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A Class of Abstract Linear Representations
for Convolution Function Algebras over
Homogeneous Spaces of Compact Groups

Arash Ghaani Farashahi

Abstract. 'This paper introduces a class of abstract linear representations on Banach convolution
function algebras over homogeneous spaces of compact groups. Let G be a compact group and H a
closed subgroup of G. Let u be the normalized G-invariant measure over the compact homogeneous
space G/H associated with Weil’s formula and 1 < p < oo. We then present a structured class of
abstract linear representations of the Banach convolution function algebras L? (G/H, u).

1 Introduction

The mathematical theory of Banach convolution algebras plays significant and clas-
sical roles in abstract harmonic analysis, representation theory, functional analysis,
operator theory, and C*-algebras, see [1-3, 10,15, 21, 22] and the references therein.
Over the last decades, some new aspects and applications of Banach convolution al-
gebras have achieved significant popularity in time-frequency (Gabor) analysis and
coorbit theory, see [4-6,11] and the references therein.

The following paper introduces the structured class of linear representations over
the Banach function algebras related to homogeneous spaces (coset spaces) of com-
pact groups. In a nutshell, homogeneous spaces are group-like structures with many
interesting applications in mathematical physics, differential geometry, geometric an-
alysis, and coherent state (covariant) transforms, see [16-20].

Section 2 is devoted to fixing notations and provides a summary of classical har-
monic analysis over compact groups and homogeneous spaces (left coset spaces) of
compact groups. Let G be a compact group and H a closed subgroup of G. Let u
be the normalized G-invariant measure over the homogeneous space G/H associ-
ated with Weil’s formula and 1 < p < oco. In section 3 we study abstract harmonic
analysis over the Banach function spaces related to homogeneous spaces of compact
groups. Then we introduce the abstract notion of generalized convolution and invo-
lution for L?-function spaces over homogeneous spaces of compact groups. We also
study properties of these convolutions and involutions. Finally, we shall introduce
a class of structured linear representations over function sub-algebras of the Banach
convolution function algebras L? (G/H, u) and we address properties of these repre-
sentations.
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2 Preliminaries and Notations

Let X be compact Hausdorff space. By C(X) we mean the space of all continuous
complex valued functions on X. If y is a positive Radon measure on X, then for each
1 < p < oo, the Banach space of equivalence classes of y-measurable complex valued
functions f: X — C such that

Il = (f 1FCPdue)) " < o0

is denoted by L? (X, ). It contains C(X) asa | - | 1»(x, ,)-dense subspace.

Let G be a compact group with the probability Haar measure dx. For p > 1 the
notation L?(G) stands for the Banach function space L? (G, dx). The standard con-
volution for f, g € L?(G) is defined via

frog®) = [ F(0e0x)dy (x<G).

The involution for f € L?(G), is defined by f*G (x) = f(x7!) for x € G. Then the
Banach function space L? (G) equipped with the above convolution and involution is
a Banach x*-algebra, that is,

(2.1) If *c glp < fl5lgllp
(22) (frcg) =g *6 1,

forall f, g € L?(G), see [7,15,22] and the references therein.

Any continuous unitary representation (7, 7, ) of G determines a non-degenerate
*-representation of the Banach *-algebra L? (G) on the Hilbert space 3, via the lin-
ear map f — 7(f) given by the following operator valued integral [7, Theorem 3.9]:

(2.3) w(f) = [ f)m(xdx.

It is also shown that each non-degenerate *-representation of the Banach *-algebra
LP(G) on a Hilbert space H arises from a unique continuous unitary representation
of G on the Hilbert space H via (2.3)[7, Theorem 3.11].

Let H be a closed subgroup of G with the probability Haar measure dh. The left
coset space G/H is interpreted as a locally compact homogeneous space, and G acts
on it from the left. The map q: G — G/H given by x — g(x) := xH is the surjective
canonical map. The classical aspects of abstract harmonic analysis on locally compact
homogeneous spaces have been quite well studied by several authors, see [7,15,22] and
the references therein. The function space C(G/H) consists of all functions Ty (f),
where f € €(G) and Ty (f)(xH) = [, f(xh) dh. Let u be a Radon measure on G/H
and x € G. The translation y, of y is defined by y, (E) = u(xE) for all Borel subsets E
of G/H. The measure y is called G-invariantif y, = y forall x € G. The homogeneous
space G/H has a normalized G-invariant measure y that satisfies Weil’s formula

(2.4) fG o THC) GeH) dp(eH) = fG F(x) dx,
and hence the linear map Ty is norm-decreasing, that is,

I Te()leo/ep < 1flno)s
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forall f € L'(G), see [22, §8.2].

For a function ¢ € LP(G/H, u) and z € G, the left action of z on ¢ is defined
by L.o(xH) = ¢(z'xH) for xH € G/H. Then it can be readily checked that
L,:L?(G/H,u) - L?(G/H, u) is a unitary operator.

3 Classical Harmonic Analysis over Function Spaces on Homoge-
neous Spaces of Compact Groups

Throughout this paper we assume that G is a compact group with the probability Haar
measure dx, H is a closed subgroup of G with the probability Haar measure dh, and
u is the normalized G-invariant measure on the compact homogeneous space G/H
satisfying (2.4) with respect to the probability Haar measures of G and H. Henceforth,
we may say 4 is the normalized G-invariant measure over the compact homogeneous
space G/H, at times.

The following proposition shows that the linear map Ty: €(G) - C(G/H) is uni-
formly continuous [8,9,12-14].
Proposition 3.1 'The linear map Ty: C(G) — C(G/H) is uniformly continuous.

The next theorem [13,14] proves that the linear map Ty is norm-decreasing in other
L?P-spaces when p > 1.

Theorem 3.2  Let y be the normalized G-invariant measure on G/H, and p > 1.
The linear map Ty:C(G) — C(G/H) satisfies | Tu(f)lr(c/mu) < I flLecc) for all
f € C(G). Hence, it has a unique extension to a norm-decreasing linear map from
LP(G) onto LP(G/H, ).

As an immediate consequence of Theorem 3.2 we deduce the following corollary.

Corollary 3.3  Let y be the normalized G-invariant measure on G/H, and p > 1. Let
@ € LP(G/H,p) and ¢4 := ¢ o q. Then ¢, € LP(G) with

(.1 leqlzrcey = l@liecarmmm-
Proof Indeed, using Weil’s formula, we can write
I9allniey = [ loaCl dx= [ Tullpgl?)(xH) duCeh)
= h)|Pdh) du(xH),
oy L oo Ceml? di) dp(e)
and since H is compact and dh is normalized, we get
p - p
oy L oottt dn) duer) = [ ( [ lp(hmDI? dh) du(sH)
= H)[Pdh) du(xH
Sl loGEDI ) duaCer)
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= [l GHIP( [ dh)duen)
= [l G du(e),
which implies (3.1). u

The next proposition shows that the linear operator Ty: L*(G) — L*(G/H, ) isa
partial isometric linear map.

Proposition 3.4  Let y be the normalized G-invariant measure on G/H. Then
Ty L2(G) » L*(G/H, )

is a partial isometric linear map.

The following corollaries are straightforward consequences of Proposition 3.4. Let
J*(G,H) :={f € L*(G) : Ty(f) = 0} and let J*(G, H)* be the orthogonal comple-
ment of the closed subspace J*(G, H) in L*(G).

Corollary 3.5  Let Py2(g ) and Py (g m): be the orthogonal projections onto the
closed subspaces J*(G, H) and J*(G, H)* respectively. Then for each f € L*(G) and
for almost everywhere x € G we have

Py(omy (f)(x) = Ta(f)(xH),  Pypeu)(f)(x) = f(x) - Tu(f)(xH).

Corollary 3.6  Let y be the normalized G-invariant measure on G/H.

(i) G H)' ={yg=yoq:yel*(G/H,u)}

(ii) For f € J*(G,H)* and h € H, we have Ry, f = f.

(iii) Fory € L>(G/H, ), we have |yql 126y = |W] 126 /m.u)-

(iv) For f,ge€d*(G,H)*, we have (Tu(f), Tu(g))12(c/m.u) = (f>&)r2(6)-

Remark 3.7. Invoking Corollary 3.6, one can regard the Hilbert space L*(G/H, u) as
a closed subspace of L*(G), i.e., the closed subspace consists of all f € L*(G) that
satisfy Ry, f = f for all h € H. Then Theorem 3.2 and Proposition 3.4 guarantee that
the linear map Ty: L?(G) — L?(G/H, u) c L*(G) is an orthogonal projection onto
L*(G/H, p).

4 Banach Convolution Algebras over Homogeneous Spaces of
Compact Groups

In this section we present the abstract structure of function *-algebras over homoge-
neous space (left coset spaces) of compact groups.
Let C(G: H) :={f € C(G) : R,f = f Yh € H}. Then one can define

A(G:H):={feC(G):L,f=fforheH},
A(G/H) :={9€C(G/H): Lyp = ¢ forhe H}.
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For 1< p < oo, we define
AP(G:H):={feL?(G):L,f = fforheH},
AP(G/H,p) :={p € LP(G/H,p) : Lyp = ¢ for h € H},

where L, f(x) := f(z7'x) and R, f(x) := f(xz), for z, x € G.
It is easy to see that A?(G/H, u) is the topological closure of A(G/H) in

LP(G/H, p)

and hence it is a closed linear subspace of L? (G/H, p). One can also readily check
that AP (G: H) is the topological closure of A(G:H) in L?(G) and hence it is a closed
linear subspace of L?(G).

Remark4.1. Let G be a compact group and let H be a closed normal subgroup of G. Let
p be the normalized G-invariant measure over the left coset space G/H and 1 < p < oo.
Let ¢ € C(G/H) and t € H. Then, for xH € G/H, we have t 'xH = xH. Hence we can
write Lyp(xH) = ¢(t'xH) = ¢(xH). Thus we deduce that ¢ € A(G/H). Therefore,
A(G/H) = C(G/H) and also A?(G/H, u) = L?(G/H, ) if H is normal in G.

We continue by listing some basic observations.

Proposition 4.2 Let y be the normalized G-invariant measure on G/H. Then

(i) Ty maps C(G:H) onto C(G/H).
(i) Ty maps A(G:H) onto A(G/H).
(iii) Ty maps AP(G:H) onto AP(G/H, ).

Proof (i) This is straightforward.
(ii) Let f € A(G:H), x € G, and t € H. Then we have

LiTu(H)(H) = Ta(F)('xH) = [ f(7 ) dh= [ fch)dh = Tu(f)(xH),

which implies that Ty(f) € A(G/H). Let y € A(G/H). Then y, € A(G:H) and
Ty (v4) = . Hence, we deduce that Ty maps A(G:H) onto A(G/H).
(iii) Using (i) and since A(G:H) is dense L?(G:H) and A(G/H) is dense in

AP(G/H)
as well, we conclude that Ty maps A?(G:H) onto A?(G/H, ). [ |

Proposition 4.3  Let G be a compact group and H be a closed subgroup of G. Let p
be the normalized G-invariant measure on G/H and f, g € L'(G).

(i)  For almost everywhere x € G we have
T(fw )(cH) = [ ([ FOO( [ oy ch) an) dr) au(ym).
(ii) For g e AY(G : H) and almost everywhere x € G we have

Tu(f %6 )(xH) = [ Ta(H)(yH)Tu(g) (y 'xH) du(yH).
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Proof (i) Let f,g € L'(G) and x € G. We can write

Ta(f +6 (cH) = [ frcgtamydh= [ ( [ f(ng(xh)dy) dn

Then, using Weil’s formula, we get

Ta(f +6 H) = [ ([ f0)g(rxh) dy) dn
- [ L 50080 sh) a) dutyn) dn
:f fG/H ff()’t)g(t A xh)dt) du(yH)) dh

:/G/H /Hf y1) fg(fl “Ixh) dh) dt) du(yH).

(ii) Now suppose that g € A'(G:H). Thus L,g = g for all t € H. Then using (i) and
the fact that H is compact, we have

Tu(f *6 )GeH) = [ ([ FOn( [ ey xh)dh) dr) du(ym)
= Ll O 8 k) an) dr) du(yr)
fG/H ff(yf)dt fg(y‘lxh)dh) du(yH)
= [ TG Tia(g) (' H) du(yH). .

For y € (G/H), let Jy: G/H — C be given by Jy(xH) := [, w(hxH) dh, for all
xH € G/H. Then J:C(G/H) — C(G/H) given by v — Jy is a linear operator.

Remark 4.4. Let G be a compact group and let H be a closed normal subgroup of G.
Then for all x € G and h € H, we have hxH = xH. Hence, for y € C(G/H) we get

Tw(xH) = fH y(h 'xH) dh = fH w(xH) dh = y(xH).

Thus we deduce that the linear operator J: C(G/H) — C(G/H) is the identity operator
if H is normal in G.

The following theorem presents basic properties of the linear operator J in the
framework of abstract harmonic analysis.

Theorem 4.5  Let u be the normalized G-invariant measure over G [H.
(i) Foreach1< p < ooandy e C(G/H) wehave |Jvy|Loc/m,u) < 1Vlle(o/m,p)-
(ii) ] maps C(G/H) onto A(G/H).
(iii) [ is a projection onto A(G/H).
Proof (i) Let1< p < oo and y € C(G/H). Using compactness of H we get
p - p = 4
UV iy = f g WD dieCett) = L1 [ yGret) dh” dyer)

< fG » fH ly(hxH)|Pdh du(xH).
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Again using compactness of H and replacing x by h™'x, we get
p = p
oy Sl duCertyan= [ ([ (e duCer) di
_ P du(h
I fG/H ly(eH)|? du(h™'xH)) dh
= p
S i duen) d
— P
= ”‘//”Lp((;/H,H)-
(ii) Let y € C(G/H) and ¢ € H. Then we have
- -1 — -1 — —
LoJy(xH) = Jy(t'xH) = fH w(ht 'xH) dh = fH y(hxH) = Jy(xH),

for all x € G. This implies that Jy € A(G/H). Now suppose that v € A(G/H). Then
we have Jy(xH) = [, w(hxH)dh = [,y(xH)dh = y(xH), for all x € G. Thus
Jw = y. Hence, we deduce that ] maps C(G/H) onto A(G/H).

(iii) Let y € €(G/H) and x € G. Then using the fact that Jy € A(G/H), we have

10v) (<) = [ Ty(hxtnyan = [ (e an = Jy(em),

which implies that J(Jw) = Jy. Hence, we deduce that J o J = J. Also, since the range
of the linear operator ] is precisely A(G/H), we conclude that ] is a linear projection
onto A(G/H). [ |

Then we deduce the following consequences.

Corollary 4.6  Let y be the normalized G-invariant measure on G/H and1 < p < oo,

(i)  The linear operator J: C(G/H) - A(G/H) has a unique extension to a bounded
linear operator J,: LP(G/H, u) - AP(G/H, u), satisfying

Wpwlecrmuy < 1WlLecormm)-

(ii) The linear operator J, maps LP(G/H, u) onto AP(G/H, ).
(iii) The linear operator J, is a projection onto A?(G/H).

Remark 4.7. Let G be a compact group and let H be a closed normal subgroup of G.
Let 1 < p < co. Then the extended linear operator J,: LP(G/H, u) - AP(G/H, u) is
the identity operator.

Definition 4.8 Let G be a compact group, H a closed subgroup of G, and y the
normalized G-invariant measure over G/H. For ¢,y € C(G/H),let 9 /g y: G/H —
C be given by

(4) o V(xH) = [ o(H)Iy(y " xH) du(yH),

forall xH € G/H.
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Remark 4.9. Let G be a compact group and H a closed normal subgroup of G. And
let 9, ¥ € C(G/H) and x € G. Invoking Remark 4.4, the linear map ] is the identity
operator and hence we have

9 xym V(sH) = [ (yH)Iy(y ™ xH) du(yH)
=fG/H</>(yH)1//(y‘1xH) du(yH)
= [ POV HH) dy(yH)
= [, POHV(H) <H) du(yH),

for all xH € G/H. Hence, we deduce that the convolution defined by (4.1) coincides
with the canonical convolution over the quotient group G/H if H is normal in G, see
[1,22].

The following results state interesting properties of the convolution *¢/g.

Proposition 4.10  Let y be the normalized G-invariant measure over G/H; let ¢,y €
C(G/H). Then we have

D) (9 *a/mV¥)q = Pq %6 Vo

(i) ¢ *g/my=Tu(9q*c ¥q)»

(iil) L.(¢ *g/my) = (L) *G/m V.

Proof (i) Let x € G. Then using Weil’s formula, we have

0356 ¥a(x) = [ 0w dy= [ o(H)Y( 7 xH) dy

— -1
= [ o0y (n) 5t dh) dutyi)
- -1.-1
= fG/H( qu)(yH)w(h y"'xH)dh) du(yH)
= -1, -1
= fG/pr(yH)(wa(h y"'xH)dh) du(yH)

) fG/H o(yH)Jy(y™'xH) du(yH) = ¢ *g/m y(xH),

which implies that (¢ *g/u ¥)q = ¢4 *c¢ Vq-
(ii) Let x € G. Invoking the definition of % and since H is compact, we can write

Ta(0y *6 va)eH) = [ 9q v va(xh) dh= [ ([ 9,(w,(7'xh) dy) dn
- [ ([ oGmy(y xhH) dy) dh

= [ ([ oGty smydy) dh= [ o(rmy(xt) dy,
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Thus, using (i), we get
Tu(9q %6 va) (H) = [ oH)Y(7 xH) dy = 9y %6 Yy ()
= (¢ *G/H V)g(x) =9 *G/H v(xH),

implying that ¢ *G/g v = Tu(@q *c ¥q)-
(iii) Let z € G. Then we can write

Le(g oy V) (sH) = 9 oy (e ) = [ o(yH)Ip(y ™z eH) dp(yH)
_ -1
= [, POHIV((2y) xH) dp(yH).
Replacing y by z™'y and using the fact that y is G-invariant, we get
-1 _ -1 -1 -1
fG/H ¢(yH)Jy((zy)” xH) du(yH) = fG/H ¢(z" yH)Jy(y xH) du(z" yH)
— -1 -1
/G/H ¢(z"yH)Jy(y~xH) du(yH)
_ -1
= [ L GHIY G cH) dy(yH)
= (L) *g/u v(xH). u

Proposition 4.11  Let y be the normalized G-invariant measure over G/H; let f, g €
C(G) with f € C(G:H). Then we have Ty(f+cg) = Tu(f) *g/u Tu(g). In particular,
forallp € C(G/H) and g € C(G), we have Ty (94 *6 &) = ¢ *c/u Tu(g)

Proof Let f,g € C(G) with f € C(G:H). Then using Proposition 4.3, for x € G, we
get

Tu(f xo )e) = [ ([ FO0( [, a(7y™xh) dh) di) du(ym)
= [ SO [ [ 8y xn) an) at) du(yr)

G/H
:/G/H TH(f)(yH)(/H([Hg(t_ly_lxh)dh) dt) du(yH)
= [ N0 [ Tale)(x'y ) dt) du(yH)
= [y TG (Ta(@)) (' H) du(yH)
= Tu(f) *o/u Tu(g)(xH).
Now let ¢ € €(G/H). Then f := ¢, € €(G:H). Thus we get
Ti(9q *6 8) = Tu(9q) *o/m Tu(g) = @ *6/m Tu(g)- .

Remark 4.12. Let H be a closed normal subgroup of a compact group G. Let y be
the normalized G-invariant measure over G/H. Then y is a Haar measure over the
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quotient group G/H. Then using Proposition 4.3, for x € G and f, g € €(G), we can
write

Tu(f *o )e) = [ ([ FO0( [, oGy xh) dh) di) duym)

= [l f o an( [ et ey dn) ducym)

= [ T ) Ta(e) () dia(yH)
= Tu(f) *¢/u Tu(g)-

This property of convolution over quotient groups has appeared in [22] as well.

Henceforth, we call ¢ * g/ y the convolution of ¢ and y. It is easy to check that the
map g/ C(G/H) x C(G/H) — C(G/H) given by (¢,¥) = ¢ *g/g ¥ is bilinear.
Also, it can be readily seen that the linear space C(G/H) with respect to *g/y as
multiplication is an associative algebra. It should be mentioned that the associativity
of the convolution * ¢,y follows from Proposition 4.10 (i) and (ii).

The next result shows that the associative algebra €(G/H) with respect to the norm
|- lze(G/H,p) is @ normed algebra, for all 1 < p < oo.

Theorem 4.13  Let y be the normalized G-invariant measure on G/H and1 < p < oco.
Then, for all ¢,y € C(G/H), we have

le *G/H I//HLP(G/H,y) < ”(PHLP(G/H,pt)HWHLP(G/H,[A)~

Proof Let ¢,y € C(G/H)and1 < p < oo. Then, using (2.1), (3.1), and Proposi-
tion 4.10, we have
lo *6/u Wlreo/mu = 1(9 *6rm ¥)qlirie) = 9q *6 ¥qlir(e)
<logleeaylvalieey = l@lleormmlvlcecimy- ™
Then we can present the following interesting result.
Theorem 4.14  Let y be the normalized G-invariant measure on G/H and 1< p < oco.
The convolution map *y: C(G/H) x C(G/H) — C(G/H) given by (4.1) has a unique
extension to *Z/H:LP(G/H,‘M) x LP(G/H,u) - LP(G/H, u), in which the Banach
function space LP (G/H, ) equipped with the extended convolution is a Banach algebra.
Proof Invoking density of C(G/H) in LP(G/H, u) and continuity of the convolu-
tion g,y via Theorem 4.13, one can uniquely extend the convolution map
*/a: C(G/H) x C(G/H) —» C(G/H)

given by (4.1) to the convolution map

*g/H:LP(G/H, u) x LP(G/H,u) —» LP(G/H, u)
such that

lo *6/m Wlr(ormu) < |9lLe6/mu 1Vl Leo/m -
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for all ¢, v € LP(G/H, i), which equivalently implies that the Banach function space
LP(G/H, ) equipped with the extended convolution is a Banach convolution func-
tion algebra. ]

We deduce the following corollary concerning the explicit construction of *2 e

Corollary 4.15  Let y be the normalized G-invariant measure on G/H and1 < p < oco.
Then, for all ¢,y € LP(G/H, u), we have
02l vH) = [ o(H)Ipy(y ' H) du(yH),

for almost everywhere xH € G/H.

The next result lists some of the properties of the convolution *g e

Proposition 4.16  Let y be the normalized G-invariant measure over G/H. Also, let
¢,y € LP(G/H, u). Then we have

D (9 *&/n ¥)a = Pa %6 Vaor

(i) ¢ +Gn v =Tu(9q*c Vq),

(i) La(p*gp ¥) = (Le@) %y V-

Then we have the following corollary concerning the subspaces A?(G/H, u).

Corollary 4.17  Let y be the normalized G-invariant measure on G/H and 1 < p <
oco. Then AP(G/H, ) is a right ideal of the Banach function algebra L? (G/H, u). In
particular, AP (G/H, u) is a Banach function sub-algebra of L (G/H, p)

Remark 4.18. Let G be a compact group and H a closed normal subgroup of G. Let p
be the normalized G-invariant measure on G/H and 1 < p < oo. Then automatically
u is precisely a Haar measure of the compact quotient group G/H. Also, let ¢,y €
L?(G/H, u). Invoking Remark 4.7 and Remark 4.9, the linear map J,, is the identity
operator and hence we have

0 by VH) = [ o(H)Y(y HxH) du(yH),

for almost everywhere xH € G/H. Thus we deduce that the extended convolution
*g I coincides with the canonical convolution over the quotient group G/H if H is
normal in G.

Definition 4.19 Let G be a compact group and H a closed subgroup of G. For
¢ € C(G/H), let p*¢/1: G/H — C be given by

(4.2) *er (xH) = fH o(h-1x-1H) dh,

forall xH € G/H.
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Let xH = yH for x, y € G. Then we have y = xt for some t € H. Hence we can
write

(- H) :fﬁ :fﬁ)
fH(p(hx Ydh= [ o THY dh= [ p(hTyTH) dh

which implies that ¢*¢/# (xH) = ¢*o/#(yH). This guarantees that g*¢/# is a well-
defined function over G/H.
Henceforth we call ¢*¢/# an involution of ¢. It is easy to check that the map

*eé/m:C(G/H) - C(G/H)
given by ¢ — ¢*¢/H is conjugate linear.

Remark 4.20. Let G be a compact group and H a closed normal subgroup of G. Let
¢ € C(G/H) and x € G. Then, for all x € G and h € H, we have hxH = xH. Hence for
v € C(G/H), we get

¢ e/ (xH) = fH ¢(h™x'H)dh = fH ¢(x'H) dh = ¢(x"H).

Thus, we deduce that the involution defined by (4.2) coincides with the canonical
involution over the compact quotient group G/H if H is normal in G.

Proposition 4.21 Let ¢ € C(G/H), 1 < p < oo, and let y be the normalized G-
invariant measure on G/H. Then we have

@ """ =g,
(i) g*om = Tu(gie),
(i) @™ | 1o (ormuy < I9lLe(6/mu)-

Proof (i) Let x € G and h € H. Then we have
p*o(h~1x1H) = f o(t'xhH) dt = f o(t'xH)dt.
H H

Thus we get
o " (xH) = f o o/ (h-x—TH) dh = f o(t'xH) dt = Jo(xH).
H H

(ii) Let x € G. Then we have
Ta(oy)(H) = [ 93 (xh) i

:f¢q(h*1x*1)dh:/(p(h*lx*IH)dh:(p*G/H(xH).
H H

(iil) Using (ii), compactness of H, and Weil’s formula, we have
lo“ lurymm = [ lo*em (<H)P duCer)
= [ (o) H)P duCer)
R CARICEC

= [ loie P dx = lgalue) = 9l e/
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Corollary 4.22 Letg € A(G/H),1< p < oo, and let y be the normalized G-invariant
measure on G/H. Then we have

«G/H G/H

@ ¢ =9
) e | roc/muy = l@lLe(ceus
(iii) ((p*G/H)q = (P;G'

Then we can deduce the following result.

Proposition 4.23  Let ¢,y € C(G/H). Then we have

G/H G/H

*G/H * *
(¢ */u V) =y *G/H ¢

Proof Using Propositions 4.10, 4.21, and (2.2) we have
«G/H +G 4+ +G 4«6
(pxaumv)” =Tu((@xamv); ) =Tu((9g*xcvg)* ) = Tuly; *c ;).

Since (p;G € A(G:H), using Proposition 4.3, we can write

Tu(y; *o 93 )(x) = [

=fG/H Tu(y, ) (yH) Tu(9) ) (y"'xH) du(yH)

%G +G «G/H LG/H
=Tu(yy ) *emu Tu(ey )(xH)=y" *gme¢* (xH),
for x € G, which completes the proof. ]

Ty YOH) Ty )y xH) du(yH)

Then we can summarize our recent results as follows.

Corollary 4.24  Let y be the normalized G-invariant measure over the homogeneous
space G/H and p > 1. The normed space (A(G/H), |- |l1»(/m,u)) equipped with the
convolution gy and the involution *¢/% is a normed *-algebra.

The following proposition presents properties of involution over L?-spaces.

Proposition 4.25  Let py be the normalized G-invariant measure on G/H and

1< p < oo. The involution map <9, C(G/H) — C(G/H) given by (4.2) has a unique

extension to **'": L?(G/H, u) — LP(G/H, u) which, for all ¢ € LP(G/H, u), satisfies
. «G/H G/H

(1) = ]p (P)

(i) o/ = Tu(pz°),

(i) @ || Leormp) < 1@lLe(o/mmm-

Proof Let ¢ € LP(G/H, u). Invoking the density of €(G/H) in L?(G/H, p), let
{¢n} € C(G/H) with ¢ = lim, ¢,. Then we define (p*G/H = lim, (pZG/H. Then
S LP(G/H, u) —» LP(G/H, p) is well defined and satisfies (i)-(iii). [ |
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Corollary 4.26  Let u be a G-invariant measure on G/H and 1 < p < oo. Then we
have ¢*¢/i (xH) = [,; (h™'x™'H) dh, for almost all x € G.

Corollary 4.27  Let y be the normalized G-invariant measure on G/H and ¢ €
AP(G/H, u) with 1< p < co. Then we have

«G/H G/H

i ¢ =9
() e | 1o ormu) = l9]Le(6/mu)
(iil) (p*orm)y=9y°.

The next result summarizes our recent results in terms of the Banach *-algebras.

Theorem 4.28  Let y be the normalized G-invariant measure on G/H and1 < p < oco.
The Banach function algebra AP (G[H, u) equipped with the extended involution is a
Banach function *-algebra.

We finish this section by the following interesting observations.

Proposition 4.29  Let u be the normalized G-invariant measure over the compact
homogeneous space G/H, p > 1and ¢ € LP(G/H, u). Then

)q = ((]P‘P)q)

Proof Let y be the normalized G-invariant measure over the compact homogeneous
space G/H and ¢ € LP(G/H, u). Then for x € G, we have

(90" () = Up@)g ) = T (T H)
:(/Hq)(hx‘lH)dh)_:/Hq)(hx‘lH)dh
- [ ot an = 7" (x) = (97" )y (),

which completes the proof. ]

G/H %6

(4.3) (¢

Corollary 4.30  Let y be the normalized G-invariant measure over the compact ho-
G

mogeneous space G/H, p > 1, and ¢ € AP(G/H, u). Then, ((p*G/H)q =05 -

5 Abstract Representations of Convolution Function Algebras over
Homogeneous Spaces of Compact Groups

In this section we present a classical study for a class of abstract linear representa-
tions on Banach convolution function algebras over homogeneous spaces of compact
groups. It is still assumed that G is a compact group and H is a closed subgroup of
G. Also, u is the normalized G-invariant measure over the compact homogeneous
space G/H associated with Weil’s formula and 1 < p < co. We then introduce a class
of structured abstract linear representations of the Banach function sub-algebras of
L?(G/H, p).
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For a continuous unitary representation (7, }, ) of G, define

(5.1) TE = fH () dh,

where the operator valued integral (5.1) is considered in the weak sense. In other
words, (T7i(, &) = [ (n(h){, &) dh, for {,& € H,. The function h — (m(h){, &)
is bounded and continuous on H and H is compact. Thus the right integral is the
ordinary integral of a function in L'(H). Hence, T/ is a bounded operator on 3,
with |Tf| < 1.

Let KH := {{ € 3, : n(h){ = {forall h € H}. Then X is a closed subspace of
H, and we have R(T7) = KX, where R(T) = {T5(: { € H,}.

Next we present basic properties of the linear operator T7.

Proposition 5.1  Let (7, H ) be a continuous unitary representation of G with Tf; # 0.
Then

(i)  The linear operator T} is a partial isometric (orthogonal) projection;
(i) The linear operator T} is the identity operator if and only if n(h) = I for all h € H.

Proof (i) Using compactness of H, it can be easily checked that (T7;)* = Tf. As
well, we achieve that

TIZT}}:(/Hn(h)dh)(an(t)dt) :an(h)(an(t)dt) dh
:fH(an(h)n(t)dt) dh:fH(an(ht)dt) dh:fHT;;dt:T;;.

(ii) Let m(h) = I for all h € H. Thus, it is straightforward to see that T = I.
Conversely, assume that T = I. Then for t € H, we can write

n(t):n(t)fzn(t)Tg:n(t)(an(h)dh) :an(t)n(h)dh
:an(th)dh:an(h)dh:Tg:I. n

Let 1:G - U(H,) be a continuous unitary representation of G on the Hilbert
space H, with Tf; # 0. For xH € G/H, define I, (xH) := n(x) T5. Thus, we have

(¢ Ta(xH)&) = (¢, m(x) TE),

forall , & e H,.
Then we have

Fﬂ(xH):ﬂ(x)[Hn(h)dh:/Hn(x)n(h)dh:/;ﬂ(xh)dh.
For ¢ € L'(G/H, u), define the linear operator I';(¢) on 3, via
(52) La(p)i= [ 9(eH)Tx(eH) dp(xH),

The operator-valued integral (5.2) is also considered in the weak sense, i.e.,

(Cu(9).6) = [ G (TCeH), & duaCe),
forall {, & € 3.
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In other words, for the continuous unitary representation (7, H,) of G with T7 #
0and {, § € 3, we have (I (9){, &) = [/ ¢(xH)(m(x) T}, ) dp(xH).
Thus for {, & € H,, we get

(T(0)0 81 =] [, oG G TRE, &) dp(er)|
< [, JoGHI(nC TR, Bl dueH)
< [ oGlln() Tl 18] du(x)
= [ JoGEDIITRL 18] duCer)
< [ JoGEDIICIE duCeH) = 12112l g s

Therefore, I;(¢) is a bounded linear operator on J, satisfying

(5.3) ITa (@) < |l (a/mm-
The next results present basic properties of the linear operators I';(¢) with ¢ €

LY(G/H, ).

Proposition 5.2  Let y be the normalized G-invariant measure on the compact ho-
mogeneous space G/H. Let (7, ;) be a continuous unitary representation of G with
TE #0, f € L'(G), and ¢ € L'(G/H, u). Then

(i) La(Tu(f)) = n(f) Th

(i) Tn(Tu(f))TF = T(Tu(f)),

(iti) Ifm(Ruf) = n(f) forall h € H, we have T,(Tu(f)) = n(f),
(iv) Tx(e) = n(@q).

Proof (i) Let {, & € H,. Invoking the definition of the linear operator Iz ( Ty (f))
and using Weil’s formula in the weak sense, we can write

(Cu(Tu (G0 = [ Tulf)(H)TH(H)E, €) du(sH)
= T () THG €) (e
= [ T -g0) (eH) du(xH)
= [ £ T 8 dx

-(( fG Fe)m(x) dx) THE &) = (m(f) ]S, €),

where g; 2 G — Cis given by g¢ ¢(x) := (m(x) T, &) for x € G. Since {, & € H, was
arbitrary, we deduce that I; (T (f)) = n(f) TF.
(ii) Let f € L'(G). Then using (i), and since T} is a projection, we get

La(Tu(f) Te = 7(f) Ta T = 7(f) T = Tn(Tu (f))-

https://doi.org/10.4153/CJM-2016-043-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-043-9

Representations of Convolution Function Algebras 113
(iii) Let f € L}(G) with n(Ry,f) = n(f) for all h € H. Then using (i), we get
La(Tu() = 7N TG = n()( [ #(myan) = [ a(r)n(n)an

[ A tyan= [ a®ipyan= [ x()dh==(p).

(iv) Let ¢ € L'(G/H, ). Then we have ¢, € L'(G:H). Hence, R,¢, = ¢ for all
h e H. Thus, we get 1(Rp¢4) = m(¢,4) for all h € H. Therefore, using (iii), we can
write I (¢) = Tn(Tu(9q)) = m(@q)- [ |

s . o1 46/
The next proposition presents the connection of I'; with * "

Proposition 5.3  Let y be the normalized G-invariant measure on G/H. Let (7, H,)
be a continuous unitary representation of G with Tf; # 0 and p > 1. Then for ¢ €
LP(G/H, u), we have

(5.4) (9"

) =Lx(pp)".
Proof Let¢ € L?(G/H, u). Then using (4.3), we have

L™ ") = 7 (0" g) = 1((Up9))™") = 7(Up9))* = Ta(Upp)*. W

The following result presents an interesting commutation relation of I'; with J
and T.
H

Proposition 5.4  Let y be the normalized G-invariant measure on the compact ho-
mogeneous space G/H. Let (7, ;) be a continuous unitary representation of G with
Th#0andp>1 ThenTyo], = TfoT,.

Proof Let¢ € L?(G/H, ). Then we have
L) =Tl [ Lapdh) = [ Ta(Lug)dh = [ m()Ta(e) dh
= ([, m(h) dh)Ta(9) = TiTa(p): .

The following theorem shows that the map ¢ — I;(¢), defines a representation of
the Banach algebra L? (G/H, u).

Theorem 5.5 Let uy be the normalized G-invariant measure on G/H and p > 1.
Also let (m,H,) be a continuous unitary representation of G with Tf; # 0. Then
T LP(G/H,p) - B(H,) given by ¢ — T (¢) is a bounded linear representation
of the Banach algebra LP (G/H, u) on the Hilbert space 3, satisfying

(5.5) (  ker(Tz(¢)) =ker T.
9el'(G/H,u)

Proof Let (7, ) be a continuous unitary representation of G with T7; # 0. Itis
easy to see that the map ¢ — T, (¢) is linear. Also, the linear map I',: L?(G/H, u) —
B(H,) is bounded. Indeed, using (5.3) for ¢ € LP(G/H, i), we can write

1T (o)l < lolri6/mu < l@lzeo/mu-
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Let ¢,y € LP(G/H, p). Then we have

I:(g *I();/H v) =7n((¢ *Z/H V’)q) = 7'[(9911 *G qu)
= 1(9q)7(¥q) = T (@) (¥),
which shows that the map T;: L? (G/H, ) - B(H,) is a bounded linear represen-
tation. Let { € ker T7; and let ¢ € LP(G/H, ) be arbitrary. Also, let f € LP(G)
with ¢ = Tg(f). Then we have I;(¢){ = To(Tu(f))¢ = n(f) T = 0, which im-
plies that { € ker(I;(¢)). Hence, ker Tf; € Nyerr(G/m,u) Ker(Iz(¢)). Conversely,
let ¢ € Nyere(c/m,u) ker(Tx(¢)). Then T (¢)¢ = 0, for all ¢ € LP(G/H, u). Thus for
f € LP(G),we canwrite n(f) T7;¢ = T (T (f)){ = 0. Therefore, 7(f) Tf{ = 0, forall
f € LP(G). Since the *-representation 71: L? (G) — B(H,) is non-degenerate, we get
T7( = 0 and hence ¢ € ker Tfj. This implies that Nger1(g/m,u) ker(Tx(¢)) € ker T7.
Thus, we conclude (5.5). [ |

The next corollary presents a criterion that guarantees the representation
i LP(G/H, p) - B(3Hz)

to be non-degenerate.

Corollary 5.6  Let y be the normalized G-invariant measure on G/H and p > 1. And
let (m,3(,;) be a continuous unitary representation of G with Tj; # 0. Then

T.:LP(G/H, u) » B(H,)

given by ¢ — T.(¢) is a non-degenerate representation of the Banach algebra
L?(G/H, u) on the Hilbert space H, if and only if n(h) = I for all h € H. In this
case we have T,(L,¢) = T (¢@), forallh € H and ¢ € L?(G/H, p).

Proof Invoking (5.5), the representation I';: L? (G/H, u) — B(H,) given by ¢
I (¢) is non-degenerate if and only if the linear operator TF; is injective. Since TF is
an orthogonal projection, we deduce that T7] is injective if and only if Tj; = I. Then
Proposition 5.1 guarantees that T7; is injective if and only if m(h) = I forall h € H.
Therefore, we conclude that the representation I';: LP(G/H, u) - B(H,) given by
¢ — I;(¢) is non-degenerate if and only if w(h) = I for all h € H. In this case, for
heHand ¢ € LP(G/H, p), we can write

Lr(Lng) = n((Lng)q) = n(Lugq) = n(h)n(9q) = 1(9q) = Tx(9),
which completes the proof. ]

The following theorem shows that the map ¢ — I';(¢) defines a representation of
the Banach x-algebra A?(G/H, p).

Theorem 5.7  Let y be the normalized G-invariant measure over G/H and p > 1; let
(7, Hy) be a continuous unitary representation of G with Tf, # 0. Then
T2: AP(G/H, ) - B(3x)

givenby ¢ = T (@) is a bounded *-representation of the Banach %-algebra A? (G/H, u)
on the Hilbert space H.
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Proof Let (7, H,) be a continuous unitary representation of G with T7; # 0. Then
using Theorem 5.5, the mapping [,: L? (G/H, u) - B(H,) given by ¢ — I;(¢) isa
bounded representation of the Banach algebra L? (G/H, i) on the Hilbert space H,.
Thus, the restriction of I'; to the closed sub-algebra A?(G/H, u) of LP(G/H, u) is
also a bounded representation of the Banach *-algebra A?(G/H, ) on the Hilbert
space H . Now let ¢ € AP(G/H, ). Then we have J,¢ = ¢. Thus, using (5.4), we get

*G/H * *

(o™ ) =T:(Jp9)" =Tx(9)",
which guarantees that I;: AP(G/H, u) - B(3(,) given by ¢ — I;(¢) is a bounded
*-representation of the Banach *-algebra A? (G/H, ) on the Hilbert space H,. H

The next result also presents a criterion which guarantees the representation
I AP(G/H, u) —» B(H,)

to be non-degenerate.

Corollary 5.8  Let u be the normalized G-invariant measure on G/H and p > 1. Let
(7, Hy) be a continuous unitary representation of G with Tf, # 0. Then

[ AP(G/H, ) — B(H,)

given by ¢ — T.(¢) is a non-degenerate x-representation of the Banach *-algebra
AP(G/H, u) on the Hilbert space H if and only if n(h) = I for all h € H.

Proof By Theorem 5.7, the map I';: AP(G/H, pu) - B(FH,) givenby ¢ — T,(¢) isa
*-representation of the Banach *-algebra A?(G/H, u) on the Hilbert space J,. Then
using (5.5), we can write

kerTf= () ker(Ta(p)e () ker(Tu(p)).
9eL?(G/H,p) 9eAP(G/H,p)
Thus, if the *-representation I'y: A? (G/H, u) - B(FH,) is non-degenerate, then we
deduce that ker T5 = {0} and hence T} is injective. Therefore, m(h) = I for all
h € H. Conversely, suppose that #(h) = I for all h € H. Then T}; = I and hence
ker Tf; = {0}. Now let ¢ € Nyear(g/m,u) ker(Tx(¢)). Thus, using Proposition 5.4 for
¢ € LP(G/H, u), we can write [;(¢){ = T ()¢ = Tx(Jp9){ = 0, since J,¢ €
AP(G/H, y). Thus, I(¢){ = 0, for all ¢ € L?(G/H, ). Using Corollary 5.6, the
representation [;: LP (G/H, u) - B(H,) is non-degenerate and hence we conclude
that { = 0, which completes the proof. ]
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