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Abstract

We prove that certain tree products of finitely generated Abelian groups have Property E. Using this fact,
we show that the outer automorphism groups of those tree products of Abelian groups and Brauner’s
groups are residually finite.
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1. Introduction

It is well known that automorphism groups of finitely generated residually finite
(RF) groups are RF (Baumslag [2]). In general, outer automorphism groups
(Out G) of finitely generated RF groups need not be RF (Wise [12]). It seems
interesting to determine which finitely generated RJF groups have residually finite
outer automorphism groups. In fact, Gilman [3] showed that Out F; is residually finite
alternating and residually finite symmetric where F; is a free group of rank r > 3.
In [4], Grossman showed that the outer automorphism group, Out (M), is RF
where M is a closed orientable surface of genus k. It follows that mapping class
groups of orientable surfaces of genus k are RF. In [1], Allenby ef al. showed that
Out G is RF if G is the generalized free product of two free groups amalgamating
a maximal cyclic subgroup. From this it follows that mapping class groups of all
closed surfaces (orientable or non-orientable) are RF. Johannson [6] showed that
mapping class groups of simple 3-manifolds are finite, from which he derived that
outer automorphism groups of fundamental groups of simple 3-manifolds are finite.
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We note that fundamental groups of closed surfaces of genus k are conjugacy separable
1-relator groups and their outer automorphism groups are RF [1]. It would be
interesting to know whether outer automorphism groups of conjugacy separable 1-
relator groups are R.F.

In this paper, we develop a group property, Property E, which extends Grossman’s
Property A [4]. Exploiting this property, we show that the outer automorphism groups
of certain tree products of Abelian groups and Brauner’s groups are R.F.

In Section 2, we give the basic background materials that are needed for this paper.
In Section 3, we determine a criterion for a generalized free product of a group with
Property E and an Abelian group to have Property E. Applying this we prove that
outer automorphism groups of certain tree products (stem products) of Abelian groups
are RF. In Section 4, applying these results to certain knot and linkage groups
known as Brauner’s groups, we prove that outer automorphism groups of these groups
are RF.

2. Preliminary results

Throughout this paper we use standard notation and terminology.

A group G is residually finite (RF) if, for each non-trivial element x € G, there
exists a finite homomorphic image G of G such that the image of x in G is not trivial.

A group G is conjugacy separable if, for each pair of elements x, y € G such that x
and y are not conjugate in G, there exists a finite homomorphic image G of G such
that the images of x and y in G are not conjugate in G.

If A and B are groups, then A xy B denotes the generalized free product of A
and B amalgamating the subgroup H. In particular, if g € A xy B, then we use || g||
to denote the generalized free product length of g.

We use Inn g to denote the inner automorphism of G induced by g € G. Out G
denotes the outer automorphism group, Aut(G)/Inn(G), of G. Cg(g) denotes the
centralizer of g in G and Z(G) denotes the center of G. We use {x}¢ to denote the
conjugacy class of x in G.

If H is a subgroup of G, we use x ~g y to denote that x is conjugate to y by an
element in H.

DEFINITION 2.1. By a conjugating endomorphism/automorphism of a group G
we mean an endomorphism/automorphism « which is such that, for each g € G, there
exists k; € G, depending on g, so that a(g) = kglgkg.

DEFINITION 2.2 (Grossman [4]). A group G has Property A if for each
conjugating automorphism « of G, there exists a single element k € G such that
a(g) =k~ 'gk forall g € G, that is o = Inn k.

We extend Grossman’s Property A to include endomorphisms.
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DEFINITION 2.3. A group G has Property E if, for each conjugating
endomorphism o« of G, there exists a single element k € G such that a(g) =k~ gk
for all g € G, thatis o« = Inn k.

Clearly, every group having Property E has Property A. We will make use of the
following results.

THEOREM 2.4 (Grossman [4]). Let B be a finitely generated, conjugacy separable
group with Property A. Then Out B is RF.

THEOREM 2.5 (Magnus et al. [8, Theorem 4.6]). Let G = A xyg B and let x € G
be of minimal length in its conjugacy class. Suppose that y € G is cyclically reduced,
and that x ~¢g y.

(1) Iflx|l =0, then |y|| <1 and, if y € A, then there is a sequence hy, hy, . .., h,
of elements in H such thaty ~s hy ~p hy ~a - --~a) hr = x.

2) If xl=1, then ||y||=1 and either x,y € A and x ~4 y, or x,y € B and
X ~py.

(3) Iflx|| =2, then | x|| = ||yl and y ~g x* where x™* is a cyclic permutation of x.

The following lemma is a slight modification of Lemma 3.14 in [7].

LEMMA 2.6. Let G be a tree product of any groups A; (1 <i <n) amalgamating
edge groups, where edge groups are contained in the centers of vertex groups. If
x~gyforxeZ(A;)andy e Aj, thenx =y.

3. Main results

In this section we prove that certain generalized free products of groups with
Property E have Property E. Applying these results we show that outer automorphism
groups of certain tree products of Abelian groups are RF.

THEOREM 3.1. Let G = A g B where B is Abelian. Suppose that the following
hold:

(CD Nyea(Cal@)H) = Z(A)H;
(C2) there exists a € A such that {a}* N H = @;
(C3) A has Property E.

Then G = A xy B has Property E.

PROOF. If B = H then G = A has Property E by (C3). Hence we assume that
B#H.

Let  be a conjugating endomorphism of G and «(g) = k;l gkg for g € G. Without
loss of generality, we can assume that «(a) = a, where a satisfies (C2). Thusa ¢ H.

https://doi.org/10.1017/5S0004972708000099 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972708000099

12 Y. D. Chai et al. [4]

STEP 1. We show that, for each b € B\ H, we can choose k;, in A.

Let b € B\H and «(b) = kb_lbkb for some k, € G. Let kp =uquy ---u, be an
alternating product of the shortest length in G. Since B is Abelian, we may assume
that #; € A. Then

ky L (baYkp = a(ba) = ky, 'bky -a=u; " - ouytouT buy cun - ue—y - uy - a.

Thus

ba ~¢ ur__ll S uz_l -ul_]bul CUD o Up_] -u,aur_l. (3.1
If r > 2 and u, € B\ H, then the right-hand side of (3.1) is cyclically reduced of length
2(r +1). By Theorem 2.5 this is impossible, since the left-hand side of (3.1) is
cyclically reduced of length 2. If » > 2 and u, € A then, by (C2), u,au, ¢ H. In
this case, the right-hand side of (3.1) is cyclically reduced of length 2r. Since the left-
hand side of (3.1) is of length 2, this is also impossible by Theorem 2.5. Therefore
r < 1. Hence we can choose kp, = u; € A.

STEP 2. There exists a fixed w € A such that «(y) = w™'yw forall y € B.

Let b € B\ H be fixed and let y € B\ H be arbitrary. By Step 1, we can assume that
ky=w € A and k, € A. Then k| (by)ksy = a(by) =a(b)a(y) = w™bw - k; ' yk,.
Hence,

by ~gb-wk; 'y kyw™". (3.2)

Since b, y € B\H, if kyw_1 € A\H then the right-hand side of (3.2) is cyclically
reduced of length 4. Thus (3.2) does not hold. This implies that kyw_1 € H. Let
ky = hyw, where hy, € H depends on y. Since B is Abelian, a(y) =k;1yky =
wilhy*lyhyw =w 'yw. This shows that a(y) = w~!yw for all y € B\H. Now
ah)=athy -y H=ahy)a(y " H=why)w- - w 'y lw=w"hw for all h e
H. Hence a(y) = w~'yw forall y € B.

By (3.1), we have ba ~¢ wbwa ~g bwaw=!. Tt follows from Theorem 2.5
that ba ~p bwaw . Let ba = h~'bwaw~'h for some h € H. Since B is Abelian,
a=h""waw 'h. Letu = w™'h. Thenu € A and [u, a] = 1.

Let e =Innuow. Then o is also a conjugating endomorphism of G and
a(y)=uaO)u=u""(w 'yw)u =h~'yh =y for all y € B. Moreover, @(a) =
u((a))u = u='au = a. We shall show that @ is an inner automorphism of G. For
convenience, we again write a(g) = kg_1 gkg for g € G.

STEP 3. We show that k, € A for all x € A\H.

Let x € A\H and ky =ujuy---u, be an alternating product of the shortest
length in G such that o(x) = k;lxkx. Then k;al (xa)kyqa =a(xa) = k;lxkx -a=

—1 . 1

, xuj---u,-a. Hence

u "Ml

-1 -1 —1 -1
XA~GU,_ |-+ Uy U] XUL-UD - Up—] - UpQU, . 3.3)
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(i) Suppose that u; € A and r > 2. In this case we may assume that ul_lxul ¢ H for,
if ul_lxul =h € H then uz_lul_lxuluz = uz_lhug =h= ul_lxu]. This reduces the
length of k,. Hence we may assume that ul_lxul ¢ H. If u, € B then the right-hand
side of (3.3) is cyclically reduced of length 2r. If u, € A then, from (C2), u,au,” ¢ H,
hence the right-hand side of (3.3) is cyclically reduced of length 2(r — 1). Since the
left-hand side of (3.3) is of length < 1, by Theorem 2.5, both cases are impossible.

(ii) Suppose that u; € B. If » > 2 and u, € B\ H, then the right-hand side of (3.3)
is cyclically reduced of length 2(r + 1). If u, € A then u,au, I'¢ H by (C2). Hence if
r > 2and u, € A\ H then the right-hand side of (3.3) is cyclically reduced of length 2r.
Hence, by Theorem 2.5, both cases are impossible. Now, if r = 1 and ky = u| € B\ H,
then the length of the right-hand side of (3.3) is 4. Clearly it is also impossible.

This shows that k, =u; € A for all x € A\H.

Since H C B, a(h) =h for all h € H. Hence « restricted to A is a conjugating
endomorphism of A. Since A has Property E by (C3), « restricted to A is an inner
automorphism of A. Thus there exists a fixed g € A such thata(x) = g~ 'xg forall x €
A. Since h=a(h) =g 'hg, g € Nyey Ca(d) CNyen(Ca(d)H). For x € A\H,
xb ~g a@(xb) = g 'xg - b, where b € B\H. By Theorem 2.5, xb ~y g~ 'xg - b. This
implies that x =h1_1g_1xgh2 and bzhz_lbhl for some h, hp € H. Since B is
Abelian, h; = hy. Thus x = hflg_lxghl. This implies that gh; € C4(x). Hence
g€ Ca(x)H forall x € A\H. Thus g € [),c4(Ca(x)H). By (Cl), this implies that
g = zh3 forsome h3 € H and z € Z(A). This means that o (x) = h;lxhg forall x € A.
Since B is Abelian, a(y) =y = h3_]yh3 for all y € B. Hence o = Inn h3. This shows
that G has Property E. O

Since Abelian groups have Property E, we have the following corollary.

COROLLARY 3.2. Let A, B be finitely generated Abelian groups. Then A xg B
has Property E.

PROOF. If A = H (similarly B = H) then A xy B = B has Property E. Suppose
that A £ H # B. Since A is Abelian, A satisfies (C1), (C2) and (C3). Hence A *y B
has Property E by Theorem 3.1. o

In this paper, we are mainly interested in certain tree products, so called stem
products, of finitely generated Abelian groups. Hence we consider tree products of
any groups A; (1 <i <n) amalgamating central edge subgroups [7], that is, the tree
product of the form

Gn=A1 %y, Ay ¥, -+ *u,_, An, H; CZ(A)NZ(Ai41), (3.4)
where A; N Aj+1 = H;, A; # H; and H; # Ajy1. If n > 2 then
Gy =Gu_1*m, | An, (3.5)

and Z(G,)=H N---NH,_1 = H N H,_1 (see [8, p. 211]). For convenience, we
let Hh=1and H, = 1.
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LEMMA 3.3. Let G, be asin (3.4). If x € A;\(H;—1 U H;) then Cg,(x) C A;.

PROOF. Lety € Cg, (x). We shall show that y € A; by induction on n.

Forn=2, Go=A| *p, Ay and x € A{\H;. Since Hy C Z(G2), x is not in any
conjugate of H; in G;. Then, by [8, Theorem 4.5, p. 209], either (i) y is in a conjugate
of Hy in G or (ii) y € A;. Since Z(G,) = Hj, (i) also implies that y € H] C Aj.
Hence Cg,(x) C Aj. Thus the lemma is true for n = 2.

Assume that the lemma is true for G,_i, that is Cg, (@) CA; if ae Aj\
(Hi_1UHj)for1<j<n-—1. Let G, =G,_1 *p, | Ay and let x € A;\(H;—1 U
H;). We shall show that Cg, (x) C A;.

CASE | (x € A; for some 1 <i<n—1). Clearly x € G,—1\H,—1. Let ye€
Cg,(x). Since x € Aj\H,—j for 1 <i <n —1and H,_| C Z(A,), by Lemma 2.6,
x is not in any conjugate of H,_1 in G, = G,_1 *p, ; A,. Thus, by [8, Theorem
4.5, p. 209], either (i) y is in a conjugate of H,_1 in G, or (ii)) y € G,—;. We shall
show that (i) also implies that y € G,_1. For this, let y = g~'hg, where g € G,
and h € H,_1. Let g=ujus---u, be an alternating product of the shortest length
in G, =G,_1 *p, , A, such that y = g‘lhg. Since h € H,_1 C Z(A,), we may
assume that u; € G,,_; and ul_lhul # h. Then, by Lemma 2.6, ul_lhul ¢ H,_1.
We shall show that g € G,_1, that is r <1. Suppose that r >2. Then y=

-1

7S uz_l(ul_lhul)uz -+ - u, is areduced element of length 2r — 1. Since xy = yx,

-1

xu,

e ugl(ul_lhul)uz e Uy = ur_1 e uz_l(ul_lhul)uz ce UpX. 3.6)

If u, € A\ H,—1 then both sides of (3.6) are cyclically reduced of length 2r. Since
x € Gp_1\H,_1, this is impossible. Hence u, € G, _1\H,—1. Since r > 2, this implies
from (3.6) that xur’l = u;lk for some k € H,,_1. Then, by Lemma 2.6, x = k which
is also impossible. Hence r <1, that is, g € G,_;. Thus y =g 'hge G,_; and
y € Cg,_, (x). Therefore, by induction, y € A;.

CASE 2 (x € Ay). Let y € Cg, (x). Since x € A,\H,—1, as in Case 1, either (i) y
is in a conjugate of H,_1 or (ii) y € A,,. We shall show that (i) implies that y € H,,_;.
As before, let g = ujus - - - u, be an alternating product of the shortest length in G,, =
Gu—1*n, | Ay such that y = g’lhg, where h € H,_1, u; € G,_1 and ul_lhul #* h.
Suppose that r > 1. If u, € G,—1\H,—1, then both sides of (3.6) are cyclically
reduced of length 2r. Since x € A,\ H,—1, this is impossible. Hence u, € A,\ H,_1.
Then (3.6) implies that xu;_ll e uflhul U = u;_ll .- -uflhul ce e Up_]X.
Since x € A,\H,—1 and u,_1 € G,,—1\ H,—1, this is also impossible. Thus r = 0, that
is, g € H,_;. This implies that y = g~ 'hg € H,_| C A,. O

LEMMA 3.4. Let G, be as in (3.4) and H, < Z(A,). Then maeGn (Cg, (a)Hy)
= Z(G,)H,.

PROOF. Recall that A; # H;—; and A; # H; for each i and that Z(G,)
=H N---NH,_;1=H N H,_1 (see [8, p. 211]).
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Clearly there exist x; € A{\H; and x, € A,\H,—1. We shall show that
Cg,(x1)H, N Cq, (xy)H, C Z(G,)H,. Let x € Cg,(x1)H, N Cgq, (x,)H,. Then
x =arhy = ayh,, where a; € Cg,(x;) and h; € H,. Then, by Lemma 3.3, a; € A;
and a, € A,. Hence aj =ayh,hy' € AN A, =H N H, =Z(Gy,). It follows
that x =ajhy € Z(G,)H,. Thus Cg, (x1)H, N Cg, (x,)H, C Z(G,)H,. Therefore
Nacc, (Ca,(@)Hy) = Z(Gy) Hy as required. O

THEOREM 3.5. Let G, be given by (3.4), where the A; are finitely generated
Abelian groups. Then G,, has Property E.

PROOF. We shall prove the theorem by induction on n. Since G| = A is Abelian,
clearly G has Property E. By Corollary 3.2, G has Property E. Suppose that n > 3
and G, has Property E. Considering G, = G,,—1 *g,_, An, we need to show (C1)
and (C2) in Theorem 3.1. By Lemma 3.4, (C1) holds. To prove (C2), leta € A1\ H;.
Then a ¢ H,_1 and by Lemma 2.6, {a}9n-1 N H,_| = ¥. Hence (C2) holds. Thus, by
Theorem 3.1, G, has Property E. U

Since tree products of finitely generated Abelian groups are conjugacy
separable [7], we have the following result from Theorem 2.4.

THEOREM 3.6. Outer automorphism groups of tree products of finitely generated
Abelian groups are RF.

If G = A #p=pn (b), where b is of infinite order, then we say that G is obtained
by adjoining an mth root to an element of the group A (see [9, 10]). In the case of
adjoining a root, we prove the following criterion which is simpler than Theorem 3.1.

THEOREM 3.7. Suppose that A has Property E and satisfies:
(CD) Naea(Cala) (h)) = Z(A) (h).
Then G = A xp—pm (b) has Property E.

PROOF. Let « be a conjugating endomorphism of G and «(g) = kglgkg forg e G.
Without loss of generality, we can assume that o (b) = b.

CLAIM. We show that, for each a € A, we can choose k, in (b).

PROOF. Let a € A\(h) and k; =ujuy---u, be an alternating product of the
shortest length in G such that a(a) = k 'ak,. We shall first show that r < 1. Suppose
that » > 2. Then, as in the proof of Theorem 3.1,

ab ~g a(ab) ~¢ ur__ll cee uz_l . ul_lam CUD o Up_] - urbufl. (3.7)

(1) Suppose that u; € A. Since uy € (b), we may assume that uflaul ¢ (h). In

this case, if u, € A then the right-hand side of (3.7) is cyclically reduced of length 2r.

If u, € (b) then the right-hand side of (3.7) is cyclically reduced of length 2(r — 1).

Since the left-hand side of (3.7) is cyclically reduced of length 2, (3.7) does not hold
if » > 3. Thus we assume that ul_laul ¢ (h) and r = 2. Then (3.7) implies that
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ab ~¢ ul_lauluzbugl = ul_laulb. (3.8)

Thus, by Theorem 2.5, ab ~ ) ul_]aulb. This means that a = h_"'ul_laulhsl and
b =h"*1bh*® for some s, s;. Since h € (b), we have s = s and ul_laul =h*ah™".
Then a(a) = uz_lul_lauluz = uz_l(hsah_s)uz. Thus we may choose k, =h™*uj €
B. This contradicts that » > 2 is the smallest length of k, such that «(a) =k Lak,.

(2) Suppose that u; € (b). If u, € A then the right-hand side of (3.7) is cyclically
reduced of length 2(r + 1). If u, € (b) then the right-hand side of (3.7) is cyclically
reduced of length 2r. Since r > 2 and the left-hand side of (3.7) is of length 2, both
cases cannot occur.

Therefore r < 1. Thus (i) k, =u; € A or (ii) k, = u; € (b). If k, = u; € A then,
by (3.7), ab ~¢ ul_laulb. Hence, as above, a =h_su1_1au1hs for some s. Thus
a(a) = ul_laul = h’ah™*. This implies that we can choose k, = h™° € (b). Hence, in
both case (i) and (ii), k, € (b) foreach a € A\ (h). Since a(b) = b, a(h') = h' for all i.

Thus the claim holds. O

Let a € A\(h) be fixed and x € A\(h) be arbitrary. By our claim, we can
assume that k, = w € (b) and ky € (b). Then ax ~¢ a(ax) = w law -kx_lxkx ~G
awkx_lxkxw_l. Since a, x € A\(h), kyw™' € (h). Hence ky = h**w where s
depends on x.

Let w=Innw ' ow. Then @ is also a conjugating endomorphism of G and
(a) =ww law)w™! =a, @(x) = wk; 'xky)w™! = h=xxh’ for each x € A\ (h).
Moreover, @(b) = w™ ! (a(b))w = w'bw = b. Since h € (b),@(h’) = h' foralli. Let
sy = 0for x € (h). Then a(x) = h—S*xh** for each x € A. Thus « restricted to A is a
conjugating endomorphism of A. Since A has Property E, « restricted to A is an inner
automorphism of A. Let g € A such that @(x) = g~ 'xg forall x € A. Thus g~ 'xg =
h™Sxxh% for each x € A. Hence gh™ € C4(x). This implies that g € C4(x) (h)
for all x € A. Since (), c4(Ca(x) (h)) =Z(A) (h) by (Cl), g =zh" for some r
and z € Z(A). Thus a(x) =h~"xh"” for all x € A and «(b) =b =h""bh". Hence
o =Inn 4" and « is an inner automorphism of G. Therefore, G has Property E. O

4. On Brauner’s groups

In [10], Stebe studied the cyclic subgroup separability of Brauner’s groups. In this
section we prove that the outer automorphism groups of these groups are residually
finite. These groups are given by:

(1) the group of a single knot on a torus,

() * ()

xn = ym
(2) the group for the linkage of a torus knot with a circle,

(e, ysleyl) ok (2);

xnym =z
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(3) the group for the linkage of a torus knot with circles within and outside the torus,

boyeleyl) | (@ bilas Dl

xnym = a
(4) the group of the linkage of torus knots,

a *  (x1, y1:[x1, y1l * x2, ¥2 1 [x2, ¥2] * .
(a) 5l<1y1 1> 1) . 52< y y)azﬂ2 N

am = x Yy =5 YT =4
w /3* 5 (Xns> Y [Xn, yul) * (Xn+1);
—1 1 1
xnﬁl ynil = xnn Xg")’f" = nrj:{

(5) the group of a hose knot,

Ar=_p1) * Aq1) * Aq2) x - *x (qr),
r_ M [ p—_ ha = g3 hy = g
Py =49 2 =4, 3 =43 r=dr
Where hi — :11 —ni— lmlqlmll ]ml’ pl — ql u]z ]pll 1l —nj-2Uj— lqlrn_122ul l’ qO — 1’

no=0and m;k; = n;u; + 1 (see [5]).

Since the first four groups are tree products of finitely generated Abelian groups
amalgamating cyclic subgroups, they are conjugacy separable [7]. By Theorem 3.5,
they have Property E. Hence outer automorphism groups of those groups are residually
finite (Theorem 3.6). Thus we can state the following theorem.

THEOREM 4.1. QOuter automorphism groups of groups given by (1)—(4) above
are RF.

The only case left is the outer automorphism group of the group A, of a hose knot
in (5) above. The group A, is obtained by repeated adjoining roots. Thus, applying
Theorem 3.7, we shall show that A, has Property E (Theorem 4.5). We first note some
properties of A,.

(1) Without loss of generality, we can assume n # £1 and m; # +£1.

2) hiy = plnfl‘ T g s cyclically reduced of length > 1 in A; =
Ai1 %, _ mi(qi) (see [11, p. 89]).

(3) Clearly Z(A) = (p|') and Z(A,) =1 forr > 2.

(4)  Ca,(gi) = (qi) foreach .

LEMMA 4.2. Let A| be defined by (5). Then ﬂaeAl (Ca,(a) (h2)) = Z(Ay) (h2).

PROOF Consider A = A;/Z(A)). Then Ay = (p,,q,:P]'. q,") = (P, :2’1“) *
(@, :q,") and hy = (q_ul_llq)"rnlmz. We shall first show that ﬂEeZl (Cz,@) (h2)) =

(E) For this, let ¥ € Nz, (Cx, (@) <Ez>) Suppose  that ¥ ¢ ( (hy).  Since
X € Czl (py) (h2) N 3, (q)) (ha), x= p1h2 _q1h2 for some i, j and some

Py, 7 | ¢ (h2). Then El_ﬂﬁ‘f =h2 . Since hy = (g, L”p]]q)”2 mm2 g cyclically
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——f—a _ 7EIl —B _ ——u

reduced of length 2(ny —nymo) > 2, q,"py =h, . Moreover, g, =¢q, ' and
Py =ﬁ'1q. Since m1k; = njuy + 1, (ny, m;) = 1. Thus, either |ny| # 2 or |m;| # 2.
We can choose non-trivial elements ﬁf, q suoh that either ﬁ‘f # 1Y or_ﬁi # El_ﬁ .
Let w= qjﬁfqﬁ. Since x € ﬂaeﬁl (Cz,@) (h2)), X € Cy, (w~'p,w) (hy). Thus
X =p%hy = w”ﬂwﬁ’; for some A k. Hence p/*w 'plw= E;ﬁk, that is,
PGP A P ETIT = 0, = 307 - (Br°g)). This implies  that
El_c = q’f and ﬁl_d = ﬁl_“, contradlctlng our choice of either g or ﬁ‘f. Hence x €
(h,), proving that HEEE (Cz,@ {h2)) C (h2). Therefore ﬂaexl Cz, @) (ho) = (ho).

To prove ﬂaeAl (Ca,(a) (h2)) = Z(A1) (ha),letx ¢ Z(A1) (h2). ThenX ¢ (h2) in
Ay =A1/Z(Ay). Since (Nzez, Cx, @) (h2) = (ha) by the above, there exists @ € A
such that X ¢ Cy (a) (hy). Then x ¢ Ca,(a) (hy). Thus x ¢ ﬂaeAl(CAl(a) (ha)).
This shows that haeAl(CAl(a) (hp)) C Z(A1) (h2). Hence ﬂaeAl(CAl(a) (h2)) =
Z(Ay) (h2). U

LEMMA 4.3. Forr > 2, there exists c € A,_1\{(qr—1){h;).
PROOF. We have two cases.

CASE 1 (r=2).Let A = A1/Z(A;) as before. Then A} = (P, : p|') * (g, : q}")
and hy = (ﬁ_ul_kl)"z_’“m2 Since (n1, m;) =1, either |71 75 2 or |my| # 2. Then we
can choose non-trivial elements pY, q’f such that Iz q1 #D, ki ”1 . We shall show that

plql ¢ (q,)(h2). Suppose that p% p]q1 _qlhz for some i, j. Then
—a—=B _ —i (=—u1—=ki\(no—nimy)j 4.1
plql—ql(ql Pl) . 4.1

If |(ny — nymy) j| > 2, then the right-hand side of (4.1) is of length at least 3. Since the
left-hand side of (4.1) is of length 2, (4.1) does not hold. Hence |(ny — nym»)j| = 1.
Then the only possible case of (4.1)isi =0 and (n, — nymy)j = —1, that is, ﬁ?ﬁf =

——ki— u1

12 . This clearly contradicts the choice of p lq’f Hence p 1(]’13 ¢ (ﬁl)(ﬁz). Let

c= P‘f‘]f Then ¢ ¢ (q1)(h2) as required.

CASE2 (r>3).Let N=(p|'. g2, ..., gr—1)* 1 andlet A,_; = A,_;/N. Then

A =P Py g ) = (P, g, : Py gy @

uj kl)nz n1m2>

Then p; —pl’ S and by =p] "™ for i > 3. Hence hy, € (p,) C (pa).
Thus (7, ;) (hr) = (hr) C (), where B, =7, "' B}, Since A,_i # (p,). there
exists ¢ € A,_1\(p,). Then ¢ ¢ (h,). Let c be a preimage of ¢ in A,_;. Then

c € Ar_1\{gr-1){h,), as required. o
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LEMMA 4.4. Forr = 1, (Nyea (Ca, @) (hy11) = Z(A,) (hys1).

PROOF. The case of r =1 is proved in Lemma 4.2. So we consider r > 2.
Since Z(A,) =1 for r > 2, we shall show that ﬂaeAr (Ca, (@) (hrg1)) = (Brg1)-
Letx € ﬂaeAr (Ca, (@) (hry1)). Suppose that x ¢ (h,41). Then x € C4, (gr) (hr41) N
Ca,(qr-1) (hr+1). Since Ca,(qr) =(qr), Ca,(gr—1) ={(gr-1) and x & (h,41), we

o . for some i, j, s1, s, where qﬁ, qrj_1 ¢ (h,+1). Hence

i _ 52
have x =gq,h, . =g, 1,7,

ol = @2)
Since h,41 is cyclically reduced of length > 1 in A, = A,_1 *¢;,) (qr) and the

left-hand side of (4.2) is of length at most 2, equation (4.2) implies that s; —
sy ==1 and hrﬂ] :qr__jlqﬁ is cyclically reduced of length 2. Hence qﬁ ¢
(h;) = (g;""). By Lemma 4.3, there exists ¢ € A,_1\{(g,_1)(h,). Let w=cq,c.
Since x € ﬂaeA,- (Ca, (@) (hry1)), x € Cy, (wqr_lw’l) (hr+1). Hence x = qﬁhiﬂrl =
wqf_lw_lhiil for some e, s3, where g¢_, # 1. Since h, is cyclically reduced of

length > 11in A,_1 =A,_» = g (qr—1), we have qf_l ¢ (h,). This implies
that hiﬂ:ls’z =g, wq’_, y)_l =g, cqreqt_c7 g ¢!, which is cyclically reduced

in A,. Since hﬂl =q, 4.,
g careqf 7l T =g el ) (a7l @Ml DMl 43

Hence‘ there exist hy', ..., h® such that ¢= ‘1}/—1}1;1’ ar =h; "¢ h?, c=
hy%q! h?, .. g =hCg hS, and ¢ =h, g’ . Thus c € {gr—1)(h),
which contradicts the choice of c. Therefore x € (hy41). This implies

that (Nyeq, (Ca, (@) (hr41)) C (hr41).  Hence (N,eq, (Ca, (@) (hry1) = (hry1) =
Z(A;) (hyy1) forr > 2. |

Applying Theorem 3.7, we have the following theorem.
THEOREM 4.5. The group of a hose knot has Property E.

PROOF. Clearly A; has Property E by Corollary 3.2. By Lemma 4.2 and
Theorem 3.7, Ar = Ap % hy = g™ (g2) has Property E. Inductively, suppose that A,_1
- 12

has Property E. Then A, = A,—_j %, _ g (ar) has Property E by Lemma 4.4 and
Theorem 3.7. u

We note that the group of a hose knot is conjugacy separable [11]. Thus, applying
Theorems 2.4 and 4.5, we have the following theorem.

THEOREM 4.6. Outer automorphism groups of hose knot groups are RF.

Consequently, we have shown that the outer automorphism groups of all Brauner
groups stated at the beginning of this section are residually finite.
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PROBLEM. Are outer automorphism groups of conjugacy separable 1-relator
groups residually finite?

(1]

[9]
(10]
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