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Abstract

We compute, via motivic wall-crossing, the generating function of virtual motives of
the Quot scheme of points on A3, generalising to higher rank a result of Behrend—Bryan—
Szendr6i. We show that this motivic partition function converges to a Gaussian distribution,
extending a result of Morrison.
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0. Introduction

This paper has a two-fold goal: to compute, and to study the asymptotic behaviour of the
generating function of rank r motivic Donaldson-Thomas (DT in short) invariants of A3,
namely the generating series

DTPO"S (A, g) =) [Quot,s (6%, n)]

n>0

-q" € Mclql.

vir

Here M is a suitable motivic ring and [-]vir € M is the virtual motive (cf. Section 1-1),
induced by the critical locus structure on the Quot scheme QuotAa(ﬁ@’ , n) parametrising
0-dimensional quotients of length 7 of the free sheaf 0.
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The following is our first main result.

THEOREM 0-1. There is an identity

rm—1 1

DTEOimS(A3,q)= 1_[ 1_[ (1 _]L2+k—%qm>_ ) (0-1)

m>1 k=0

Moreover, this series factors as r copies of shifted rank 1 contributions: there is an
identity

-
DTIr)OimS(A3, C]) — l_[ D-I-Ii)omts (A3, q]L —72—1 +i) ) (0-2)
i=1

The result was first obtained in the case r =1 by Behrend, Bryan and Szendr&i [3]
via an explicit motivic vanishing cycle calculation. Formula (0-2) follows by combining
Formula (0-1) and Lemma 2.5 with one another. The approach of Section 2.3, where we
prove Formula (0-1), is based on the techniques of motivic wall-crossing for framed objects
developed by Mozgovoy [27, 28] building on the Kontsevich-Soibelman wall-crossing
[20]. This approach allows us us to express the invariants for Quot,3(£®", n), which we
view as ‘r-framed’ DT invariants, in terms of the universal series of the invariants of
unframed representations of the 3-loop quiver in a critical chamber. These ideas can be
employed to compute framed motivic DT invariants of small crepant resolutions of affine
toric Calabi—Yau 3-folds [8], which also exhibit similar factorisation properties.

The fact that partition functions of rank r invariants factor as r copies of partition functions
of rank 1 invariants, shifted just as in Formula (0-2), has also been observed in the context of
K-theoretic DT theory of A3 [14], as well as in string theory [29] and other motivic settings,
such as [8, 23]. Recent work of Feyzbakhsh—Thomas [16] shows that general higher rank DT
invariants can be linked back to genuine rank 1 DT invariants: we believe our Formula (0-2)
is an explicit (motivic) shadow of this general principle. The exponential form of Formula
(0-1) has been exploited in [35] to define higher rank motivic DT invariants for an arbitrary
smooth quasiprojective 3-fold.

Formula (0-1) allows us to interpret the refined DT invariants of Quot,s(0®", n) in
terms of a weighted count of r-tuples of plane partitions = = (rq, . .., m,) of total size n
(also known in the physics literature as r-coloured plane partitions). Setting T =1.!/2, the
coefficient of ¢” in DTPO™S(A3, g) can be written as

My (T) =" T3, (0-3)
7
where S, is a certain explicit random variable on the space of r-tuples of plane parti-
tions. In Section 3, we describe the asymptotic behaviour of (a renormalisation of) the
refined DT generating series, generalising A. Morrison’s result for » =1 [24]. We discuss
the relationship with Morrison’s work in Section 3-1.

The following is our second main result. It will be proved in Theorem 3.2 in the main
body.

THEOREM 0-2. As n— oo, the normalised random variable n=2/ 3Sn,r converges in
distribution to N (i, o) with

B P32 o /5/3

B %

where {(s) is Riemann’s zeta function.
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In the final part of the introduction, we discuss some relation with existing work on
asymptotics of plane partitions and counting invariants, from a mathematical and physics
perspective.

The asymptotics of (various refinements of) the generating function of plane partitions has
attracted quite a lot of attention in the mathematical community, since the objects involved sit
in the intersection between several areas of mathematics: random variables and distributions,
combinatorics, algebraic geometry, string theory. See [36] for E. M. Wright’s seminal work
on the asymptotics of actual partitions, without refinements. Morrison based his work [24]
on Wright’s analysis, and our analysis in turn builds on Morrison’s. As far as the ubiquity of
Gaussian distributions is concerned, besides Morrison’s paper we would like to mention the
work by Panario—Richmond-Young [30] who, on the other hand, refine the plane partition
counts by considering a colouring of the parts 7;; of a plane partition 7 according to the
parity of i —j, in order to study the asymptotic behaviour of the difference between the
0-coloured and 1-coloured partition functions: the result is (asymptotycally) Gaussian, and
geometrically corresponds to the 3-dimensional orbifold A! x [A2/Z,]. From the physics
literature, we refer the reader to [37] and the references therein for a related analysis of the
asymptotics of BPS states starting from a quiver perspective.

The higher rank motivic DT partition function of A3 is rather similar in shape to the
K-theoretic partition function [14, theorem A], although the latter is defined via torus
localisation, and no torus-equivariance is present on the motivic side. However, given the
similarity, one could still ask: what is the K-theoretic counterpart of our Theorem 0-2?
Although we do not have a definite answer, it is worth noting that the K-theoretic DT invari-
ants also satisfy a remarkable ‘regularity’ property: the coefficient of ¢" in the K-theoretic
DT series can be written as

K 1
MYt 0, 13) =Y Ya(ti, 13, wi, ... Wi k), k= (hi0at3)?,

b/

where #; and w; are equivariant parameters of a torus T = an x G, acting on
Quot,s (0%, n), and Y5 is a (rather complicated) function of these parameters. The remark-
able property (see [14, theorem 6.5]) is that — as suggested by the notation — the right —
hand side does not depend on wi, . ..,w;, even though the individual summands do. This
phenomenon is known in string theory as ‘independence on Coulomb moduli’ [12].

Whether this symmetry property, used crucially for the computation of K-theoretic DT
invariants, is an actual shadow of a Gaussian distribution, is a mistery that we leave for the
future to explore.

1. Background material
1-1. Rings of motives

Let Ko(Stc) be the Grothendieck ring of stacks. It can be defined as the localisation of
the ordinary Grothendieck ring of varieties Ko(Varc) at the classes [GLy] of general linear
groups [4]. The invariants we want to study will live in the extended ring

Me = Ko(Sto)[L 2],

where L = [A'] € Ky(Varc) — Ko(Ste) is the Lefschetz motive.
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1-1-1. The virtual motive of a critical locus

Let U be a smooth d-dimensional C-scheme, f: U — Al a regular function. The virtual
motive of the critical locus crit f = Z(df) C U, depending on the pair (U, f), is defined in [3]
as the motivic class

[eritf],, = —L"% - [¢7] € ME,

where [¢¢] € Kg (Varg) is the (absolute) motivic vanishing cycle class defined by Denef and
Loeser [13]. The ‘i’ decoration means that we are considering fi-equivariant motives, where
[ is the group of all roots of unity. However, the motivic invariants studied here will live in

the subring M¢ C Mé of classes carrying the trivial fi-action.

Example 1-1. Set f=0. Then critf =U and [Ulyi =L~(dimU)/2 [y]. For instance,
[GLilvir = LF/2 - [GLy].

Remark 1-2. We use lambda-ring conventions on M from [3, 11]. In particular we use the
definition of [critf]yi; from [3, section 2.8], which differs (slightly) from the one in [25].
The difference amounts to the substitution L.!/2 — —IL1/2. The Euler number specialisation
with our conventions is L'/2 — —1.

1-2. Quivers: framings, and motivic quantum torus

A quiver Q is a finite directed graph, determined by its sets Qg and Q; of vertices and
edges, respectively, along with the maps h, t: Q1 — Qo specifying where an edge starts or
ends. We use the notation

t(a)e —2—— o h(a)

to denote the tail and the head of an edge a € Q.

All quivers in this paper will be assumed connected. The path algebra CQ of a quiver
Q is defined, as a C-vector space, by using as a C-basis the set of all paths in the quiver,
including a trivial path ¢; for each i € Qg. The product is defined by concatenation of paths
whenever the operation is possible, and is set to be 0 otherwise. The identity element is
Zier € € (CQ.

On a quiver Q one can define the Euler—Ringel form xo(—, —): 72 x 720 — 7, by

Xo(e, /)= aifi— ) aywBiw
i€Qo acQ

as well as the skew-symmetric form

(o, B)o = xo(a, B) — xo(B, ).

Definition 1-3. (r-framing) Let Q be a quiver with a distinguished vertex 0 € Qp, and let
r be a positive integer. We define the quiver 0 by adding one vertex, labelled oo, to the
original vertices in Qgp, and r edges co — 0. We refer to @ as the r-framed quiver obtained
out of (Q, 0).
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Let Q be a quiver. Define its motivic quantum torus (or twisted motivic algebra) as

To= [] Mc»*
aeN%
with product
¥ oy =L @Ployeth, (1)

If é is the r-framed quiver associated to (Q, 0), one has a decomposition

To=]]Mc ¥4 | & To

d>0

where we have set yoo =y'®. A generator y* € To will be identified with its image
0.0) ¢ 7%
Yo e T

1-3. Quiver representations and their stability

Let Q be a quiver. A representation p of Q is the datum of a finite dimensional C-vector
space p; for every vertex i € Qp, and a linear map p(a): p; — pj for every edge a: i — jin
Q1. The dimension vector of p is dim p = (dimc¢ p;); € N2, where N = Z>.

Convention 1-1. Let Q be a quiver, @ its r-framing. The dimension vector of a represen-
tation 5 of Q will be denoted by (d, o), where d = dimc poo € N and o € N0,

The space of all representations of Q with a fixed dimension vector a € N0 is the affine
space

R(Q,a)= 1_[ Homg (C%@  C%ha),
agQ)
The gauge group GLy = [[;cp, GLy, acts on R(Q, &) by (81)i - (p(@))ae0, = (gh(a) © p(a) 0
-1
gt(a))ate-

Following [25], we recall the notion of (semi)stability of a representation.

Definition 1-4. A central charge is a group homomorphism Z: Z20 — C such that the
image of N0\ 0 lies inside H = {re¥~17¢|r > 0, 0 < ¢ < 1}. For every & € N2 \ 0, we
denote by ¢(«) the real number ¢ such that Z(«) = reV=17¢ Tt is called the phase of o with
respect to Z.

Note that every vector ¢ € R0 induces a central charge Z; if we set Z; (@) = —¢ - o +
|oe|+/—1, where |a| = Zier a;. We denote by ¢, the induced phase function, and we set
@¢(p) = @¢ (dim p) for every representation p of Q.

Definition 1-5. Fix ¢ € R, A representation p of Q is called ¢-semistable if
@ (p") < 9 (p)

for every nonzero proper subrepresentation 0 £ o’ C p. If ‘<’ can be replaced by ‘<’, we
say that p is ¢-stable. Vectors ¢ € R0 are referred to as stability parameters.
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Definition 1-6. Let « € N9 be a dimension vector. A stability parameter ¢ is called
a-generic if for any 0 < B8 < o one has ¢;(8) # ¢ (a).

The sets of ¢ -stable and ¢ -semistable representations with given dimension vector « form
a chain of open subsets

RQ, o) CRE™(Q, o) CR(Q, @).
If ¢ is a-generic, one has R¢™SYQ, o) = R(Q, ).

1-4. Quivers with potential
Let Q be a quiver, and let CQ be the path algebra of Q. A finite linear combination of

cyclic paths W € CQ is called a potential. Given a cyclic path w and an arrow a € Q1, one
defines the noncommutative derivative

ow ,

— = cc e CQ.

v Y ceeco

w=cac
c,c/ paths in Q

This rule extends to an operator d/da acting on every potential. The Jacobi algebra J = Jo w
of (Q, W) is the quotient of CQ by the two-sided ideal generated by dW/da for all edges
a € Q. For every a € N, the potential W = Y__ a.c determines a regular function

fer RQ,0) > Al pr— Y aTr(p(e).
ccyclein Q

The points in the critical locus crit f, C R(Q, «) correspond to «-dimensional J-modules.
Fix an a-generic stability parameter ¢ € R0, If Jra: RSSY(Q, @) — Al is the restriction
of f,, then

M, o) = [critfo /Gol, M, o) = [critfr o /GLy ]
are, by definition, the stacks of «-dimensional J-modules and ¢-stable J-modules.

Definition 1-7. A quiver with potential (Q, W) admits a cut if there is a subset / C Q1 such
that every cyclic monomial appearing in W contains exactly one edge in /.

From now on we assume (Q, W) admits a cut. This condition ensures that the motive
[9(J, @)]vir introduced in the next definition lives in M. The 3-loop quiver L3 with the
cubic potential W = A3[A], Az] has [ = {A3} as a cut. We go back to this in Example 1-13.

Definition 1-8 ([25]). We define motivic Donaldson—Thomas invariants

 [eritf] e Pea O] = [ )]
(M@, = TGl (M (@), = L2 [GL.]

in M¢, where [GL,, ]vi; is taken as in Example 1-1. The generating function

Ay= Y [MmU.w],» €T (1-2)

aeN2

is called the universal series of (Q, W).
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By [25, lemma 1.9], since we assumed the existence of a cut, we have an identity
[smg W, oz)] = [crit fr o lvir/[Galvir as long as o« has 1 as one of its components.

vir

Definition 1-9. A stability parameter ¢ € R0 is called generic if ¢ - dim p # 0 for every
nontrivial ¢-stable J-module p.
1-5. Framed motivic DT invariants

Let Q be a quiver, r > 1 be an integer, and consider its r-framing Q with respect to a
vertex 0 € Qg (Definition 1-3). A representation p of Q can be uniquely written as a pair
(u, p), where p is a representation of Q and u = (uy, ..., u,) is an r-tuple of linear maps
U;: Poo — po. From now on, we assume our framed representations to satisfy dime poo = 1,
so that according to Convention 1-1 we can write dim p = (1, dim p). We also view p as a
subrepresentation of p of dimension (0, dim p), based at the vertex 0 € Q.

Definition 1-10. Fix ¢ e R%0. A representation (u, p) of Q (resp. a 7—module) with
dimg P =1 is said to be ¢-(semi)stable if it is ({so, £)-(semi)stable in the sense of
Definition 1-5, where {oc = —¢ - dim p.

We now define motivic DT invariants for moduli stacks of r-framed representations of
a given quiver Q Fix a potential W on Q. Let Q be the r-framing of Q at a given vertex
0 € Qp, and let J be the Jacobi algebra J3 y,, where W is viewed as a potential on Q in the

obvious way. For a generic stability parameter ¢ € R0, and an arbitrary dimension vector

o € N, set ~ ~
;OO=_§'O[’ §=(§007§)7 Ol=(170l)'

As in Section 1-4, consider the trace map fz: R(Q &) — Al, induced by W, and its
restriction to the framed-stable locus ta : R&- St(Q @) — Al. Define the moduli stacks

M{J, @) = [eritfz /GLo].  McF. @)= eritfzz /GLa .
Note that we are not quotienting by GLz = GL,, x C*, but only by GL,,.

Definition 1-11. (See [25] for r =1) We define r-framed motivic Donaldson—Thomas
invariants

[Critﬁ’;]vir

vir [GLalvir

[Critf,a]vir

[, e)] Vit = T [GLglvir

[ (T, )] (1-3)

in M, and the associated motivic generating functions

Av=3 [T " eTs
aeN%

Z; = Z [m{(.] O{)]Vlr ya (S 7—6

«eN20

The fact that the r-framed invariants (1-3) live in M (i.e. have no monodromy) follows
from [25, Lemma 1-10]. The reason is that the dimension vector & = (1, ) contains ‘1’ as a
component.
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A

Ay

As

Fig. 1. The r-framed 3-loop quiver Ls.

Fig. 2. An illustration of Proposition 2-6.

1-6. Dimensional reduction

If I is a cut for (Q, W), one can define a new quiver Q7 = (Qop, 01 \ I). Let Jw be the
quotient of CQy by the two-sided ideal generated by the noncommutative derivatives dW/da
for ael. Let R(Jw, ) CR(Qy, @) be the space of Jw -modules of dimension vector «.
Then one has the following dimensional reduction principle.

PROPOSITION 1-12. ([25, proposition 1-15]) Suppose I is a cut for (Q, W). Set dj(a) =
> _acl %@ n(a)- Then

1 [RUw. 1, @)]
Ay = ]LZXQ(“,‘Y)"‘dI(Ol) > e
Y Z [GL«]

aeNQ0
Example 1-13. Let Q = L3 be the 3-loop quiver (see Figure 1, and remove the framing
vertex to obtain a picture of this quiver) with the potential W = A3[A, A>]. Notice that
J=Jr,,w =Clx,y,z], and I = {A3} is a cut for (L3, W). The quiver Oy is the 2-loop quiver
and Jw ;= C[x, y]. We have d;(n) =n? and xon,n) = —2n?%. Therefore Proposition 1-12
yields an identity

S [momly =X =TT -w) 7 s

n>0 n>0

where R(Jw 1, n) is identified with the commuting variety
Cy = {(A1,A2) € Endc(CM®?|[A1, Ay] = 0} C Endc(CH®?,

and the second identity in (1-4) is the Feit-Fine formula [3, 5, 15].
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Remark 1-14. The universal series Ay has been computed for several homogeneous
deformations of the potential W of example 1-13 in [7].

2. Motivic DT invariants of the Quot scheme of points
2-1. Stability on the framed 3-loop quiver

The main character in this section is the framed quiver L of Figure 1, which we equip
with the potential W = A3[A1, A2].

Definition 2-1. Let p = (u, p) be a representation of Z3 of dimension (1, n). We denote
by (u, p) C p the smallest subrepresentation of p containing u(p). More precisely, if p =
(A1,A2,A3) € R(L3, n), then (u, p) is the subrepresentation of g with (i, p) s, = oo = C and

(u, p)o = Spanc{A{' AP AT - ug(1)a; > 0,1 < £ <r} C po,
and with linear maps induced naturally by those defined by p.
From now on we identify the space of stability parameters for L3 with R.

LEMMA 2.2, Let¢ €R ée a stability parameter, and let § = (u, p) be a representation of
L3 of dimension (1, n). Set ¢t =(—n¢, ). Then:
(1) if ¢ <0, pis ¢-semistable if and only if it is ¢ -stable if and only if p = {(u, p);
(ii) if ¢ =0, p is ¢ -semistable;
(iii) if ¢ > 0, p is ¢-semistable if and only if it is ¢ -stable if and only if n = 0.

Proof. For the case ¢ <0 we refer to [1, proposition 2-4]. Consider the case ¢ > 0. If
we had n = dimc fio > 0, then p C 5 would be destabilising, for Zz(0,n) = —n¢ +ny/—1
implies ¢z (p) > 1/2 = ¢z(p), since Zz(1,n) = (n 4 1)/=1 has vanishing real part. On the
other hand, if n =0 then p is simple and hence ¢-stable. In the case ¢ = 0 there is nothing
to prove, as all representations have phase 1/2.

Consider the following regions of the space of stability parameters R:

o Qp={¢eR[¢ <0},
o Qo={¢eR|¢=0},
o Q_={¢eRj¢ >0}
By Lemma 2-2 the space of stability parameters on L3 admits a particularly simple

wall-and-chamber decomposition R = 2 11 Qo LI Q2_ with one wall (the origin) and two
chambers.

2-2. The virtual motive of the Quot scheme of points
Let Zg be the r-framed 3-loop quiver (Figure 1), and fix the potential W = A3[A1, A>]. Fix
a stability parameter ¢ € Q, = R_. Fixing n > 0 and setting {* =(—n¢,¢), n=(1,n),
the quotient stack _ o
M+ (L3, n) = [R® (L3, 7) /GL,]

is a smooth quasiprojective variety of dimension 2n”> + rn, called the noncommutative
Quot scheme in [1]. The regular function f,: R(L3,7) — Al given by taking the trace of
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W descends to a regular function on 9ﬁ§+(23, n), still denoted f,,. We have the following
description of the Quot scheme of length n quotients of ﬁj‘g .

PROPOSITION 2-3. ([1, theorem 2-6]) There is an identity of closed subschemes
Quoty3 (0%, n) = crit(fy) C M+ (L3, n).

Thanks to Proposition 2-3, we can form the virtual motives of the Quot scheme, as in
Section 1-1-1, and define their generating function

DTP™S(A%, g) = [Quot,s (6%, )]

n>0

4" € Mclql. 21

vir
Remark 2-4. The main result of [3] is the formula

—1
DTll)oints(A?,’q) _ l_[ ni_[ (1 _L2+k—%qm>—l '

m>1 k=0

The series DTll)Olms(Y, q) studied in [3] for an arbitrary smooth 3-fold Y also appeared in [11]
as the wall-crossing factor in the motivic DT/PT correspondence based at a fixed smooth
curve C C Y in Y. This correspondence refined its enumerative counterpart [32, 33]. The
same phenomenon occurred in [25, 26] in the context of framed motivic DT invariants. See
[4, 35] for a generalisation DT‘,’OimS(Y, q) of (2-1) to an arbitrary smooth 3-fold Y. See [34]
for a plethystic formula expressing the naive motives [Quoty(F, n)] € Ko(Varc) in terms of
the motives of the punctual Quot schemes.

The main identity of Theorem 0-1

rm—1

DTEOimS(AS, q) — 1_[ l_[ (1 _ L2+k*r§lqm>_l (2-2)

m>1 k=0

will be proved in the next subsection. An argument following closely the technique used in
the r = 1 case by Behrend—-Bryan—Szendrdi [3], was given in the PhD theses of the first and
third authors [6, 31]. In the following subsection, we will instead exploit an r-framed version
of motivic wall-crossing. This technique, inspired by [25, 26, 28], will be also applied to
small crepant resolutions of affine toric Calabi—Yau 3-folds in [8].

Granting (2-2) for the moment, we prove in the next lemma the second assertion in
Theorem 0-1, i.e. Formula (0-2).

LEMMA 2-5. There is an identity

rm—1 r
rm -1 1 —r— .
[T1I1 (1-r2%gm) " = []oTp™™ (42,4175 +). 23)
m>1 k=0 i=1

Proof. The sought after identity follows from a simple manipulation:

r r m—1
1—[ DTII)OimS(A:",qL#J'_i) _ 1—[ l—[ 1—[ (1 _L2+k_%L*f2*1m+imqm)*l
i=1

i=1 m>1 k=0
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m—1 r

— 1—[ H 1—[ (1 _L2+k+<i—1)m—%qm>
il

-1

as claimed.

2-3. Calculation via wall-crossing

In this subsection we prove Theorem 0-1. Consider the universal generating function

Ay=Y_ [md.m],, " e T,

n>0

as an element of the motivic quantum torus. To (generic) stability parameters ¢ € Q1 we
associate elements (cf. Definition 1-11)

Zps=) " [Me=Uon)],, ¥ € T,

n>0

By Lemma 2-2 (iii), we have an identity
Zi =yoo =10, (2-4)

whereas the series Z,+ is, essentially, a “shift” of the generating function DTPROns(A3, y(O:1),
More precisely, by Proposition 2-3 we have an identification

M+ (7, n) = Quot 3 (0%, n) C M+ (Ls, n)

of critical loci sitting inside the noncommutative Quot scheme; in particular, the asso-
ciated virtual motives are the same. The shift is intended in the following sense: since
(0, n), (1, O))z3 = rn, the product rule (1-1) yields the identity

W =175y y € T, 2:5)
Since we can express (%" as the n-fold product of y(®1) with itself, we obtain
Z,+ =DTRoins (A3, L_%y(0’1)> Voo (2-6)
The last generating function we need to analyse is

Au =Y [0, O € Thy € T

n>0

whose n-th coefficient is the virtual motive of the stack of 0-dimensional C[x, y, z]-modules
of length n. This was already computed in Example 1-13:

avm=T1T1 (1 . Lz—kym)fl . 27)

m>1k>1
PROPOSITION 2-6. In 7:53, there are identities

Zo+ -Ay=Ay=Ay-Z,-. (2-8)
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Proof. Let 5= (u, p) be a J-module. Consider ¢+ € Q,, and let (u, p) C 5 be the sub-
module introduced in Definition 2-1. We have that (u, p) is ¢ T-stable by Lemma 2-2(i) and
the quotient p/(u, p) is supported at the vertex 0. From this we deduce the decomposition
Ay=2Z.+-Ay.

Consider now ¢~ € Q_. The quotient of p by the submodule p based at the vertex 0
is the simple module supported at the framing vertex co. By Lemma 2-2 (iii) this is the
unique ¢~ -stable module for the current choice of ¢~, so we obtain the decomposition
Ay=Ay-Z,-.

Remark 2-7. In the previous proof, the decompositions in the motivic quantum torus follow
directly from the functoriality of the Harder—Narasimhan filtration, combined with the exis-
tence of a well-defined motivic integration map, for which we refer to Mozgovoy’s work
[27, 28], formalising an original construction by Kontsevich—Soibelman [20].

Note that we have an identity
Yoo YO =L7F Ly =L yOM Ly,

where we have used (2-5) for the second equality. By Formula (2-6), the left-hand term of
Formula (2-8) can then be rewritten as

DTlr)oints ( A3, L—'Z‘y(o,l)) ) Z [gﬁ( J, n)]vir Yoo - YO

n>0

_ DT]r)Oints <A3, L—%y(o,l)) . Z [m(.], n)]VirL—m _y(O,n) Yoo

n>0

Therefore, by Equation (2-4), identifying the two expressions for ZU in Equation (2-8)
yields

DTpoints <A3, L—gy(0,1)> Ay (L—ry(0,1)> Voo = Ay <y(0,1)>  Yoor

which is equivalent to

DTS (A3, 17500 = Au ()
Ay (Lry©@D)

Setting g = L2 y©Dand using Equation (2-7), a simple substitution yields

https://doi.org/10.1017/S0305004122000159 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004122000159

Higher rank motivic Donaldson—Thomas invariants 109

rm—1

=TI 11 (1—L2+k—%qm>_1.

m>1 k=0

Formula (0-1) is proved. By Lemma 2-5, Theorem 0-1 is proved.

Remark 2-8. The generating function DTP?MS(A3, ( — 1)"¢) admits the plethystic expression

) |

This is exploited in [35, section 4] to define [Quoty(F, n)]yir for all 3-folds Y and locally
free sheaves F over Y. The shift by the sign (— 1)" is needed in order to write the series as a
plethystic exponential (and cannot be naively removed from both sides). This is the case for
K-theoretic DT invariants as well [14, theorem A].

(—1)ql? L% —L
(1— (=L 2yg)(1 —(—L2yg) L™z —L

Nl—=| I~

DTEOintS(AS, ( _ l)rq) — Exp (

Remark 2-9. The Euler number specialisation L'/ — —1 applied to Formula (0-1) yields a
formula for the generating function of virtual Euler characteristics of Quot schemes,

> Xvir(Quotys (6%, m)) - " = M((— 1)'q)",

n>0

where M(¢) =[],,~; (1 —¢™) ™" is the MacMahon function, the generating function of
plane partitions, and where xyir(—)= x(—,v) is the Euler characteristic weighted by
Behrend’s microlocal function [2]. The above identity can be seen as the Calabi—Yau special-
isation (i.e. the specialisation s1 4 57 4 s3 = 0) of the generating function of cohomological
Donaldson—-Thomas invariants of A3,
SDTEA, ) g =M~ 1Y) e
r .n)-q"=M({(—1)'q) 15243 € Q(st1, 52, 53)l4l,

n>0

obtained in [14, theorem B] as a higher rank version of [22, theorem 1], where sy, s> and 53
are the equivariant parameters of the torus T = G% acting on the Quot scheme.

3. The normal limit law and asymptotics

In Section 3-1, we introduce a family of random variables on the space of r-coloured
plane partitions, and we describe the asymptotics of the members of the family after suitable
normalisation in Proposition 3-1. Theorem (-2, the main theorem of the section, is deduced
from Proposition 3-1 in Section 3-2. Finally, Section 3-3 is entirely devoted to the proof of
Proposition 3-1.

3-1. Random variables on r-coloured plane partitions

We introduce a multivariate function
r m 1
F(u,v,w,z) = H l_[ l_[ (1 — wukvmlzm> ) 31
I=1 m>1k=1

The coefficient of z" is a polynomial on the three variables u, v and w, which we denote
by O, (u, v, w), whose coefficients are nonnegative integers. When u = v =w = 1, we obtain
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MWNNH‘
B lwinN| N

3)1]

Fig. 3. A plane partition & of size |[7| =31, A(w) =9, AL (wr)=12,and A_(r) = 10.

the well known MacMahon function raised to the power r, which is the generating function
for the r-tuples of plane partitions. Hence, Q,(1, 1, 1) is the number of r-tuples of plane
partitions of total size n, i.e. the number of r-coloured plane partitions (7, 72, ..., 7T)
such that 2;21 |7rj| = n, where |7;| denotes the sum of the entries of the plane partition 7; (or
the number of boxes, cf. Figure 3). The polynomial Q,(u, v, w), when divided by Q,(1, 1, 1),
represents the joint probability generating function of some random variables X,,, ¥, and
Z,, on the space of r-coloured plane partitions of size n, where each r-tuple is equally likely.
More precisely, we have

Qn(ll, v, W) . 1 YnZn .
—Qn(l,l,l)_E(uXV w ) (3-2)

To describe these random variables, we need to define certain parameters of plane partitions.
For a plane partition 7, let A(r) denote the sum of the diagonal parts of 7, A, (;) denote
the sum of the upper diagonal parts, and A_(7r) denote the sum of the lower diagonal parts.
See Figure 3 for an example of a plane partition showing the values of these parameters.

The parameter A(sr) is also known as the trace of w and it has been studied in the
literature, see for instance [19] and the references therein. In particular, one has

l_[ = Wzm)—m — Z WA(n)err\.
m>1 T
Similarly, we can find in [24] that
m
l_[ l_[ = q2k7mzm)fl — Z qA(n)+A+(n)fA,(n)Z|n\.
m>1 k=1 g

We can easily deduce from these two identities that for an r-coloured plane partition 7 =
(my, o, . .., ;) of total size n, we have

1 r
X, (0 =3+ (Z (AGT) + A () — A—(m)))
=1

=Y (A + Ay(m))

=1

Y, (@) =) lml, and

=1
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Zy (@) =) Am).

=1

When r=1, Kamenov and Mutafchiev [19] proved that the distribution of the trace of
a random plane partition of size n, when suitably normalised, is asymptotically normal.
Morrison [24] also established asymptotic normality for any random variable of the form
SA(T)+ Ay(m) — A_(r), where 7 is a random plane partition of size n and § is a fixed
real number. We show that for any fixed integer » > 1, any nontrivial linear combination
of the variables X;,, ¥, and Z,, when suitably normalised, converges weakly to a normal
distribution. It is worth noting that the random variable Y,, is non-constant only when r > 1.

PROPOSITION 3-1. For any fixed real vector (c, B,y) # (0,0, 0), there exist sequences of
real numbers [, and o,, > 0 such that the normalised random variable

OtXn—i-ﬂYn"F)/Zn_Mn

On

converges weakly to the standard normal distribution. Moreover, U, and o, satisfy the
following asymptotic formulas as n — 00:

1 r+1 rBe@2)(a +2y) 23 s
Mn = (5“"‘ 2 ) 255 (3)23 w3 £ Om'?), and
e Gl VT
Theays . @ #00,
o2 ~
rl/3y2 > |
30rG)pn logn  otherwise.

Looking at the asymptotic behaviour of the random variables X,,, Y;, and Z,, when divided
by n*/3, we observe from the above result that the random variable n=2/3Z, degenerates
as n — oo. Furthermore, by the Camér—Wold device [9], the random variables n=%3x,,
n=2/3Y, converge jointly to a bivariate normal distribution with a diagonal covariance
matrix. The appropriate normalisation of Z, is n~'/3(log n)~'/2Z, which is, when centred,
asymptotically normal. This asymptotic normality and the asymptotic formulas for u, and
anz agree with the main result in [19] when r =1 and («, 8, y) = (0,0, 1).

Convention 3-1. We shall use the Vinogradov notation < interchangeably with the
O-notation. For instance, by f(n) < g(n) (or g(n) > f(n)) as n — oo, we mean that there
exists a positive constant C such that |f(n)| < Cg(n) for sufficiently large n.

Theorem 0-2 now follows immediately from Proposition 3-1 as we will see next.

3-2. Deducing Theorem 0-2

Granting Proposition 3-1, we can now finish the proof of Theorem 0-2, our second main
result.

THEOREM 3-2. As n— 0o, the normalised random variable n_2/3Sn,r converges in
distribution to N (1, o2) with
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P13 52 5/3

~ 2553(:(3)23

2 r

"= ey

I
where ¢ (s) is Riemann’s zeta function.

Proof. With the change of variable 7 = L!/2, the combination of the equations (0-1) and
(0-2) in Theorem 0-1 yields

DTPONS(A3, ) = ﬁ 1—[ ”ﬁ (1 _ TA42k=m ( qT—r—1+2z>’">*1 '

=1 m>1 k=0

The product on the right-hand side can be expressed in terms of our auxiliary function
F(u, v, w, ) defined at the beginning of this section. First we write it as follows

r m—1 s —1
1—[ H l—[ (1 _ T4+mf2(mfk)< qTr+172(rfl+l)> ) .

=1 m>1 k=0

If k goes from 0 to m — 1, then m — k goes from m to 1. Similarly, if / goes from 1 to r, then
r — I+ 1 goes from r to 1. Therefore, we have

DTROIns(A3, g) = ﬁ l—[ ﬁ (1 _ pm=2k (=2 q)m>_l

=1 m>1 k=1

= lL[ l_[ ﬁ (1 _ T4*2k72ml(Tr+2q)m)—l

=1 m>1 k=1
=FT 21721 T).

This implies that

]E(TS”J) _ Mn,r(T) — ]E (T4Z,,—2Xn—2Yn+(r+2)n> , (33)
M, (1)

where M, (T) is, as defined in (0-3), the coefficient of ¢" in DTE"imS(A3,q). The sec-
ond equality in (3-3) makes use of Equation (3-2). Thus, S, , has the same distribution
as 47, —2X,, — 2Y, + (r +2)n — a shifted linear combination of the variables X, Y,,
and Z,. Now, applying Proposition 3-1 with («, 8, y)=(— 2, —2,4), we deduce that the
normalised random variable n=2/3(4Z, — 2X,, — 2Y,, + (r + 2)n) converges weakly to the
normal distribution A/ (ut, o) with

A/352

~ 2553 (3)23

5 S/3

T ey

n

which proves Theorem 0-2.

3.3. Proof of Proposition 3-1

Morrison used the method of moments to prove his result in [24]. However, due to the
appearance of the second variable Y, and the complication that comes with it, we decided to
use a different approach. We follow the method that Hwang used in [18] to prove limit theo-
rems for the number of parts in the so-called restricted partitions (these are one dimensional
partitions with some restrictions on the parts). The first part of the proof is based on the
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saddle-point method to get an asymptotic formula for Q,(u, v, w) as n — oo, and the second
is a perturbation technique to deduce the central limit theorem.

3.3-1. Saddle-point method

The goal here is to obtain an asymptotic formula for Q,(u,v,w) as n— oo, where
(u, v, w) is allowed to vary in a fixed real neighbourhood of (1, 1, 1). To simplify our
notation, define ®(¢) = — log(1 — e*), and for real numbers a, b and ¢, we let

r o0

fx,y)= Z Z > ®@m+y(c+ ak + mbl)).
=1 m=1 k=1

The function f depends on (a, b, ¢) but we drop this dependence for now to ease nota-
tion. Also, for a positive number p, we make the substitution z=e" %, where t = p + ir.
Hence,

o0

r m
==Y 3" tog (1 - emrlctaktmbh=rm) _ jog pe=e, b0 =0 ¢T),

=1 m=1 k=1

One can easily verify that if (u, v, w) is bounded (which is the case throughout this section),
then there exists a fixed positive real number R such that the product in (3-1) converges
absolutely whenever |z| < R. Hence, F(u, v, w, z), as function of z, is analytic in a complex
neighbourhood of 0. By Cauchy’s integral formula, we have

no I
(e, 7P =Py = 62—” / exp (f(p +it, p) + nti)dt. (3-4)
-7

We now use the saddle-point method to estimate the above integral. We choose p to be the
positive solution of the equation

o m me—p(m+(c+ak+mbl))

n=_fx(10’ p)=z Z Z 1 _e—p(m+(c+ak+mbl))’ (35)

I=1 m=1 k=1

where f; denotes the partial derivative of f with respect to x. Similar notations will be used
for other partial derivatives. Note that there is a unique positive solution p = p(n, a, b, c¢) of
Equation (3-5) since the function defined by the series is strictly decreasing as a function
of p, provided that a, b and c are small enough (it suffices for instance to assume that
|c| + |a| + r|b| < 1). Furthermore, we observe that p — 0 as n — oo. The following lemma
reveals the asymptotic dependence between n and p.

LEMMA 3-3. Let € be a number in the interval [0, 1/2] and p be the solution of Equation
(3-5). Then we have

260) 5 o 216 (3)
(tep? TOWDI=r=G—55

p 2+ 02, (3-6)

as n— oo, uniformly for |c| + |a| + r|b| < €, where the implied constants in the O-terms
are independent of €.
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Proof. Recall from (3-5) that

r o.¢]

nz_ﬁ‘(p’p)z_ZZimq’/(pm (1+%+mbl)>'
=1

m=1 k=1

Under the assumption that |c| + |a| + r|b| <€, forany m> 1,1 <k<mand 1 <[ <r, we
have

|c 4+ ak + mbl| < (|c| + |a| + r|b]) m < em.

Moreover, the function ®'(x) is an increasing function. Therefore,

k bl
(1 — e)pm) < &’ (,Om <1 n m)) < (1 + €)om).
m
Multiplying by m and summing overm > 1, 1 <k <mand 1 </ <r, we obtain

J((I=€)p,0) < fx(p, p) < fr((1 +€)p, 0).

We can obtain asymptotic estimates of the lower and upper bounds as p — 0. This can be
done via Mellin transform. The reader can consult [17] for a comprehensive survey on the
Mellin transform method. The Mellin transform of fi((1 — €)z, 0) is

/Oofx((l — ), 00 dt = —r(1 — )¢ (s — )L ()T (s),
0

which has simple poles at s = 3 and s = 1. The other singularities are precisely at the negative
odd integers. Thus, we have

2r£(3) -3

(1 =p. 0= == 5 0

r _1 r o0 _
—_ - — -2 r 1-— ’ds. (37
+ 12(1_6),0 i ) S =2)¢OT ) —e€)p)ds.  (37)
Since |¢ (it — 2)¢ (i)' (it)| decays exponentially fast as t — 300, the absolute value of the
integral on the right-hand side is bounded by an absolute constant. The same argument
works for the estimate of the upper bound f,((1 + €)p, 0). This completes the proof of the
lemma.

Next, we split the integral on the right-hand side of (3-4) into two parts as follows: let

C
e e

Iy =— exp (f(p +it, p) + nn‘) dt,
27 —pC

where C is an absolute constant in the interval (5/3, 2), and let Z, = Q,,(e %", ebr Py —
7.

Estimate of 1,
For the rest of this section, we work under the condition of Lemma 3-3, that is |c| + |a| +
r|b| <€ and € € [0, 1/2]. For —p€ <t < p€, Equation (3-5) and a Taylor approximation of
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fp +it, p) give
r* 3C
Fp +it, p) + it =(p. p) = fip. )5 + O <p max_|fu(p+i6, p)\) :
—pP<6=pC
where the implied constant in the error term is absolute. To estimate the error term, observe
that

oo m 3efrm7p(c+ak+mbl)(1+effm7p(c+ak+mbl))

. m
Jou(T, 0)=— Z Z Z (1 — e—tm—plctak+mbl))3

=1 m=1 k=1

For any real number 6 and T = p + i6 we have
|1 + efrmfp(c+ak+mbl)| <1 +efpm7p(c+ak+mbl)

|1 _ e—rm—p(c+ak+mbl)| >1— e—pm—p(c+ak+mbl).

Hence |fu(p + i6, p)| is bounded above by |fi (0, p)|. We can estimate |fi(0, 0)| as we
did for f;(p, p) in the proof of Lemma 3-3. We obtain

(0 4160, )] < fox(0, 0)] = O(p ™),

where the implied constant depends only on r. Therefore, for |¢| < p© we have

2
. . t _
Fp+it, p)+nit=F(p, p) = fux(p, p) 5 + O™ ).
Since we chose C > 5/3, we have p3¢3 =0(1). Thus

I =

of (0.p)+1p /pc

e_fxx(pap)tz/z dt (1 + O(,O3C_5)>
2r —

o€

It remains to estimate the integral on the right-hand side as p — 0T. Note that f,(0, p) > 0
and fi(p, p) > p 4 (again via Mellin transform as in Lemma 3-3), so we have

c

P 2/2 > 2/2 > 2/2
/ 0022 gy / 0022 gy _ o / e 0.0)212 gy
-p€ p

—00 c

_ | ( / % =0 halo.0/2 dt)
Sex(p, p) o€
2 204
— +0 4—ce—Ap ,
\ fex(p, 0) <p )

where A > 0 and the hidden constants in the error terms above depend only on r. Thus, since
2C—
c e—A P

4
we chose C < 2, the term p*~ tends to zero faster than any power of p as p — 0.

Hence, we obtain an estimate for Z;
ef(0.0)+np
Il ey ————
V27fu(p, p)

This estimate holds uniformly for |c| + |a| 4+ r|b| <€ and € € [0, 1/2].

(1 " O(p3c_5)> as p—0F. (3-8)
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Estimate of 1,
We will prove that |Z>| is much smaller than |Z;|. To this end, we assume that p€ <t < 7,
where C is as before. We have

Re(f(p +it. p) =f(p.p) = = 3 > D i~ e PUreramiil — cosm)

m
Z e—p(m+(c+ak+mbl)) (1 _ COS(mt))

=1 m=1 k=1
00

—r Z me P _ cos(mt)).

m=1

N

IA

Moreover,

o0
Z mePI+OM _ cos(mt)) =

m=1

ep(1+e) ep(1+e)+it
(ep(l-i-e) _ 1)2 - ((eﬂ(1+6)+it _ 1)2) :

A lower estimate of the same term can be found in the proof of [21, lemma 5]. By the same
argument as the one given in loc. cit., but with |1| > p€, we get

o0
3" me= PO cos(me) > (p(1 + )¢ as p— 0F,

m=1

where the implied constant is independent of €.
Noting that 2C — 4 <0, we deduce that exp(Re(f(p + it, p)) — f(p, p)) tends to zero
faster than any power of p as p — 0. Thus, by (3-8), we find

|Z>|

Bl Jop f exp Re(f(p + it. p)) — f(p. p)) di.
|Il | o€

which tends to zero faster than any power of p as p— 0T. Recalling that
On(e P, e bP =P =T, + Tp, we finally obtain

e/ (p.p)+np

V27 (0, 0)

uniformly for |c| + |a| + r|b| < € and € € [0, 1/2], where p is the solution of Equation (3-5).

Ou(e™, &P, =P = (1406 ) as n—os, (3-9)

3.3.2. Perturbation
Here we set u =", v=¢", and w =" where (o, S, y) is fixed and 5 can vary in a
small open interval containing zero. Hence, Equation (3-2) becomes

On(u, v, w) _ E (en(aXn-i-ﬁYn-i-yZ,,)) _ (3-10)
On(1, 1, 1)

The right-hand side is the moment generating function of the random variable oX, +

BY, + yZ,. From now on, let pp be the unique positive number such that n = —f;(p0o, 0).

Then, by Lemma 3-3 (with € = 0) we have n ~2r{(3)p, 3 Moreover, if we write u = e,

v=e"b" and w=e"7” for p > 0 as before, then we have a = —anp~!, b=—Bnp~!, and
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c=—ynp~L. This implies that

lel + lal + rlbl = (ly | + le| + r|Bhnp~".

Now, if we choose 1 and p in such a way that np~!

Lemma 3-3 (with € — 0), we get

=o(l) and p — 0 as n — oo, then by

~fi(p, p) ~2rc(3)p 3.

Observe that it is possible to choose such 7 and p > 0 that satisfy n = 0(pg) and p = o(pg).
In this case, the above asymptotic formula implies that —f,(p, p) > —f+(po, 0) = n for large
enough n. Similarly, we can also choose 1 and p > 0 such that n =o(pg), p — 0, np~! =
o(1), and p/pg — oo. This time, the asymptotic formula gives —f;(p, p) < n. Hence, for
n = o(pg) and n large enough, the equation n = —f;(p, p) has a unique solution, which we
denote by p(n). Furthermore, it satisfies p() — 0 and 17,0(77)*1 =o(1) as n — o0. Therefore,

we also have

n~2rc3)p(m .

The latter and the asymptotic estimate n ~ 2r¢(3)p, 3 yield p(n) ~ po as n — oo whenever
n = o(po).

From this point onward, we assume that n = o(pg). Since p(n) and pgy are asymptotically
equivalent as n — 00, so0 are fi(p(n), p(1)) and fix(po, 0). Thus, by (3-9), we have

Qn(u’ v, W)
On(1, 1, 1)

We want to obtain a precise asymptotic estimate of the exponent of the right-hand side
that holds uniformly for n =o0(pp). We will use a Taylor approximation of the function
f(p(n), p(n)) when n is near O (noting that the parameters a, b, and c are themselves functions
of 17). So to highlight the variable n, we define

~exp (f(p(n), (1) = £(p0, 0) + n(p(m) = p0))- G11)

g(x,y) =log F(&?, &P e, e
r o m
—_ Z Z Z log (1 _ ey()/-i—ak-i—mﬂl)—xm)
I=1 m=1 k=1
r o0

= Z Z Z O(xm — y(y + ak + mpBl)).

=1 m=1 k=1

This is essentially the same as the function f(x, y) (if (a, b, ¢) is replaced by (— o, — 8, —¥)).
However, in our case we have a= —anp(n)™', b=—Bnp(n) "', and c=—ynp(n)~'.
Hence, the meanings of the first and second variables will be different. For instance, we
have the equation

gle(m, n) =f(p(m), p(n) and g(po,0) =f(po,0). (3-12)

Similarly, the saddle-point equation n = —f;(p(17), p(17)) becomes n = —g,(po(n), n). First,
we apply implicit differentiation (with respect to n) to the latter equation, then by the mean
value theorem, we get

8xy(p(0), 0)

PUD == (06).6)
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for some real number 6 between 0 and 1. We can estimate g,,(0(0),6) and g (0(6),0)
via Mellin transform in the same way as in the proof of Lemma 3-3, but we need the
Mellin transforms of the functions gy,(z, 0) and gy,(#, 0). The Mellin transform of g.(t, 0) is
r¢(s — 3)¢ (s — DI'(s). To determine the Mellin transform of g, ,(z, 0), first we write

r o0 m

gey(t,0) = = >N " mly + ak+mpHD (tm)
=1 m=1 k=1

o0

2 2
— m(rmy —I—rot 5 tm m?pl ;—r) @' (tm)
m=1

3 ((a (4 DB + (a + 2y)m2> " (tm).

m=1

r
2
Since the Mellin transform of ®"/(¢) is ¢ (s — 1)I'(s), the Mellin transform of g, ,(z, 0) is
r
) (e +(r+ DB (s = 3) + (o +2y)¢ (s — 2)) S (s — DI(s).

We deduce the following asymptotic formulas as p — 07:

gux(0,0) =6r(3)p ™ + O(p™2), (3-13)

8ry(0, 0) = =3rcB)a + (r+ DB~ — re @)@ +2y)p > + O(p ™). (3-14)

The fact that p(6) ~ po (since |6| < |n| =o0(pp)) and the argument in the proof of Lemma
3.3 (with € — 0) imply

gxy(PO, O)
gxx(00, 0)

Similarly, we have the following estimate for the third partial derivatives

p() = po~ — = O(Inl) = o(po). (3.15)

k al 5
o)
o 1575 00 Po

uniformly for 8 = o(pg), and for any nonnegative integers k and / such that k + [ = 3. This
shows that if n = 0(pg), then we have the Taylor approximation

8(p(n), 1) = 8(po, 0) + 8y(po, 0)n + gx(o, 0)(p (1) — po)
1
5 (8000, 0) 17 + 2000, 0) 1p(1) = p0) + 82200, 0) () = p0)*) + Olnl05),

where the implied constant in the error term is independent of n. Using (3-15) and saddle-
point equation n = —g(pg, 0), we deduce that

g(p(m), n) — g(po, 0) +n(p(n) — po) =
2y7(00, 0)22x(00, 0) — (800, 0)) )

— +O0(nlPpy).

(po, O)n +
At ( gxx(00,0)
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Let us define

0_2 — gyy(pOa O)gxx(pOa 0) - (gxy(po, 0))2
" gxx(pO, O)

and 1, = gy(po, 0), (3-16)

and we choose n =t/0, where t is a fixed real number. Then our estimate (3-11) becomes

Q}’l (u’ V, W) (

——  ~exp
Qn(L 1’ 1)

as n — oo (this is valid as long as n =t/o;, = 0(po), but we do not even know at this stage

whether o2 is positive). Hence, let us estimate 0.
Assume first that («, 8) # (0, 0). Once again, by the Mellin transform technique, we have

2
t
o, 2

it +O(o,:3p0‘5)> : (3:17)

21(00, 0) ~ r (2a2 F3(r+ Daf + (r+ D2r + 1)ﬁ2) tB3)og. (3-18)

Putting the estimates (3-13), (3-14) and (3-18) into the formula for 0,12 in (3-16), we have

2 _
ol ~ (r{f) o2+ 21)“3) ﬂz) ot (3-19)

Hence, n = O(pg) and the estimate (3-17) becomes

Ql’l(ua v, W) /«Ln t2
aip e (G rom)

Therefore, if («, B) # (0, 0) and ¢ is any fixed real number, then the latter identity together
with (3-10) yield

e~ tnto ' g (et a,;l(aXn+ﬂYn+yZn)> ~ 2,

as n — oo. This means, by Curtiss’ theorem [10], that

X, + BY, + yZ, —
X ¥ PYn TV Zn = B0 4 £r0.1) as n—s oo

On

To obtain the asymptotic formulas for o> and j,, recall from the saddle-point equation and
(3-7) (with € = 0) that n = 2r¢ (3)py > — 1/12rpy ' + O(1). Inverting this yields

» nl/3

%= GreayB T o', (3-20)

So we first estimate o> and i, in terms of py, then use the above to get the asymptotic
formulas in terms of n. Such an estimate for 0,12 is already given in (3-19). The estimate of
Mp can be obtained easily from the Mellin transform of g,(z, 0), which is

% (@+ T+ D) s(s —2)+ (@ +2y) {(s — 1) £(HT(s).
By a straightforward calculation, we have

2 L =DB o <1 r+ 1ﬂ) FRe@)a+2y) 55

-~ 7 _ 1/3
M VETTES 2T Shcepn " Ton:
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If we now assume that (o, 8) = (0, 0) but y # 0, then the Mellin transform of gy,(z, 0) is
ry2¢(s — 1)°T'(s) whose dominant singularity is a double pole at s =2. This leads to the
asymptotic formula gyy(09, 0) = ry2 Py 2 log (pa 1) + (’)(,o(; 2). Hence, the formula in (3:16)
gives

oz =rypylog (p5") + Ol (3:21)
Thus, for a fixed real number ¢, we have

t _
n=— = O(po| log ol 172y,

n

So we still have our desired condition that n = o(pg). Moreover, applying (3-13) and (3-14)
with («, 8) = (0, 0), the estimate (3-15) becomes

g (/00»0) —
p(n) — po ~ —n === = O(In|po) = O(p;| log po| ~'/?).
8xx(p0, 0)
On the other hand, for any 6 = o(pp), we have the following:
gex(p(0).0) = Opy”), 2y (p(0).0) = O(py™),
2oy(p(6),0) = O(py | log pol), 2 (p(6),0) = O(py).

Therefore, (3-17) becomes

Qn(”’ V’ W) ~ /’Ll’l t2 —3/2
—Qn(l,l,l) exp (G—nt+5+(’)<(logn) )) .

Just as in the previous case, this is enough to prove the central limit theorem. The asymptotic
formula for the variance in terms of n can be obtained from (3-21) using (3-20). The proof
of Proposition 3-1 is complete.
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