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APPROXIMATING COMMON FIXED POINTS OF
TWO NONEXPANSIVE MAPPINGS IN BANACH SPACES

SACHIKO ATSUSHIBA AND WATARU TAKAHASHI

Let C be a nonempty closed convex subset of a real Banach space E and let 5, T
be nonexpansive mappings of C into itself. In this paper, we consider the following
iteration procedure of Mann's type for approximating common fixed points of two
mappings 5 and T:

1 " - 1

xx = x € C, z n + ] = an xn + (1 - an) —^ ^ 5*TJxn for every n ^ 1,
',j=0

where {an} is a sequence in [0,1]. Using some ideas in the nonlinear ergodic theory,
we prove that the iterates converge weakly to a common fixed point of the nonexpan-
sive mappings T and 5 in a uniformly convex Banach space which satisfies Opial's
condition or whose norm is Frechet differentiable.

1. INTRODUCTION

Let C be a nonempty closed convex subset of a Banach space E. Then, a mapping
T : C -> C is called nonexpansive if \\Tx - Ty\\ ^ ||x - y\\ for all x,y eC. We denote
by F(T) the set of fixed points of T. Mann [5] introduced an iteration procedure for
approximating fixed points of a mapping T in a Hilbert space as follows:

Xx — x e C, xn+l = anxn + (1 - an)Txn for every n ^ 1,

where {an} is a sequence in [0,1]. Later, Reich [7] discussed this iteration procedure in
a uniformly convex Banach space whose norm is Frechet differentiable.

In this paper, we consider the following iteration procedure of Mann's type for ap-
proximating common fixed points of two nonexpansive mappings in a Banach space:

1
xx = x e C, xn+l = an xn + (1 - an) — ^ S'T3xn for every n ^ 1,

ij=0

where {an} is a sequence in [0,1] and S,T are nonexpansive mappings of C into itself.
Using some ideas in the nonlinear ergodic theory and an inequality obtained by Xu [9], we
prove that the iterates converge weakly to a common fixed point of the two nonexpansive
mappings in a uniformly convex Banach space which satisfies Opial's condition or whose
norm is Frechet differentiable.
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2. PRELIMINARIES

Throughout this paper, we assume that E is a real Banach space. We denote by E*

the dual space of E and also denote by (y, x*) the value of x* £ E* at y £ E. We write
i n - 1 ! (or w- lim xn = x) to indicate that the sequence {xn} of vectors converges weakly

n-too

to x. Similarly xn -» x (or lim xn = x) will symbolise strong convergence. We denote
n—»oo

by N the set of all positive integers. For a subset A of E, coA and WA mean the convex
hull of A and the closure of the convex hull of A, respectively. We say that E satisfies
Opial's condition [6] if for any sequence {xn} c E with xn —l x G E, the inequality

lim inf \\xn - x\\ < lim inf ||xn - y\\
n—*oo n—*oo

holds for every y € E with y ^ x. It is known that all Hilbert spaces and (? with
1 < p < oo satisfy Opial's condition. It is also known that every separable Banach space
can be equivalently renormed so that it satisfies Opial's condition (see [3]). We also know
that if a Banach space E has a duality mapping which is weakly sequentially continuous
at 0, then E satisfies Opial's condition (see [4]). However, the spaces IP with 1 < p < oo
and p ̂  2 do not satisfy Opial's condition (see also [6]). Let E be a Banach space. Then,
the norm of E is said to be Gateaux differentiate if

t-K) t

exists for each x and y in SE, where SE = {x & E : ||x|| = 1}. It is said to be Frechet
differentiable if for each x in SE, this limit is attained uniformly for y in SE- Let C be a
closed convex subset of E and let T be a mapping of C into itself. Then, for each e > 0,
we define the set F£(T) to be

.F£(T) = {x e C : ||Ta: - x\\ < e}.

The following lemmas were proved in [2].

LEMMA 1. Let E be a uniformly convex Banach space and let C be a nonempty
bounded closed convex subset of E. Then, for each e > 0, there exists 8 > 0 such that

coF5(T) c Fe(T)

for every nonexpansive mapping TofC into itself.

LEMMA 2 . Let E be a uniformly convex Banach space and let C be a nonempty
bounded closed convex subset of E. Then,

1 *-r
lim sup

where N(C) denotes the set of all nonexpansive mappings ofC into itself.
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3. L E M M A S

Let C be a nonempty closed convex subset of a Banach space E. Let S and T be

nonexpansive mappings of C into itself such that ST — TS and F(S) n F(T) / 0. Now

consider the following iteration scheme:

1 £^
(1) xi=xe C, xn+1 =anxn + (l- an) — ̂  SlTJxn for every n e N,

where {an} is a sequence in [0,1]. Then, for any n £ N, putting

Tnx = anx + (1 - an)— V S T J i for every x € C,

the mapping Tn of C into itself is also nonexpansive. In fact, let x,y € C. Then, we
obtain

t,j=O ij=0 i,>=0

n-1

" tj=0

and hence
1 n-i 1 n-i

t,j=O i,7=0

II- V i i l V '
•J=0 i,7=0

^ an |N - y|| +(1 - a,,) |N - y|| = ||i - y||.

Further, we have F(T) n F(S) C F(l/n2 J2 S{TA C F(Tn) for every n £ N and hence

F(T) n F(5) C f| F(Tn).
n=l

The iterates {xn} defined by (1) can be written as

(2) xn+l=TnTn_l---T1x1.

Putt ing Sn = T n r n _ ! •••Tu xn+i will be also denoted by

(3) xn+i — SnXi.

Using Lemmas 1 and 2, we can prove the following lemma which plays an important
role in this paper.
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LEMMA 3 . Let C be a nonempty bounded closed convex subset of a uniformly

convex Banach space E. Let S and T be nonexpansive mappings of C into itself with

ST = TS. Then,

- n—1 - n—1

lim sup||^r y S'Tx - s(-= y S*Tsx) II = 0
n-»oo xec"n24^' Vn2 4 ^ /ll

and

lim suplli y srrix -T(± y s^x)|| = o.

P R O O F : Let e > 0. From Lemma 1, we know that there exists 6 > 0 such that

(4) coFs(U) C Ft(U)

for every nonexpansive mapping U of C into itself. From Lemma 2, we also have

i—0 t—0

Then, there exists ri] € N such that

, n - l , n - l

for every n > nx. Then, we obtain that

(5) ^ S t y {

i=0

f o r e v e r y y € C a n d n ~£- n \ . L e t l , p £ N . T h e n , w e h a v e , fo r a n y n € N w i t h n > l,p

and x E C,
n-l i n - l 1 n - l .. n-1

z - 5 ( ^ y ; s*r>s) II ^ || ̂  y ; S T ^ - -1
V n 2 ^ / ll H n 2 . ^ n 2 .i,j=0 iJ=0

n-1 n-1

+ lln2-^-' X~ W4-1

+ \ \S I —r
i,J=0

«J=0 ij=0

+11AII 2
I n ' *—

tJ=0
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and

In2

t,j=O ij=O

i=0 j=0 t=0 j=p i=n j=p i=l j=n

n-lp-1 1-1 n-l n-l+ln-1 n-l+lp+n-1

t=0 j=0 i=0 j=p i=n j=p i=l j=n

1
^ —r:{np + I (n — p) + I (n — p) + np) • M

n2

2M {I + p)
^ n

where M = sup||z||. Then, there exists n0 € N such that n0 > max{ni,/,p} and
zee

(2M (I +p))/n < e for every n ~£ n0. This implies that

I, 1 2Z} . . 1 2=i , . .M

II n2 .̂ —' n2 z—' II

n - l

Next, we prove tha t 1/n2 J ^ Sm+iTq+jx e coFj(S) for every i € C, m,q e N and

n ^ n i . If not, we have tha t for some m, g G N, n ^ ni and i £ C

1 - 1

n ij=o

From the separation theorem, there exists yj e F* such that

^ E
1,3=0

Then, from (5), we obtain

: z

n - l

t=0

^ \n*—' ' x/
i=0

for all y 6 C and n ^ ni. Then, we have that for any j e {0,1,2,..., n — 1}

inf{(z,7/i) :zGcoF,s(S)} : >=o
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and hence

inf{(z, yl):zG coFs(S)} < ^ E ( ^ E ^
j=0 i=0

Therefore, from (6),

M{(z, y{) : z G coFf(S)} < ± £ ( - >T 5*
n ;=o n i=o

< int{(z,y{):zecoFs(S)}.

This is a contradiction. Hence, from (4), we have

1
(7) - j

»J=0

for every m,q eN, x € C and n ^ nx. Then, it follows from (7) tha t

for every n ̂  ni. Hence, we obtain

ij=O ij=O

for every x G C and n ̂  n0. Therefore,

.. n—1 n—1

I™ sup||- T SVix-sf-; Y S'TxW = 0.

Similarly, we have

. n—1 n—1

lim supll-5- Y SiTJx - T f 4 y" ^ T ^ ) II = 0.n - o c e c l l n ^ U ^ ,

The following lemma was essentially proved by Reich [7] (see also [8]).
LEMMA 4 . Let C be a nonempty closed convex subset of a uniformly convex

Banach space E with a Frechet differentiable norm and let {Ti, T2, T3,...} be a sequence
oo

of nonexpansive mappings of C into itself such that P | F(Tn) is nonempty. Let x € C
7 1 = 1

oo

and set Sn = T n T n _ i • • • 7 \ for every n G N. Then, the set f] co{Smx :m^n}nU

consists of at most one point, where U =

n = l
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We also have the following lemma.

LEMMA 5 . Let E be a Banach space and let C be a nonempty closed convex

subset of E. Let S and T be nonexpansive mappings ofC into itself such that ST = TS

and F{S) n F(T) # 0. Suppose xi = x € C and {xn} is given by

xn+i = Oinxn + (1 - an)— Y2S'T3xn for every n e N,

wnere {&n} is a sequence in [0,1]. Let w be a common fixed point ofT and S. Then,

lim \\xn - w\\ exists.
n->oo

PROOF: Let w be a common fixed point of T and 5. Then, we have

- w
iJ=0

1 n - 1

i,j=0

< an \\xn - w\\ + (1 - an) \\xn - w\\

= \K-w\\
and hence lim ||a;n — w\\ exists. D

Tl—>OO

The following lemma was proved in [9].

LEMMA 6 . Let p > 1 and r > 0 be two fixed real numbers. Let E be a uniformly

convex Banach space. Then, there is a continuous, strictly increasing and convex function

g : [0, oo) -¥ [0, oo) suci that g{0) = 0 and

||As + (1 - X)y\\p < A Hzll' + (1 - A) ||y||' - {A'(l - A) + A(l - A)p}ff(||x - y\\)

for all x,y € BT and A with 0 ̂  A ̂  1, where BT = {x € E : \\x\\ ^ r} .

Using Lemmas 3 and 6, we can show the following lemma which is essential to prove
the weak convergence theorem (Theorem 1).

LEMMA 7 . Let C be a nonempty closed convex subset of a uniformly convex
Banach space E. Let S and T be nonexpansive mappings of C into itself such that
ST = TS and F(S) D F(T) ^ 0. Suppose xx = x e C and {xn} is given by

) ^ 2 x n for every n G N,
n ij=o

where 0 ^ an ^ a for some a with 0 < a < 1. Then,

lim \\Txn - xn\\ = lim ||Sxn - xn| | = 0.
n n

In particular, xni -»• y0 implies y0 € F(T) n F(S).
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PROOF: For x E C and / £ F(T) n F(S), put r = \\x - f\\ and set X = {u € E :

\\u — f\\ ^r] C\C. Then, X is a nonempty bounded closed convex subset of C which is
T, 5-invariant and contains X\ = x. So, without loss of generality, we may assume that
C is bounded. Let w be a common fixed point of T and 5. Then, from Lemma 6, there
exists a continuous, strictly increasing and convex function g : [0, oo) -» [0, oo) such that

= 0 and

\\xn+l - w\\2 = \\an(xn - « ; )

1 n~*- o

an\\xn-w\\2+(l-an)\\ — J2SiTjxn-w\\

n - l

',3=0

for all n £ N. Then, since an ^ a, we have

n - l

"nC1 - <*")#( | |z?
i,j=0

n - l
,9 ,- ,11-1^ _ l l _ 112

- a«)|| ̂ 2 E 5irJa:» -

\\xn - w\\2 + (1 - an ) \\xn - w||2 - ||a;n+1 - iy||2

= ||:En - io||2

So, from Lemma 5, we obtain

iJ=0

Since g is continuous, strictly increasing and satisfies g(0) = 0, we have

n - l

(8) lim an - j > S lT%n - i B = 0 .
v ' n->oo II n2 *-^

«j=0
It follows from the definition of {xn} that

.. n—1 , n—1
1 X—> ™ ~ , i / 1

tj=0
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Since

\\Txn+l - Z n

^ 2
nz

n—1

n2
tj=O

n—1

t,j=O

n+1\

n— 1

i,j=0

ij=0

n—1

tJ=O

from (8) and Lemma 3, we have

Similarly, we have

lim \\Txa-xn\\ =0.
n > o o

n—1

t,j=O

n—1n

\ — V
tj=O

lim | |5iB - xn\\ = 0.
n—>oo

Assume xnj —*• j/o- Then, since I — T and I — S are demiclosed by [1], we obtain that y0

is a common fixed point of T and 5. D

4. MAIN RESULT

We shall prove the main result in this paper.

THEOREM 1 . Let E be a uniformly convex Banach space which satisfies Opial's

condition or whose norm is Frechet differentiable. Let C be a nonempty closed convex

subset of E. Let S and T be nonexpansive mappings ofC into itself such that ST — TS

and F(S) D F{T) ^ 0. Suppose xx - x e C and {xn} is given by

for every n 6 N,

where {an} is a sequence in [0,1]. If {an} is chosen so that an 6 [0, a] for some a with

0 < a < 1, then {xn} converges weakly to a common fixed point ZQ ofT and S.

PROOF: Let x £ C. We first assume that E satisfies Opial's condition. Let w be a
common fixed point of T and 5. Then, from Lemma 5, lim ||a;n - iu|| exists. As in the

71-+OO

proof of Lemma 7, we may assume that C is bounded. Since E is reflexive, {xn} must
contain a subsequence which converges weakly to a point in C. So, let {xni} and {xnj}
be two subsequences of {xn} such that xni —

i z\ and xnj -»• z2. Then, from Lemma 7,
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we have that Z\ and z2 are common fixed points of T and S. Next, we show z\ — z2. If
not, from Opial's condition,

lim | |z n - zx || = lim | | z n i - Zi\\
n—»oo i—>oo

< lim ||a;nj - z2|| = lim | |xn - z2| | = lim | | z n , - 22 | |
t->oo n-»oo j-¥oo " J "

< lim \\xn - zA\ = lim ||xn - Zi||.

This is a contradiction. Hence, we obtain xn -*• y0 £ F(T) D F(5) .

Next, we assume that E has a Frechet differentiable norm. As in the proof of

Lemma 7, we may assume that C is bounded. So, there exists a subsequence {xni} of

{xn} such that xni -*• y0. Then, from Lemma 7, we obtain y0 6 F(T) n F(5) . Putting
n - l

Tny = any + (1 - a n J l / n ^ ^ T ^ and 5ny = TnTn_!Tn_2 • • -Txy for all n 6 N and
iJ=O

OO

y G C, from (3), we have yo ^ (]co{5'ma;: m ^ n}. Hence, we have

n=l

OO OO OO

y0 G f l ^ 5 " 1 : m ** n> n F ( T ) n F ( 5 ) c fl25^5™1 : m ^ n^ n DF(T")-
n=l n=l n=l

So, from Lemma 4, we have

OO OO

{Vo} = f]co{Smx :m>n}n f ) F ( T B ) .
n=l n=l

Hence, we obtain xn-^ y0 e F(T) n F(5). D
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