BULL. AUSTRAL. MATH. SocC. 47109, 49M05
VoL. 57 (1998) [117-127]

APPROXIMATING COMMON FIXED POINTS OF
TWO NONEXPANSIVE MAPPINGS IN BANACH SPACES

SACHIKO ATSUSHIBA AND WATARU TAKAHASHI

Let C' be a nonempty closed convex subset of a real Banach space E and let S,T
be nonexpansive mappings of C into itself. In this paper, we consider the following
iteration procedure of Mann’s type for approximating common fixed points of two
mappings S and T

n—1

) =2 €C, Zpy1 = anZn + (1 —ay) 2 Z STz, for every n > 1,

i,5=0
where {an} is a sequence in [0,1]. Using some ideas in the nonlinear ergodic theory,
we prove that the iterates converge weakly to a common fixed point of the nonexpan-
sive mappings T and S in a uniformly convex Banach space which satisfies Opial’s
condition or whose norm is Fréchet differentiable.

1. INTRODUCTION

Let C be a nonempty closed convex subset of a Banach space E. Then, a mapping
T : C — C is called nonexpansive if | Tz — Ty|| < ||z — yl| for all z,y € C. We denote
by F(T) the set of fixed points of T. Mann [5] introduced an iteration procedure for
approximating fixed points of a mapping T in a Hilbert space as follows:

21 =2€C, Znt1 =onZh+ (1 — ay)Tz, forevery n>1,

where {a,} is a sequence in [0,1]. Later, Reich [7] discussed this iteration procedure in
a uniformly convex Banach space whose norm is Fréchet differentiable.

In this paper, we consider the following iteration procedure of Mann’s type for ap-
proximating common fixed points of two nonexpansive mappings in a Banach space:

1 n-1 o
21 =2 €C, Tny1 = nZn+ (1 —ayp) = Z STz, forevery n > 1,
ij=0

where {a,} is a sequence in [0,1] and S, T are nonexpansive mappings of C into itself.
Using some ideas in the nonlinear ergodic theory and an inequality obtained by Xu [9], we
prove that the iterates converge weakly to a common fixed point of the two nonexpansive
mappings in a uniformly convex Banach space which satisfies Opial’s condition or whose
norm is Fréchet differentiable.
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2. PRELIMINARIES

Throughout this paper, we assume that E is a real Banach space. We denote by F*
the dual space of F and also denote by (y, z*) the value of z* € E* at y € E. We write
zn, — z (or w-nlggo zn, = z) to indicate that the sequence {z,} of vectors converges weakly
to z. Similarly z, — z (or lim z, = z) will symbolise strong convergence. We denote
by N the set of all positive ir;‘t—e);ers. For a subset A of F, coA and @A mean the convex
hull of A and the closure of the convex hull of A, respectively. We say that E satisfies
Opial’s condition [6] if for any sequence {z,} C E with z, — z € E, the inequality

liminf ||z, — z|| < liminf ||z, — y||
n—o0 n—oo

holds for every y € F with y # z. It is known that all Hilbert spaces and ¢’ with
1 < p < oo satisfy Opial’s condition. It is also known that every separable Banach space
can be equivalently renormed so that it satisfies Opial’s condition (see [3]). We also know
that if a Banach space E has a duality mapping which is weakly sequentially continuous
at 0, then E satisfies Opial’s condition (see [4]). However, the spaces L? with 1 < p < oo
and p # 2 do not satisfy Opial’s condition (see also [6]). Let E be a Banach space. Then,
the norm of E is said to be Gateaux differentiable if

Lzt tyll ~ fal

t—0 t
exists for each z and y in Sg, where Sg = {z € E : ||z|| = 1}. It is said to be Fréchet
differentiable if for each z in Sg, this limit is attained uniformly for y in Sg. Let C be a
closed convex subset of F and let T’ be a mapping of C into itself. Then, for each ¢ > 0,
we define the set F.(T) to be

F(T)={z€C:|Tz~z| <€}

The following lemmas were proved in [2].
LEMMA 1. Let E be a uniformly convex Banach space and let C' be a nonempty
bounded closed convex subset of E. Then, for each € > 0, there exists > 0 such that

coF5(T) C F(T)

for every nonexpansive mapping T of C into itself.

LEMMA 2. Let E be a uniformly convex Banach space and let C' be a nonempty
bounded closed convex subset of E. Then,

1 1 =,

lim su “—— Tz — T(—— T‘:l:) ” =0,

v < n+1; n+1§
TEN(C) = =

where N(C) denotes the set of all nonexpansive mappings of C into itself.
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3. LEMMAS

Let C be a nonempty closed convex subset of a Banach space E. Let S and T be
nonexpansive mappings of C into itself such that ST = T'S and F(S)N F(T) # 0. Now
consider the following iteration scheme:

n—1
(1) 21=T€C, Tny1 =nZn+ (1 — ap) Z S'‘Tiz, forevery neN,
1,7=0
where {an} is a sequence in {0, 1]. Then, for any n € N, putting
1 n—1
Tz =apz+ (1 - an)ﬁ Z STz for every z € C,
i,j=0
the mapping T, of C into itself is also nonexpansive. In fact, let z,y € C. Then, we
obtain

N

1 2=t o
— 2 15Tz - STy
o
2 Z llz - yll

i,j=0
= |z -yl

= SlTJ - = ¥ siTiy
Z

N

and hence

I Tnz — Toyl|

”{anz+ ZS'T’ } {any+ ZS’T’ }H

,j=0 1,j=0

Z SiTiz — — Z S‘TJy”

allz -yl + (1 - an) |z - yll =|lz - yII :

N

anllz =yl + (1 - an)

N

Further, we have F(T) F(S) c F(l/n27 nz::lo SiTj) C F(T,) for every n € N and hence
F(T ﬂ F(T,). "
The 1terates {zn} defined by (1) can be written as
(2) Znt1 = L/ Th-1 - Thzy.
Putting S, = TyTn-1 - - - T1, Tn41 will be also denoted by
3) Tnt1 = Splr.

Using Lemmas 1 and 2, we can prove the following lemma which plays an important
role in this paper.
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LEMMA 3. Let C be a nonempty bounded closed convex subset of a uniformly
convex Banach space E. Let S and T be nonexpansive mappings of C into itself with

ST = TS. Then,
. 1 & p e
lim igg“FiJZ::oS Tiz — s(m';s Tiz)| =0
and

n

-1 n—1

1 . 1 _
lim su ”— E S’T’:c—T(— S’T’z)H = (.
70 ’Gg n? i,j=0 n? i,jz=0

ProoF: Let € > 0. From Lemma 1, we know that there exists § > 0 such that
(4) coFs(U) C F(U)

for every nonexpansive mapping U of C into itself. From Lemma 2, we also have

1 n-1 ) 1 n-1 )
lim sup”; Z Sty — S(E Z S’y) || =0.
i=0 =0

naoo yeC

Then, there exists n; € N such that
1 n—1 1 n—1 ]
sup ”— Sty — S(— S‘y) ” <é

for every n 2 n;. Then, we obtain that

1 n-1

— i F5(S) C toF3(S
(5) 238" € Fi(S) C ()

for every y € C and n > n,. Let [,p € N. Then, we have, for any n € N with n > I,p
and z € C,

LS~ gips 1N i 1 iy 1 2 ctvinpts
= 2, 5Ta=$ (ﬁ%s )| < | 3 5Ta - 5 3 s

i,j=0 1,j=0

n—1 n-1
4 7% Z SlHTPHI , _ S(% Z Sl+iTp+jx) H

i,j=0 4,j=0
1 n-1 1 n—1
1+ +3j _ el Iy a¥]
+ |S(ﬁ > s iz) - 5(; > S'T’x)“
i,7=0 1,7=0
< 2 _1_ HX_E SiTig — i nz_l Si+iprti
= Tiln? £ TTne 2 o
1,7=0 ,j=0
1 n-1 1 n-1
- l+irpp+j,. il l+ipp+3
s & sre (g & s

1,j=0
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and
1 n—1 o 1 n-1 ) ]
P e LS sre LS s
n =0 n =0
n—1 p—1 -1 n-1 n-1+in-1 n—-1+{p+n-1
[LES e s Some S Soma 5 S )|
i=0 j=0 i=0 j=p i=n j=p j=n
n—-1p-1 1-1n-1 n—1+in—-1 o n—1+lptn—1 o
< XX ISTe Y 5Tl + 3 LIS+ 3 3 (ST
i=0 j=0 =0 j=p i=n j=p =l j=n
< Slm+lm-p)+in-p) +np} M
< 2M (l+p),
n

where M = sup llz]]. Then, there exists ny € N such that ng > max{n,[,p} and
(2M (I +p))/n < ¢ for every n 2 ng. This implies that

n—1
I= H— Z S'Tig i Z S‘“T”“z“ <e forevery z€C.
1,j=0 i,j=
n—1 ] ]
Next, we prove that 1/n? Z S™HTItig € toFy(S) for every z € C, m,qg € N and
i,7=0

n > ny. If not, we have that for some m,g €N, n > n, andz € C

n-1
— Z S™HiT iy ¢ TFs(S).

1,j=0

From the separation theorem, there exists y; € E* such that

n--1
(6) <$ E SmtiTetiy yf> < inf{(z,3}) : z € C0F5(S5)}.

1,j=0
Then, from (5), we obtain

inf{(z,y;) : z € @WF;(S)} < inf{< ZS’z y1> :.’L‘EC}

i=0

( ZS'y y1>

i=0

for all y € C and n > ny. Then, we have that for any j € {0,1,2,...,n — 1}

inf{(z,y}) : z € WF5(S)} < ( Z St (S™Tz), y1>

=0
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and hence

n

i * =7 1 = 1"‘1 1 m. j *
inf{(z,y}) : z € @F3(S)} < ;;(;ZS (S T‘7+Jg;),y1>.

7 i=0

Therefore, from (6),

n-1 n—1
inf{(,y}) : z € WF(S)} < %Z <% S8 (57T) 47
j=0 =0

< inf{(z,y}) : 2 € CF3(S)}.

This is a contradiction. Hence, from (4), we have

n—1
D" smHTez € wF(S) € Fu(S)

1,7=0

1
n?

(7)

for every m,q € N, z € C and n > n,. Then, it follows from (7) that

zeC
m,gEN

n—1 n—1
1 . . 1 ) )
sup ”F E Smtrpatip S(ﬁ E S""“T"“m)“ <e
1,j=0

1,7=0

for every n 2 n;. Hence, we obtain

1
|7

for every z € C and n > ng. Therefore,

n-1 n—1
lim sup”% Z SiTig — S(% Z SiTja:) ” =0.
1,7=0

n—oo zeC ij=0

n—1 n—1

S"Tjar:—S(i2 S’T%)M € 2e+e=3¢
i7=0 [

t,j= Lj=

Similarly, we have

] 1 n-—1 o 1 n—1 o
lim Sup”ﬁé OSTJ.'L'—‘T(EE OSTJ.’II)“=O
1,)= 1=

n—oo reC

The following lemma was essentially proved by Reich [7] (see also [8]).

LEMMA 4. Let C be a nonempty closed convex subset of a uniformly convex
Banach space E with a Fréchet differentiable norm and let {T\,T>, T3, ...} be a sequence
[e o]

of nonexpansive mappings of C into itself such that ﬂ F(T) is nonempty. Let z € C

n=1

[e <]
and set S, =T, T, ---T1 for every n € N. Then, the set ﬂ to{Spz:-m2n}nU
e n=1
consists of at most one point, where U = ﬂF(Tn).

n=1
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We also have the following lemma.

LEMMA 5. Let F be a Banach space and let C be a nonempty closed convex
subset of E. Let S and T be nonexpansive mappings of C into itself such that ST = TS
and F(S)NF(T) # 0. Suppose 1, =z € C and {z,} is given by

1 n~1 o
Tp41 = QpZnp + (1~ an)ﬁ ;S‘T’a:n for every n €N,
where {a,} is a sequence in [0,1]. Let w be a common fixed point of T and S. Then,
lim ||z, — w|| exists.
n—oo

PROOF: Let w be a common fixed point of T and S. Then, we have

1 n-1 o
[T — ]| = lanzn+ (1 - ap) — Z SiTig, — wu
i,j=0
1 n—1 ]
< anllen = wll+ (1 - an)|| 55 Y 5T720 - w
4,j=0
< anlzn —wl| + (1 - an) [|zn — wl|
= |lzn — vl
and hence lim ||z, — w|| exists. 0
n—00

The following lemma was proved in [9].

LEMMA 6. Letp>1andr >0 be two fixed real numbers. Let E be a uniformly
convex Banach space. Then, there is a continuous, strictly increasing and convex function
g : [0,00) — [0, 00) such that g(0) = 0 and

Az + (1= Nyll” < All=ll” + (1 = A lyll” — {A°(1 = A) + A1 = AP }g(llz - ylI)

forall z,y € B, and A with0 < A< 1, where B, = {z € F : ||z|| < r}.

Using Lemmas 3 and 6, we can show the following lemma which is essential to prove
the weak convergence theorem (Theorem 1).

LEMMA 7. Let C be a nonempty closed convex subset of a uniformly convex
Banach space E. Let S and T be nonexpansive mappings of C into itself such that
ST =TS and F(S)NF(T) # 0. Suppose z; = z € C and {z,} is given by

n—1

1 L
Tptl = QpZn + (1 — a,,)ﬁ Z STz, forevery n €N,

where 0 € a, € a for some a with 0 < a < 1. Then,

lim||Tz, — 2, = lim ||Sz, — .|| = 0.

In particular, z,, = yo implies yo € F(T) N F(S).
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PROOF: Forz € Cand f € F(T)NF(S),putr = ||z~ f|l and set X = {u € E :
llu— f]l £ 7} N C. Then, X is a nonempty bounded closed convex subset of C' which is
T, S-invariant and contains z, = z. So, without loss of generality, we may assume that
C is bounded. Let w be a common fixed point of T and S. Then, from Lemma 6, there
exists a continuous, strictly increasing and convex function g : [0, 00) — [0, 00) such that
g(0) =0 and

|Zns1 — w”2 =

on(zn —w)+ (1 — an) ( Z S‘Tig, — w) H

.10

Z STz, —w“
SRVES S
i,7=0

for all n € N. Then, since a,, < a, we have
1 n—1
(1 — a)g(”-ﬁi Z_ STz, — z, )

an(l — ay) (“— Z SiTiz, — z,

1,j=0

N

O ||zn-w|| +(1-ay,)

)

n—1
1 . 2
|5 3 52— v = llgns - wl’
3,j=0

N

A

oy ||zn — w||2 +(1-a,

o l|zn — wll* + (1 = an) llon = wl* = llzass — wll”

N

za = wll* = lznt1 —wlf”.

So, from Lemma 5, we obtain

)=o0.

Since g is continuous, strictly increasing and satisfies ¢(0) = 0, we have

n-»o0

n-1
1 L
lim ang(”—n-z E STz, —z,
ij=0 -

L3 5773, - 2| =0

1,7=0

® Jim

It follows from the definition of {z,} that

1 n—1 o 1 n-1
R e Z STz, = ay, (zn 3 Z S’TJ:L,._).

i,j=0 i,j=0
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Since

||Txn+1 - -'L'n+1||

1 n—1 o
\Tacn+1 - T(;ﬁ 3 S'fo,,) H
1,5=0

n-1 n—1
+HT(% Zosinzn) — % ZOS"TJ‘x,,

1= 1=

n—1 n—1
T(%% Sinxn) - % ;Jsiszni

Ly=

<

1 n—1
+ HF E SIT].’En — Tp41
i,7=0

1 n—1 o
< 2”? ;SITan - rn+1” + ‘

ij=
1 n—1 1 n—-1 1 n—1

zn= = > ST +|T(5 X 5T2) - = 3 5'Ta,
1,j=0 1,j=0 1,j=0

from (8) and Lemma 3, we have

= 2a,

lim || Tz, — z,|| = 0.
n—00

Similarly, we have
lim ||Sz, — z,i| = 0.
n—o00

Assume z,, = yo. Then, since I — T and I — S are demiclosed by [1], we obtain that y,
is a common fixed point of T" and S. g

4. MaIN RESuULT

We shall prove the main result in this paper.

THEOREM 1. Let E be a uniformly convex Banach space which satisfies Opial’s
condition or whose norm is Fréchet differentiable. Let C be a nonempty closed convex
subset of E. Let S and T be nonexpansive mappings of C into itself such that ST =TS
and F(S)N F(T) # 0. Suppose z, =z € C and {z,} is given by

1 n—1 o
Tny1 = CnZp + (1 — an)ﬁ Z:()S’T’xn for every n €N,
t,7=
where {o,} is a sequence in [0,1]. If {a,} is chosen so that o, € [0,a] for some a with
0 < a < 1, then {z,} converges weakly to a common fixed point 2y of T and S.

PROOF: Let z € C. We first assume that F satisfies Opial’s condition. Let w be a
common fixed point of T and S. Then, from Lemma 5, lim ||z, — w|| exists. As in the
n—o00

proof of Lemma 7, we may assume that C is bounded. Since F is reflexive, {z,} must
contain a subsequence which converges weakly to a point in C. So, let {z,,} and {z,,}
be two subsequences of {z,} such that z,, = 2; and =z, = 2. Then, from Lemma 7,
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we have that z; and 2; are common fixed points of T' and S. Next, we show z; = 25. If
not, from Opial’s condition,

lim ||z, — z]|

,,l_lglo ”‘Tni - z1”

n—oo
< lim [|n, — 2] = lim ||zn — zl| = lim ||z, — 2|
< lim ||zn; — & = lim |z, — 2.
j—ooo n—oo

This is a contradiction. Hence, we obtain z, — yo € F(T) N F(S).

Next, we assume that E has a Fréchet differentiable norm. As in the proof of
Lemma 7, we may assume that C is bounded. So, there exists a subsequence {z,,} of
{z5} such that z,, — yo. Then, from Lemma 7, we obtain y, € F(T) N F(S). Putting

Ty = apy + (1 — an)l/nznz_lSiij and Spy = T, T 1T,,_o---Tiy for all n € N and
4,j=0
y € C, from (3), we have yp € ﬁE{Smx :m 2 n}. Hence, we have
n=1
Yo € ﬁw{sz :m2n}NFT)NF(S)C ﬁE{sz :m2zn}n ﬁF(Tn).
n=1 n=1 n=i
So, from Lemma 4, we have
{vo} = ﬁ@{smx :m 2 n}n ﬁF(Tn).
n=1 n=1
Hence, we obtain z, — yg € F(T) N F(S). 0
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