x + t - minks t),y + z - minty, /)), 

= (z>x>y)(go>t*z) 
and p is an inner right translation. 

Summarizing, every right translation of S is an inner right translation or is 
of the form (1). 

In a similar manner, one shows that every left translation of S is an inner left 
translation or is of the form 

(7) (g, i,j)Mi.z) = ( W g , i + z,j) 

where 8 is a mapping of I into G such that (i + 1)8 = (i8)a for i G / and 
zt I. 

By Lemma 1, P(9,i,j) and \(h,k,i) are linked if and only if (g, i,j) = (A, &, /) , 
P(g>i,j) and \(5,2) are not linked, and p^,^ and X(g,i,j) are not linked. (One sees 
easily that \(s,z)(p^,z)) is not an inner left (right )translation. 

Next, suppose that p^,a) and X(sl&) are linked. Thus, 

( (e ,0 ,0) P au))(e ,0 ,0) = (0/3, 0, a)(e, 0, 0) = (e, 0, 0)(te, 0, 0)X (M)) 

= (e, 0,0) (05, ft, 0). 
Hence by a straightforward calculation b = —a. 

Now, 

( t e if i)pw.a)) te, * + «, i) = (i/3, i, i + a) te, i + a, i) = (i/3, i, i) 

= te, i, i)(tei "̂ + a> i)^(*.-o)) = (te + a)<5> ^ 0-

Hence i/3 = (i + a)<5. By a straightforward calculation, these conditions are 
sufficient for linkage. 

Thus, since there is one and only one left translation of S linked with each 
right translation of S, it follows that S is isomorphic with the semigroup of 
right translations of 5.f Hence 

<§\S = Wa)--te + 1)0 = (i/3)a for all i G / } . 

Thus, if poj.a), p(7>6) in >S\5, p(/9,a) p(7t6) = p^oPay,a+b) and £ \ S is a semigroup. 
H = {(3 £ M (I, G)/(i + l)/3 = te'0)a} is a subgroup of Af(/, G). We have 

just shown that ((3, a)<t> = (X(p_a^,_a), p^,a)) defines an isomorphism of 
W = H X I under the multiplication (*) onto i§\5. I t is easy to see that W 
under (*) is a group with identity (0i, 0) where ifii = e, the identity of G, for 
all i G I and the inverse of (0, a) is (/3', —a) where i/3' = (te — a)$)~l for 
all i Ç J. 

f We thank the referee for this remark. 
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By (2, Lemma 1-2) and (7), 

(0 , a) O (g, i , j ) = (X(p_aJ8,-a)), Ptf,a))(g, hj) = (g, iJ)K-aP,-a) 

= ((ip-a)fSg,i - a,j). 
(g> i> J) ° (£» &) is determined in a similar manner. 

As usual (2), T = M°(H, K, A, P ) will denote a completely O-simple semi
group with structure group H and A X K sandwich matrix P and 

M°(H,K,K,A) 

will denote a Brandt semigroup (2, Theorem 3.9, p. 102). 

THEOREM 2. Let S = (G, Ô) and T = M0(H; K,A;P). Let I be the group of 
integers under addition, and let the following functions be given: 

f:K->I, 0:A-*J, a:K-*G, 0: A -> G, 

and y be a homomorphism of H into G such that p\t ^ 0 implies X0 = i\{/ and 
(XjS) (ia) = p\ij. Then 0, defined on T* 63/ 

(a; Î, X)0 = ((ax) (ay) (X0), t>, X0), 

is a partial homomorphism of T* into S Conversely, every partial homomorphism 
of T* into S is obtained in this fashion. 

Proof. For the direct part, we have 

(a;i, \)4>(b;k, u)4> = ((ia)(ay)(\/3), i\fs,\d)((ka)(by)(ul3), kip, ud); 

If pu yé 0, then 

(a;i, X)(b;k, u)<j> = (apub;i, u)</> = ((ia) (ay) (puy) (by) (up), i\f/, ud). 

Since ^x^ 3̂  0, &^ = X0 and (X/3) (fox) = £XA;7. Thus 

((ia) (ay) (X/3), i^, X0)((fo*) (£7) («0), **, "*) 

= ( (ia) (a7) (X/3) (fo*) (67) (ufi), **, ««) 
= ((ia) (ay) (pM y) (by) (up), if, ud) 

and hence 0 is a partial homomorphism of T* into 5. 
Conversely, let 0 be a partial homomorphism of J1* into 5. Since 0 maps 

9Î- (?-)classes into 9î- (S-)classes, (a;i,j)</> = (g;i^,j0), where g G G and 
\f/(6) is a mapping of K(A) into / . We suppose that K C\ A = 1 and that 
£11 = 0, the identity of 77. Now, (e; i, 1)0 = (ia, i\f/, 10) and 

(e;l ,X)0 = (X0;1^,X0), 

where a(/3) is a mapping of i£(A) into G. Since(e; 1,1) is idempotent, 
(e; 1, 1)0 = (E, 1^, 10), where E is the identity of G, and 1^ = 10. Define 7 
on i ï by (a; 1, 1)0 = (07, ty, 10). Since (a; 1, l)(b; 1, 1) = (aô; 1, 1), 
(a7, ty, 10)(J7î l lM0) = ((ai)7, 1^, 10) and (ay)(by) = (ab)y, i.e. 7 is a 
homomorphism of H into G. Since (e; 1, X)(e;i, 1) = (£\*; 1, 1), p\t 7^ 0 
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implies (Xj3, 1^, \6)(ia,if, 16) = (puy, If, 16). Hence it easily follows that 
p\i 9^ 0 implies if = X0 and (\/3)(ia) = p\t y. Finally 

(a; i, \)4> = (e; i, l)4>(a; 1, l)<t>(e; 1, X)0 

= (ia, if, 16) (ay, If, 16) (X/3, If, X0) = ((ia) (a?) (X/3), if, X0). 

COROLLARY 1. Let S = (G, 5), T = M°(H; K;K; A), awd f, a, 7 ^ a.s in 

Theorem 2. 77^w 0, defined on T* by 

(a;i,j)4> = {(ia) (ay) {ja)-\ ifjf), 

is a partial homomorphism of T* into S. Conversely, every partial homomorphism 
of T* into S is obtained in this fashion. 

Remark 1. If one replaces I by 1°, the semigroup of non-negative integers 
under addition in Theorem 2 (Corollary 1), the theorem will give all partial 
homomorphisms of a completely 0-simple (Brandt) semigroup into an co-bi-
simple semigroup (a bisimple semigroup S such that Es is order isomorphic 
to the non-negative integers under the reverse of the usual order (see (6) for 
example). Since such semigroups have an identity, all their extensions are 
determined by partial homomorphisms (2, p. 138, Theorem 4.19). We note 
that the proofs of Theorem 2 for the co-bisimple and J-bisimple cases are 
almost identical. 

Remark 2. The statements of Remark 1 are valid for a class of bisimple 
semigroups S for which Es is ^-lexicographically ordered (6). 

THEOREM 3. Let S be a weakly reductive semigroup and let S be its translational 
hull. Let T be a O-bisimple semigroup having proper divisors of zero. If S = S 
or S\S is a subsemigroup of S, then every extension of S by T is given by a partial 
homomorphism. 

Proof. Il S = St S has an identity, and the result follows from (2, p. 138, 
Theorem 4.19). Thus, assume that S \5 is a semigroup. Let (V, o) be an 
extension of 5 by T. Then, there exists an extension (V, *) of S by T such 
that (V, o) is a subsemigroup of (V, *) (2, p. 139, Theorem 4.20). By (2, p. 138, 
Theorem 4.19), V is determined by a partial homomorphism 6. Since 7'\0 is 
a 3>class, (T\0)6 is contained in a 35-class of S. Thus, (7\O)0 is contained in 
S \ 5 or 5 since 5 is an ideal of S (2, p. 11, Lemma 1.2). If A, B Ç T\0 and 
AB = 0 (in T), A6B8 G S. Thus, since S \S is a semigroup, (T\0)6 C 5 and 
(V, o) is given by a partial homomorphism. 

COROLLARY 2. Let S be an I-bisimple semigroup and T be a Q-bisimple semi
group with proper divisors of zero. Every extension of S by T is given by a partial 
homomorphism. In particular, if T is a completely 0-simple (Brandt) semigroup 
with proper divisors of zero, then every extension of S by T is given by a partial 
homomorphism. An explicit multiplication for these extensions is thus given by 
employing Theorem 2 (Corollary 1). 
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Proof. The first part of the theorem is a consequence of Lemma 1, Theorem 
1 and Theorem 3 while the second part follows from the first part (2, p. 79, 
Theorem 2.51 and p. 102, Theorem 3.9). 

THEOREM 4. Let S = (G, <5) be an I-bisimple semigroup and let T = M° 
(R} K, A; P) be a completely 0-simple semigroup without proper divisors of zero. 
Let V be an extension of S by T. Then, either V is given by a partial homomorphism 
and an explicit multiplication for V is thus given by employing Theorem 2 or 
V = (T\0) US under the multiplication 

(8) (a; s, X) * (g, ij) = ((ip_{ks+ia+tx))(l3s o pks da o pks+ia y\))g, i 

(9) (g, i,j) * (a; s, X) = (g(j(Ps o pks da o Pks+ia yx,)), i,j + ks + ia + /x) 

where (g,i,j) G S and (a\s,\) £ T\Q, o denotes the product in M (I, G), 
a —> ia is a homomorphism of R into (I, + ), a —> 6a is mapping of R into H 
{see statement of Theorem 1) such that 6ab = dao pia 6b for all a, b in R, s —> (3S 

is a mapping of K into H, s —> ks is a mapping of K into I, X —* Y\ is a mapping 
of A into H, and X —> t\ is a mapping of A into I such that ipXs = t\ + ks and 
6pXs = 7x o pt\Ps- Conversely, (8) and (9) define an extension of S by T. 

Proof. Let S be the translational hull of S. As in the proof of Theorem 3, 
there exists an extension (V, x) of S by T given by a partial homomorphism 
6 such that (7 , *) is a subsemigroup of (7 , x). Clearly, (T\0)0 C S or (S\S). 
In the first case V is given by the partial homomorphism 6. Thus, in the 
notation of Theorem 1, it is only necessary to consider the homomorphisms 6 
of T* into W. By (2, p. 143, Theorem 4.22), we have that (a; s, X)0 = u8(aœ)vx 

where s —> us and \-+V\ are mappings of K into W and A into W, respectively, 
and co is a homomorphism of R into W such that p\s œ = V\US for all 5 in K 
and X in A. Let H be as in the statement of Theorem 1. It is easily seen that 
«co = (6a, ia) where a —> ia is a homomorphism of R into (7, + ) and a —> 6a is 
a mapping of R into i7 such that dab = da o pia Qh for all a, b £ R. We may 
write us — (/3S, &s) where 5 —» fis is a mapping of K into 77 and 5 —> &s is a 
mapping of K into 7 and V\ = (YX, h) where X —» Yx is a mapping of A into 
H and X —» t\ is a mapping of A into 7. Thus, (0pXs, ipXs) = (y\, t\)((3si ks). 
Hence ipXs = /x + ks and dpXs = y^o ptX f3s. Thus, 

(a; 5, X)0 = (j8s, &s) (0a, ia) (YX, 4) = (jS* o pfcs 0a o p*a+*a7x, &* + ia + *x). 

Hence, by (2, p. 11, Lemma 1.2) and the proof of Theorem 1, if 

(g, i,j) € 5, (a; s, X) * (g, i , j ) = (g, i, j)X(p_25)_2) = (i(p-2ô)g, i - z,j) 

where 8 = /3S o pfcs 0a o pks+ia y\ and z = ks + ia + h and (8) follows. One 
obtains (9) in a similar manner. Reversing our steps and using (2, Theorem 
4.22), we see that the last statement of the theorem is valid. 
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Remark 3. In the special case T\0 is a group R, F i s either given by a partial 
homomorphism or (8) and (9) become 

a * (g, i,j) = ((ip-ia 0a)g, i - W ) 
and 

(g} i,j) * a = (g(j6a), i,j + ia) 
respectively. 

Remark 4. If T is a O-bisimple semigroup without proper divisors of zero, 
an extension of 5 = (G, b) by 7" is either given by a partial homomorphism or 
the equations in Remark 3 with a —> 6a a mapping of T\0 into H. 
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