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THE FUNDAMENTAL UNIT AND CLASS NUMBER ONE
PROBLEM OF REAL QUADRATIC FIELDS WITH
PRIME DISCRIMINANT
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§0. Introduction

Class number one problem for imaginary quadratic fields was solved
in 1966 by A. Baker and H.M. Stark independently. However, the problem
for real quadratic fields is still unsolved. It seems to us that one of the
most essential difficulties of the problem for real quadratic fields comes
from deep connection of the class number with the fundamental unit.

In this paper, we shall first in § 1 concern ourselves with real quad-
ratic fields of prime discriminant F = Q(v/p) (prime p = 1 mod 4), and
give a sufficient condition for an unit ¢ = (¢ + uy/p)/2 corresponding to
a positive integral solution (x,y) = (t, ) of the diophantine equation
x* — py* = — 4 to be the fundamental unit (Theorem 1).

In § 2, for the p-invariant n, defined by using the fundamental unit
of F

Ep = (tp + u,W/'p)/2 >D,
in the case n, # 0, i.e. t,/u}>1/2, the class number one problem is con-
sidered, and it will be proved that if n,= 0 and A, = 1 then p <4.1 X 10°
holds with one possible exception of p and that under the assumption of
the generalized Riemann hypothesis this is true without any exception
(Theorem 2).

Finally, we shall show that for real quadratic fields Q(+/ d) with dis-
criminant d not necessarily prime the same result is proved (Theorem 3).
Moreover, we shall give three kinds of tables, one of which consists of
30 primes p congruent to 1 mod 4 satisfying A, =1 and n, = 1.

§ 1. Fundamental unit

In real quadratic fields Q(4/p) with prime discriminant, p is prime
" Received November 17, 1989.
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congruent to 1 mod 4. Therefore, the fundamental unit of Q(v/p)

H=(+uyp)2 (1,

has the norm Ne, = — 1, and hence (¢,, ©,) is the smallest positive integral
solution of x* — py* = — 4,

Conversely, we can prove the following theorem:

THEOREM 1. For any fixed prime p (# 5) congruent to 1 mod 4, if o
non-trivial positive integral solution (x,y) = (¢, u) (t > 0, u > 0) of diophan-

tine equation x' — py* = — 4 satisfies any one of the following:
(i) tur>1)2,
(ii) ¢t < 2p,

(i) w’ <4p,
then ¢ = (t + uy/p)/2 is the fundamental unit of the real quadratic field
QP).

To prove this theorem, we need several lemmas. First we prove the
following:

LEmMA 1. For any prime p congruent to 1 mod 4, let (¢, u) be o positive
integral solution of diophantine equation x* — py* = — 4.

Then the following are equivalent:

(1) tu* > 1/2,

(i1) &< 2p,

(1ii1) w* < 4p.

Proof. In the case u = 1, we have p = t* + 4, and hence t = vp — 4
<2p, WP =1<dp, tjui} = 1.

In the case u = 2, we have p = t*/4 + 1, and hence ¢t = 2/p — 1 < 2p,
W =4 <dp, tju* = 1.

Now we suppose u > 2. Then #* — pu® = — 4 implies ¢ =+ 2p, 0 < 8/u?
<1 and p > p — 4/u’ = £/u*. Therefore,

t/u? < 1/2 if and only if p — 4fu* < t/2,
which is equivalent to ¢ > 2p.
Next, p = 5 implies 0 < 4/p < 1. Therefore,
t>2p if and only if put — 4 > 4pF,

which is equivalent to u* > 4p.
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LemMmA 2. For any prime p congruent to 1 mod 4, let (x,y) = (t, u,)
be any positive integral solution of diophantine equation x* — py* = — 4. If
we put

(M>zn~+1:ﬁ+un\/3 n=12-..),

2 2

then sequences of natural numbers {t,}, {u,} are monotonically increasing
in narrow sense.

Proof. If we put

t+uyp — < b+ uy/ P )2
2 2 ’

then we get easily
t= (& + pup)2 =3,
and hence we have t/2 > 1.

On the other hand, from the definition, we have

~,_t,n_11 + UV D — t, + U,/ D t uyp
2 2 2

= {(tt, + puu,) + (tu, + ut,)ypli4.

Therefore, we get
te = (2, + (p[2uw, > t,,
and
Upes = (8[2)u, + W2, > u,
for any n =1,2,3,---.
Lemma 3. For any prime p congruent to 1 mod 4, let
H=+ u/B)2 (>
be the fundamental unit of real quadratic field Q(v/ 7). If we put
& = (&, + 8w/ D)2,
then
t,> 2p and u;, > 4p

hold except for p = 5.
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Proof. Since

(ip + Hp\/_ﬁ‘)/z = {(tp + up\/F)/z}s
= [{(&} + 3pt,u}) + (pu; + 3tu,)y/ p}/4]/2.
we have

t, = t,(& + 3pul)/4
and

U, = u,(pu, + 36)/4 .
Hence, 2p < {, holds if and only if

p(8 — 3t,ul) < ¢,
which follows from

8 — 3t,u; <0, le uit,=3.

pYp =

However, ult, > 3 holds if and only if u, #+ 1 or ¢, # 1, 2, which is equi-
valent to p =+ 5.

On the other hand, since (f,, %,) is a positive integral solution of
x* — py' = — 4, by Lemma 1

t,> 2p if and only if i, > 4p .

Proof of Theorem 1. First, we note that three conditions of our theorem
are equivalent by Lemma 1.

Next, we suppose that ¢ = (¢t + w4/ p)/2 18 not equal to the fundamental
unit e, = (¢, + v,/ D)2 (>1) of Qv p), and put

(jp,iﬁg@_)““ L L0 T S R N
2 2 y 3 .

Then there is an uniquely determined positive integer m such that

t=1t, and u=u,,

and by Lemma 2, we have

L, <t =t, and U, < Uy £ Uy, .

On the other hand, by Lemma 3, we obtain

t, > 2p and ul > 4p,

which contradict with the assumption of our theorem.
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§ 2. Class number

For any prime p congruent to 1 mod 4, denote by

Ep = (tp + up\/—ﬁ)/z (> 1)

the fundamental unit of the real quadratic field Q(4/p) with prime dis-
criminant.

We now define p-invariant as a mapping from the set of all rational
primes congruent to 1 mod 4 to the set of non-negative rational integers.

In our recent papers ([6], [7], [8]), we defined some new p-invariant,
above all n,, which is defined by the inequality
ltp/u; - npl < 1/2 ’

and obtained several interesting results regarding its property. Especially
as a result closely related to class number one problem, we proved in [8]
that in the case n, # 0, there exists only a finite number of prime p
congruent to 1 mod 4 with class number one.

In this section, we prove more precisely the following:

THEOREM 2. If prime p congruent to 1 mod 4 satisfies
p> 41 x 10° and n,#+ 0 i.e. &, < 2p,

then h, > 1 holds with one possible exception of p.
Moreover, if we assume the generalized Riemann Hypothesis, this is
true without any exception.

The proof of this theorem depends upon the following lemma:
LemmA 4. If prime p congruent to 1 mod 4 satisfies n, + 0, then

(m—-2)/2m
0.3275 « P

e, < 2p and h, > - log 2p

hold for any p > e™, m = 11.2 with one possible exception of p.
Assuming the generalized Riemann Hypothesis, this is true without
any exception.

Proof. The first part of this lemma follows from Dirichlet’s class
number formula by applying the Siegel-Tatuzawa theorem (cf. [1], [5]) and
Lemma 1.

For the second part, Kim [3] shows that if we assume the generalized
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Riemann Hypothesis, the Siegel-Tatuzawa theorem is true without any
exception (cf. [4]).

Proof of Theorem. Put

fol®) =2 a=am)=(m—22m (>0
log 2x

for any fixed m = 11.2. Then, since

i (alog2x) — 1
ful2) = x'-% (log 2x)*

for any x = 6, f(x) is increasing on [6, o).
Moreover, put

Then, for m = 15 (> 11.2) we have
Si:(4.1 X 105 > 1, and e™ = e® < 4.1 X 10°.

This establishes by Lemma 4 that h,> 1 holds for all p > 4.1 X 10° except
possibly one p, and without any exception under the assumption of the
generalized Riemann Hypothesis.

For any prime p satisfying 3533 < p < 4.1 X 10°, we may confirm that
n, # 0 implies A, > 1 by using Kida’s UBASIC 86. We owe to Y. Tani-
gawa such better upper bound of p and this confirmation. Moreover, in
primes p satisfying 5 < p < 3533, we find exactly 30 primes p such that
n,# 0 and h, = 1. Therefore, from Theorem 2 we obtain the following
corollary, which is a generalization of Kim, Leu and Ono’s result (cf. [2]):

CoroLLARY. There exist exactly 30 primes p congruent to 1 mod 4
satisfying n, = 1 and h, = 1 with one more possible exception of p.

All such primes are listed in the following table I. Furthermore, Y.
Tanigawa kindly informed me that by the same way the following general
result is proved for discriminant d, not necessarily prime:

THEOREM 3. There exist exactly 54 discriminants d of real quadratic
fields Q(v d) satisfying ¢y < 2d and h, = 1 with one more possible exception
of d.

All such discriminants except primes are listed in the table IIL
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Table I

Table II

(tJu2 > 1/2, h,> 1)

57

T |
! |

| 5
18
17
29
37
41
53
61 |
o101
149 |
157

|

|

178
197
269
293 |
317 ;
461 |
509
557
677
773
797
941
1018
1493

1613
1877 |
2477
2693 |

p: prime congruent to 1 mod 4.
e, = (t, + u,y/p)> 1t

3533 |

(np.z 17 hp= 1)

ty i Up n, | & p t Up tp/ui hp
1 1 1 229 15 1 15 3
3 1 3 257 32 2 8 3
8 2 2 401 40 2 | 10 5
5 1 5. 5 48 2 | 12 7
12 2 3 733 27 1 | 27 3
64 | 10 1 1009 | 1080 | 34 0.93 7
7 1 7 1093 33 1 | 33 5
39 5 2 1129 336 | 10 3.36| 9
20 2 5 1229 35 1 | 35 3
61 5 2 | | 1207 72 2 | 18 11
213 | 17 1 | | 1873 37 1 | 37 3
18 1 13 | 1420 | 189 | 5 | 7.56| 5
28 2 7T | 1601 80 2 20 7
164 | 10 2 ' 1901 436 | 10 4.36 | 3
17 117 2029 45 1 | 45 7
89 5 4 l 2153 464 | 10 464 5
365 | 17 1| 2213 47 1 | 47 3 |
925 = 41 1| 277 | 31T | T3 0.70 | 3 |
236 | 10 2 | 2917 108 2 | 27 3
52 2 13 [ 3137 112 2 | 28 9
139 5 6 | | 3181 564 | 10 5.64| 5
367 @ 13 2 i 3221 | 3689 | 65 0.87 | 3
1135 | 37 1| | 3258 57 1 | 57 5
923 | 29 1| 4229 65 1 | 65 7
2357 | 61 1 | | 4357 132 2 | 33 5
2972 | T4 1| 4409 664 | 10 6.64| 9
1603 | 37 | 1 | | 4493 67 | 1 | 67 3
647 | 13 4 | | 4597 339 5 | 13.5 3
4411 | 85 1 | 4933 | 2383 | 34 2 3
2437 | 41 1 ; 5273 | 1888 | 26 3 7

n,: p-invariant defined by [t,/uj — n,| < 1/2.

h

,+ class number of Q(v/p).
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Table III

d=+#p, t,Juz>1/2 ie. ng=1, hy=1)
d ta Ug tafug ng
21 = 8.7 5 1 5 5
33 = 3.11 46 8 0.71 1
69 = 3.23 25 3 2.77 3
7= T7-11 9 1 9 9
93 = 3.31 29 3 3.20 3
133 = 7-19 173 15 0.76 1
141 = 3.47 190 16 0.74 1
213 = 3.71 73 5] 2.92 3
237 = 3.79 T 5 3.08 3
341 = 11-31 277 15 1.28 1
418 = 7-59 61 3 6. 77 7
487 = 19.23 21 1 |21 21
453 = 3.151 149 7 3.04 3
573 = 3.191 766 32 0.74 1
17 = 3-239 241 9 2,97 3
917 = 7-131 | 1181 39 0.77 1
1077 = 3.359 361 11 2. 98 3
1133 = 11-103 101 3 |11.22 11
12583 = 7.179 177 5 7.08 7
1293 = 3.431 | 1726 48 0.74 1
1757 = 7.251 | 1006 24 1.74 2
2453 = 11-223 | 3566 72 0. 68 1
3053 = 43-T1 3481 63 0.87 1
3317 = 31-107 | 5241 91 0.63 1

d: discriminant of real quadratic Q(v d).

eg = (ty + usv/ d)/2> 1: fundamental unit of Qv d).
ng: invariandt defined by [,/n) — ng| < 1/2.

he: class number of Qv d).
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