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Abstract

In this paper we study the Stone- Cech bicompactification (8,X, P Q) of the bispace (X, P, Q). We
show that the ring of all continuous real-valued functions on (8,X, Pv O may be identified with the
uniform closure of a suitable subring of C(8,X, Pv 0. Using this result, we give a characterization of
the Wallman-Sanin compactifications of the pairwise Tychonoff bitopological spaces.
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1. Introduction and preliminaries

A bitopological space is a triple (X, P, Q) where X is a set and P and Q are
topologies on X. A function f : (X, P, Q) — (Y, S, T) is said to be bicontinuous
ifboth f : (X,P) - (Y,S) and f : (X, Q) — (Y, T) are continuous. The
study of bitopological spaces was initiated by Kelly in [Ke]. He introduced the
concepts of pairwise Hausdorffness, pairwise regularity and pairwise normality for a
bitopological space. Kelly also established interesting bitopological versions of some
classical topological theorems. Later, the study of bitopological spaces was continued
by several topologists and classical concepts and results of the theory of spaces were
extended in the context of bitopological spaces.

This paper is devoted to the study of the bicompactifications of bitopological
spaces. The first notion of bitopological compactness was introduced, independently,
by Fletcher, Hoyle III and Patty in [FHP] and by Kim in [Ki]: A bitopological space
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(X, P, Q) is called pairwise compact if every cover of X consisting of P-open and
Q-open subsets, with at least one non-empty P-open and one non-empty (-open set,
has a finite subcover. But, it is easy to see that this notion of bitopological compactness
is not a productive property. Birsan in [Bi] and Swart [Sw] gave another bitopological
compactness-like properties which allow Tychonoff product theorems. According to
Birsan, a bitopological space (X, P, Q) is pair compact if every P-open cover has
a finite Q-open refinement, and every Q-open cover has a finite P-open refinement.
By Swart’s definition, a bitopological space (X, P, Q) is pair compact if every cover
of sets from P U Q has a finite subcover. One can see that these two concepts
differ by considering the bispace ([—1, 0) U (0, 1], u, I): This space is pair compact
in the sense of Birsan and is not under Swart’s definition. However, in Birsan’s
definition, bicontinuous functions are not quasi-uniformly continuous (for details
see [Sal]). Based on the fact that compactness agrees with realcompactness plus
pseudocompactness, Saegrove [Sae] introduced one more bicompactness-like concept
and a bicompactification of a bitopological space (X, P, Q), but his bicompactification
does not induce a compactification of (X, P v Q). These historical facts and the
consideration that a bitopology (P, Q) essentially specifies a decomposition of the
topology P Vv Q into a left topology P and a right topology Q lead Salbany [Sal, Sa2]
to introduce a new concept of bitopological compactness: He says that a bitopological
space (X, P, Q) is 2-compact if (X, P v Q) is compact. Using Salbany’s property,
it is shown in {Sal] that every pairwise Tychonoff space admits a pairwise Tychonoff
bicompactification with the universal extension property of bicontinuous functions
with range (/, u, I), where I is the unit closed interval and u and [ are the upper and
lower topologies in R, respectively. Besides, this universal extension property holds
for all bicontinuous functions f : (X, P, Q) — (K, S, T) whenever that (K, S, T) is
2-compact. Actually, this bicompactification provides a Hausdorff compactification
of the Tychonoff space (X, P v Q) when (X, P v Q) is a Hausdorff space. In this
paper, we shall adopt Salbany’s concept of 2-compactness plus the Hausdorff axiom
on the space (X, P v Q).

As the notions in the realm of bitopological spaces are not standard, we state the
basic definitions of this paper:

A bitopological space (X, P, Q) is called pairwise completely regular (this notion
was introduced in [La)) if, for each x € X and for each P-closed set A with x ¢ A
there is a bicontinuous function f : (X, P, @) = (I, u, 1) such that f (x) = 0 and
f(y) = 1forevery y € A; and if for each Q-closed set B with x ¢ B there is a
bicontinuous function g : (X, P, Q) — (I, u,!) such that g(x) = 1 and g(y) = O for
every y € B. A bitopological space (X, P, Q) is said to be pairwise Tychonoff if it is
pairwise completely regular and P v Q is a Hausdorff topology (this definition was
introduced in [Sal]). We remark that a pairwise completely regular space (X, P, Q)
is pairwise Tychonoff if and only if P and Q are T topologies. Thus, if (X, P, Q) is
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pairwise Tychonoff, then (X, P v Q) is a Tychonoff space.

In the following the terms ‘bispace’ and ‘space’ will mean pairwise Tychonoff
bitopological space and Tychonoff space, respectively. If (X, P, Q) is a bispace
and Y C X, then (Y, Ply, Qly) stands for the subbispace of (X, P, Q) with P|y =
{VNY: Ve Pland Qly ={VNY: Ve Q}). If (X,P)is a space, then
C(X, P) (respectively, C*(X, P)) denotes the set of all continuous (respectively,
bounded continuous) functions from (X, P) into (R, « Vv [) and if (X, P, Q) is a
bitopological spaces, then BC(X, P, Q) (respectively, BC*(X, P, 3)) will denote the
set of all bicontinuous (respectively, bounded bicontinuous) functions from (X, P, Q)
into (R, u, ). A Zp-zero set (respectively, a Z-zero set) in a bitopological space
(X, P, Q)isasetof the form {x € X : f (x) > O} (respectively, {x € X : f (x) <0})
where f € BC(X, P, Q). Notice that Z C X is a Zp-zero set (respectively, Zo-
zero set) if Z = f ~!(0) for some bicontinuous function f : (X, Q, P) — (I, u,l)
(respectively, f : (X, P, Q) — (I,u,D)). The set of all zero sets of a space X is
denoted by Z(X) and if (X, P, Q) is a bispace, then Z»(X) (or Zp) and Z,(X)
(or &) will denote the set of all Zp-zero sets and all Z,-zero sets of (X, P, Q),
respectively.

For a bispace (X, P, Q) a 2- compact blspace (X P, Q) such that X C X, P Ix=
P, Q Ix= Q and X is dense in (X Pv Q) will be called a bicompactification of
(X, P, Q). In [Sal] the following result was proved.

PROPOSITION 1.1. Every bispace (X, P, Q) admits a unique (up to a bitopological
homeomorphism fixing X pointwise) bicompactification (5,X, P, Q) satisfying the
Jfollowing (equivalent) properties:

(1) Every blcontmuous Junction f : (X, P, Q) —> (K, S, T) has a bicontinuous
extension to (B, X, P Q) Jor all 2-compact bispace (K, S, T).

(2) Every btcontmuous Sfunction f : (X, P, Q) — (I, u,l) has a bicontinuous
extension to (B, X Q)

(B) IfZpisa P -zero set and Zy is a Q-zero set in X disjoint from Zp, then
csZp N CIQZQ =4d.

The bicompactification (8,X, 13 Q) in Proposition 1.1 is called the Stone- Cech
btcompactzﬁcatzon of (X, P, Q). We should remark that if (X, P, Q) is a bispace,
then (8,X, Pv Q) is a compactification of the Tychonoff space (X, P v Q).

We are mainly concerned with the study of Stone-Cech bicompactifications. The
ring C(B,X, Pv Q) will be identified with a more suitable set, and we characterize
the compactifications of the type (8,X, P v Q) which are Wallman-Sanin compact-
ifications. We also characterize the compactifications (8,X, 13) and (8,X, Q) which
are Wallman-Sanin compactification of the spaces (X, P) and (X, Q), respectively.
In the case when the topologies are the same, our results reduce to the corresponding

https://doi.org/10.1017/5144678870003665X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870003665X

(4] On the Stone-Cech bicompactification of a bispace 361

results of the Stone-Cech compactification of a Tychonoff space.

2. The Stone-Cech bicompactification of a bispace

For two bispaces (X, P, Q) and (Y, S, T), a function ® : (X, P, Q) —> (¥, S, T)
is said to be a bitopological homeomorphism if both @ : (X, P) — (¥, S) and @ :
(X, Q) — (¥, T) are homeomorphisms. Notice thatif ® : (X, P, @) — (¥, S, T) is
a bitopological homeomorphism, then & is also a homeomorphism from (X, P v Q)
onto (Y, S v T), but the converse can be fail; for instance, the identity mapping from
(R, u, ) onto (R, /, u) is not a bitopological homeomorphism.

LEMMA 2.1. Let (X, P, Q) be a bispace. If a space (Y, T) is homeomorphic to
(X, P v Q), then there exist two topologies Ty and Ty in Y, with T, v T, = T, such
that (X, P, Q) and (Y, T}, T,) are bitopologically homeomorphic.

PROOF. Let ® : (Y, T) — (X, P v Q) be a homeomorphism. Then, we define T)
and T, by

T,={¢"(H):He P} and T =(® '(H):He Q).

We claim that T = T; v T;. Indeed, it is evident that 7, v T, € T. Now, let
B € T and fix x € B. Since ® is a homeomorphism, ®(B) is open in (X, P v Q).
So, there exist W, € P and W, € Q such that ®(x) € W, N W, € ®(B). Hence,
x € Y (W)N®-1(W,) C B. This shows ourclaim. Itisclearthat® : (¥, T}, ) —
(X, P, Q) is a bitopological homeomorphism. O

Let K/, K, be two compactifications of a space X. We say that K|, < K, if there
exists a continuous function f : K, — K, such that its restriction to X is the identity
map. Two compactifications of K, and K, of a space X are said to be equivalent if
K, < K, and K; < K. Itis not hard to see that two compactifications K; and K, of
X are equivalent if and only if there is a homeomorphism between K and K, fixing
X pointwise. The following result is a direct consequence of Lemma 2.1.

COROLLARY 2.1. Let (X', P’, Q) be a bicompactification of the bispace (X, P, Q).
If (K, T) is a compactification of (X, P v Q) equivalent to (X', P' v ('), then there
exist two topologies Ty and T, in K such that T = T, v T, and a bitopological
homeomorphism from (X', P', Q') onto (K, Ty, T) fixing X pointwise.

To give a suitable identification of the Stone-Cech bicompactification of a bispace
we need the following concept and two results.
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DEFINITION 2.1. Let X be a space. We say that & C C*(X) generates a com-
pactification e(X, &) of X if the evaluation map e : X — I is an embedding and
e(X, &) is the closure of the image of X in <,

If & C C*(X), then (&) will denote the smallest subring of C*(X) that contains
& . For proofs of the following facts the reader is referred to [Cha] (see also {CV]).

LEMMA 2.2. Let X be a space and let &f C C*(X). Then,
(1) & generates a compactification e(X, ) of X if and only if (&) separates

points from closed sets in X.
(2) If KX is a compactification of X and

Hyxx = {f € C*(X): f has a continuous extension to KX},

then &y is a subalgebra of C*(X) that separates points from closed sets in X and
e(X, oyx) = KX.
() If o separates points from closed subsets in X, then e(X, Hox o) = e(X, &)
and & C () C Dox, )
@) If o, B C C*(X) generate compactifications of X, then e(X, &) < e(X, B)
ifand only if o C A, x ).

If f € &kx, then fA denotes the extension of f to KX, and if & C &y, then
E(&) ={f : f € &}. The following theorem is taken from [BY].

THEOREM 2.1. For every compactification K X of X and for every & C C*(X), we
have that o/ generates a compactification e(X, &) of X satisfying that e(X, &) =
KX ifand only if & C &xx and E (&) separates points of K X.

We turn now to the main theorem.

THEOREM 2.2. If (X, P, Q) is a bispace, then BC*(X, P, Q) © Hpx 5 and
E(BC*(X, P, Q)) separates points of (8, X, P v Q). Hence,

e((X, PV Q),BC*(X, P, Q) = (B,X, PV Q).

PROOF. Let (X, P, Q) beabispace. It follows from Proposition 1.1 that BC*(X, P,
Q)UBC*(X, Q, P) C Hpx 5y p- To prove that E(BC*(X, P, ()) separates points
of (8,X, P v Q) we fix two different points x, y € 8,X. We may suppose, without
loss of generality, that x ¢ cl; ,,{y} By pairwise complete regularity, there exists a
bicontinuous function f : (8,X, P, Q) — (I, u,l)suchthat f (x) =0and f (y) = L.
But, the restriction of f to X belongs to BC*(X, P, Q). By Theorem 2.1, we obtain
that

e((X, PV Q), BC*(X, P, Q)) = (8:,X, P v Q).
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Observe from Theorem 2.2 that if (X, P, Q) is a bispace, then

e((X, PV Q), BC*(X, P, 0)) = e((X, PV Q), BC*(X, Q, P))
=~ (BX,PV Q).

For a bispace (X, P, Q), we let (X, P, Q) denote the set of all real-valued
functions f on X such that f = f, Vv f,, where f; € BC*(X, P, Q) and f, €
BC*(X, Q, P). If no confusion is allowed, then we write .# instead of .#(X, P, Q).
It should be remarked that BC*(X, P, Q) U BC*(X, Q, P) C . for every bispace
(X, P, Q); hence, . contains all real constant functions.

LEMMA 2.3. Forabispace (X, P, Q), we have that . separates points from closed
subsets in (X, PV Q) and & C Ay x p, ) Hence, every function in & admits a

continuous extension to (f,X, P v Q) and e(X, P v 0), &) = (B.X, PV O).

PROOE. To prove the first condition, we let x ¢ C where C is a (P v Q)-closed
set. Then, there are V € Pand U € Qsuchthatx € VNU € X\ C. By
pairwise complete regularity, there are f;, f, € BC*(X, P, Q) such that f,(x) = 0,
Hiy)=1foreveryy € X \'V, fo(x) = 1, and f(y) = O foreveryy € X \ U. If
f=fHivd—fy),thenf € S and f(x) =0and f (y) =1 forevery y € C. Thus,
& separates points from closed subsets in (X, P v Q). We have pointed out above that
BC'(X, P, QQUBC*(X, Q, P) C A p,x pvpp- Since f1V fr = (Ifi— fal+f1+£2)/2
for every f; € BC*(X, P, Q) and for every f, € BC*(X, Q, P), and &y x 5, is
an algebra containing the absolute value functions of its elements, we obtain that
& C x5y We have just proved that

BC'(X,P, Q) S S i x by

From Theorem 2.2, BC*(X, P, Q) and & 5,5 generate the compactification
(8:X, P v Q). So, by Lemma 2.2,

e((X,PV Q), )= (BX,PV Q).
O

Next, we shall consider C*(X) endowed with the uniform convergence topology.
In this context, we have the following resuits taken from [B1].

PROPOSITION 2.1 ([B], Prop. 1]). Let & C C*(X) separate points from closed sets

inX. Then, f € Yyx oy ifand only if f belongs to the uniform closure of the subring
of C*(X) generated by &/ and the set of all real constant functions.
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From Proposition 2.1 and the previous results we can obtain:

THEOREM 2.3. Let (X, P, Q) be a bispace. Then &4 x 5, 4, is the uniform closure
of (#)YinC*(X,PvVv Q) That is, a function f € C*(X, P v Q) admits a continuous
extension to C($.X, Pv O ifand only if f belongs to the uniform closure of (%) in
C*(X,Pv Q).

The Stone-Cech compactification SX of a space X is the only (up to a home-
omorphism fixing X pointwise) compactification K of X in which every bounded
continuous real-valued function on X admits a continuous extension to K [GJ, Theo-
rem 6.5]. In the category of bispaces, the results proved so far imply the following.

THEOREM 2.4. For a bispace (X, P, Q) the following are equivalent.
(1) BX,PV Q)= (BX, PV 0y
2) C*(X, P v Q) is the uniform closure of the smallest subring of C*(X, P v Q)
that contains %
(3) E(Y’) separates points of (X, P v Q);
4) E(BC*(X, P, Q)) separates points of B(X, P v Q).

From the next result we can see that any one of the conditions of Theorem 2.4 does
not imply, in general, that C*(X, P v Q) = BC*(X, P, Q).

THEOREM 2.5. C*(X, P v Q) = BC*(X, P, Q) ifand only if P = Q.

PROOF. Suppose that C*(X, P v Q) = BC*(X,P, Q). Let Ve Pand W e Q
such that VN W # 8. Fixx € VN W. Since (X, P v Q) is a Tychonoff space
there is a continuous functions f : (X, P v Q) — (I, u v I) such that f (x) = 0 and
f() =1forevery y € X \ (VN W). By assumption, f € BC*(X, P, Q) and so
F7Y[0,1) € Pandx € f~1([0, 1)) € VN W. Therefore, P v Q = P. Similarly
we show that P v Q = Q. The converse is straightforward. O

EXAMPLE 2.1. Consider a 2-compact bispace (K, P, Q) with P # (. By Theorem
2.5, C(K,Pv Q) # BC(K, P, ). However, we have that (K, P, Q) is 2-compact
and B(K, PV Q) =(K,PV Q)= (KK, PV Q).

LEMMA 2.4. Let D% SCR. Then f € BC(S, u, ) (respectively f € BC(S, 1, u))
ifandonly if f : (S,u Vv 1) = (R, u V1) is continuous and increasing (respectively,
decreasing).

PROOF. It is clear that if f : (S,u Vv I) — (R, u Vv [) is increasing, then f €
BC(S,u,l). Fix f € BC(S, u, l) and suppose that f (s) < f(t) for s,t € S with
t < s.Choosea € Rsothat f (s) <a < f(¢). Then,s € f "1((—00, a)) € u and so
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t € f ~1((—00, a)) which is a contradiction. The other equivalence can be proved by
an analogous argument. |

EXAMPLE 2.2. Consider the bispace (N, u, I) where N denotes the positive integers.
We shall prove that (8;N, & v l) is the one- pomt compactlﬁcatlon AN) = NU {»}
of N with the discrete topology. Thus, (8N, & v D) # BN, uvl. By Lemma 2.4,
we have that every bicontinuous function f : (N, u, ) —> (I, u,1) is an increasing
sequence in I. Hence, every function in BC*(B,N, &, i) can be identified with an
increasing convergent sequence of I. Assume that p, g € B;N are distinct. Then, by
Theorem 2.2, there is f € BC*(5;N, i, i) such that f (p) # f (q). But, (f (n)),en is
a convergent sequence in I, which is impossible. Thus, 8,N \ N consists of only one
point. Therefore, 8N = A(N).

Example 2.2 also shows that it is possible to get the equality (8,X, Pv O =
(B.7Y, Sv f") for two different bispaces (X, P, Q) and (Y, S, T); in fact, the bispaces
(N, u, 1) and (N, [, u) satisfy the equality. So, in the bitopological context, (8,X, Pv
Q) does not characterize the Stone-Cech bicompactification of a bispace (X, P, Q).
It is necessary to split Pv Q in a more suitable way. However, our results permit us to
make an identification of (,82X f’ Q) from (8. X, Pv Q) According to Proposmon
2.2.2of[Sal}, (8,X, P Q) is initial, b1topolog1cally, w1threspecttoBC*(ﬂ2X P Q)
But, by Theorem 2.3, the elements of BC*(5,X, P Q) are the continuous extensions
to (B X, Pv Q) of the functions of BC*(X, P, Q). Therefore, (8,X, Pv Q) and
BC*(X, P, Q) determine (8,X, P, Q).

EXAMPLE 2.3. We shall show that (&R, 4 Vv I) = (I,u v I). We identify R
with (0, 1). By Lemma 2.4, a function f € BC*((0, 1)), u, }) if and only if f is
increasing. Hence, it is clear that every function in B C*((0, 1), u, ) has a continuous
extension to (I, u, I) and these extensions separate points in (I, u, [, ) (the identity
map does the job for all points). In virtue of Theorem 2.1, we have that e(((0, 1), u v
D,BC*((0, 1), u, 1)) = (I, uvl). Therefore, e((R, uvl), BC*(R, u,)) =, uvl).

It follows from Lemma 2.4 that
SR, u,l) ={f1V f: fiisincreasing andf, is decreasing).

By the previous example and Theorem 2.3, C*(R, u Vv [) does not coincide with the
uniform closure of (.#(R, u, 1)) in C*(R, u Vv ). On the other hand, C*(I, u v 1) is
the uniform closure of (< (I, u, 1)) in C*(I, u v I).

EXAMPLE 2.4. Let k¢ be an infinite cardinal. Let [0, x) denote the set of all ordinals

smaller than k. We define 1, = {[0,0) : @ < k} and 1; = {(8,k) : & < k}. Then,
({0, «), 1., ) is a (pairwise Tychonoff) bispace and f € BC([0, k), 7., ;) if and only
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if f:[0,x), 7, v 1) — (R, uvl)is continuous and increasing. Using an argument
similar to the one of Example 2.3, we have that (8,[0, «), T,V 1) = ([0, k+1], T, V1),
and if ¢f () > w, then

(B200, k), T vV 7)) = B([0,4), 7, V) = ([0, x], T vV T).

3. Wallman-Sanin compactifications.

A family % of subsets of X containing @ and X is called a ring if it is closed under
finite unions and finite intersections. If (X, P, Q) is a bispace, then Z (X, P v Q),
Z» and Z, are examples of rings. If € is a family of subsets of X, then r(¥) will
denote the smallest ring that contains €. Let X be a space and let ¥ be a closed base
for X that is a ring. The space

w(X,¥) ={F . £ is a €-ultrafilter)

with the closed base {E‘ : C € €), where C = {(F e wX,¥): Ce F)forevery
C € ¥, is a T| compact space called the Wallman-Sanin compactification of X with
respect to € (see [Cha, Na)). In general, w(X, %) is not a compactification of X, it is
necessary to add some conditions to the closed base ring €. Indeed, if ¥ is a closed
base ring that satisfies:

(1) (Ti-base) if F is closed and x ¢ F, then there is C € % such that x € C and
CNF =0,

then we may define a continuous function ¢ : X - w(X,¥)byy(x) ={C e ¥ :
x € C}, and if X is a T;-space, then v is an embedding. As it was showed by Sanin
(Sanin’s Theorem) the Wallman-Sanin compactification of X with respect to ¢ is the
only one satisfying the following conditions:

(WS1) The family {cl,x ¢)C : C € €} is a base for closed sets in w(X, ¥).

(WS2) IfCy,...,C, € ¥, then

Clw(x‘cg) m{C, :l1<i<n}= m {Clw(x'g’)c,- 1l <i< n} .
(WS3) If p € w(X, %)\ X, {p} is closed.
(WS4) Forevery C € €, cl,x.¢C = C.
A closed T;-base ring € of X is called a normal base of X

2) ifA,,A, e €and A; N A, =@, then there are C|, C; € ¥ suchthat A, N C, =
A20C2=(2JandX=C1UC2.

Observe that if X is a T;-space and has a normal base ¥, then X is a Hausdorff space
and w(X, ¥) is a Hausdorff compactification of X. Conversely, if X is a T;-space and
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w(X, €) is a Hausdorff compactification of X, then ¥ is a normal base of X. For the
details of the proofs of the facts of this paragraph the reader is referred to [Cha, Na].
If X is a space and & € C(X), then we put

F(B)=(Ze ZX): Z=f"10) for some f € B}.
LEMMA 3.1. For every bispace (X, P, () we have that
Z{BC(X, P, Q) =r(Zp U Zy),
where () is taken inside of C*(X, P v Q) and r() is taken in Z(X, P v Q).

PROOF. Let Z € Z({BC*(X, P, Q))) and let f € {(BC*(X, P, Q)) such that
Z=f"'0). Then, f =3, fo-----fi, where f{ : (X, P, Q) —» (L,u,l)is
bicontinuous for every i < k; and for every j < n. Then, we have that

z=ﬂ(U({x eX: flm=0NxeX: flx 50})),
j=n Ni<k

and hence Z € r(Zp U Z,). Thus, Z(BC*(X, P, Q))) € r(Zr U Z,). The proof
of Z((BC*(X, P, Q))) 2 r(Zp U Z)) is left to the reader. O

We omit the proof of the following lemma.

LEMMA 3.2. Let (X, P, Q) be a bispace. If Z € Z({E(BC*(X, P, 0)))), then
ZNX e ZUBC*(X, P, Q).

We shall need in the sequel the following results:

PROPOSITION 3.1 (Taimanov, [Ta]). Let Y be a dense subspace of a topological
space X and let r be a continuous function from Y into a compact Hausdorff space
Z. Suppose that M is a base for the closed sets of Z which is closed under finite
intersections. Then v can be continuously extended over X if and only if for every
pair My, M, of disjoint elements of # the inverse images ¥~'(M,) and ¥~'(M,)
have disjoint closures in X.

LEMMA 3.3. For every bispace (X, P, Q) , Z((E(BC*(X, P, Q))}) is a closed
base for (8,X, P v Q).

PROOF. By Theorem 2.2, (E(BC*(X, P, Q))) separates points in (8,X, Pv Q) and
this implies that (E (B C*(X, P, Q))) separates points from closed setsin (8. X, Pv Q)
(by Lemma 2.1 of [CV]). Hence, Z({(E(BC*(X, P, Q)))) is a closed base for
(BX, PV Q). O
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THEOREM 3.1. For every bispace (X, P, Q), we have that
(B:X, PV Q) <w((X, PV Q), r(Z U Z)).

PROOF. We shall show that the inclusion map
VX (BX, PV

extends continuously to w((X, P v Q), r(Zr U Zp)). By Lemma 3.3, we have
that Z((E(BC*(X, P, Q)))) is a closed base for (8,X, Pv Q) Let A,B €
ZX({(E(BC*(X, P, Q))) with AN B = @. In virtue of Lemma 3.2, ¥~'(A) =
XNA € ZUBC*(X,P, Q) and ¥y (B) € Z((BC*(X, P, Q))). Hence, by
Lemma 3.1, ¢~1(A), ¥ ~1(B) € r(Zp U Z,) and so, by (WS2),

0 = clux.pvo.rzruzg ¥ (A) D clux.pvorr iz ¥ (B).

By Taimanov’s theorem y has a continuous extension to w((X, PV Q), r(Z,U Z)).
O
QUESTION 3.1. Give an example which points out that it is possible to have the
situation: (B,X, PV Q) < w((X, P Vv Q), r(Zp U Zp)).
Now we will characterize when the equality holds in Theorem 3.1.

THEOREM 3.2. Let (X, P, Q) be a bispace. The following assertions are equiva-
lent:

(1) BX, PV Q)=w(X,PV Q),r(ZU2Z);
(2) the following equality holds

Cl(ﬁzxv;,\,@)zl N Cl(ﬂzx‘f,v@)zz = Cl(ﬂzx‘,;\,@)(zl N Z,)

whenever either Z,, Z, belong to %5 or Z,, Z, belong to Zy;
(3) clig,x.pvpyZi and clg,x p, 4,22 are pairwise disjoint whenever Z,, Z, are pair-
wise disjoint zero-sets either in Zp or in Z.

PROOE. We get that (1) implies (2) as an easy consequence of Sanin’s Theorem and
the implication (2) implies (3) is obvious. So, it suffices to prove that (3) implies (1).
(3) implies (1): By Theorem 3.1, it suffices to show that

w((X, PV Q), r(Z> U Z)) < (B:X, PV Q).
To do this, we have to prove that the inclusion map
v:X o> wl{X,PvVv Q),r(ZUZ)

has a continuous extension to (5,X, Pv Q). According to Proposition 3.1, we need
to prove
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@ clgx.pvpyZiNelgx pvpZ2 = @ for all pairwise disjoint elements Z,, Z, belong
to r(Zp U 2p), and

(b) w((X, PV Q), r(ZrU2Z))is Hausdorff.

To prove (a), let Z, = I\, H;, Z, = U *, H;, with H, H; € 2, U %, for

i= 1, ,nl,j = 1, , N2, By(3)

cligx vy Hi N cligx pypyHj = 0.

Then (a) follows easily. Now, to prove (b), consider two pairwise disjoint elements,
Zy and Z;, of r(2p U Z}). Because cl g x. ,,VQ)ZI, clig,x. pvp)Z2 are pairwise disjoint
compact sets, we can find f € C((B:X, Pv Q)) such that f (clg,x sy Z1) = 0
and f (clgx pvpZ2) = 1. Since by Theorem 3.1 f|x admits a continuous ex-
tension to w((X, P v Q), r(Zp U %)), we have that clyx,pvo).r2uz,nZ1 and
clux.Pv gy zuz ) Z2 are completely separated in w((X, P Vv Q), r(Zp U Z)). As
the family {clu(x,pvo).(zouzonZ}. Where Z € r(Zp U ) is a base for closed sets
in the compact space w((X, P vV Q), r(Z» U %)), we have that the ring

={f e Cw((X,PV Q), r(Z,U2Zp): f |x admitsa
continuous extension to w((X, P Vv Q), r(Zp U .@"Q))}

separates points in w((X, P v Q), r(Zp U Z,)). Thus,
w((X, PV Q), r(Zp U 2)

is Hausdorff and the proof is complete. O

Let (X, P, Q) be a bispace. From [Sal, Proposition 2.2.11], the families 2, and
%, are bases for closed sets in (X, P) and (X, Q), respectively. Beginning from this
fact it seems worthy of study when the topology of w((X, P Vv Q), r(2p U %)) can
be splitted in two topologies % and _Z such that the families

{clux.pvarnzruzgP 1 P € 22}, {clu.pvornzuzn @ Q € Zp)

are (sub)bases for closed sets in (w(X, r(2p,U2)), %) and (w(X, r(ZrUZy)), L),
respectively (here w(X, r(Zp U Z,)) means for the set of r(Zp U Zp)-ultrafilter).
We close by turning our attention to this question. First, a lemma. We will denote
by Z, (respectively, 2)) the family of all Z,-zero sets (respectively, Z,-zero sets) in
,ul).

LEMMA 3.4. A set Z C 1 belongs to %, (respectively, to 27) if and only if there
exists o € I such that Z = f ' ([a, 1)) (respectively, Z = f ' ([0, @]) for some
bicontinuous function from (I, u, I) into (I, 1, u) (respectively, into (I, u, l)).
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PROOE. We only prove the case concerning Z,; the other one follows from a similar
argument. Suppose first that Z € Z,. Then Z = f~'(0) for some bicontinuous
function f from (I, u,[) into (I, 1, u). By Lemma 2.4, f is a decreasing function.
So,ifa = inf{x € I | f(x) = 0}, it is clear that f (x) = O if and only if x > a.
Conversely, leta € I. We can suppose, without loss of generality thata # 0. Consider
the bicontinuous function f from (I, u, l) into ({, [, u) defined by the requirement
that f (x) be 1 — x whenever x € I and let 8 = f (). Let g be the bicontinuous
function from (/, I, u) into (I, I, u) defined as follows:

@ 0 ifx <B
d =B/ —p) ifxzp.
It is easy to check that (g o f)~'(0) = [«, 1]. O

THEOREM 3.3. Let (X, P, Q) be a bispace. The following assertions are equiva-
lent:
1) (WX, r(Z U %), % , &) is pairwise Tychonoff-
2) (WX, r(ZpU 2Z), %, ) is bitopological homeomorphic to (8,X, P, Q).

PROOF. The implication (2) implies (1) is clear. So, we only need to prove that (1)
implies (2).
(1) implies (2): First notice that, because (w(X, r(Z% U Z,)), % . &) is pairwise
Tychonoff and the usual topology in w((X, PV Q), r(ZpU %)) is finerthan v &,
the (Hausdorff) space (w(X, r(Zp U Zp)), Z Vv &) is compact. So, by Proposition
1.1, it suffices to show that every bicontinuous function f : (X, P, Q) — (I, u,])
admits a bicontinuous extension to (w(X, r(Z, U %)), % . Z). Let f be as above.
From now on, we shall identify the points of w((X, P v Q), r(Zr U %)) with
the r(Zp U Zp)-ultrafilters (in X): a point x € X is identified with the (only)
r(Zp U Zp)-ultrafilter 2 satisfying that Z € 2 if and only if x € Z, and the points of
w((X, PV Q), r(Zr U 2,)) \ X are identified with the free r (2, U 2))-ultrafilters.
In this way, if Z € r(2p U Z,), we have that p € clyx,pvo).r(z,u2nZ if and only
if Z € p (WS4). Now, for each p € w((X, P v Q), r(Zp U Z,)) define py, p, as
follows:

pi={Zep:ZeZp), pr={Zep:ZeZy},
and consider the families

A py={Zic Z.: fZ)ep),
F(.p)={Zie 2 :f(Z)ep.}.
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Letp € w((X, PV Q), r(Z U Zp)). Denote by f *(p) the subset
(12.NZ:Z. € #(f,p), Z € Z(f, ).

Since (1, u v 1) is compact, f *(p) is nonempty. We shall prove that the subset f *(p)
is a singleton. Suppose the contrary, we claim that there exist x,y € f*(p) with
x < y. Let U and V pairwise disjoint basic open sets in « and in /, respectively, such
thatx € Uand y € V. By Lemma 3.4 we have that

IN\Ue 2%, I\VeZ.

Since X = f~1(I \ Uy U f~'(1 \ V), applying that p is a r(Zp U Zp)-ultrafilter,
frU\NWeporftU\V)ep.So, f'U\U)ep,orf I\ V) e p,. Since
x,y € f*(p)ywehavethatx € J\U)NUory e (I\ V)NV, acontradiction. Thus,
f*(p) is a singleton.

Define now g : (w(X, r(Zp U 2p), %,.%L) — (I,u,l)as g(p) = f*(p). Itis
easy to check that g is an extension of f to (w(X, r(2 U 20)), %, ¥). We shall
prove that g is bicontinuous. We only show that g : (w(X, r(25U2,), %) — (I, u)
is continuous, the other case follows from a similar argument. Let p € w((X, P Vv
Q), r(Z U %))). Consider U € u such that g(p) € U. By Lemma 3.4, we can find
two pairwise disjoint subsets W € uand V € Isuchthat I \ We 2,1\ V € Z,
gp) e Wand I\ V C U. Since X = g '(I\ W)U g='(I \ V), we have that
w(X, r(ZpU2p) = clux.pvorrruz8” I\ W)Uclyqx.pvgrzuzyn8 I\ V).

Now, according to the definitionof g(p),if g~'(I\ W) € p,,theng(p) € g~ '(I\W)
that does not make sense since g(p) € W. So, g~'(I \ W) ¢ p, and, a posteriori,
g "I\ W) ¢ p. So, w(X, r(2p U Z)\ cluqx.pvoyrzsuzng™ (I\ W) isa % -open
neighborhood of p. Because WN V =@ and I \ V C U, we obtain that

g (WX, r(Z U ZoN) \ clux.pvorrzuzng U\ W) C U.

This completes the proof. O

QUESTION 3.2. Give an example of a bispace (X, P, Q) such that (5,X, P, Q) is
different from (w(X, r(Zp U 2y)), % , ).
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