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Abstract The system X = TX + Q(X) (in R™), where T is linear and @ is quadratic, is considered via
commutative algebras. The case of the linearized system having a centre manifold spanned on vectors E1,
Es (and TE; = wE3, TE3 = —wkFE1) is studied. It is shown that for span(E1, E2) being a subalgebra (of
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1. Introduction

It is well known (see, for example, [2—4]) that one can completely determine the stability
of a nonlinear flow & = f(z) near a hyperbolic stationary point = 0 by considering the
Jordan form of the Jacobian matrix D f(0) of the nonlinear flow. This is the statement of
the stable manifold theorem and Hartman’s theorem. The first theorem shows that the
local structure of hyperbolic stationary points of nonlinear flows, in terms of the existence
and transversality of local stable and unstable manifolds, is the same as the linearized
flow, and the second theorem asserts that there is a continuous invertible map in some
neighbourhood of the stationary point which takes the nonlinear flow to the linear flow
preserving the sense of time.

For the non-hyperbolic stationary points of the nonlinear flow, the centre manifold
theorem implies that the system can be written locally in coordinates (z,y,z) € W€ x
W* x W" on the invariant manifolds as

&= g(z),
z=0Cz,

where B and C' are positive definite matrices. The motion on W* (W") is unequivocally
towards (away from) the stationary point, so the local behaviour can be understood by
solving or analysing the system & = g(z).
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In general, the stability of non-hyperbolic stationary points of a nonlinear non-autono-
mous system is not completely understood; especially if Df(xz9) = 0. There are results
on normal forms for non-hyperbolic stationary points in R? (see, for example, [2, pp. 79—
83]), the averaging theory for small perturbations of oscillations, i.e. for systems of the
form & = f(z) + eg(x,t), where g(z,t) is periodic (see, for example, [4, pp. 167-226]).
Some partial and special results from the algebraic point of view (see, for example,
Theorem 1 in [16], and §3 in [7], and Theorems 4.1 and 4.2 in [6], and Theorem 1
in [10]) on (non-)stability of non-hyperbolic stationary points are given for equations
of the form X = Q(X) and X = TX +Q(X), where X € R*, T : R® — R” is linear,
and @ : R® — R" is a quadratic form. Many theorems on stability of the quadratic
equation X = Q(X ) are also valid if Q(X) becomes homogeneous of any degree (see,
for example, [6, Theorem 4.1]). Koditschek and Narendra (see [8]) suggested a useful
approach to the investigation of the stability characteristics of a class of second-order
differential equations of the type X = Q(X) and X=TX+ Q(X) in the plane. They
gave necessary and sufficient conditions for stability in the large (i.e. all solutions are
stable and bounded) for the system X = Q(X) and necessary and sufficient conditions
for asymptotical stability in the large (i.e. all solutions are asymptotically stable and the
domain of the attraction is the entire space) for the system X = TX + Q(X).

A direct motivation for writing this article is [16]. The method of approach to the
polynomial autonomous dynamical system in [16], as well as in the present article, is via
commutative (non-associative, in general) finite-dimensional algebras. It seems that this
idea originated in 1960 with Marcus [9], where all the commutative algebras in R? were
classified. There is a one-to-one correspondence between quadratic systems and the corre-
sponding algebra, and between homogeneous systems of degree n and the corresponding
n-ary algebra (see [14,15,17]). The 3-ary algebras in R? are classified in [12] and [13]
as well. For a full survey of this theory the reader can consult, for example, [17], [7], [6]
and [11]. Walcher’s monograph [17] is also a standard reference for the state of the art
in 1990, with many references to older papers.

The quadratic form Q(X) (X € R") in the system X = Q(X) (or X = TX + Q(X))
can be interpreted as diagonal of the following bilinear form

B(X,Y):=1[Q(X+Y)-Q(X) - Q)] B:R" x R" — R".

Defining X - Y = B(X,Y), we can interpret the resulting system of ordinary differential
equations (ODEs) as a Riccati equation X = X2 (or X = TX 4+ X?) in the commutative
algebra A = (R", ).

In [16] the following theorem is proved.

Theorem 1.1. Let Fy(X) denote the solution to X =TX 4+ X2 in A such that
Fy(X) = X. Let E € A be an idempotent satisfying TE = 0. Then

(1) ifa # 0, Fy(aX) blows up in finite time; and
(2) the origin is an unstable equilibrium.

For the proof the reader should refer to [16].
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Remark 1.2. For f(X) =TX + X? we have f(0) = 0 and the Jacobian at the origin
is Df(0) = T, so the condition TE = 0 implies non-hyperbolicity of the origin. Thus the
origin is an unstable non-hyperbolic stationary point of the equation

X =TX + X2 (1.2)

We can interpret the existence of the idempotent F in Theorem 1.1 as RE = {zF; x €
R} being a one-dimensional subalgebra of A.

In this article, however, we would like to consider the case of purely imaginary eigenval-
ues of Df(0) = T with corresponding eigenvectors forming a two-dimensional subalgebra
of A. So there exist vectors Fy # Es # 0 such that

(1.3)

TE, = wEs,
TE2 = 7(4)E1

and span(FE7, E9) is a subalgebra of A. This implies that in (real) normal form the matrix

0 —w
w 0

T contains a block of the form

for some positive real w.

2. Main theorems

Before proving the main theorem let us consider some additional special algebraic prop-
erties of equation (1.2).

Let E be an idempotent of the algebra A corresponding to equation (1.2) and let E
be an eigenvector of the matrix T for some non-zero real eigenvalue A. Let us consider
the initial-value problem

Fo(X)=aE, X=TX+ X2
We seek a solution of the form F;(X) = f(¢)E:

F'ME=TfH)E+ (f(t)E)?
= f(OTE + f2(t)E?
— MOE + (1),

and obtain the differential equation
F'&) =Af(t) + f2(t) inR.
Thus, a special solution on the subspace RE is

~ (Aaf(a+ A))et?
) =T /v e
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From (1.2) we see that the point X = —\F is stationary:
TX +X?*=T(-AE) + (-AE)*> = -A\TE + \’E* = -\’ E+ M’ E =0.

If A > 0, then the origin is of course unstable. And from (2.1) we can deduce that for
a > 0 we have blow up in finite time

1 a+ A
tOZ)\]n( a )

If we linearize (1.2) around the stationary point X = —A\E, we get the system

Y = (T -2)\Lp)Y,
—_————
T
where Lg is the left multiplication by E. We define T := T — 2A\Lg. Using £- E = E
and TE = A\E we get

TE=TE—-2\E-E=)\E—-2\E=-)\E.

Thus F is an eigenvector of T and —\ is the corresponding eigenvalue. We have shown
the following proposition.

Proposition 2.1. Let E be the eigenvector of T corresponding to eigenvalue \ and
let E be an idempotent of algebra A corresponding to the equation (1.2). If A # 0, the
system (1.2) has at least two critical points X = 0 and X = —AE and they cannot both
be stable at the same time.

It is well known that the system X = X2 may have infinitely many unstable critical
points. In R? every commutative algebra which contains a nilpotent of index 2 (except
for the trivial case of the nil algebra) has infinitely many unstable critical points. In the
next proposition we will see that the system (1.2) may also have infinitely many unstable
critical points.

Proposition 2.2. Let N # 0 be a nilpotent of order 2 of algebra A, corresponding to
equation (1.2). Let E and N be eigenvectors of matrix T corresponding to eigenvalues
A and 0, respectively. Assume that NE = pE, where p is non-zero. Then there exist
infinitely many unstable critical points of system (1.2). (If A\ > 0, the origin is one of
them.)

Proof. Obviously, the line RNV is the line of critical points for
T(yN) + (yN)> =yTN +y?N*=0+0=0 forally € R.

The linearized equation around X = yN is

Y = (T +2yLy)Y,
T
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where Ly is the left multiplication by N. We define 7 := T + 2yLy. Using £ - E = E,
TE=ME, TN =0and N-E =puFE, u#0, we get

YE=TE+2yN -E=\E+2yuFE = (A +2yu)FE.

Thus for y > —A\/2u the matrix 7" has at least one positive eigenvalue, and this finishes
the proof. O

Corollary 2.3. If A\ >0 and N - E =0, then X = yN is unstable for every real y.

For the very simple case of an algebra (and the corresponding system) discussed in the
above proposition see the following example.

Example 2.4. Let us consider the system

i =0,
¥ =y + 2uxy + 7,

of the form X = TX + X2. Its linear part is defined by the matrix
0 0
0 A

with eigenvectors N = (1,0) and E = (0,1) corresponding to eigenvalues 0 and A,
respectively. Its nonlinear part X? = X o X is defined by the following multiplication

T =

table
o N E
N | 0 | uFE w# 0.
E | pukE | E

By Proposition 2.1 for every y > —\/2u the critical point X = yN is unstable.

In the next theorem let us consider the main result; the stability of the origin in
system (1.2) with a two-dimensional centre. For the unstable, stable and centre manifold
of the linearized equation (as well as for the nonlinearized equation), we will use the
commonly used notation E*, E® and E° (and W™, W* and W¢), respectively.

Theorem 2.5. Let Ey # F5 # 0 satisfy condition (1.3) and suppose span(E, Es) is
a subalgebra of A. Assume E* = () and E° = span(F1, F3). Then the origin is a stable
critical point of the ODE (1.2).

Proof. The unstable manifold is empty by the centre manifold theorem. Equation
(1.2) can be written (in coordinates @ in the direction of E° and y in the direction of

E®) as
, lO —w
xr =
w 0

y' = —-By+ fi(z,y),

m+f1(ac,y),
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where the eigenvalues of B all have strictly positive real parts and the functions f;,
i = 1,2, represent nonlinear terms. Since span(FE1, Es) is a subalgebra of A, we have

' =T/pex+ Q/p (),
Y =T/py+Qp=(x,y).

By the centre manifold theorem W€ always exists and, since span(E;, Fs) is a subalgebra
of A (ie. fi(x,y) = fi(x)) for any choice of W€ (i.e. for any centre manifold with
equation y = h(x), where h must be at least a quadratic homogeneous function in
every component), equation (1.1), which defines the stability on the centre manifold,

B Rt

To analyse the stability of such a centre (i.e. the stability of a perturbed Hamiltonian
system) let us refer to Arnold’s book [1, pp. 149-151], where the stability of the sys-

a1 z? + 2b1xy + c1y?

. 2.2
agx® + 2bgay + coy? (22)

tem
T =—-wy+efi(z,y),
. y+ehi@y) e<1, z*+4y*<R% (2.3)
y=wz+efa(z,y),

is studied via the increment of energy (the Hamiltonian) E = —iw(2? + y?) over one

revolution about the origin. We can study the increment of energy over the trajecto-
ries of the linear system (i.e. over circles Cr = {(z,y); * = Rcos¢d, y = Rsin¢}).
Thus

AE =¢ 7{ falz.y) dy — fulz,y) da] + O(),

where the integral I = §[f2(z,y) dy — fi(x,y) dz] is taken counterclockwise over Cr. By
Green’s Theorem we have

_ Ofi(x,y) | Ofa(x,y)
= //int(cR)< ox oy )dxdy' @4)

If the increment of energy (i.e. the integral (2.4)) is positive (negative), the trajecto-
ries near the origin of the perturbed equation (2.3) are expanding (contracting) spi-

rals, i.e. the origin is unstable (stable). If the integral (2.4) equals zero, the trajecto-
ries near the origin of the perturbed equation (2.3) are cycles and the origin is sta-
ble.

Introducing the coordinates eX = xz, €Y = y, ¢ < 1, into (2.2) yields a (2.3)-like
system

X = —wY +e(a X2 +2b1XY+c1Y2>,} 25)

Y = wX +e(aaX? 420 XY + ,Y?),
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which can be analysed by the sign of (2.4). The straightforward computation

oft  0fs
IZ—// <+>dXdY
(e \OX | DY

— // (201X + 201Y + 265X 4 2¢2Y)dX dY
int(C’R)

27 R
=2 b b ing)de - 2d

/0 ((a1 + ba) cos @ + (b1 + c2) sin @) d¢ /0 redr
=0

shows that system (2.5) has cycle orbits near the origin for every R > 0, and the equa-
tions eX = x, €Y = y imply cycle orbits near the origin for every 0 < R < ¢, ¢ < 1.
Thus the origin of (2.2) is stable. O

The similar change of coordinates
"VeX =, "NeEY =y
into the equation
' =Tz + Qx), (2.6)

where @) is homogeneous of degree m > 2, yields a (2.3)-like system. A straightforward
computation shows that the integral (2.4) equals zero for every even m. Thus we can
state the following theorem.

Theorem 2.6. Let E,, Es satisfy the condition (1.3) and let span(E1, Es) be a subal-
gebra of a m-ary algebra A (where m is even). Suppose E* = () and E° = span(E1, Es).
Then the origin is a stable critical point for (2.6).

For m = 3, however, we have the following theorem.

Theorem 2.7. Let Ey, E satisfy the condition (1.3) and let span(E1, Es) be a sub-
algebra of a 3-ary algebra A. Suppose E" = () and E° = span(FEy, F5). Then the origin
is stable for (2.6) if

3(a1 + az) +2(c1 + ¢2) 20,

where a1, az,c1,c2 € R are coefficients from (2.7).

Proof. Let us consider the system

X = —wY + (a1 X° + 201 XY + 26, XY2 4+ d,V3),
Y = wX +e(daX? 4 260 X2Y + 20, XY? 4 aY?),
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in span(F1, E3). From (2.4) we see that

() axar
int(Cr) oy

- / / (3a1 X2 4+ 4b1 XY 4 2¢1Y? 4 3a2Y? + 4by XY + 2¢, X?) dX dY
int(CRr)

R 27
—/ r3 dr/ ((3a1 + 2¢2) cos® ¢ + (3ag + 2¢1) sin ¢ + 2(by + by) sin 2¢) do
0 0

= —iR4(7r(3a1 + 202) + 77(3a2 + 201))
= —iR47T(3a1 + 3ag + 2¢1 + 2¢9).

This finishes the proof. ([

In the remainder of this section we want to improve Theorem 2.5. Let us now consider

the system
T = —wy + ql(xa Y, Z)a
ZJ:W$+Q2(JU’?J,Z)7 (28)
z=—Az + Q(l‘, 972)7

where z,y € R, z = (21,...,2,) € R", A has strictly positive (different) eigenvalues, and

Q(z,y,2) = (Q1,...,Qn), q1(z,y, 2), g2(x,y,2) are quadratic. Let us assume that the
upper system is written in normal form (i.e. A is diagonal):

= —wy + a2 + 2bizy + c1y® + ps Z T2 + V1 Z yzj + &1kl Z ZE21,
7 k,l

Y =wr+ agx + 2bsxy + 02y + w2 szl + vy, Z yzj + Ean Z Zk21,
J k,l

4 =Mz 4+ ar’ + 28y + iy’ +M1zZ$21+N1g Zyzg + 21 klzzkzl,

b = —oz + aga® + 280wy + oy” + Mai Yy w2 + Ny Z Yzj + Sou Z 2k21,
i

Zn = —AnZn + anx + 2ﬂnxy + 'Yny + Mp; Z Tz + Nnj Z Yzj +Z Zn,kl Z ZkZl-
7 k,l

(2.9)
By the centre manifold theorem (see [3, p. 204]) we seck the centre manifold

z(x,y) = h(a:,y) = (hl(xay)th(xvy)’ - ’hn(xvy))
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with equation

Jx Oy
Ohy  Ohs —A121 Q1(w,y,h(z,y))

- ([—wyl+[ql<x,y,h<x,y>>b: | |Qale )

7>\nzn Qn(:l?,y,h(l',y))

Oh,,  Ohy,
L Ox Ty_
(2.10)
The functions h;(x,y) must be at least quadratic, for h(0,0) = 0 and Dh(0,0) = 0 must
hold on the centre manifold. Thus, for i = 1,2,...,n,

hi(z,y) = Aiz? + 2By + Cyy® + higher terms.

From (2.10) we get the following system (restricted to quadratic terms z?, 2y and y?)
fori=1,2,...,n:

Ty : - 2Aiw + 2Bz)\z + 2020) = 2,@1',
x?: A\ +2Bw = (2.11)
y* i —2wBi+ Ci\i =,

whose solutions are

B 2w2y; + 2wl — 2wBiA + ai)\?

Ai - )
(4w2 + )\12))\1
wa; + Bidi — wy;
B, = .
4w? + \? (2.12)
o — 20%y; + 2w + 2wBN; + VA2
T (4w2 + /\12)/\1 '

Due to the fact that \;(4w? + )\f) # 0, the coefficients A;, B; and C; are unique.
Putting z; = h;(z,y) = A;z? + 2B;zy + C;y? into

T =—wy+ ale + 2bixy + cly2 + p1; Z Tz + V1 Z Yz + &1kt Z ZE21,
Z -

J k,l
(2.13)
Y =wr + U,Q;L'z + 2bsxy + 02y2 + po; Z Tz + Vo Z Yyz; + Eakl Z ZLZ1,
i J k,l
yields the centre manifold system
T = —wy+ a1x2 + 2bixy + clyz + p1; Z zh; + V1j th] + &1k Z hihy,
' j k,l
' ’ ' (2.14)

Y =wr+ asz? + 2bsxy + 02y2 + po; thl + vy, Z yhj + o Z hih;.
i j k,l
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If at least one of the coefficients a1, b1, ¢1, as, b2, ca does not vanish, then by change
of coordinates eX = x, €Y = y, the above system yields (2.5). On the other hand, if
a3 = by = c; = ag = by = ¢y = 0, then by change of coordinates /eX = x, \/eY =y,
the above system yields a (2.7)-like system

T = —wy + € |:Z luli.CC(A1'I’2 + 2Bz$y -+ Ciyz) -+ Vlj Z l/ljy(AjI’Q + QBJZ'y + ijQ):| y
i J

y=wr+e {Z poir(Ajx® + 2By + Ciy?) + Z voy(Aj2® + 2Bjay + C’jyz)} )

? J

which can be treated by Theorem 2.7 using the following coefficients
n n n
a; = ZMliAi7 ¢ = Z,Ulici JrQZVuBi,
i=1 i=1 i=1
n n n
ag = Z v9;Cy, Gy =2 Z p2i B; + Z vai A
i=1 i=1 i=1

Thus in the case of a; = by = ¢1 = ag = by = ¢o = 0 the system (2.9) is stable if

3(a1 + az) +2(¢1 + é2) =0,

3 (p1idi + v2:Ci) + 2> (11:Ci + 201;B; + 2012, Bi + v2iA;) > 0,

i=1 i=1
n

Z(3M1iAi + 312, C; + 201;C; + 4v; By + 4pei By + 210, A;) 2 0,
i=1

Z[(3,u1i + 2v9;) Ai + 41 + p2i) Bi + (3v2; + 11:)Cy] = 0.

i=1
This yields the following theorems for systems of the form (2.9).

Theorem 2.8. The origin is the stable critical point of the equation (2.9) for all
algebras A in which at least one of the products E1F,, FE1Es or EsFEy contain some
non-zero vector E;, 1 € {1,2}.

Theorem 2.9. The stability of system (2.9) in the case when neither F1E;, E1E,
nor EyFy contain any vectors £F;, i € {1,2}, is completely determined by the following
inequality:

> [(Bpai + 2v20) A; + A(vri + pi) B + (Bv2i + p1i)Ci] > 0, (2.15)

i=1

i.e. for all algebras A for which condition (2.15) holds, the origin is a stable critical point.
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Let us now consider the case when the matrix A in (2.8) has a double (real) eigenvalue.
Let us assume that A contains a block
-2 1
0 =X

for some z;, z;11. Without loss of generality we can take i = 1 (i.e. Ay = Aa = \). The
centre manifold equation is the following:

Jor Oy
Ohs Oho —Az1 + 22 Q1(:U,y,h(fr,y))
or oy | (|~ww|, [m@wh@w)|) | A | @@y k@)
: : wr QQ(Ly,h(SC,y))
_)\nzn n\Z, 7h z,
oh, oh, Qn(z,y, h(z,y))
L 0z Oy |
Hence for ¢ = 1 the coefficients Ay, By and C are given by
Ty : - 2A1w + 2B1>\ + 201&) = 251 + 2B2,
1‘2 : Al)\—|—2B1w=a1 +A2,
v’ 1 —2wB1+Cid =+ Co,

and for i = 2 we have

xy: —2Asw + 2Bo) 4 2Cow = 203,
z2 A\ + 2Bow = ao,
y2 : —QWBQ—FCQ)\:’}/Q.

The solutions for A, By, C1, As, By and C5 still remain unique:

2wy + 2wiap — 2wl A + ap?

Ay —
2 (4w? + A2)A ’
B, _ W + Bad —wye
2 4w? 4+ )2 ’
o) — 2w2s + 2wy + 2w P2 A + YA
2T (4w? + A2)\ ’
(2.16)
A= 2y1w? + 2wy — 261w + a1 A? Ax(A\2 4 2w?) — 2By \w + 2Cow?
! (4w? + 22)A (402 + A2)A ’
B — —mw +way + 1A Asw + Bod — Cow
= 4w? + N2 4w? + 22 ’
O, = 2v1w? + 2wy + 281 w + A%y 24502 + 2Bodw + Co (A2 + 2w?)
* (4w? + A2\ (402 + A2)A
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On the other hand, let us assume that A contains a block
-2 0

0 =X

for some z;, z;11. Without loss of generality we can take i = 1 (i.e. \y = Ay = A with
two different corresponding eigenvectors). The centre manifold equation is as follows:

dx 0Oy
Ohs  Ohs —Az Q1(z,y, h(z,y))

Ox 377! (l—wy]+[q1(x,y,h($7y))]>: —).\22 N Qz(%y,:h(x,y))

wx q2(z,y, h(z,y))

_)\n n n ) ah ’
oh. Oh. z Qn(z,y, h(z,y))

L Ox 8711_

Hence for i = 1,2 we have

B 2w2; + 2wy — 2wBN + N2

A,
! (4w? + A2)X ’
wo + BiX — wy;
Bj=—""_""- 2.17
s Ldnis) (217)
Cn 20w2%y; + 2w + 2WBN + Y N2
L (4w? + A2)A

In a similar way we can show that the coefficients A;, B;, C; remain unique if A has
triple eigenvalues. For the block

X 1 0
0 -x 1],
0 0 -\

the coefficients A;, B; and C; for i = 1,2, 3 are determined by the following system:

zy: —2A1w+2Cw=—-2B1A+ 2By + 20, + 20,
1'2 : 2B1w: —A1A+A2+O¢1 +O[2,

v —2wB; = —Ci A+ Cy + 791 + 7.

Ty : — 2A2w + 202&) = —232)\ + 2B3 + 2ﬁ2 + 263,
2% 2Bow = —As A+ A3z + as + as,

Y2 —2wBy = —Co)+ Cs + 72 + 73,

Ty : - 2A3w + 203(4) = 72Bg>\ + 2ﬂ3,

3:2 : 2B3w = —Ag/\ + as,

y2 i —2wB3 = —C3)\ + 73,
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whose solution is
2w2’yg + 2w2a3 —2wlBsA + 043)\2

A =
3 (4w% + A2)\ ’

—wy3 + wag + B3
4w? 4+ )2 ’

B3 =

2w273 + 2w2a3 + 2w\ + ’73)\2
(dw? + A2)A ’

Cy =

2wy + 2wlas 4 2wys 4 200w? — 202 w — 2w A + asA? 4+ Aay
@2 1 A2
2w2C5 + 243w? — 2wWB3\ + A2 A5
* d? 7 2\ ’

B, — wag + Asw — wys + wag — Csw — wys + B3\ + Go A + BsA
2T 4w? 4 22 ’

2w2y3 + 2wz + 2wy + 200w? + 282 dw + 2w Pz 4+ A2y + Y32
(4w? + X2)A
2w2C5 + 2A3w? + 2wB3\ + \2C3
+ (4% T AD)A ’

Cs

2X20w? — 8A2wW3 By 4 2X3w?y, — 204w + 6A3w2ag 4+ 8 wtyy (2.18)
AZ(A% + 8A\2w? + 16w?)
Swiag + 8Ayaw? + 8ysw? + 8wz + 2A3w% Y
AZ(A% + 8A2w? + 16w?)
—22%wh1 + 6X3w2aq + 6X2w?ys + 202wl as — 8AZW3 B
- N2\ + 8N202 + 16007)
—4AX3wls + 8 wrar + Mag + XNPag + Mag
AZ(A% + 8A2w? + 16w?)
APaq + 6wA2yy — 4X3w By + Swhyy + Swhas
AZ(A% + 8A2w? + 16w?)
8C3w?* + 8wt A3 + 2X2w? As — AN3wBs + 602wC5 + A1 A;
* NN+ BAZ? + 16w4) ’

Ay =

— 3By + WAy, + WAy, — X331 — A2asw — N2ajw — 2A3wA
a M 4 822w 4 16w?

2wys A — 2was A — 4w? B\ — dw? B\ — A2 By

a M 4+ 8A20w? + 16w?
—A233 — 2 aow — A2Ba + 2wy + 4w? B3 + 4w’ Bs

a M 8202 + 16wt
2wC\ + 4w? By — dwday + dwyy — dwdan + 4wy

B M 4 8A20w2 + 16w? ’

B =
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62 2a0w? + 8A2w3 By + 6X3wys 4+ 224w B + 223w an
AZ(A% 4+ 8A\2w? 4 16w?)
8)\w471 + 8wty + 8)\’ygw4 + 8C5w?
AZ(A% + 8A2w? + 16w?)
Syzwt 4+ 8wt Az + 8whag + 6X3w?y; + 2\ wB + 2X3w2ay
+ N2(M + 8XZ 1 1607)
6A%w? A3 + 202w y3 + 6X2w%as + 8\ %w3 B,
AZ(A% 4 8A2w? 4 16w?)
AN3wB3 + 4\3wPhs + 202w C5 + 8 wtad
AZ(A% 4+ 8A2w?2 + 16w?)
202 N25 4 AX3w By + Myg + NPy + A4Cy
AZ(A% + 8A2w2 + 16wt)4
Mg 4+ Ao + 8wy + Swia
AZ(A% 4+ 8X2w? 4 16w?)

Cy =

(2.18 cont.)

For A having multiple (we have just shown for double and triple) eigenvalues, Theo-
rems 2.8 and 2.9 still remain valid for equations of type (2.8).

Theorem 2.10. The origin is a stable critical point of the equation (2.8) for all
algebras A in which at least one of the products E1F,, E1FEs or FsFEy contain some
non-zero vector £E;, i € {1,2}.

Theorem 2.11. The stability of system (2.8) in the case when neither Ey Ey, E1 Es nor
E5E5 contain any vectors E;, i@ € {1,2}, is completely determined by inequality (2.15).
The coefficients A;, B; and C; are determined by (2.16), (2.17) or (2.18) for double and
triple eigenvalue \. For other multiple eigenvalues, similar formulae for the coefficients
A;, B; and C; could be derived.
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