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ON EASTON SUPPORT ITERATION OF PRIKRY-TYPE FORCING
NOTIONS

MOTI GITIK AND EYAL KAPLAN

Abstract. 'We consider of constructing normal ultrafilters in extensions are here Easton support
iterations of Prikry-type forcing notions. New ways presented. It turns out that, in contrast with other
supports, seemingly unrelated measures or extenders can be involved here.

§1. Introduction. We continue here the study of the structure of normal ultrafilters
in generic extensions by iterated Prikry-type forcings.

In [1, 7, 9], nonstationary support and full support iterations were considered.
When iterating Prikry forcings below a measurable limit of measurables x, all the
normal measures it carries in the extension are characterized in terms of normal
measures in the ground model; furthermore, for every normal measure on « in
the generic extension, the restrictions of its ultrapower to the ground model is an
iteration of it by normal measures only.

Here we concentrate on Easton support iteration of arbitrary Prikry-type forcings.
The situation turned out to be radically different. Namely, we show the following:

THEOREM 1.1. Let k be a measurable cardinal with 2° = k™. Let (Po.Qp: o <
K, B < k) be an Easton support iteration of Prikry-type forcing notions. ~
Assume that A C k is unbounded, such that for every a < k, Q, is forced to be
trivial if and only if a ¢ A. Let U € V be a normal measure on & with A ¢ U, and
let i: V — N is an elementary embedding, definable in V', such that the following
properties hold':
1. crit(i) = k.
.*"N CN.
.k ¢i(A).
U={XCk:reilX)}
Cilk)] = &7
Ai(f)K): f €V, ik — Kk} isunbounded ini(k).
Assume also that every element of N has the form i(f) (B1..... B) for some f € V
and By < - < B < i(k).
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A typical example of such N is an ultrapower of ¥ by its x-closed extender, and i: V' — N is its
embedding.
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2 MOTI GITIK AND EYAL KAPLAN

Then there exists a measure W € V [G] extending U, such that, denoting
Ult(V[G]. W) =~ My [jw(G)]. there exists k: N — My with crit(k) > & such
thale i V =koli.

Furthermore, under mild assumptions on the forcings participating in the
iteration, there are (2%)" = k** normal measures W as above extending U (see
Theorem 2.19). This generalizes the Kunen—Paris theorem on the number of normal
measures [10].

In Sections 3 and 4 we analyze the properties of the ultrapower embedding
jw: V[G]l— My [jw(G)] for an arbitrary measure W € V [G].

Assume that V' = K is the core model. By a well-known series of results in inner
model theory, j [ V is an iterated ultrapower of V', provided that the variety of
large cardinals in the universe is limited. For instance. by Mitchell [11]. assuming
that there is no inner model with a cardinal a with o(a) = a** and V' = K is the
core model, jy | K isaniteration of C by normal measures. By a result of Schindler
[12]. assuming that there is no inner model with a Woodin cardinal, jp | K is an
iteration of K by its extenders.

Theorem 1.1 shows that jy [ V' decomposes to the form k oi. In particular,
Jjw(k) > i(k) > jy(k).In Section 3, we analyze the requirements needed to ensure
strict inequality, namely jp (k) > jy(x). by concentrating on the context where
V' = K is the core model and jy [ K is an iteration of L by measures or extenders.

In Section 4 we focus on the question of what can be said about the embedding
k: N — My . In particular, whether it is an iteration of N by measures or extenders
(without assuming that V' = K is the core model). We will prove in Theorem 4.7
that this is the case where P = P,; is an iteration of Prikry forcings (under some
restrictions on the normal measures used; see Section 4.1). Furthermore, in this
case, k is an iterated ultrapower with normal measures only.

§2. The general framework

DEFINITION 2.1. An iteration (P,.Qp: a <k , f<k) is called an Easton
support iteration of Prikry-type forcings’if and only if,

1. For every a < k. the weakest condition in Pq forces that (Qa. <g,.<p_ ) isa
Prikry-type forcing notion. ~
2. Foreverya < k and p € P,,
(a) pisa function with domain « such that for every f < a. p | € Py, and
pIBIEp(B) € Q.
(b) If a < & is inaccessible, then supp(p) N« is bounded in a (supp(p) C «
is the set of indices y on which p(y) is forced to be non-trivial).

Suppose that p. g € P,. Then p > ¢, which means that p extends ¢, holds if and
only if:

1. supp(q) C supp(p).

2. Forevery f € supp(q). p | B IF p(B) >p q(B) (Where > is the order of Qp).

3. There is a finite subset » C supp(g), such that for every € supp(g) \ b. p |
B p(B) >3 q(B) (where > is the direct extension order of Op).

If b = 0, we say that p is a direct extension of ¢, and denote it by p >* ¢.
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ON EASTON SUPPORT ITERATION OF PRIKRY-TYPE FORCING NOTIONS 3

Assume that k is measurable, and let U be a normal ultrafilter over . Let (P, QO 8 \

a < k, f < k) be an Easton support iteration of a Prikry-type forcing notions.
Suppose that the following hold:

1. There exists an unbounded subset A C x, A ¢ U, such that, for every a < k&,
(a) « € A — IFp, O, is nontrivial.
(b) a ¢ A — Ikp, Qg is trivial.

2. For every a < k&, H—paN<Qa, <) is a-closed.

3. Forevery a € A, IFp, |Oq| < min(A\ o +1).

The following properties are standard (see, e.g.. [5]):
LemmA 2.2, For every A < k, P; satisfies the Prikry property.
LEMMA 2.3. For every A < k which is Mahlo, P, has the A — c.c.

Let Gbea genericsubset of P = P,,. We would like to analyze the normal measures
on k in V' [G] extending U. The standard way to do so appears in [5], we present it
here for the sake of completeness.

LEmMMA 2.4, There exists a normal measure U* € V [G] on k which extends U .

PrOOF. Let(4q: a< k1) be an enumeration, in V', of P = P,-names, such that

every X € (P(n))V[G] has the form (4,), for some a < k™. Such a list of names
exists since P = P, is k — c.c. Now, construct, in V' [G], a <*-increasing sequence of
conditions (¢, : @ < k™), such that, over N [G]. ¢4 || & € ju (4a)- Such a sequence
exists since V [G]F “(jy(P) \ k, <*) is kT-closed .”

Let (¢4: a < k™) be a P-name for the above sequence. Now, define U* O U as

follows: For every a < k. (44); € U* if and only if there exist p € G and a < x™
such that

P qalF K €i(ds).

We argue that U* defined above is a normal measure which extends U.
Assume that 6 < k and (X,: @ <J) is a P,-name for a partition of  in V' [G].
For every a < 0, define

Yo={f<k":3pePs pl-Xo= Ay}
Since P is k — c.c., | Y, | < k. Denote

Y:UYQ.

a<d

Then Y C ™" is a bounded subset. Pick a* < s high enough which bounds Y. Let
us argue that there exists p € G and a unique § < ¢ such that

P o F R € ju(dy).

and thus (44) . € U*.
Work in N [G]. Note that (44: f € Y) covers the sequence (X, : o < J). Since
gox is <* above any gg for f € Y,

V¢ < aqor || K €i(Xe).
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Since (i (X;): £ <) is a partition of i(k), there exists a unique &* <J such
that go+ |- K € i (4« ). Let p € G be a condition forcing this. Then p™ g o+ IF & €
i (X¢+), as desired. ~

A similar argument shows that U* is normal. Indeed, given a P.-name for a
regressive function f: k — k. define, for every a < &,

Xa:{é<ﬁ:f<é):a}
and proceed as before to find a unique « < & such that X, € U*. -

In particular, U can be extended to a normal measure U* € V' [G], such that
the ultrapower embedding jy«: V [G] = M [ju+(G)] satisfies that jy« | V =
k o jy. for an embedding k: My — M which satisfies crit(k) > «. Indeed, define
k([f1y) =[f1y~forevery f: k — Vin V.

A natural question here is whether this is the only way to generate a normal
ultrafilter on « in V[G]. In [6. 7] it was established that this is the case when
considering the nonstationary support iteration. However, this is not true anymore
once full support iterations are considered: in [1] and later in [9], iterations of
the standard Prikry forcing were considered. It was proved that every normal
measure U € V on k with A ¢ U can be extended to a normal measure U* € V [G]
similarly as above, but not every normal measure extending U is generated this
way; nevertheless, all the normal measures on « in V' [G] were characterized, either
as extensions U™* of measures U € V with A ¢ U, or as the projections to normal
measure of extensions U* of a normal ultrafilter U € V with A € U.

It turns out that the picture in the Easton support iteration of Prikry-type forcing
notions (and even of the standard Prikry forcings) is radically different. Given
an elementary embedding i: V' — N with critical point x, definable in V', the
normal measure derived from it, U = {X C k: k € i(X)}, can be extended to a
normal measure W € V [G] such that j [ V =k oi, for some k: N — M with
crit(k) > k. In the case of iterations of the standard Prikry forcing, k is an iterated
ultrapower of N by normal measures only (see Section 4), while i: ¥ — N can be
an embedding derived from an extender (as in the formulation of Theorem 1.1).

Let us demonstrate that, in the Easton support iteration, there are many more
possibilities to get normal measures W € V' [G]. We show that an arbitrary
embedding i: V' — N can be used to extend the normal measure U derived from it.

LEmMA 2.5. Assume that i: V — N is an elementary embedding definable in V',
with crit(i) = k., such that |i(k)| = k*. k ¢ i(A), N C V,and*N C N. Denote

U={XCk:rei(X)}
Then G is i(P) | & = P-generic over N, and.:

1. Foreveryq € i(P)\ &, thereis H € V [G]withq € H,whichis (i(P) \ k, <* )-
generic over N [G].
2. Given such H € V [G], define

Uy = {(4)q : 4 is a P-name for a subset of . and there exists
p€GxHsuchthat plk Kk €i(4)}.

Then Uy is a normal, k-complete ultrafilter on k which extends U.
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ProoFr.

1. We can enumerate, in V' [G], all the maximal antichains in (i(P) \ x, <*) with
order type kT, by i (k)-c.c. of the forcing, and since V [G] F |i(k)| = k. Note
that x & i (A), so in the sense of N [G]. the forcing (i(P) \ k., <*) is more
than k-closed. Moreover, since V' F*N C N,and P = P, is kK —c.c., V [G] F
<®*N [G] C N [G]. Therefore, every sequence of length  of conditions in i (P) \
x which belongs to V' [G] belongs to N [G] as well. Thus, in the sense of V' [G],
the forcing (i (P) \ k, <*) is s "-closed.

Starting from any condition in i(P) \ x, we can construct (in V' [G]) a
sequence of direct extensions of it, meeting every maximal antichain. This
sequence generates a <*-generic over N [G] for i(P) \ x, which belongs to
VIG].

2. First, we prove that W = Uy is a normal, k-complete ultrafilter on x which
extends U. It is not hard to verify that I is a filter. We prove that ¥ is a
k-complete ultrafilter. Assume that (X, : a < d) is a partition of «, for some
0 < k.Workin N [G].Let D C i(P) \  be the <*-dense open set of conditions
which decide the unique a <6 for which x € i (X,). Then such a statement
is forced by some r € H. Let p € G be a condition which forces that r has
this property, and also decides the value of . Then p~r Ik x € i (X,) and
thus X, € W. Normality of W follows by a similar argument, using the dense
set of conditions deciding the value of i( f)(x) for a given regressive function

f: kK — k. The argument works since we don’t force over x in N. -

REMARK 2.6. M. Magidor pointed out the following: Assuming that N C V'
and i: V — N is definable in V' [G], it follows that N is already a class of V.
Indeed. pick a formula ¢ and a parameter a € V' [G] such that for every x, y in
V. @(x,y,a) holds in V [G] if and only if i(x) = y. For every ordinal o pick a
condition p, € G which decides the value of the set (Vi(a))N, which is the set y for
which ¢ (V4. . @) holds. Since P is a set forcing, there exists p* € G such that, for
unboundedly many ordinals «, p, = p*. Then N can be defined as a class of V'
using p*. N = J{y: Ja € ON, p* - o (Va.y. a)}.

In general, the settings of Lemma 2.5 are not enough to ensure that jy, [ V =
k o i for some k with crit(k) > . For instance, given a normal measure U on x in V'
with A ¢ U, the embedding i = j» satisfies the settings of Lemma 2.5, but cannot
be used to extend U to a measure Uy for which jy, = k o i for some embedding k
with crit(k) > . This follows since i fails to satisfy clause 3 in the next claim:

PROPOSITION 2.7. Assume that 2¢ = k™, U € V is a normal measure on k, W €
V [G] is a normal measure which extends U, i: V — N is an elementary embedding
and jyw | 'V =k oi for some k: N — M with crit(k) > k. Then:

L{XCkr:kei(X)}=U.

2. |i(k)| = k",

3.{i(f)): f € V. f: Kk — Kk} isunbounded in i(k).

ProoFr.

. {X Ck:k€i(X)} = U:Indeed, let X C s in VV with k € i(X). By applying

k: N — M it follows that x € j(X) and hence X € W. Since X € V and
U=WnV,itfollows that X € U.
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2. |i(x)| = T This holds since, in V [G],
k7). and i(k) < jw (k).

3. {i(f)(k)|f : kK — k} is unbounded in i (x): Given f < i(k). let / € V [G] be
a function such that [f], =k (f). Since k (B) < k (i(x)) = jw (k). we can
assume that f': kK — k. The Easton support ensures that there exists g: kK —
in V which dominates /. Thusi (g) (x) > B (indeed, by applyingk: N — M
on both sides, this is equivalent to jy (g)(k) >k (8) = [f1y. which holds,
since g dominates f. Note that, when applying k, we used the fact that
crit(k) > k). -

Jjw(k)| =2F = kT (since,in V', 2% =

Theorem 1.1 will be proved by a sequence of lemmata, concluded in Lemma 2.15.
The main idea in the proof of Theorem 1.1 is to add representing functions for all
the generators of i above . This is needed since jr | V' has a single generator «.

DerINITION 2.8. An ordinal f is called a generator of i: V' — N if there
are no n < w, ordinals f,.... 5, below f and a function f € JV such that

B=i(f)(Br.... ).

In the next lemma we construct a function a — 6, in V' [G], which will be utilized,
alongside functions in V. to represent the generators of i in Ult (V [G], W).

LEMMA 2.9. There exists a P.-name for a sequence of ordinals, (0, o < k), such
that the following properties hold.:

1. For every f < K and p € Py, there is ap < k such that for every o > o there
exists p* >* p such that p* I+ 0, = f.

2. For every a < k and condition p € Py, there exists a condition p* >* p which
decides the value of 0 .

REMARK 2.10. When iterating Prikry forcings, the natural candidate for the
function « + 6, is the function which maps every o € A to d(«). which is the
first element in its Prikry sequence (this function does not have domain , but this
can be fixed by defining the function on elements outside of A as follows: for every
o < k outside of A, let 0, = d(a'), where o is the least element above o in A). The
main problem with such a function is that it fails to satisfy clause 2 of the lemma
(from density, every <*-generic set has some a € A for which it does not decide
d(a)).

In the proof below we work under more general settings, and do not assume that
we iterate Prikry forcings.

ProoF. For every a < &, let 7, < k be the least ordinal such that P | (a, 7,) is
not a — c¢.c. We will argue below that such 7, < k exists, but first, let us show that
this suffices: Pick an unbounded subset X C &, such that, for every o, o’ € X,

a<a = 14 <71y

(for instance, let X be the club of closure points of the function « + 7). Enumerate
X = (xqa: a € A). For every a € A, let (g, .c: ¢ < X,) be an antichain in Py, ., )
of cardinality x,. Define 0, to be the unique ordinal ¢ < x, for which ¢, € G |
(Xq. Ty, ) (if there is no such &, which is possible since the antichain is not necessarily
maximal, set 0, = 0).
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Now, given f < k and a condition p € Py, pick first o € A for which x, bounds
the support of p. Direct extend p to p* such that p* [ (x4, 7x,) = ¢x, p- Then’ by
our definition, p* forces that 6, = f.

Let us prove now that for every a < « and condition p € Py, there exists p* >* p
which decides the value of 0,,.

We will direct extend p in the interval (x,.7,), Xo-many times, to decide
whether ¢, : € G | (X4.7y,). for every & < x,. Note that this is possible since
(P | (Xq,Tx, ), <* ) is more than x,-closed. Let p* >* p be the obtained condition.
Then either there exists £ < x, such that p* forces that g, ¢ is in the generic, and
then p* I+ 0, = & or, there is no such ¢, and then p* I+ 0, = 0.

Let us argue now that indeed, for every a < s there exists 7, < x such that
P | (e, 74) is not a — c.c.: Pick 7, such that there are a-many elements of A in the
interval (e 74). Let (t4¢: ¢ < ) be an enumeration of the first a-many elements
in (@.74) NA. For every ¢ < a. let xe. Ye be P,M, -names, forced by OPzQE to be a
pair of incompatible elements of O, Such a pair exists since O, is nontrivial.

Now, for every o € 2°, let p, P I (a0, 75) be the condition which satisfies, for
every ¢ < a, that

xe,  ifo (&) =0,
o I+ 4 =17 .
po [ E1F ps (&) {ié" ifo (&)= 1.

Note that 7, is the limit of the first &« many elements above « in A, and thus 7, is
singular, so the support of a condition in P = P, may be unbounded in 7,,.
Then (p,: o € 2<%) is an antichain in P | («, 7,) of cardinality at least . !

REMARK 2.11. Given a function o — 0, as in Lemma 2.9, we slightly abuse the
notation and denote i (o — 04) by (041 a < i(k)).

LEMMA 2.12.  Under the assumptions of Theorem 1.1, there exists H € V [G] which
is (i(P) \ k, <*)-generic over N [G], with the following property:

(%) For every generator f € i(k)\ (k + 1) of i. there exists a function [ = fz € V.
S+ & — &k and a condition g € H such that g b =i (o = 0 4(n)) ().
where (0 o1 o < i(k)) is as in Remark 2.11.

Proor. In V' [G]. let (4: | £ < k™) be an enumeration of maximal antichains in
i(P). Let (f: | £ < k™) be an enumeration of all the generators of i below i(k).
Define in V'[G] a <*-increasing sequence (r: | £ < k7). Assume that (r:: & < &*)
has been constructed for some ¢* < k™. Pick a condition r which <* extends all
the conditions (r:: & < &*) constructed so far, and, by extending it, assume that
r extends a condition in A4;«. Finally, let oy < i () be such that for every o > oy
there exists r* >* r which forces that i (¢ — 0;) (o) = fe«. Pick any o > oy below
i(x) which has the form i (f) (k) for some f = Sper €V.and let re« > r be a
condition which forces that i (& — 0;) (o) = fex.

Finally, let H be the <*-generic generated from (r:: & < &*). B

2t is crucial here that the Easton support is used.
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REMARK 2.13. Repeating the above argument, we can construct 2"‘+-many
distinct generic sets H satisfying property (). by constructing a binary tree
(re: 0 € 2<"+> of conditions, which are <*-increasing in each branch, and for
each o € 2<”+, e~y and r,~ 1y are <*-incompatible. Assuming L k1T, this
provides the maximal number of generic sets H in V [G] for (i(P) \ k. <* ) over
N [G].

Below we will define for every such H a measure Uy € V' [G] on k which extends
U under mild assumptions on the forcing notions Q,, we will prove that for H #
H' satisfying property (x), Uy # Uy (see Theorem 2.19). Assuming GCH, this
produces the maximal number ™+ of normal measures on k. generalizing the
well-known result of Kunen and Paris [10].

REMARK 2.14. Not every generic set H € V[G] for (i(P)\ x,<*) satisfies
property (x).

Indeed, assume that A consists only of inaccessibles and i: V' — N has a
nonempty set of generators in (n, i(x)) which is bounded by some ordinal 5 =
i(f)(x) below min (i(A) \ ). for some /€ V. This holds in the typical case where
A consists of measurables below « and i is a (k, x7)-extender (the length of i is k™
since i has to satisfy the requirement |i (k)| = x™ of Theorem 1.1). Leta: My — N
be the embedding which maps each element [g],; of My toi(g)(x) (hereg € V isany
function with domain «). ¢ has critical point strictly above &*, since (k)" = &*.

In V [G]. let Hy C jy(P) \ k be <*-generic over My [G]. Let H C i(P) \ k be
the generic set generated from ¢”” Hy. We argue that H is indeed <*-generic over N.
Let D € N [G]bea <*-dense open subset of i (P) \ k. Write D = i(F) (k. f1. ... f1)
for some function F € V, I < w and generators fi. ..., f; < i(f)(k) of i. We can
assume that for every &, 7y, ..., < f (&), F (E.my....my) C P\ € is forced to be
<*-dense open subset of P \ £. Define, in My,

Dy = N Ju(F) (8. 91....71)

and note that, since the amount of sequences 71, ....y; < jy(f)(k) in My is below
min (A\ ). and (jy(P) \ k. <* ) is more than min (jy (A) \ k)-closed. Dy is <*-
dense open subset of jy(P) \ . Pickany ¢ € Hy N Dy. Thena(q) € D N H, since
a(Dy) € D.

Since ¢”"G * Hy C G * H, the embedding ¢: My — N can be lifted to an
embedding o*: My [G « Hy] — N [G x H].

Pick now any generator 8 of i in the interval (k.i(x)). We argue that there is no
f € Vsuchthat H I+ f =i (a +— 0 /() (k). Indeed, otherwise, by elementarity of
c*, there exists f* < jy(k) such that

Hy k- B* = ju (a0 @) (k).

Let g € V be a function such that f* = jy(g)(x). Then
B=0"(p")=1i(g) (k)

contradicting the fact that f is a generator of 7.
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Given i, N, U as in Theorem 1.1 and a generic set H € V [G] for (i(P) \ &, <*)
over N [G]. define

Un ={(4)¢ : Aisa P-name for a subset of x, and there exists
p€GxHsuchthat pl-x €i(4)}.

Then Uy is a normal, k-complete ultrafilter which extends U. This follows by
repeating the argument of Lemma 2.5.

The model My,, ~ Ult(V [G], Ug) is of the form M[G*], where M is the image
of Vand G* = jy,, (G)is ju, (P)-generic over M in the sense of My,,. We conclude
the proof of Theorem 1.1 by defining an elementary embedding k: N — M and
proving that crit(k) > &.

In the next lemma we continue the abuse of notation as in Remark 2.11, and
denote

Jug (O & € A)) = (0c: € € juy (A).

LEMMA 2.15. Assume the settings of Theorem 1.1. Suppose that H is a generic
set for (i(P)\ K, <*) over N [G] with the property (x). Define then k : N — M as
follows:

e (i) (8. B ) = g () (nﬁ[m] 0] )

Jorevery I < w. Pi..... fi < i(k) generators of i and f € V (the functions f4,. 1 <
i <. areasin Lemma?2.12).
Thenk: N — M is elementary, crit(k) > k and jy, |V =k oi.

Proor. Denote W = Upy. Let us prove that the embedding & defined above is
elementary. Let us prove, for example, that for every x, y € N, x € y if and only
ifk(x) € k(y). Fixsuch x,y and let f,g € V, B1..... Jyand ) < - < o < @ be
such that

x=i(f) (kB . B). y=1i(g) (k. Br.... Br).
Assume now that k(x) = k(y), namely

w(f) ("“’ O (73,0 ""ejw(f;z,)(n)> € Jjw(g) (”’ O (13, 00 ""9jW(f,;,)<~>> '
Then
{C<ref (f» Ory, (é)""’gfﬁ,(f,)> €g (é, Oy, (é>:~~-’9f,f,<<:))} ew
and by the definition of W, there exists p € G and r € H such that
pribrei(fe<n: £ (607, @ 0r,0) €2 (L@ Ory0)})-

By extending r € H finitely many times, p~r I+ Q(i(f/; ) = B holds for every
1 <m < k. Thus, the last equation can be replaced with

poriEi(f) (k. pr..... ) €i(g) (k. Br..... Br)
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but the forced statement above is entirely in N, and since a condition forces it, it is
true in N. Thus

i(f) (k. Br..... pr) € i(g) (K. Pr..... Br) -

as desired. The implication in the other direction can be proved similarly.
Clearly crit(k) > k. We finish the proof by showing that jy | V =k oi. Let
x € V and let ¢ : kK — V be the constant function with value x. Then

ke (i(x)) =k (i (cx) (&) = jw (cx) () = jw(x),
as desired. -

Let us now study the properties of the embedding k: N — M. We assume the
settings of Theorem 1.1.

LEmMMA 2.16. If <=<*, or at least <,=<}, for a final segment of a < k, then k is
the identity and M = N.

ProoF. Fix an ordinal #, and let f € V' [G] be a function such that =[]},
We will prove that 7 € Im(k). Indeed, consider the set
{pei(P)/G|Te(pli(f)(k)=1)}.

~

It is <-dense in N[G]. So, if <=<*, then H meets it. Thus, there exists a condition
g € H, a function g € V and generators i, ..., 8; of i, such that ¢ IFi (f) (k) =
i(g) (k. p1. ... B). Thus, by the definition of W, ~

(E<ni () =g (0, 0 0p,0) €W

and thus = /1y, = k (i(g) (k. 1. ... B)). B

In general, M should not be equal to N. Thus, for example, they will differ if the
Prikry forcing was used unboundedly often below . Indeed, if M = N then k is the
identity, and jy | V = i, which implies that jy (G) is generic over N for i (P). Pick
ameasurable of N. u € (k. i(x)) for which the Prikry forcing at stage x is used in the
iteration i (P). Such a measurable exists since the Prikry forcing was used cofinally
in P over V. Then. in N [jw (G)]. u changes cofinality to w. Thus, in ¥ [G]. u has
cofinality w, and hence, in V, cf(u) < k. By closure of N under x-sequences which
belong to V, cf” (u) < k. contradicting the fact that u > & is measurable in N.

We do not know whether the assumption of 2.16 is necessary.

QUESTION 2.17.  Suppose that for unboundedly many o < w, <o#<%. Is then M #
N?

We do not know what are the requirements on the forcings Q, for @ € A which
imply M = N. We conjecture that the requirement should behat there is § < .
such that every set of ordinals x of V'[G] can be covered by aset y € V of cardinality
<|x|+0.

LemMa 2.18. k"H C G* \ k.

PrOOF. Letgbein H.andlet p € G bea conditionsuch that p - g € H (recall
that H € V [G]). Clearly. ~

P gqlFgqg el \k,

where I is the canonical i (P)-name for the generic set for i (P) over V.
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Pick f: [k]" = k, f € Vand B < --- < B, < i(k)suchthat g = i(f)(B1..... Bn).
For every m.1 < m < n. there are f,, : & — k. [, € V such that q; s, () 5. € H.
namely, B, = 0;(7,,)(x)-

Let us argue that the set

Aq = {V <K | f(efl(v)* s an(v)) eaG \ V}
isin W. Pick any ¢ <* ¢* € H which <* which forces that f,, = 81.(
1 < m < n. Recall that

q=i(f)Br. . B) = i) Oir )0y - O )
and thus p~g* -k €i(4,). —|

~4q

S )(R)° for every

The next lemma generalizes a Kunen—Paris result (see Remark 2.13).

THEOREM 2.19. Let H, H' € V [G] be generic sets for (i(P) \ k, <* ) over N [G].
Suppose that H and H' satisfy (). Assume that for every < k. if q.q" € Qp are
incompatible according to the order <*, then

Dy(q) = {r € Qg | ris < -incompatible with q}
is <*-dense above q’, or
Dy(q") ={r € Qp | ris < -incompatible with q"}

is <*-dense above ¢.
Suppose that H # H', then Uy # Ugyy.

REMARK 2.20. Note that if the Qp’s are taken to be Prikry forcings, then the
above property holds. Indeed, assume that ¢ = (t., 4) and ¢’ = (', A’) are <*-
incompatible. Then ¢ # ¢’. Assume without loss of generality that ¢ is an end
extension of ¢/. Then D(g) = {r: r,q are <* -incompatible} is <*-dense open
above ¢’. Indeed, pick a condition (', B) >* (¢/, A). Shrink B to the set B* =
B\ (max(7) + 1). Then (¢', B*) >* (¢'. B) and is incompatible with ¢ = (. A).

ProOF. Suppose otherwise. i.e., H # H'.but Uy = Uy/ := W.
Let k : N — M be the elementary embedding defined from H and k' : N — M
from H'. !

Cram 1. k #k'.

ProOF. Assume for contradiction that k& = k’. Thus, by Lemma 2.18, every pair
of elements from H, H' are <-compatible. We will argue that this implies that
H = H'. It suffices to prove that every pair of conditions ¢ € H,q' € H' are <*-
compatible.

Assume otherwise. Let o < k be the least ordinal such that there are pair of
conditions ¢ € H,q' € H' for which ¢ [ a. ¢’ | @ are <*-incompatible. @ cannot
be limit, since <*-compatibility of all the initial segments of ¢, ¢’ below « implies
that ¢ | @ and ¢’ | o are <*-compatible themselves (if o is inaccessible, this is clear
since the support of ¢, ¢’ is bounded in «: if the supports of ¢, ¢’ are unbounded

3This type of condition usually holds. For example, if we iterate Prikry forcings, then just shrinking
sets of measure one will produce such type of incomparability.
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in «, direct extend both ¢, ¢’ coordinate by coordinate to find a common direct
extension). Thus o = 8 + 1 is successor, and ¢ (f), ¢’ (B) are <*-incompatible. By
the property of the forcing Q. without loss of generality, Dy (¢) is <*-dense open
above ¢'(B). Since ¢’(f) € H' (B). ¢’ can be extended to a condition r € H’, such
that r(f3) € Dy(q). In particular, ¢ € H. r € H' are <-incompatible, which is a
contradiction. O of Claim 1. o

Since k # k', there exists a generator f of i such that k(f) # k’(f). Pick the least
such generator f5.

CLaM 2. For every generator ' < f of i. there exists a function f g € V such that
each generic H, H' has a condition which forces that ' = Qi(fﬁ,)(n).
ProoF. Let f, f’ be functions such that some condition in H forces that
B = 0i(r)x). and some condition in H’ forces that f' = 0;;/)). Let ¢ € H
be a condition which decides the statement 0;).) = 0;(s7)(s) and assume for
contradiction that it is decided negatively. By applying k. k(q) € jw(G) forces

that
Qi # L1,
namely k(p’) # k' (B), contradicting the minimality of . O of Claim 2. =
Recall now that k(8) # k'(B). Thus, there are two distinct functions f, f/ in V
such that:

1. Some condition in H forces that f = 0 ;(7).).-
2. Some condition in H' forces that = 0 (/1))
3. Without loss of generality, {& < x: 0,1 < 0y} € W.

By property (2) of the names ( 0o a < k), presented in Lemma 2.9, there exists
an ordinal 8" such that some condition in H forces that 0 ;(;1(.) = B'. By the above
assumptions, ' < f.

We argue that ' is a generator of i as well. This will finish the proof: once we
prove that " is a generator of i, it follows from Claim 2 that 0;( /) represents '
in the sense of both generics, H, H'. However, in the sense of H’, it represents S,
which is a contradiction.

Assume for contradiction that £’ is not a generator of 7. Then there is a function
g € Vandp,.... 5 below ', such that f’ = i(h) (k. p1..... ). Since H forces that
ﬁ/ = ,Q,i(f/)(li)’ it follows that

{¢<n:g (5» H_f/;l(é)"“’g./'/;l(i)) =0y} € Un = W.
Thus the same set belongs to Uy/. Therefore, H' forces that

B =0 =i(g) (K. fr..... Br)

contradicting the fact that f is a generator of i (note that we used Claim 2 when
arguing that the generators f;, 1 < i </, are represented the same way in the sense
of H H').

DEerINITION 2.21. A measure W € V [G] is called simply generated if W = Uy
for some U € V, where H is generic for (jy(P) \ k. <*) over My [G].
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REMARK 2.22. Given a simply generated normal measure W € V' [G] as above,
with A ¢ W, the parameters U and H are uniquely defined from it*. Indeed, we
will prove in the next lemma that U = W NV belongs to V', and is a normal
measure there with A ¢ U, Now, assume that there are H, H', generic over My [G]
for (ju(P)\ k.<*), with W = Uy = Ups. Then H, H' satisfy the conditions of
Lemma 2.19 (since jy has no generators other than x). Thus, by the theorem,
H=H'

Given W € V [G] normal on x (which is not necessarily simply generated), we
can say the following:

LEMMA 2.23. Assume that 2% = k*. Then every normal measure W € V [G]on k
extends a measure U = W NV eV.

Proor. By Proposition 2.1 in [6], it suffices to prove that there are no new fresh
unbounded subsets of cardinals in the interval [n, (2%) V] = [k. & "]. Thus. it suffices
to prove the following pair of claims: -

Cram 3. P = Py does not add fresh unbounded subsets to .

ProoF. The fact that there are no fresh unbounded subsets of « follows essentially
from the facts that 2 = k™. and that there exists a normal measure on & in V [G]:
Given a normal measure U € V with A ¢ U, take any U* € V [G] which extends
it. Given a fresh unbounded 4 C k, 4 = jy+ (A) Nk and thus, by elementarity,
A belongs to the ground model M of Ult (V' [G], U*). Now set ky: My — M to
be the function which maps [f]; to [f]y«. Then ky is a well-defined elementary
embedding since U C U*, and crit (ky) > k by normality of U*. Since 2" = k™
holds in M, ky maps the sequence of subsets of x to itself, and thus every subset
of k which belongs to M, already belongs to V. So the above set 4 belongs to V',
which is a contradiction. -

CLamM 4. For every measurable (in V) 1 < k, P; doesn’t add fresh unbounded
subsets of 2t. In particular, P,, does not add fresh subsets to 2.

Proor. Let f € V [G]be the characteristic function of a fresh unbounded subset
of A*. Let f be a P;-name and assume that p € P forces that f is fresh.

Let G C"P; be generic over V. Forevery ¢ < A*, let p:€G Be a condition which
decides f [ £. For every £ < A7 there exists ax < 4 such that the support of p: is
bounded by ;. Let 4 C A" and a* < A be such that [4]| = A" and as = a* for
every £ € A.

By shrinking 4 C A" even further (to a set of cardinality A7), we can assume that
there exists ¢* € P, such that, forevery & € 4, p: [ @* =¢* [ a*, and ¢* [ [a*. 1)

is trivial.

Let h=J{g: <A gl f|&=g}. Clearly, h: AT — 2 is a function and
g - f =h. -
O of Lemma 2.23. -

#Note that when iterating Prikry forcings. A ¢ W holds for every normal measure W € V [G] on &,
since every such I concentrates on regulars.
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§3. On ji (k) > jy(x) and the existence of N. Assume in this section that P =
P, is an iteration of Prikry forcings. Let W,U = W N V,i: V — N be as in the
previous section.

Clearly, jy (k) > ju(k). Our interest here will be in situations where a strict
inequality holds.

Note that such a phenomenon is impossible with the nonstationary support,
where, for every normal measure W € V [Glon k, jy (k) = ju(k) (see[7]).

On the other hand, in the full support iteration, it is possible that jy (k) >
ju(k) starting with o(x) > 2. Indeed, under the assumption that there are normal
measures Uy <| U; on & in V', take W = (U;)™ (in the notations of [9]). Assume
that & — Uy(¢) is a function in ¥ which represents Uy in Ult (V, U;), and, for every
¢ € A, Uy(¢) is the normal measure used to singularize & at stage ¢ in the iteration
P = P,. Then W extends Uy, but jy (k) = ju, (k) > jy, (k). The other direction is
also true: if jy (k) > jy(k). let U’ be a measure on & in V such that W = (U’)*.
Then U < U’ and thus o(k) > 2.

Let us discuss this situation in the context of the Easton support iteration.

3.1. On jy (k) > jy(k). Start with the following simple observation:

ProrosITION 3.1. The set

Lw(B) [ f k=K feV]

is unbounded in jy (k).
Hence, k" jy (k) is unbounded in jy (k). where k([f1v) = [f 1w is the embedding
defined in Lemma 2.15.

PROOEF. P satisfies k-c.c. Hence for every g : &k — k in V[G] thereis f : kK — Kk
in ¥ which dominates it, i.e., for every v < s, g(v) < f(v). =

Let us present a first example of a situation where jy (k) > jy(x).

DEFINITION 3.2 (W. Mitchell). A cardinal « is called u-measurable iff there exists
an extender E over & such that E,, € Mg, where E, = {4 C x|k € jg(A)}.

Note that we can use a witnessing extender £ with two generators only—« and
the ordinal # < 22" which codes E,.. The ultrapower by such an extender is closed
under x-sequences.

The next lemma is obvious:

Lemma 3.3. Suppose that k is u-measurable and E is an extender witnessing this.
Then jEN(h:) < ]E(KZ)

PRrOPOSITION 3.4. Suppose that k is p-measurable and E is an extender witnessing
this which ultrapower is closed under k-sequences. Let U = E,, and A C k be a set of
measurable cardinals which is not in U. Force with an Easton support iteration P of
the Prikry forcings over A. Let G C P be a generic.

Then, in VG, there is a normal ultrafilter W which extends U such that jw (k) >
Ju(k).

Proor. Construct W asin Theorem 1.1 using E, i.e., i = jg and N = Mg.

Then jy(k) < je(k) = i(k) = jw(k). .
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Let us observe now that we need a u-measurable in order to have jy (k) > jy (k).
provided V' = K, where K denotes the core model.

PROPOSITION 3.5, Assume =0V, Suppose that V = K. Let U be a normal ultrafilter
over k and A C k be a set of measurable cardinals which is not in U. Force with an
Easton support iteration P of the Prikry forcings over A. Let G C P be a generic.

Suppose that, in V[G], there is a normal ultrafilter W which extends U such that
Jw(k) > ju(k).

Then k is a u-measurable in V. Moreover, U is a normal measure of a witnessing
extender.

PrOOF. Suppose otherwise.

Consider jy | V. Since V' = K is the core model, jy | V is a normal’ iterated
ultrapower of KL = V' by its measures and extenders (see [13]).

Recallthat W NV = U,andso, U ={A C k| A€ V.k € jw(A4)}. The assump-
tion that U is not a normal measure of an extender which witnesses a g-measurability
of k implies then that U must be used first in this iterated ultrapower.

Apply now the arguments of [4, 8] in Ky the core model of My. For every
measurable o, k < @ < jy(k). there will be a bound #,, (which depends on o(a))
on the number of possible applications of measures and extenders over o with their
images, and, by the assumption that there are no strong cardinals, 7, < jy (k).
Therefore, for every such a, there exists an upper bound u* < jy (k) on the image
of a in the iterated ultrapower by the measures or extenders taken on « or its images.
ul < ju(k) since none of the extenders participating has length j () or above (by
=01), and 1, < ju (k).

This implies that the rest of the iteration from j to jy | K cannot move jy (k):
otherwise, jy (k) participates as a critical point in the iteration (it cannot be moved
by an extender with a critical point below jy (k). as explained above; it surely
cannot moved by an extender with a critical point above j (x): thus, it moves since
an extender on it participates in the iteration). Decompose jr | V = kj o i1, where
i1 is the iteration with all the extenders below jy(x). and k; is an iteration with
critical point jy (k). Then

Jw(f)K): f:6—K feEV}
is bounded in jy (k). since, forevery f: K — xin V,
Jw() k) =kio (i (f) (k) =i (f) (k) < julk).

where we used the fact that i1 (/) (k) does not move in ky since it is strictly below
ju (k). This, contradicts Proposition 3.1. —|

The situation changes if we do not assume V' = K. Let us argue now that the
consistency strength of jy (k) > jy(x) is just a measurable which is a limit of
measurable cardinals.

PROPOSITION 3.6. Let Vi be a model of GCH with a measurable cardinal k which
is a limit of measurable cardinals.

SExtenders with smaller indexes are used first.
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Then there is a cardinal preserving generic extension V of Vi which satisfies the
following:

Let A be an unbounded subset of k consisting of measurable cardinals. Force with
an Easton support iteration P of the Prikry forcings over A. Let G C P be a generic.

There exists a normal ultrafilter U over k in V and a normal ultrafilter Win V[G]
which extends U such that jy (k) > ju(k).

Proor. The idea is as follows. Let U, be a normal ultrafilter over s in ¥ which
concentrates on non-measurable cardinals. Consider UO2 = Uy x Upand UO3 = Uy x
U() X U().

Let ji =Jvy: 2= Jupe I3 :J'Ug,Ml = My,. M, = MU(%,M3 = Muoz,m = j(x).
ko = ja(k).k3 = j3(k). We have natural commuting embeddings ji; : M| —
My. jo3: My — M3 and  ji3: My — Ms. Namely. ji(j1(f)(k)) = j2(f)(x).
jn(j2(g)(k. k1)) = j3(g)(k. K1), etc. Note that the critical point of ji5, ji13 is #1
and of j»3 is kp. However there is an additional way to embed M, into M3. Define
o : My — M; by setting o(j>(f)(k, k1)) = j3(f)(k. k). Clearly, ¢ is elementary
and its critical point is ] and it is moved to ;.

The idea will be to force in order to extend Uy to a normal ultrafilter U such that:

1. My is a generic extension of M,

2. Uo3 extends to a k-complete ultrafilter E with Mg a generic extension of M3,

3. U is the normal ultrafilter which is strictly below E with the corresponding
embedding extending o.

Now, Ky < k3 willimply jy (k) < jg(k). since jy(k) = ky and jg (k) = k3.

Such construction was used in [3]. We refer to this paper for details. Let us only
sketch the argument.

We force a Cohen function f, : @ — « for every inaccessible o < k using the
iteration with an Easton support.

Denote a generic object which produces such (f, | @ < k, a is an inaccessible )
by Go.

Let V = Vo[Go].

It is possible to extend all the embeddings, ji. j2. j3. j12. j13. j23. 0. We change
one value of f, at x by setting it to x,. Let G3 be such generic over M3 Then,
J3: Vo = M; extends to j§ : Vo[Go] — M3[G3]. Derive now U and E from jj, in
V = V[Gol. by setting U = {A C k| k € j{(A)}and E = {B C k3 | (k. k1. K2) €

J3(B)}.
Finally, we apply the construction of Section 2 to U and E to produce an extension
W of U in V[G]. o

Note that U produced in 3.6 can be picked to be the minimal in the Mitchell
order, which is not true about one of 3.4, where V' = K. Let us argue that under
rather strong assumptions it is possible to find such U in K.

ProposITION 3.7. Let U be a normal ultrafilter over k. Suppose that the set
{a < k| ais k-strong }

is unbounded in k. Force with P as above. Let G C P be a generic. Then, in V[G],
there is a normal ultrafilter W over k such that:
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1. UCWw,
2. jU(h}) <jw(ﬁ>,
moreover, jy | V =k oi, where
ei:V — N,
o julk) <i(x),
e i, N satisfy the conditions of Theorem 1.1.

Proor. Work in My . Pick some o,k < a < jy(x) which is jy(k)-strong. Let
E € My be an (. jy(k))-extender witnessing this. Set N to be the ultrapower of
My by Eandleti = jg o jy. We have

Julk) < jele) < je(ju(k)) = i(k).

Note that the embedding i satisfies the assumptions of Theorem 1.1. Indeed, the
only nontrivial properties of i that require verification are:

1. {i(f)(k): f: Kk — K}isunboundedini(x): In My, denote A = jy(x). Then A
is regular, and thus the (e, 4)-extender embedding /£ is continuous at 4. Thus,
forevery f < i(k) = jg (1), thereexists f/ < Asuchthat jz(8") > . Now, find
fevV,f:k— k suchthat ' = jy(f)(k). Theni(f)(k) = jg(B') > B. as
desired. |jz ()] = (ju(k)) "

2. |i(k)| = k*: Using the above notations, My I+ |jg (1)
kT since 2F = k.

=) But V Ik [2F| =

Now apply Theorem 1.1 to construct the desired measure W'. -

We do not know whether the assumption of 3.7 is really necessary. However, it is
possible to show the following.

ProposITION 3.8. Suppose =01,

Assume V = K.

Let U be a normal ultrafilter over k which is minimal in the Mitchell order.

Let P be an Easton support iteration of Prikry-type forcing notions up to k and
G C P be a generic.

Suppose that W is a normal ultrafilter in V[G] which extends U.

Then ju(k) = jw (k).

Proor. Since V' = K is the core model, jy [ K is a normal iterated ultrapower
of K by its measures and extenders (see [13]).

The minimality of U implies that it must be used first in this iteration.

Apply now the arguments of [4, 8] in Ky the core model of My. For every
measurable o, k < @ < jy(k). there will be a bound #,, (which depends on o(a))
on number of possible applications of measures and extenders over o with their
images, and, by the assumption that there is no strong cardinal, 7, < jy (k). Now
complete the argument as in Proposition 3.5 by showing that. if j; (k) < jw (k) then
an extender with critical point jy (k) participates in the iteration, and thus the set
{jw(f)(k): f:k — K, f € V}isbounded by jy(k): this contradicts Proposition
3.1 -

We conjecture that the needed strength (for 3.8) is exactly

{a < Kk | a is k-strong } is unbounded in .

https://doi.org/10.1017/js1.2023.79 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2023.79

18 MOTI GITIK AND EYAL KAPLAN

Thus, Schindler [12] extension of the Mitchell result can be used to argue that jy | K
is a normal iterated ultrapower of IC by its measures and extenders. A missing part
is an extension of [4] beyond strong which is likely to hold.

3.2. Onexistence of N. As before, let W € V' [G] be a normal measure on «, and
U=WnV e V.InSection 4 we will prove that if ¥ is constructed as in Theorem
1.1 then jy [ V =k oi, where k is an iteration of N by normal measures only. A
natural question in view of this result is whether for every W € V' [G] there exists
N,*N C N such that M is obtained from it by iterating normal measures only.
We do not know the answer in general. However, it turns out to be an affirmative
provided some anti large cardinal assumptions and V' = K.

PROPOSITION 3.9. Assume -0l and V = K.

Let U be a normal ultrafilter over k and A C k be a set of measurable cardinals
which is not in U. Force with an Easton support iteration P of the Prikry forcings over
A. Let G C P be a generic.

Suppose that, in V[G], there is a normal ultrafilter W which extends U.

Then there are N,i : V — N which satisfy the conditions of Theorem 1.1 such that
Jjw IV =k oiandk is formed by iterating normal measures only, starting from N.

PrOOF. Asin Section 3.1, we analyze j := jy | K.

By elementarity, j : K — (K)Mw and My is a generic extension of ()" by an
Easton support iteration of Prikry forcings with normal measures in j(A).

Since V' = K is the core model, j is an iterated ultrapower of I by its measures
and extenders (see [13]). Recall that W N K = U,andso, U ={4ACk| A€ V.k €
Jw(A)}. So. this iterated ultrapower starts either with U or with an extender F such
that U = {X Ckw:x € jr(X)}.

Note that My must be closed under k-sequences. Otherwise, there will be a set of
ordinals a, |a| < x which consists of generators and which is not in M. The further
Easton support iteration of Prikry forcings will not be able to add such a. Thus, by
our assumption, the length of F must be below the first measurable cardinal above x
in M. The iteration of Prikry forcings above x does not add new bounded subsets
below the first measurable > «.

By the same reason, extenders used to continue the iteration must be x-closed.

None of them can be used infinitely many times (or infinitely many extenders
cannot be used), since otherwise, w-sequences which cannot be added by an Easton
support iteration of Prikry forcings, will be produced. It follows from the strong
Prikry condition of the forcing, which can be shown for the relevant parts as in Ben
Neria [2].

This leaves us with a finite iteration by x-closed extenders (measures).

It is the first part of the iteration.

The rest consists of an iteration of normal measures, each of them is applied
w-many times.

Take N to be the first part of the iteration and i : K — N be the corresponding
embedding. o

§4. Properties of k. We continue and use the notations of Theorem 1.1. We first
state the following lemma.
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LEMMA 4.1. Assume that 2% = k*. Let P = P, be an Easton support iteration of
Prikry-type forcings,andi: V — N, ACk, U eV, W € V[Glandk: N — M be
as in Section 2.

Assume that there are no elements in (k. crit(k)) Ni(A). Then crit(k) € i(A).
namely, it is the least element above & in i (A).

REMARK 4.2. The assumption (k. crit(k)) Ni(A) = 0 holds in the typical case
where P = P, is an iteration of Prikry forcings. Indeed. denote A = crit(k), and
assume, by contradiction, that there exists u € (k, 1) Ni(A). Then u = k (u), and
thus in M [jw(G)]. u changes cofinality to w. Therefore. in V [G]. cf (1) = .
Since P preserves cofinalities above «, it follows that in V', cf (¢) < . The sequence
witnessing this belongs to V' N (*N) and thus, by our assumption on N, belongs
already to N. This contradicts the measurability of x in N.

ProOOF. Denote A = crit (k). Then forsome s € Vand k = fy < f1 < -+ < Sk,

A=i(h) (k. pr..... Br)-

By the definition of &, 1 > &.

We first prove that 4 € i (A). Assume otherwise. We can assume without loss of
generality that forevery &, vy, ..., vi below &, i (€, v, ..., v ) > ¢ does not belongs to
A: this can be assumed by replacing the function 4 with the function 4’: [/<a]k+1 =K
defined as follows: For every & #y, ..., 15, B’ (E.m1, ... mi) equals /i (&, 71, ..., mp) if
h (&, ....q) > & isnot measurable in V'; and else, 2’ (£, 71, ..., 7 ) is an arbitrary
non-measurable above . By our assumption,

l(h) (K,ﬂl, ,ﬁk) = i(/’l’) (I‘é,ﬁl, »ﬂk)

so we can replace # with /4’. Since / is regular (as a critical point of an elementary

embedding), we can assume, using a similar argument, that each 4 (&, vy, ..., v;) is
regular.
We can assume that for every £, uy, ..., v, there are no elements of A in the interval

(f, h (f, Vi eens vk)).
Let f € V' [G] be a function such that [f],;, = 4. Then

=i<k(d)=jw(h (n,@. yees 0 )
/1w Jw (h) 7], 7],
By the definition of W, there exist p € G and r € H such that
“riki <i(h)(k,0. s 0 .

pr Z(ZJ)(K/) i )(K' l(fﬁl)(,@) l(f/”k)(n))
Recall that, forevery 1 < i < k, there exists a condition in H forcing that ()i ( 7 ) ) =
pi. Thus by extending r inside H, l

p/-\r H_ l(f)(K/) < l(h) (HSﬁla 9ﬁk) *

~

Since there are no measurables of N in the interval (.i(h) (k. fo. ... fi)]. we can
find ' >* r inside H such that

plF3a<i(h)(k Br.....B). r'IFi(f)(k) < a.
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and since P = P, is k-c.c. and i(h) (k. p1..... Bx) is regular, there exists a <
i(h) (s, P1. ..., Br) such that
p ' IFi(f)(k) < a.

~

Now apply k£ on both sides. By Lemma 2.18,

M [jw(G)]E2=[fly <k(a)

but a < i(h) (k. Bi..... f) = 4 and thus 1 < k(a) = a < A, which is a contradic-
tion. =

REmMARK 4.3. Assume that P = P, is aniteration of the one-point Prikry forcings.
A one-point Prikry forcing on a measurable « is a forcing, which depends on a
normal measure U on «, and is defined as follows: Conditions are of the form 4
where A € U or ¢ for some ordinal & < «. The latter kind of condition cannot be
extended. A condition of the form A for 4 € U can be extended in two ways: A
direct extension is a condition B where B € U and B C A: a non-direct extension
is of the form & where & € A is an ordinal.

We argue that in this case, the question of whether (k. crit(k)) Ni(A) # 0. and,
as a result, the value of crit(k), depend on the choice of H:

1. Denote by u the first element above & in i (A). Assume first that H is chosen
such that the condition on coordinate u is a measure one set. In this case,
w = crit(k). Indeed, crit(k) < u cannot hold. since then (k. crit(k)) N i(A) = 0
which implies, by the last lemma, that u = crit(k). And u < crit(k) cannot hold
since then k(i) = u: in this case, denote by xo < u the one point added below
uin jp-(G). Then H at coordinate u has a condition which is incompatible
with uo (by shrinking the large set and applying a density argument), which is
a contradiction. Thus u = crit(k).

2. Denote now by u the least element in i(A), for which H does not specify
the one-point element added to it. We argue that crit(k) = u, even though u
doesn’t have to be the least element above & in i(A).

Repeat the proof of the last lemma, and note that the <* forcing in the
interval (k. u) is trivial, since no condition in this interval can be non-trivially
extended. This replaces the assumption that there are no elements of i (A) in
the interval (n., i(h) (k. B1..... Br)). Therefore, u = crit(k).

Let us deal here with an Easton support iteration P of the Prikry forcings over a
set A of a measurable length . Let U be a normal ultrafilter over « in V' withA ¢ U.
Let G C P be a generic and W be a normal ultrafilter in V'[G] which extends U.

Leti: V' — N be an elementary embedding as in Theorem 1.1, and assume that
W =Uygandk: N — M are asin Lemma 2.15.

In the setting of iteration of Prikry forcings, much more can be said about the
embedding k: N — M. From Remark 4.2, it follows that crit(k) is the least element
in i(A) above s. In particular, by elementarity, k(u) € jw (A) in M, and thus a
Prikry sequence is added to k(u) in j (G).

LemMA 4.4. Denote u = crit(k). Then u appears in the Prikry sequence of k().

REMARK 4.5. u is not necessarily the first element in the Prikry sequence of k(u).
The initial segment of this Prikry sequence below x depends on the choice of H.
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For every finite sequence ¢ € [1]~”, we can choose H C i(P) \ & such that ¢ is an

initial segment of the Prikry sequence of . This way, in M [ju (G)]. ¢ will be an
initial segment of the Prikry sequence of k(1) below u.

ProoF. Let 7 be the finite initial segment of the Prikry sequence of k(u) below
u., and assume that (&, 7y, ..., %) = (&, 71, ....1;) is a function in V', such that

t=i((Em. o) = (&) (6.1 )

for some generators fi. ..., 5, of i. Forevery £ < k. let s(¢) = min{A \ (¢ + 1)}, so
[ = 5(8)],, = 4. In V[G]. define, for every ¢ < &,

(&) = the first element above ¢ (é, gf/ﬁ (&) e Gfﬁk (é)) in the Prikry sequence of s (&)

and, if ¢ (é, 0 PRGIREE 0 5 (@) is not an initial segment of the Prikry sequence of

5(6). set p (&) = 0.

It suffices to prove that [& — u(&)],, = u.

Assume first that # < u. Work in N [G]. Since H is <*-generic, it meets an
element ¢ € i(P) \ k. for which A}, C u\ (n+ 1). Since ¢ € H. we can assume
that tZ is an initial segment of ¢: Indeed, ¢, tZ are compatible sequences, since,
for any p € G which forces that ¢ € H and decides the value of #]}, the condition
k (p™q) = p~k(q) belongs to ju(G), and decides an initial segment, below u, of
the Prikry sequence of k(u). By our assumption, this initial segment is contained
in ¢, and p~k(q) forces that every possible extension of it is above #. Thus, in
M [ Jw( G)] each element in the Prikry sequence of k(u) after ¢ is strictly above 7.

The argument given in the previous paragraph also shows that for every ¢ € H., 1}
is either empty or equals to ¢: As mentioned, it must be an initial segment of 7. Let us
argue that if it is proper, then it is empty. Apply the above paragraph for 7 = max(z).
Then by direct extending ¢ inside H . it forces that the element after 7/ in the Prikry
sequence of u is strictly above 5. By applying k: N — M there exists a condition
in j (G) which forces that the Prikry sequence of k() has an initial segment 77,
followed only by elements above 7. So ¢ cannot be a proper initial segment of ¢.

Assume now that # < [f (e )] - Write 7 =[], and assume that for every
¢ <k,

f(&) <u(é) <s(é).

Let p € G be a condition which forces this. Work in N [G]. Take ¢ € H such that
ti =1t.Theni(p)~q = p~q forces that i( /)(x) is below the first element above 7 in
the Prikry sequence of . Thus. its value can be decided by taking a direct extension.
So, by direct extending ¢ inside H we can assume that

plrda<u qlFi(f) (k) <a,

~

and thus there exists & < g in V/, such that
P qlFi(f)(k) <c.
Thus, in M [jw(G)].n = jw(f)(k) < k() = o < p. as desired. .

In the next subsection we will decompose the embedding k& to an iterated
ultrapower of N. We now demonstrate the first step in the iteration:
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LemMa 4.6. Let = crit(k) and let U, = {X Cu: u € k(X)}NN. Then U, €
N.

Proor. Forevery ¢ < k. denote by W the measure in V' [ G;] used to singularize
¢ in the Prikry forcing at stage ¢ in the iteration. Let U: = W: N V. We first argue
that there exists a set 7 € N of measures on u, with |F| < u, such that, for some
peGandqg € H,

poqlri(Em Ue)(u) € F. (1)

Indeed. let  be a Jju(P)-name for the index of i (£ — U) () in a prescribed well
order of the normal measures u carries in N. Work in N [G]. For some g € H,
there exists an ordinal f such that ¢ IF o = . Thus, by k — c.c. of the forcing
i(P), = Py thereexist p € G and aset S C 22" of ordinals with |S] < . such that
p~q - a € S.In particular, p~q forces that i (¢ — U¢) (u) belongs to F. where F
is the set of measures on u indexed in S. ~

Now apply k on equation (1), and work in M [jW(G)]. Since |F| < u, it follows
that there exists a measure F' € F such that

Jw (&= Ug) (k (1)) =k (F)
so it suffices to argue that F = {X Cu: u € k(X)} N N. Fix X € F. Write X =
i(g) (k. Po. ... Br). Then

jw(g) (Ii, H[fﬁl]w,...,e[/,/}k]w> c jW (f — Ug) (k(,u))

Recall the function & — s(&) = min (A \ (& + 1)). for which [¢ = 5(£)],, = k(u).
We can assume that for every & < &,

g (5» O, 0): ---»Qfﬁk(é>> € Uy

and let p € G be a condition which forces this. Then for strong enough ¢ € H,
poqlri(g) (k. pr.... i) €i (& Ue) (u).

and thus by direct extending ¢ further, we can assume that ¢ forces that the first
element after ¢ in the Prikry sequence of u belongs to i(g) (s. fi. ..., fr) = X. Thus
k(q) € jw(G) forces that the first element after 7 in the Prikry sequence of k(u)
belongs to k(X ). By the previous lemma, it follows that 4 € k(X), as desired.

4.1. Description of j;r [ V. We now generalize the previous subsection, in order
to completely decompose jur [ V. We continue to assume the hypotheses of
Theorem 1.1, and also that P = Py is an iteration of Prikry forcings. For technical
reasons, we will assume that the measures used in the iteration P = P, to singularize
the measurables in A are all simply generated; this is needed only in the proof of
Claim 6 which will be presented in the next subsection.

At each stage o € A, let Q, be the P,-name for the Prikry forcing on «, using
a simply generated normal Teasure Wa on a. Denote Ug = W,NV € V. Let
H, C (e (Pa) \ . <%). H, € V]G] be <*-generic over My, [G,]. such that
Wa=(Uda)y,:

Let G C P, be generic over V.
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Our goal is to prove the following theorem:

THEOREM 4.7.  Assume the hypotheses of Theorem 1.1. Let H € V [G] be a generic
set for (i(P) \ w, <*) which satisfies (x). Let W = Uy be the corresponding normal
measure on k extending U, and denote its ultrapower embedding jw: V [G] —
M [jw(G)] = Ult(V [G]. W) for some model M. Factor jw |V to the form
jw 'V =k oi for some elementary k: N — M, as in Theorem 1.1.

Assume that P is an Easton support iteration, where at each step f € A, Qﬂ is forced
to be Prikry forcing with a simply generated normal measure on 5.

Then k is an iterated ultrapower of N by normal measures and jw (k) = i (k).

Furthermore, if W itself is simply generated, than jy [ V =k o jy is an iterated
ultrapower with normal measures only, and jw (k) = ju(k).

This, in contrast to full-support and nonstationary-support iterations of Prikry
forcings, where, assuming GCH<,, j [ V is an iteration of V' by normal measures
only, for every normal measure W € V [G].

Throughout this section, we fix the notation mentioned in the formulation of
the theorem. Let H € V [G] be a generic for (i(P) \ x, <*) over N [G] with the
property (x). In the case where i = jy and N = My, any generic for (i (P) \ &), <*)
is such. Let W = Uy € V' [G] be the corresponding normal measure on «. Let
jw:VI[Gl =M [ j W(G)] be the corresponding ultrapower embedding.

Denote by B C (k. i(k)) the set of generators of i. By property (x) of H. for every
B € B. there exists a function fs in V' such that H forces that § = 0;s..). The
mapping f — fg is available in V' [G].

Recall the embedding k: N — M defined in Lemma 2.15:

G0 e ) = i) (w0 1 ity )

for every f € V and B, .... Bx € B. Then k is elementary, crit(k) > k and j |
V=koi.

Denote k* = i(x). Define by induction a linearly directed system ((M,: o <
). (Jap: o < p < K*)) such that:

1. My =N, jo=1.

2. Successor Step: Assume that o < x* and M, has been defined. We will define an
elementary embedding k,: M, — M ,suchthat jy [ V =k, o j,. We denote
Lo = crit (k,) and define

Ui ={X C la: o € ko(X)} N M,.

We will prove that U,, € M, and take M, ~ Ult (Ma, U.,). We also
take joai1: My — My to be the ultrapower embedding ][AZL‘L and joy =
Jaa+1 0 Ja-

3. Limit Step: For every limit oo < x*, the system (Mg: f < o). (jp,: <y < )
is linearly directed, and we take direct limit to form the model M, and the
embedding j,: V — M,.
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For every a < k*, define k,: M, — M as follows:

ka (ja (f) (’iv jO.a(ﬁl)v sj(].oz (ﬂl) sHays .- a,uozk))
=Jjw (f) (Iﬁ, 0[-/“/?1],,1,’m’e[f/f’/]W’#al““,Iuak)

forevery f € V, fi..... By generators of i and o) < -+ < o < .

Our goal is to prove by induction on o < k* the following properties:

(A) ko: M, — M is an elementary embedding, and jy | V = kq 0 ja.

(B) 1, is measurable in M,,. Moreover, it is the least measurable in j, (A), which
is greater or equal to sup{xg: f < o}, and whose cofinality is above x in V.

(C) pu, appears in the Prikry sequence of ko (1a)-

(D) Let Uy, be defined in ¥ [G] as above. Then Uy, € M, is a normal measure
which concentrates on u, \ j, (A). Moreover,

ka (Uua) = jw (0 = Us) (ka (1a)) .

where, for every 0 € A, Us = Wy N V', for Wy which is the measure used in
the Prikry forcing at stage ¢ in the iteration P.
After that, we will prove in Lemma 4.20, that k.« : M+ — M is the identity, and
thus j [ V' = je+. This will conclude the proof of Theorem 4.7.

REMARK 4.8. We remark that k,, is well-defined in the sense that thereisno o’ < «
and generator S of i, for which jy () = u,’. Indeed, assume otherwise. Note that
ot = Joo (B) > jour(B). Strict inequality is not possible here, sinceif jy o/ (f) < o
then joo (8) = jo.u(B) = war. whichisa contradiction. Thus, jo o (8) = w4 (Which
is, by itself, possible for o’ < o - see Remark 4.9), but then, applying j, , on both
sides, we get

joea(ﬁ) = ja’,a (:ua’) > ot
where the last inequality follows since u, = crit (jo/.q )

REMARK 4.9. Itis possible that a generator f§ of i is measurable in N and belongs
to i(A). In this case, there exists a < x* such that u, = 8 = jo.o(8). Such g will
appear as an element in the Prikry sequence of k, () € jw (A), which also has the
form g[f/;] .

w

Properties (4) — (D) of k.. presented above, will be proved by induction on o <
k*. The proof of the inductive step at stage o < x* will be carried out in Section 4.3,
using the tools presented in [7] and [9]. Fixing o < k*, we can assume by induction
that k. : My — M and uyr, Uy, for @' < . satisfy properties (4) — (D). Denote
by ¢, the initial segment of the Prikry sequence of ko (1to/) below ug.

DeriNiTION 4.10.  Fix @ < x* and a sequence of generators (f, ..., ;) for i. An
increasing sequence (., ..., oy ) below acis called a (f, ..., f;)-nice sequence if there
are functions gy, ..., g, f1, ..., tx in V, such that

foy = Jay (1) (K. Joay (B1) v Joay (B1)) -
ta] = jal (tal) (H’ jO-,Oll (ﬂl) e st,ozl (ﬂl)) >
Ui, = Joy (F1) (K. joay (B1) s Jooy (1)) -
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and, forevery 1 <i <k,

/uaiﬂ = joz,-+1 (gi+1) (I‘E, jO,al (,Bl) PREE :jO,al (ﬁl) sMaps e /ua,v) s

lay, = Jager (tis1) (K. Jo.ay (B1) e Joay (B1) - Hay- - Hay) -

Use, | = Jarss (Fisr) (K ooy (B) oo joay (B1) My ooty
Fix now a < x*. Assume by induction that properties (4) — (D) above hold for
every o’ < a. Fix also a sequence of generators (f,.... ;) for i, and a (. ..., fi)-

nice sequence (a, ..., i) below a. We define, in V' [G], functions which can be used
to represent i, ta,. Uy, . Assume that u,, is the n;th element in the Prikry sequence

of ko, (#a;)-
First, set

Ua, () = the n;th element in the Prikry sequence of g; (&, Hfﬁl (&) e s Bfﬁ/ @)-

By induction, define, for every i < k.

Ua,,, (&) =the (n;y1)th element in the Prikry sequence of
gi+1 (é Hfﬂl (é)s eees Hfﬂl (E)v lual (é)v seey lua,' (é))

and U, (&) = Wia 6y N V. Here, given o € A, W; is the measure on J used in the

Prikry forcing which was applied at stage ¢ in the iteration.
CLam 5. [& = po, ()], = ta, and [é — Uﬂai(é)]w = ke, (U,,ai).

PROOF. We begin by proving that [& — ua,(¢)],, = ta,. We present the
argument for i = 1. Higher values of i < k are proved similarly, using induction.
Recall that

tay = Joy (81) (K. jo.oy (B1) v Jo.oy (B1))
and by applying ko, on both sides,

ki (tay) = jw (g1) (. H[f/ﬁ(é)] 9[ ).

. 159)],,

By induction, u,, is the nith element in the Prikry sequence of k,, (Ma, ) and thus it
is represented as the n;th element in the Prikry sequence of g; (f, 0 PRGIREE 0, 5 (é)).

As for [f = U, ﬂaf(@] . ka, (U,,al_>, this follows since, by induction,

ko (Une,) = i (6= Us) (ke (1)) - .
Let us argue that k,: M, — M is elementary.
Lemma 4.11. ko: M, — M is elementary.

PrOOF. Assume that x, y € M, and let us prove, for example, that x € y if and
onlyif k(x) € k(y). Let f.g € V., Bi..... frand ] < -~ < o < a be such that
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x = jo(f) ("iejO,oz (B1) v Joa (Br) sﬂalsmsﬂak)e
y :]a<g) (ﬁejo,a (,31),~--,]'0,a (,Bl)eﬂala~~~sﬂak)-

Assume that & = o’ + 1 is successor (the limit case is simpler). For simplicity, we
assume also that o = o’. Then x € y if and only if

Mo € ja’,a ({é < Uqo': ja’(f) (K'a jOAa’(ﬁl)’ ajOAa’(ﬂ/)a Hays--- ’:uak,]rf) €
Jar(€) (K. Joar (B1)swoe s Jo.ar (Br): tay s ov s ey - €)})

which is equivalent to

{é < Hfo': jo/(f) (h}, jO,a’(ﬂl)v >j0‘o/(ﬁl)nua1a wuak,lsf) €
ja’ (g) (:‘i, jO.o/(ﬂl)v =j0,a’ (ﬁl)nualv oo Moy g f)} € U,Ma/

which, by the definition of U, , . is equivalent to

tar € kor ({E < ttar s Jor (f) (K Joar (B1) s Joor (B1): ey oo s fhey 1+ E) €
jo/(g) (ﬂa jO,a’(ﬁl): sj(],o/(ﬁl): Hays oo s Loy 1’6)}) )
namely k,(x) € ko(y). =

Let us describe now the main ideas behind the proof that u, = crit(k,) is
measurable in M. Note that this is not trivial since k,, : M, — M is not definable in
M,,. The full argument will be presented in Lemma 4.17, but will require a technical
theorem (Theorem 4.12). Mainly we would like to follow the methods developed
in [7] and [9], which deal with nonstationary and full support iterations of Prikry
forcings, respectively.

We consider the function f € V [G]. for which u, = [f],,. We will prove that if
o 18 ot measurable in M,,. then u, = [f1],, € Im (k,). contradicting the fact that
la = crit (k). For that, we first fix a function /# € V such that, for some sequence
Pi. ..., P of generators of i, and for some nice sequence {aj, ..., o) below a,

ta = jo () (K. joa (B1) ... Joa (Br) - Moy oo Hay)

since i, = crit (ko ), we can assume that for every & < &,

FQ <h(E0s, 0 Ory 61 oy (€)1 (€))

Pick a condition p € G which forces this. For every ¢ < s, i = (41,....n;) and
V= {(v1,..., V), denote

e (& 7,v) = {r € P\ v;: there exists a bounded subset 4 C / (£, 7., V) such that
rik f(&) e A}
This set is <*-dense open above conditions which extend p and force that

Oy @201y @)t (€)oo e (€)) = (7. 7). (2)

We would like to follow [7] and [9]. and construct a condition p* € G above p, such
that, very roughly®, for every &.7, v as above, and for every extension r of p* which

6We omitted some of the details in the version described here. for sake of simplicity.
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forces (2),
rlvelEr\, €e(n.v).

Essentially, such p* will have the following property: every extension r of it which
forces that equation (2) holds, forces also that f (&) belongs to a bounded subset
A (& 7.V) Ch(&E4,V) (which depends only on p* and (&,7,V), and not on the
choice of the extension of p* which forces (2)). In [7] and [9] the construction of
such p* was done by a Fusion argument which allows, in a sense, to absorb a lot
of data into a single direct extension p* of p. Such a method is not available in
the Easton support iteration. We bypass this problem by constructing, for every
sequence (&, 7., ..., 7). a system of non-direct extensions of p,

(pEN, e VL s V) 2V < e < Vg < R)
and sets
(A v i) 2y <o < g < K)

such that the following properties hold:

1. If p (&, 91, e o myu V1, ..o v ) forces (2), then it also forces that /(&) € A (.77, V).,
which is a bounded subset of /1 (&, 7, V). ~

2. Forasetofé-sin W, p (5, Hfm (&) e s Hf/f/ (@) Moy (&) ono s fay, (é)) belongs to G.
This suffices, since, by combining the above properties,

VIGIE{E<k: f()eA (5, Hfﬁl(f),...,vaﬁ[@),yal(f),...,,uak(f))} cw

(¢
and thus, in M [jw (G)].

ta =/l € [f = A& 0r, @) Opy (@) Hay () »ﬂak(f))]w

=ka (Jo ((&7.V) = A& 7.V)) (K. Proo fropre o i) ) € Im (ko)

where the last inclusion follows since j, ((&, 7. V) — A (&7, V) (K, Br. ... B s ..,

i) is a bounded subset of uq = jo (h) (k. 1. ... Br. tays - Moy )-
We will complete the missing details in the proof in Lemma 4.17. Before that, we
present the proof of Theorem 4.12.

4.2. Theorem 4.12 and its proof. We devote this subsection to the proof of the
following theorem:

THEOREM 4.12. Let p € G be a condition. Assume that for every increasing
sequence (&, vy, ..., vi), and for every i = (n1, ....n;) above £, the set

e(Em.. Vi, Vi) S P\ vy
is <*-dense open above conditions in P \ vy which force that
(... vt ----,Vk> = <9f/,1 (é)v---a91'/;1(:)=#a1(f)=-~ :ﬂak(é»'

Then there are s < w, a new sequence of generators p,..... p; of i which contains
Pi. ..., b1, and a system of extensions of p,

(PEN, e g Vs VE) L e g < Ky V] < e < Vg < K)
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with the following properties:
1. There exists a set of &-s in W for which

(&0 01y 000 (E)r 10y Tty O
» (f, 0160y e o (©). <<>) \ o (€) €

€ (0700000t €)1 ).

2. There exists a set of E-s in W for which

P (é, 0,y @Oy - ton (). (f)) €G.

(Intuitively, for the majority of values of (&, 71, ..., 7. V1, ..., v ), the condition
p (& m.....ns, v, ..., v ) which we will construct, forces that

<0f/f1 @ Opy () Hay (&) tta, () = (Moo g vie e Vi)
and its final segment belongs to e (&, 71, ..., 75, V15 ..., Vi ).)

REMARK 4.13. When we extend a sequence of generators (f, ..., f;) to a sequence
(py..... p;) we will naturally identify the set e (&, #1.....#;). with

e (Eming) =e(Emiyomyy)

where i; is the index for which ﬁi’j = pj.forevery 1 < j <[,
Similarly, whenever a function g € V' is given, whose variables are &, 7y, ....#;,
VI, ..., Vg, we abuse the notation and denote g (&, 71, ....7%,, V1, ..., V) to mean

g (Eiye e miy v k).

The proof of Theorem 4.12 goes by generalizing the given sets e (f, s eee s N1 Vs e s
vk):

DEerFINITION 4.14. For every 7y, ...,y < k. 1 < i < k and an increasing sequence
(€. vi,...,vi), wedefine aset e (&, 1. ....07, V1, .., Vi) © P\ vy

We provide the definition by inverse induction, namely, first define the above
set for i =k; then, given i < k and a sequence (& 7i,....%.V,....V;), and,
under the assumption that e (&, #y,....7.v1,...,v;,v) is defined for every v <
giv1 (& 1.y, v1, ..., v;), we provide the definition of e (&, 71, ..., 7, V1, ..., V).

For i =k, the set e (&, #1,...,7,,v1,....v) is given in the formulation of the
theorem.

Assume that | < i < k. Assume that forevery v < g; 11 (&, 71, ..., 77, V1, ..., v;), the
sete (E.m1.....n, V1, ..., Vi, v) is defined. Denote g; 1 = giv1 (& 71, e 91, Vs o, Vi).
Let us define the set e (&, 71.....7;,v1, ..., Vi), as follows: A condition g € P\ v;
belongs to e (&, 71, .... 7. 1. ..., v;) if and only if the following properties hold:

1. (A technical requirement) ¢ | g;,1 decides the statements

Fiq (5,771,...,771,\/1., ...,V,‘) = I/,.L/giﬂ nvr, Zgiﬂ =ti+] (6,771,...,771,\/1., ...,V,‘) .
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Also, if ¢ [ g;+1 decides that tgm #tiv1 (Enis oo, v, ., v;), it also
decides whether one of the sequences is an initial segment of the other,
and if so, which one it is. Finally, if it forces that 7] ., 1s a strict initial
segment of 1 (&, n1,....0,v1,...,v;), it also forces that Ag,l.+l Cgit1\
max (ti+1 (f,m, R /7 S T V,')).

2. (The essential requirement) If both statements in the technical requirement are

decided positively, there exists a sequence

<q(V) 2V <gi+1 (é’”la"'a”l:vlv""vi) >

such that, for every v < g1 (&1, .... 771, v1, ..., v;) above v;, g(v) € P\ v
extends ¢ \ v, and

g IFif po,, (&) =v. theng(v) € G\vand q(v) € e (E.nr. ... vi. o Vi)

For sake of clearness, we explicitly define e (&.#1,....%;), assuming that
e (& m.....n,v)is already defined for every v < g1 (&, 1, ..., 7). Lete (&, m1, ... 71)
be the set of conditions ¢ € P\ ¢ which decide whether F) (&.#1.....771) =
W nm) NV 0 Enm,em) = tgl and, assuming that it is decided
positively, have a system of extensions

(Snyeeemy)”

(qv):v<gi(&m.....om))
such that, for every v < g1 (&, 771, ....7;). ¢(v) € P\ v, and

g IFif uo, (&) =vtheng(v) € G\ vandg(v) € e (Eni. ...y v).

If it is decided negatively. then ¢ | g knows how to compare #{, and 11 (.71.....71)
as in the second point above.

By induction, we will argue that for every i < k and &, #1....,7;,vq, ..., v;, the set
e(&m.....n,vi,...,v;) € P\ v is <*-dense open above conditions ¢ € P\ v; for
which

q I+ <9.f‘ﬁ1(5)’ ""Hfﬁ/(f)’ﬁal(é)’ ,ﬁai(f» = <7]1,...,7]1,V1, ...,V,‘), and for

every 1 < j <i. Fipr (Emroemvin vy) = ) and

W .
~ gjﬂ (C=’71~~~~='7["’1‘~~~-Vj
q

t; My e s Ve, Vi) =T . .
j+1(&m M- vi. j) &j 1 EMpaetip VeV

The induction will be inverse: The basis, for i = k, is true, as it is known that the
sete (& 71, 91, V15, Vi) C P\ vy is <*-dense open above conditions ¢ € P\ vy
which force that

<6fﬂl(f)a agfﬂl(é)’ /Il\lzal (é) sees luak(é)> = <’71: ”715 Vi, ... ,Vk>-

~

The inductive step is given in the following lemma:

Lemma 4.15. Fix #ny,....m <k, 1 <i<k and an increasing sequence
(&, v1,....v;). Denote gy = givi (EM1seee i, Vs, V). Assume that for every
v € (vi,git1), the set

e, Vi vi,v) C P\ v

https://doi.org/10.1017/js1.2023.79 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2023.79

30 MOTI GITIK AND EYAL KAPLAN

is <*-dense open above conditions ¢ € P \ v for which

q - <Hfl?1(§)’ "'ﬁfp,(é)’ﬂal (5)>---=ﬁai(é)’ﬁaf+1(é)> =W, VL Vi V), and
Jorevery1 < j <i+ 1. Fiyp(Eomooompvievy) =W

o €t (Empaeeny V1)
44

and Ly (M1 e VL s Vi) S g )

Thene (E.n1, ..., V1. ..., Vi) is <*-dense open above conditions q € P\ v; for which

q IS <6f/31(é>’W’Hf/"l(é)’r'lial (é) '”’,'lia"(é» = <771,... ,771,V1,...,V[>, andfor

every 1 < j <i, Fipi (Emi.eampvi. . vj) = ) and

~ gj+1 (éﬂ] ,.A.A}HAV]«...,\’]'
q

L (G Ve vy) = tgj+1(§>'71>~~J7/-V|-~~~-V1)'

Proor. Let g € P\ v; be a condition which forces that

<9fﬁl(g)-,.--,Hfﬁl(g),gl(f),--.,rléi(f)) =M. VL Y
and forevery 1 < j <i, Fioi (Emieomvin . vy) = I/AI{gj+1(é-’?l-~~--’7/~"1wn"j)
and tj+1 (é’ 7713 LER 7711 Viseens v/) = t§j+l(i’nlw'ﬂ/‘vl'“-'rVi>'

Denote

g=8giv1 (&M V1 Vi)
Ug =Fir1 (&1 vi o Vi)

t =14 (f,i’h, R /7 T Vi) .
Assume that ¢ | g forces that
WenNV="U,.t=11%

(if not, we are done since ¢ € e (¢, 71, ..., 7, V1. ..., v;)). Denote n = 1h(z). We will
now apply the following claim:

CLam 6. Assume that p € G is a condition, n < w and g € A is measurable in V.
Assume that U, is a normal measure on g in 'V, t is a finite sequence below g of length
n, and

plk1i=1 WenV =0,

For every v < g, assume that e (v) C P\ v is a P,-name for a subset of P\ v, which
is <*-dense open above conditions which force that v is the (n + 1)th element in the
Prikry sequence of g. Then there exists a direct extension p* >* p and a sequence
(p(v) 1 v <g). such that, for every v < g,

p* IFif v appears after t in the Prikry sequence of g. then p(v) € (G \ v)Ne(v)
and p* [v Ik p (v) 2* p* 1 [v.g) (7). 45 \v) p7\ (g +1).
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Proor. For every v < g, consider the set

dv)={reP[[v.g):r|vedl andifri-v e AL then

Ng’

rlE3s > (7). AP \v)"p\ (g + 1), s €e(v)}.

Then d(v) C P | [v.g) is <*-dense open above p | [v.g). Let H, be the P,-name,
forced by p | g. to be the <*-generic subset of jy, (Py) \ g. for which

I,/L/g = (Ug)@g

(such a generic exists since W, is simply generated). Let q € Ult (V. U,) be a P,-
U NHg Letvis g(v) € P
[v.g) be a function in V" such that [v — ¢ (v)] v, = 4 . Then we can assume that for
aset of v-sin U,

name. forced by p to be a condition in [v — d(v)]

plvikg(v)ed(v) (3)

and, by Lemma 2.18, p | g forces that there exists a set C € W, such that for every
vedC,

plIvigl)eGleg.

By shrinking C if necessary, we can assume that every v € C also satisfies equation
(3). Now let us define the extension p* >* p. and, for every v < g. the condition
p(v) € P\ v. First, set

p'lg=prplg
and, in VP!V, set
pv) Tg=q(v).

Work in an arbitrary generic extension for P [ g, where p* [ g belongs. For every
v € C N A} (which thus satisfies p | v ¢ (v) € G | g). there exists s(v) € P\ g.

s(v) =* (1™ (). A5\ v)"q \ (g + 1). such that p(v) 1 g s(v) €e(v). Set

p* (g) = <L§’ filfg) nen (Av<g, v€CﬁA£4§<V)>>

(the definition above is carried in V [G | g]. so C is available there).

Let p*\ (g +1) = s (v ). where v is the (n + 1)th element in the Prikry sequence
of g. Finally, let

PO\ g= ("W). A \v)"p*\(g+1).

where the above definition is possibleif p [ v " p(v) [glF v € {1}’*; ifnot, let p (v) \
g be arbitrary.

This completes the definition of p* >* p and (p (v) : v < g). Let us prove that
foreveryv < g,

p* IFif v appears after 7 in the Prikry sequence of g, then p(v) € (G \ v) Ne(v)
and p* [ vIEp(v) 2" p* [ [v.g) (™ (). 42 \v) p"\ (g +1).
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Fix v < g and let G be a generic set for P which includes p*, such that, in V [G],
v appears after ¢ in the Prikry sequence of g. In particular, v € C and thus ¢(v) €
G | [v.g). By the definition of p(v), and since p* € G.q(v) € G | [v.g). it follows

that p(v) € G \ v, as desired. 4
of Claim 6.
Apply Claim 6 with respect to the set e (&, 71, ....77, V1. ....vi,v) € P\ v (recall
that &, #1.....7.v1,...,v; are fixed), and direct extend ¢ further, to a condition

q* >* q, which has a system of extensions

{g(v):v<yg)

as in the statement of the lemma.
It follows that, for every v < g,

q* IFif po, (&) =vtheng(v) € G\ viand g(v) \ v € e (Enm.....mvi....viv).
Therefore (q(v): v < g) witnesses the fact that ¢* € e (&, 771, ... 77, V1, v V). =

of Lemma 4.15.

We now proceed towards the proof of Theorem 4.12. We use the same notations
as in the formulation of the theorem.

By induction, the following holds: For every &, 71, ....#;, the set e (&, 71, ..., 1) C
P\ ¢ is <*-dense open above conditions ¢ € P \ ¢ which force that

Oy €Oy ) = (1)
and that
Fl (évnls"'vnl): I,,/I\{g|(f,m ..... }11) and tl (57771»---7’71) gl(gnl _____ )

We would like to perform another step, and move from conditions in P\ £ to
conditions in P. This might require extending the sequence generators [, ..., ;. We
do this in the following lemma, which concludes the proof of Theorem 4.12.

LEMMA 4.16. There exists s < w, a sequence of generators (. ..., B;) of i which
extends (i, ..., B;), and a system of conditions

(P& oV V) S et < By E <V < oee < V)

(all of them extend the condition p € G given in the statement of Theorem 4.12), such
that,

{E<kip (f, (Jfﬂf(é Hf[;” ﬂal(é) < Moy (é)) Hay, (&) IF
y4 <fa Hjﬂi( Hj/}, &) ,ual (é) uuak ) \/uak
M PR )

V4 <é, Hfﬁ/(é),...,Gf/))‘((@,,ual (f),....ﬂak € G} cw

1
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Proof. Recall that W = Uy is generated from the elementary embedding
i: V — N.Let us consider the set

P((Emeom)y = e(Eomnoom)) (6. Pra ... pr) Ci(P)\ k.

it is <*-dense open in i(P) \ k£, and thus meets a condition r € H. Since r € N,
it can be represented using a sequence of generators (/. .... ;). on which we can
assume that it contains (f, ..., f). Let

Enpeng) = r(Eomy.mg) € P\E
be a function in V', such that
r=1i((& .y = (Eonpe ) (KL B

Now, for every (&. 71, ....7;. V1. ... V), let us define the condition p(f, Ny Mo V1L
s vk) € P. We do this recursively, and define, for every 1 < i < k, a condition
p (f, Ny .15 V1. ... v;) € P. Simultaneously, we prove that

(€< (8000070t E)o 1 () T (E)
P (010 Oy .o ) V1) €
e (f, 6f/”f (E)s e 0f,b’§ (&) Hay (f) v Moy (f)) and

This will complete the proof of the lemma, and thus, the proof of Theorem 4.12.

e First, fix &.#y,....n5. and let us define p(&nyp,....ns). If pl<EIk

r(&ni.ns) €e(Eom ). set p(Empaing) =p I ETT(En e ns).
Else, let p (¢, 71, ..., 775) be an arbitrary condition above p. We argue that

{f <K.:p [f I r (f Hf/;{(f)’ ...,Gfﬂé(é)) ce (f, Qf/;{(f)’”"’ef/;‘((f)> and

Recall that r € H was defined such that

plErei((&m...m) = e(&nree.n)) (8 Bra.e. Br)
applying the embedding k: N — M and reflecting down modulo W gives

Finally, p I r € H and thus p I+ k(r) € j(G), by Lemma 2.18. Reflecting
this down gives

/
s
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e Fix &.yf.....nj.vi and let us define p (& #).....75. vi). Denote g =

g (&nye e nt) IE p(Enleont) TEIEp(Ene o ni) \E €e(Enlnn ).
then p (&.7].....n}) | & = p | & decides the statements

Fr(&n1see oy, e, vi) = WanVv. glffl (ENs e s Vs eee s Vi)

and., if it decides them positively, it forces that there exists a sequence (¢(v): v <
g1) witnessing this. Define

p (&t o) =p(Entmg) Tviq(n).

Ifp(Enf..nt) 1 E¥p(Enf.....ni)\Eee(&ni.....nf).orp (S ooml) |
ElFp(Ent.....ns) \ & € e(&n).....n}) but the statements

Fr(&m....np.vio..vi) = WanVv. lgl =1 (&N VL V)

are decided negatively, let p (f , 77{, ﬂ’g v1) be an arbitrary condition above
p (&.n].....n;). We argue that

{é <K:p <é, Gf/;{(f)’ ,0}" /(é), ﬂal(é)) fﬂal(f) I
p (é 0/‘/;{(5 efﬁ/ (é) ’ual )
e (5» Oy Ory M ( ) and

p <f, GfM@ H/ﬁ, (&)> Moy (€

First, by the previous point,
{c<rip (f’ Of @ 6/’,;;(5)) [<iFp <f» Of @ --0ry ) \¢€

e <é, Qf/j{@) 0[/))/ )} e W

\ Ua, (&

eGleW

By the properties of the set e <é, Hfﬁ{ (@) e s Hf/;g (5)>, the condition

decides the statements

£ (f» 9_f/;{(cr)~---’9_f/,§<é>> =WanV

and
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CrLam 7. For a set of E-s in W, the above statements are decided in a positive
way. Before the proof of the claim, let us proceed with our argument. By the claim
and Definition 4.14,

—~

P (0 Oy 0100 (©)) = 2 (07, 000 0)) T (©) 0 1 (€)

and, by the properties of the set e (5 .0 fp{ (€)s e 0 i (5)), the condition

p (‘5» Oy Ory (é))

forces that

P (é’ ef/g{ (&) =ees gfﬁ§ &) Hay (f))

=p (f, Gfﬁ{(é),--~-ﬂf'ﬁ§(5)> [ ey (&) g (ﬂal(f)) €C

—~

and

P (07 00 00000 () \ st (6) =4 (1 () €

e <f= Or i) Or (0 Hen (5)) :

Thus,
{C<nip <f’9fﬂf<cf)= "-aef'ﬁ((f)) [clFp (f’ Ory - ~~~’9f,;§(é>> \&€

¢ (5’ 9f,;;<:>’---’9fﬁ§<¢))} €W

which finishes the second step. Thus, it remains to prove Claim 7.

ProoF. Let us prove first that

{f <K:p (é’afﬂ]’(é)”efl%(é)) [ &1 F (égfﬂ{(é)’efﬁs’(@) = V,L/gl N V} .
Assume otherwise. Then in M [ (G)].
Jw (& ng) = Fr ((Eomems))) (B2 Joa (BY) - Joa (7)) #

Es W nyr
g1 (6»0«% @ 0fﬁ§ <<>>

but both sides are equal to k; (Uﬂfn)" contradicting property (D) of the

w

embedding k,,.Now let us prove that
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S

tgl 1 =1 (f,efﬂ{(é),,efﬂé(g)>}

Assume otherwise. Then the condition s = jy (é — p(f, 0 FPIGIEE 0 iy (c’)))
1 s T
(k) forces that

N —
Pa (ttay ) # Koy (toy) = toy -

Note that s € jy(G) | ko, (4a,) and 14, is the initial segment of the Prikry

sequence of kq, (Uq,) below uq, in M [jW(G)]. Thus, one of the sequences

t/i (tar) and t,, is a strict initial segment of the other. By the second
ap \Ffap

requirement in Definition 4.14, s | ko, (4a,) decides which one is an initial
segment of the other. Now this yields a contradiction:
1. If 14, is a strict initial segment of t}z (u ): Recall that s = kg, (s7), where
al Ckl
"= Joy (Emiseeoams) = p(Eomis e ns)) (Ko Jo.oy (BL)s v Jo.ay (B5)) -

Then s’ | uq, forces that 7,, is a strict initial segment of l;;l . Work over

M,,. Let y < p1q, be an ordinal, forced by s’ | 14, to be a bound on the

first ordinal in t/“;/a] \ Za, (such a bound exists since the forcing jq, (P) |

Uay 18 fay-C.C. In My, ). Applying ko, : Mo, — M. y < lq, is an upper

bound on the first ordinal in ¢ ( \ Za, - However. in M [ jy (G)]. this
o] @

element is g, itself, which is strictly above y. A contradiction.

2. Else, t; (o)) is a strict initial segment of z,,: Denote y = max (¢, ).
o] o]

Then, by Definition 4.14, s forces that the initial segment of the Prikry
, followed by an element strictly above

sequence of kq, (#a,) I8 r ™
o] @]
y; in particular, f,, is not an initial segment of the Prikry sequence of
kay (ttay) in M [jw (G)]. which is a contradiction. -
O of Claim 7.

e Assume now that 1 < i < k is arbitrary, and for every &.#{.....5}. vi.....vi. a
condition p (&, 7. ....75. vi. ..., v;) is defined. Denote g;.1 = gir1(&n...nl.
Vi.....v;). Forevery v;;1 < gi1. let us define the condition p(&.7].....7}. v,
e vivig1) I p (Eomye o mbovie i) Tvile p (&l ombovin e vi) \ vi €
e(Ent.oonbovivi) and p(Enl.....mf.vi.....vi) | v forces the state-
ments

Fiop (&omaeompvie e vi) = We, OV, g =t (Eom v )

then p (&.7]. ... 5. vi.....v;) | v; forces that there exists a sequence (g(v): v <
gi+1) witnessing this. In this case, define

(&Nt nsvi s vivigr) = p (G v Vi) TVt q(vig).
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Else. let p (£.7].....75. v1.....vi.v;41) be an arbitrary condition which extends
the condition p (&, #1.....7%. vi. ..., vi).Let us argue now that

{E<r:p (é» Of i) Orpy (0 o (£). ~--aﬂai(f)»ﬂa;+1(f)> [ty (&) IF
p (f, ef'ﬁ{(cf)a s Hf'ﬁ‘é(g),#al(f)-, s Moy (). oy, ( ) \ fag,, (€
e <f, Hfﬂ{(i),...,Gfﬁé(é),yal(f),...,,ua, Moy, ( ) and
p <§, Hfﬁ{(é),...,Hf/%(gv),ﬂal(f), ey (E). pray ) eEGle W
We do this as in the previous point. First,
(€< (607,00 0y 0t (E) v 10 O)) 11O
p (f: efﬁ{(f)w--sHfﬁé(é)wual(é)»-~~aﬂa,‘(é)> \ ta, (&) €
€ (€07, 0000yt (O ot (©)) €
Thus, for a set of £-s in W, the condition

P <é Hfﬂ{(f)s cee 0]‘% (5)7 luOé] (é)’ ’#Olj (é)) { Iuai (f)

decides the statements

Fii (fy pr{ (&) -+ Hf/%(i)v,ua] (&). coes Moy (f)) =

w nv
gi+1<5,9/'/j{(5) ~~~~~ 9/'/%(5)-#(11(5) ,,,,, ﬂa,-(@)

PLEOs @0y (@) tay (€)ntta; (€)
Bl ﬁS

)) =lit1 (é, ﬁfﬂ],(g), w050 () e (€)oo oy (f)) :

Arguing as in Claim 7, both statements are decided positively for a set of &-s
in W. Thus,

p (f 00 -0, 610 e (E). oy (f)»ﬂam(f)) -

—~

P (é: Hfﬂ{ (C’) cees Hf/f( (f)a Moy (é) v oy (é)) [ lua,'+| (é) q (1“01,41 (é))
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and the condition ¢ (uq,, (¢)) is forced, by

p (fa e_fp,{ (SEREE Qf/}é (&) Hay (€).ov oy (f))
to be in
G\ fay,, (E) Ne (é, 01y @Oy ) Mo (©). ,ﬂa,@,ﬂam(o) .

Therefore,

[ oy (€) IF

\ Hay,, (E) €

{é <K: P (éa efﬂi(é)a efﬂ((é):ual (é)a .,,Uai (é)a /ua,'_H (é)
» (f, 06O 10 (©). (€.t (6)

N—— N———

and

e (é: Hfﬁ{ (&:) [RRI Hf/),< (f)v ;ual (é)v [EE} lua[ (f) ﬂai+1 (f)

N——

P (f, 01, Or,y )My (©). ot () i () ) € G € W

N———"

as desired. 4

O of Lemma 4.16. O of Theorem 4.12.

4.3. Properties of k,. In this subsection we complete the proof of properties
(4) — (D) of k. After that, we will prove in Lemma 4.20 that k.« : M.« — M is the
identity, and conclude the proof of Theorem 4.7.

LemMA 4.17. u, = crit (k,) is measurable in M,. Moreover, u, is the least
measurable of M, above sup{uz: f < a} which has cofinality above  in V.

ProOF. Write u = [f1y, and u = jo (h) (K. joa(B1). - joo (B1) - tay- e Moy )-
forsome f € V[G],h €V, py,.... p; generators of i and o) < - < o < .
Since u < ko (u), we can assume that for every ¢ < &,

S <h (07000700 ey (©)- oo 10y ()

and let p € G be a condition which forces this. Given &, %1, ..., #;, Vi, ..., V., consider
the set

e n, e i v vg) = {r € P\ v: for some bounded subset
ACh(E .o vl i), 1 lF j:(f) € A}

Then e (&, 71, ....97, V1, ..., ;) 1s <*-dense open above conditions which extend p
and force that

<9fﬂ1(5)'6fﬂl(é)’lual (é)’ﬂak(é)> = <771,---,77[,V1,...,Vk>.

By Theorem 4.12, the sequence (f;. ... . ;) can be extended to a sequence (f. .... f;).
and p can be extended to a system of conditions,

(p &N, e Vs Vi) 2 e s < RyVp < oo <V < K)
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such that, for a set of &-sin W/,

P (806000 (€)1 () i ()1
p <é Hfﬁ{(f)’ e Hf/;/( ) lual (f) cees Iuozk (é)) \IuOlk (f) S

e (07,000 Oy 1t (.10 ()
and
P (é Hf/}{ (f) Hjﬂ, ,ual (é) . wuak (é)) S G

Assume now that (£, 71, ...,%. 1. ..., V) are given, such that

P&, e e VI Vi) TV IED (&t oo g, V1, e Vi) \ Vi €
e(Eom. o e Vi )

Let 4 be a P, -name, forced by p (& Ms e Mo VI, s Vi) | Vi to be a witness to the
fact that p (£.47,V) \ v € e (¢.7, V). Namely it is a bounded subset of & (&, 77, V), and
P&\ [(0) € 4
Let A4 (¢.7. V) be the set of ordinals y < & (&,7,7) s
vk forces that y € 4. Since v < h (&.77 . V), A(¢&,
h (&, 7.7). The function (E,7.V) — A (& 7,V) lies in
By the results of Theorem 4.12, there exists a set of £-s in W for which

-

such that, some r > p (.77, V) |
7.V) is a bounded subset of
V

G 9p <f, 0]/}){(6 ,Qfﬁs,(é),ual (é) ,,uak (f)) H_

16 € A (01 e Oy 00t ).t ).
Thus, in M [jw(G)].

[f']We[fHA(f,efﬁf<, 070 e (©). 5;@,(@)};

ko (jo ((6.77.7) = A (E.77.V)) (K. joa (B1) - Jo.a (BS) - oy - Hay)) € Im (Ka) .
where the last inclusion follows since
Ja (1. V) = A(E1.9)) (K. Joa (B1) - o Joa (By) - Hays e May.)
is a bounded subset of
Ho = Ja ((E7.7) = B (E1.9)) (K. Joa (B]) e Joa (B - tay oo tay)

which is crit (kq ).
Thus we proved that u, € Im (k,). which is a contradiction. =

LeEmMA 4.18.  po appears in the Prikry sequence added to ko, (o) in M [ j W(G)]

Proor. In M [H]. denote by ¢* the initial segment of the Prikry sequence of
ko (o) which consists of all the ordinals below u,. Denote by n* the length of ¢*.
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Let (¢.47,V) — t* (£,7,V) be a function in ¥ such that

"= jo ((&.7.5) = 7 (&37.9)) (K. joa (B1) e oo (Br) - Mg - - Moy, )

(we assumed here that ¢* can be represented using the same generators as u,,. If this
is not the case, modify the set of generators).

We can assume that for every (&, 7, V). t* (£, 7, V) is a sequence of length n*. Since
ko (t*) = t*,

[5 = (f’ Oy @ 0py ()0 ey (€)oo thay, (5))] -

w

In V' [G], denote, for every ¢ < k,
Uq (&) =the (n* + 1) th element in the Prikry sequence of
B (80,00 0ry 00 By (). 110, ()

Clearly [& = ua(&)],, > ta-

We argue that equality holds. We will prove that for every n < [é — ,ua(f)] W
n < Ug. Assume that such # is given, and let f/ € V' [G] be a function such that
[f1,» = #n. Then we can assume that for every & < k&,

f(&) < ual).

and let p € G be a condition which forces this.
For every &, 7, v, consider the set

e( &y v)={re P\vi: Iy <h(&q.v), rik if t* (£ 7,V)is an initial segment of
the Prikry sequence of /2 (¢,7, V), then f (&) < y}

then e (5 VL e ﬁk> is <*-dense open above conditions which force that

(O, @+ 0ry (> Moy (€)oo 1oy (E)) = (1 oot V1 o V).

This, since, given a name for an element f (&) which is forced to be strictly below
Ua(E) (which is the element which appéars right after t* (£, 7.7) in the Prikry
sequence of /1 (¢,7,V)), the element can be decided by taking a direct extension.

By Theorem 4.12, the sequence (f.....[f;) can be extended to a sequence
(B1..... ). and p can be extended to a system of conditions,

(&N, e VI Vi) 2, s < RV < oo < Vg < K)

such that, for a set of &-sin W/,
P (é’ 0fﬁ{(§)~ cers 6fﬁ{(§)~ lua] (f)~ ’ﬂak (é)) { Iuak (é) I+

e <f, Hfﬁ{(a» e Op (@) ey (&), ---,uak(é)>
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and
P (07000t (.1, () € 6

Assume now that (&,7.V) = (&, 91, ..., 5. V1, ..., V) are given, such that
(

p & V) [ lbp (& V) \ v € e (E.7.7).

Let 7 be a P,, -name, forced by p &My Mg V1, o, Vi) | Vi to an ordinal below
h (E77.7), such that p (&,77.V) \ v IF (&) < y. Lety (¢.7.V) be the supremum of
the set of ordinals 7 < / (£.7. V) such that, some r > p (&.7.7) | vy forces that y =
7. Since v, < h (E.77.9). y (E.5.V) < h (E.47. 7). The function (&, 7.V) +— y (£.77.V)
liesin V.
By the results of Theorem 4.12, there exists a set of £-s in W for which

637 (€0 e Oy 60 ().t () 1

if * (f,&_,»ﬂ{ 2 0r,) Moy (E). --,#ak(f))

is an initial segment of the Prikry sequence of

h (é, 0f/f{<f)’ ’Hfﬁé(f)”ual (é), ,ﬂak(é)> N then

[ <y (f, H_fﬁ{(é)’ e Op 0 oy (€)oo g (é)) :

Thus, in M [ j W(G)], where indeed ¢* is an initial segment of the Prikry sequence
of ko (Ua).

[ |: (é Hfﬁ, Hf/i/ #al(é)"“’ﬂak(é))]w =
ko (o (¢€.71.V) = 7 (&.17.7)) (K. Joa (B1) e Joa (By) - ays e - Hay ) < Ha

as desired. =

Lemma 4.19. Let Uy, = {X C ta: pta € ka(X)} N M,. Then Uy, € M,. Fur-
thermore. ko (Uy,) = ]W (0 — Us) (ko (ua)). where, for everyd € A, Us = WsN V,
for W5 which is the measure used in the Prikry forcing at stage o in the iteration P.

ProOF. Wefirst prove that jj (0 — Us) (ko (1a)) € Im (k). Then, we will prove
that the measure F € M, for which jy (6 — Us) (ko (4a)) = ko(F) equalsto U,,.

In order to prove that jy (6 — Us) (ko (ua)) € Im(k,), we prove that
there exists a family F € M, of measures on x,, with |F| < u,, such that
Jw (‘5 = U&) (ka (,Lta)) € ka(F) = kgf".

Fix, in V', an enumeration W of all the normal measures on measurable cardinals
below k. For every (£.7. V). let y (.7, V) be the index of Uy, ;.5 in this enumeration.
Note that each measure Uy 7) belongs to V', but the sequence (Uniizy: Em.v <
) might be external to V. So the function (&, 7, V) — y (&,4. V) doesn t necessarily
belong to V.
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Fix (&,7,v) and consider the set

e (&,7.V) ={r € P\ v;: there exists a set of ordinals 4 of cardinality strictly smaller than
h (& 7,7V), suchthatr [ h (&7, V) Iy (E7,V) € 4}

Then e (¢.7,V) C P\ v is <*-dense open, since P | h (&, 7, V) is h (€. 7, v)-c.c.
Now apply Theorem 4.12 and argue as in the previous lemma: There exists (in
V') a mapping (¢.77.V) — A (£.77.V) such that. in M [jp (G)].

[é =y <é, Hf/;i(c’)’ e Or 0 Hay (&). ---,#ak(é)ﬂ €

w

[f = A <f’ Oy Or i ten (). ""'uo‘k(é)):| =

w
kzlxl (ja (<é ﬁv ‘7> = A (f, ’7» ‘7)) (fﬁ Joa (ﬂ{) seees JO (ﬂs/) s Moy s - w“ak)) .

In M,, let F be the set of measures on yu, which are indexed in the enumeration
Jo(W) by an index in the set A= j, ((.7.V) = A(E.77.7)) (K. joo (B]) - -
Joa (BY) . Hays ... e, )- Note that |A| < i, and thus |F| < u,. Then jy (6 — Us)
(ko (o)) is enumerated by the ordinal

|:é =Y (é’ 0fﬁ/(f)’ ’ef/;/@)’:uoq (é) s Ry, (f)>i| c k;’A’
1 K W

and thus jy (0 — Us) (ko (o)) € kJ/F. as desired.
Let F € M, be a measure on x, such that

Jw (5 = U&) (ka (:ua)) = ka(F)~

Let us argue that F = U,,. It suffices to prove that F C U,,. Fix a set X € F.
Assume that

X = jo ((&77.V) = X (E77.V)) (K- Joa (B1) - Joa (B1) - oy - Hey)

(we assumed again that X can be represented using the same generators as
lie. If this is not the case, modify the set of generators of u,). Then ko (X) €
Jw (0 = Us) (ko (fa))-

As in the previous lemma, let n* be the length of ¢*, the initial segment of the
Prikry sequence of k,, (14) below u,. For every (&, 7, V), let

e(&iv)={reP\vi:r [h(&n.v) || X (&17.V) € Upeii.

if it decides positively. then r [ 4 (E.77.V) IF 4}

X (&47,V); else.r [ B (&.7,V) IF é};(é,-j) is disjoint

) &

from X (&.7, V) . Moreover, r | h (&,7,V) || Th (lz(é_ﬁﬁ) > n",

and if it decides positively, then there exists a bounded subset
A(E,7,V) Ch(&7,v) forwhichr | &7,V IF the (n* + 1) th
element of 7. = ;) belongs to 4 (&.77.V)}.
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By Theorem 4.12, there exists a larger set of generators f[. ..., f; and, for every
(&,77.v), a condition p ((¢,7, 7)), such that, for a set of ¢-s in W,

p <f= Hfﬁ{(i)>""9fﬁ§(g’)>ﬂa| (é),-u,#ak(é)) [ oy (&) IF
p <é efﬁ{(f)”gf/}<(f)’ /’lal(f)""’#ak(é)) \/’ta/‘(é) €

e <é Hfﬁ{ (f)’ e s Hfﬁé(é)"uo‘l (é), ,,uak (é))

and
P (00, 0 Oy 010 (.t () € G

Let us argue first that for a set of £-sin W/,

decides that
< n*.

Indeed, assume otherwise. Let A* (&, 7, V) be the bounded subset of 4 (£, 7. V) which
consists of all the ordinals, which are forced by some extension of p (¢,7,V) | v to

bein A (¢.7. ) (whenever p (&.77. V) forces that the length of 7, ((f}yj’aﬁ)) is greater than
n*). Then, in M [jw(G)].

Ua € ko (ja (<é 77, ‘7> = A (f» ’7’ ‘7)) ("53 Jo.a (ﬂ{) seees JO (ﬂé) s Mays - sﬂak))

but this is a contradiction, since j, ((£.77,V) — A* (&,7,V)) (n,jo,a (ﬁ{) s
Joa (BL) . Hay. .. oy ) is @ bounded subset of uq.
Therefore, we can assume that

P (fs 0/'/3{ (SERAE Hfﬂé (&) Moy (f) oo Moy (é)) ) Hoy (é)

forces that

Ih |t

Denote now p* = |:dj = p (f, Gfﬁi(é), ""af/))_g(f)’lual (&), ...,,uak(r;‘)>:| . Then p* |

w
ko(pe) forces that u, € éia(ﬂa). By the definition of the sets e (¢,7,V), the set
4£:(ua> is forced to be either disjoint or contained in k,(X). Since ko(X) €
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Jw (6 — Us) (ko (ua)), it cannot be disjoint (again, by the definition of e (&,77,V)).
Therefore u, € ko(X) and thus X € U, . as desired. -

Finally, let us argue that j.« = jy | V. Recall that k* = i(x), and note that
K* =sup{uq: o < k*}.

LEMMA 420. M = M+, jw (k) =i(x) and jo+ = jw [ V.

REMARK 4.21. In particular, if i = jy (namely W is simply generated) then
jw(k) = ju(k). On the other hand, possibly jy (k) < i(k), and then jy (k) >
ju(k).

Proof. Define, similarly to k,: M, — M, the embedding k,«: M — M as
follows:

kn* (]n* (f) (":a jO,H* (ﬁl)» ij,/i* (ﬁ/) nual: v/uam)) -

jW (f) <K,, H[fﬁl(é)]w, ’H[fﬂz(é)]w’lual’ .,,lta,n)

for every f €V, pi,....[0 generators of i and o) < -+ < a; < k*. Clearly
crit (ko= ) > &*. It suffices to prove that k.« is the identity function.

Let 7 be an ordinal, and let f € V' [G] be a function such that [f],, = 7. By
the k-c.c. of P, there exists F € V such that for every & < k, f(¢) € F(&) and
|F(&)] < k. Therefore, in M [jw(G)].

T= [f]W € [F]W = ko (]n*(F)(’i))
But
| (F)(R)] < jur (8) = &7 < crit (ki)

so 7 € Im (k,«) . as desired. -

§5. Further directions and open problems. It is likely that the results of Section 4
can be extended to wider context of Prikry-type forcing notions. The first candidates
are one-element Prikry forcings and Prikry forcings with non-normal ultrafilters. For
the former it seems that the present arguments can be applied without much changes.
The latter looks to require more work since [id] is not k anymore and additional
generators may appear. Another example is Extender-based Prikry forcings. Here
some new ideas seem to be needed due to the Cohen parts of the forcings.

Let us state some open questions.

QUESTION 5.1. Are there other ways to generate normal ultrafilters W in V[G]
beyond those given in 1.17

Let W € V [G] be a normal measure on k. Assuming —o! (or even no inner
model with a Woodin cardinal) and exploring the closure of the ultrapower, it seems
possible to argue that N of the type of 1.1 should exist (see Section 3.2). So we
may extend the above question and ask, whether W must be generated from the
embedding i: ¥ — N as in Section 2.

QUESTION 5.2. What are the possibilities for non-normal k-complete ultrafilters in
V[{G]?
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Recall that, given i: V' — N and a measure W generated from it as in
Theorem 1.1, the assumption that gganga holds for a final segments of o € A

suffices for N = M (where M is the ground model of Ult (V [G]. W)).

QUESTION 5.3. Suppose that for unboundedly many o < K, <,#<p. Is then M #
N?

QUESTION 5.4. What are the exact conditions on Qs that insure M = N?

In Section 3 we studied sufficient and necessary conditions for having jy (k) >
ju(k). In Proposition 3.1, we proved, under the assumption that x is a limit
of cardinals a < x which are all k-strong, that there are measures U € K and
W € K[G] on k extending U, such that jy (k) > jy(x).

QUESTION 5.5. Is the assumption that k is a limit of k-strong cardinals really
necessary?

QUESTION 5.6. In Theorem 4.7, can we omit the assumption that the normal
measures used in the iteration P = P, below k are simply generated? How is the
structure of jw | V influenced from such a change?
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