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Abstract

In this paper we study the Stone-Cech bicompactification (ftX, p, Q) of the bispace (X, P, Q). We
show that the ring of all continuous real-valued functions on (ft-^, P v Q) may be identified with the
uniform closure of a suitable subring of CifcX* P v Q)- Using this result, we give a characterization of
the Wallman-Sanin compactifications of the pairwise Tychonoff bitopological spaces.
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1. Introduction and preliminaries

A bitopological space is a triple (X, P, Q) where X is a set and P and Q are
topologies on X. A function / : (X, P, Q) -*• (Y, S, T) is said to be bicontinuous
if both / : (X, P) -* (Y, S) and / : (X, Q) - • (Y, T) are continuous. The
study of bitopological spaces was initiated by Kelly in [Ke]. He introduced the
concepts of pairwise Hausdorffness, pairwise regularity and pairwise normality for a
bitopological space. Kelly also established interesting bitopological versions of some
classical topological theorems. Later, the study of bitopological spaces was continued
by several topologists and classical concepts and results of the theory of spaces were
extended in the context of bitopological spaces.

This paper is devoted to the study of the bicompactifications of bitopological
spaces. The first notion of bitopological compactness was introduced, independently,
by Fletcher, Hoyle III and Patty in [FHP] and by Kim in [Ki]: A bitopological space
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(X, P, Q) is called pairwise compact if every cover of X consisting of P-open and
Q-open subsets, with at least one non-empty P-open and one non-empty (2-open set,
has a finite subcover. But, it is easy to see that this notion of bitopological compactness
is not a productive property. Birsan in [Bi] and Swart [Sw] gave another bitopological
compactness-like properties which allow Tychonoff product theorems. According to
Birsan, a bitopological space (X, P, Q) is pair compact if every P-open cover has
a finite g-open refinement, and every Q-open cover has a finite P-open refinement.
By Swart's definition, a bitopological space (X, P, Q) is pair compact if every cover
of sets from P U Q has a finite subcover. One can see that these two concepts
differ by considering the bispace ([—1,0) U (0, 1], u, I): This space is pair compact
in the sense of Birsan and is not under Swart's definition. However, in Birsan's
definition, bicontinuous functions are not quasi-uniformly continuous (for details
see [Sal]). Based on the fact that compactness agrees with realcompactness plus
pseudocompactness, Saegrove [Sae] introduced one more bicompactness-like concept
and a bicompactification of a bitopological space (X, P, Q), but his bicompactification
does not induce a compactification of (X, P v Q). These historical facts and the
consideration that a bitopology (P, Q) essentially specifies a decomposition of the
topology P v Q into a left topology P and a right topology Q lead Salbany [Sal, Sa2]
to introduce a new concept of bitopological compactness: He says that a bitopological
space (X, P, Q) is 2-compact if (X, P v Q) is compact. Using Salbany's property,
it is shown in [Sal] that every pairwise Tychonoff space admits a pairwise Tychonoff
bicompactification with the universal extension property of bicontinuous functions
with range (/ ,«,/), where / is the unit closed interval and u and / are the upper and
lower topologies in K, respectively. Besides, this universal extension property holds
for all bicontinuous functions/ : (X, P, Q) ->• (K, S, T) whenever that (K, S, T) is
2-compact. Actually, this bicompactification provides a Hausdorff compactification
of the Tychonoff space (X, P v Q) when (X, P v Q) is a Hausdorff space. In this
paper, we shall adopt Salbany's concept of 2-compactness plus the Hausdorff axiom
on the space (X, P v Q).

As the notions in the realm of bitopological spaces are not standard, we state the
basic definitions of this paper:

A bitopological space (X, P, Q) is called pairwise completely regular (this notion
was introduced in [La]) if, for each x e X and for each P-closed set A with x <£ A
there is a bicontinuous function / : (X, P, Q) -> (/, u, I) such that f (x) = 0 and
f(y) — 1 for every y e A; and if for each Q-closed set B with x <£ B there is a
bicontinuous function g : (X, P, Q) -> (/, u, I) such that g(x) = 1 and g(y) — 0 for
every y € B. A bitopological space (X, P, Q) is said to be pairwise Tychonoff if it is
pairwise completely regular and P v Q is a Hausdorff topology (this definition was
introduced in [Sal]). We remark that a pairwise completely regular space (X, P, Q)
is pairwise Tychonoff if and only if P and Q are To topologies. Thus, if (X, P, Q) is
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pairwise Tychonoff, then (X, P v 0 is a Tychonoff space.
In the following the terms 'bispace' and 'space' will mean pairwise Tychonoff

bitopological space and Tychonoff space, respectively. If (X, P, Q) is a bispace
and Y c X, then (Y, P\Y, Q\Y) stands for the subbispace of (X, P, Q) with P\Y =
{V n Y : V e P] and Q\Y = {V n Y : V € Q}. If (X, P) is a space, then
C(X, P) (respectively, C*(X, P)) denotes the set of all continuous (respectively,
bounded continuous) functions from (X, P) into (K, u v /) and if (X, P, Q) is a
bitopological spaces, then BC(X, P, Q) (respectively, BC*(X, P, 0 ) will denote the
set of all bicontinuous (respectively, bounded bicontinuous) functions from (X, P, Q)
into (R, u, I). A Zp-zero set (respectively, a ZQ-zero set) in a bitopological space
(X, P, Q) is a set of the form {x € X : f (x) > 0} (respectively, {JC € X : / (x) < 0})
where / e BC(X, P, 0 . Notice that Z C X is a ZP-zero set (respectively, ZG-
zero set) if Z = /~ ' (0) for some bicontinuous function / : (X, Q, P) -» (/, u, I)
(respectively, / : (X, P, Q) —> (/, «, /)). The set of all zero sets of a space X is
denoted by 2T(X) and if (X, P, 0 is a bispace, then 2TP(X) (or 2fP) and ^Q(X)
(or 2CQ) will denote the set of all Z/>-zero sets and all Zc-zero sets of (X, P, 0 ,
respectively.

For a bispace (X, P, 0 a 2-compact bispace (X, P, Q) such that X c X, P \x=
P> Q \x= Q and X is dense in (X, P v Q) will be called a bicompactification of
(X, P, 0 . In [Sal] the following result was proved.

PROPOSITION 1.1. Every bispace (X, P, 0 admits a unique (up to a bitopological
homeomorphism fixing X pointwise) bicompactification (/32X, P, 0 satisfying the
following {equivalent) properties:

(1) Every bicontinuous function f : (X, P, 0 —>• (K, S, T) has a bicontinuous
extension to (ftX, P, Q), for all 2-compact bispace (K, S, T).
(2) Every bicontinuous function f : (X, P, 0 —> (/, M, /) has a bicontinuous

extension to (&X, P, 0 .
(3) /f ZP is a P-zero set and ZQ is a Q-zero set in X disjoint from ZP, then

clpZp n CIQZQ - 0.

The bicompactification (^X, P, 0 in Proposition 1.1 is called the Stone-Cech
bicompactification of (X, P, 0 . We should remark that if (X, P, Q) is a bispace,
then (P2X, P v 0 is a compactification of the Tychonoff space (X, P v Q).

We are mainly concerned with the study of Stone-Cech bicompactifications. The
ring C(/32X, P v 0 will be identified with a more suitable set, and we characterize
the compactifications of the type (ftX, P v Q) which are Wallman-Sanin compact-
ifications. We also characterize the compactifications (&X, P) and (&X, 0 which
are Wallman-Sanin compactification of the spaces (X, P) and (X, Q), respectively.
In the case when the topologies are the same, our results reduce to the corresponding
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results of the Stone-Cech compactification of a Tychonoff space.

2. The Stone-Cech bicompactification of a bispace

For two bispaces (X, P, Q) and (F, 5, T), a function $ : (X, P, Q) -+ (Y, S, T)
is said to be a bitopological homeomorphism if both <t> : (X, P) -*• (Y, S) and <I> :
(X, Q)-> (Y, T) are homeomorphisms. Notice that if <t>: (X, P, Q) -> (Y, S, T) is
a bitopological homeomorphism, then <J> is also a homeomorphism from (X, P v Q)
onto (Y, S v T), but the converse can be fail; for instance, the identity mapping from
(R, u, I) onto (R, /, M) is not a bitopological homeomorphism.

LEMMA 2.1. Ler (X, P, Q) be a bispace. If a space (Y, T) is homeomorphic to
(X, P v Q), then there exist two topologies 7\ and T2 in Y, with 7i V T2 = T, such
that (X, P, Q) and (Y, Tu T2) are bitopologically homeomorphic.

PROOF. Let O : (Y, T) -> (X, P v Q) be a homeomorphism. Then, we define 7,
and 72 by

7, = { $ - ' ( / / ) : / / e />} and 72 = ( $ " ' ( / / ) : tf e 2).

We claim that T = Tx v T2. Indeed, it is evident that Tx v T2 c 7. Now, let
B e T and fixx e f i . Since 4> is a homeomorphism, <t>(fl) is open in (X, P v Q).
So, there exist W{ e P and W2 € G such that <t>(x) e W, n W2 c 4>(S). Hence,
x € ^-'(WOnO-'CW;,) c B. This shows our claim. It is clear that <J> : (Y, Tu T2) ->
(X, P, 0 is a bitopological homeomorphism. D

Let Ku K2 be two compactifications of a space X. We say that K^ < f̂2 if there
exists a continuous function / : K2 -*• K\ such that its restriction to X is the identity
map. Two compactifications of Ki and K2 of a space X are said to be equivalent if
ATi < K2 and K2 < Kr. It is not hard to see that two compactifications K\ and T̂2 of
X are equivalent if and only if there is a homeomorphism between K\ and K2 fixing
X pointwise. The following result is a direct consequence of Lemma 2.1.

COROLLARY 2.1. Let(X\ P', Q) be a bicompactification of the bispace (X, P, Q).
If(K, T) is a compactification of{X, P v Q) equivalent to (X', P' V Q), then there
exist two topologies T\ and T2 in K such that T = T\ V T2 and a bitopological
homeomorphism from (X', P', Q) onto (K, Tu T2) fixing X pointwise.

To give a suitable identification of the Stone-Cech bicompactification of a bispace
we need the following concept and two results.
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DEFINITION 2.1. Let X be a space. We say that si c C*(X) generates a com-
pactification e{X, si) of X if the evaluation map e : X —> Ist is an embedding and
e(X, si) is the closure of the image of X in / *'.

If si c C*(X), then (si) will denote the smallest subring of C*(X) that contains
si. For proofs of the following facts the reader is referred to [Cha] (see also [CV]).

LEMMA 2.2. Let X be a space and let si C C*(X). Then,

(1) si generates a compactification e{X, si) of X if and only if (s/) separates
points from closed sets in X.
(2) If KX is a compactification ofX and

£?KX = {/ € C(X) : f has a continuous extension to KX},

then siKX is a subalgebra of C*(X) that separates points from closed sets in X and
e(X, siKX) = KX.
(3) If si separates points from closed subsets in X, then e(X, sfe(x,s/)) = e(X, si)

and si c (#i) c sie(XM)-
(4) If si, 98 C C*(X) generate compactifications ofX, then e(X, si) < e(X, 98)

if and only if si c sie(x,sty

If / e siKX, then/ denotes the extension of/ to KX, and if si c siKX, then
E(s/) = {/ : / € si}. The following theorem is taken from [BY].

THEOREM 2.1. For every compactification KX ofX and for every si C C*(X), we
have that si generates a compactification e(X, si) of X satisfying that e{X, si) =
KX if and only if si c siKX and E(si) separates points of KX.

We turn now to the main theorem.

THEOREM 2.2. If(X, P, Q) is a bispace, then BC*(X, P, Q) c si(hXpy-Q) and
E(BC*{X, P, 0 ) separates points of{$2X, P V Q). Hence,

e«X, P V Q), BC\X, P, Q)) S (y32X, P v Q).

PROOF. Let(X, P, 0beabispace. It follows from Proposition 1.1 that BC*(X, P,
Q) U BC*(X, Q, P) c si(hXpVQY To prove that E{BC*{X, P, Q)) separates points
of (fcX, P v Q) we fix two different points x, y € ftX. We may suppose, without
loss of generality, that x $ clP{y}. By pairwise complete regularity, there exists a
bicontinuous function/ : (/32X, P, Q) -> (/, u, I) such that/ (x) = 0 and/ (v) = 1.
But, the restriction of/ to X belongs to BC*(X, P, Q). By Theorem 2.1, we obtain
that

e((X, P v Q), BC\X, P, Q)) = (&X, P v Q).

•
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Observe from Theorem 2.2 that if (X, P, Q) is a bispace, then

e«X, P V Q), BC*(X, P, Q)) = e«X, P v 0 , BC*(X, Q, P))

= (fiiX, P V 0 .

For a bispace (X, P, 0 , we let y(X, P, 0 denote the set of all real-valued
functions / on X such that / = / , v f2, where fx e BC*(X, P, Q) and f2 e
BC*(X, Q, P). If no confusion is allowed, then we write y instead ofy(X, P, Q).
It should be remarked that BC*(X, P, Q) U BC*(X, Q, P) c «^ for every bispace
(Z, P, 0 ; hence, «^ contains all real constant functions.

LEMMA 2.3. For a bispace (X, P, Q), we have that y separates points from closed
subsets in (X, P v Q) and y c srf(hX,PvQy Hence, every function in y admits a
continuous extension to (fcX, P v Q) and e{(X, P V Q), y) = (fi2X, P v Q).

PROOF. TO prove the first condition, we let x £ C where C is a (P V 0-closed
set. Then, there are V € P and U e Q such that x e V D U c X \ C. By
pairwise complete regularity, there arefi,f2 € BC*(X, P, Q) such that/i(x) = 0,
/i(y) = 1 for every y e X\V, f2(x) = 1, and/2(y) = 0 for every y e X \ U. If
f = / , v ( l -f2), then/ € ^ a n d / ( x ) = 0and/ (y) = 1 for every y € C. Thus,
y separates points from closed subsets in (X, P v Q). We have pointed out above that
BC*(X, P, 0UBC*(X, Q, P) c ^ftX,pVQ). Since/, v / 2 = ( | / 1 - / 2 | + / 1 + / 2 ) / 2
for every / , e BC*(X, P, 0 and for every f2 € BC*(X, Q, P), and &?(fhx,pvQ) i s

an algebra containing the absolute value functions of its elements, we obtain that
y ^ ^hx PVQ)- We have just proved that

BC*(X, P,Q)cy^ s*(hX^QY

From Theorem 2.2, BC*(X, P, Q) and ^hX,p^Q) generate the compactification
(P2X, P v 0 . So, by Lemma 2.2,

D

Next, we shall consider C*(X) endowed with the uniform convergence topology.
In this context, we have the following results taken from [Bl].

PROPOSITION 2.1 ([Bl, Prop. 1]). Let srf c C*(X) separate points from closed sets
in X. Then, f € £?e(x,*/) if and only iff belongs to the uniform closure of the subring
of C*(X) generated by &f and the set of all real constant functions.
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From Proposition 2.1 and the previous results we can obtain:

THEOREM 2.3. Let (X, P, Q) be a bispace. Then J^^x PVQ) I5 ^e uniform closure
of(y) in C*(X, P v Q). That is, a function/ e C*(X, P V Q) admits a continuous
extension to C(p\X, P V Q) if and only iff belongs to the uniform closure of(y) in
C*(X, P v Q).

The Stone-Cech compactification fiX of a space X is the only (up to a home-
omorphism fixing X pointwise) compactification AT of X in which every bounded
continuous real-valued function on X admits a continuous extension to K [GJ, Theo-
rem 6.5]. In the category of bispaces, the results proved so far imply the following.

THEOREM 2.4. Fora bispace (X, P, Q) the following are equivalent.

(1) P(X, P v Q) = {/}2X, P v 0 ;
(2) C*(X, P V Q) is the uniform closure of the smallest subring ofC*(X, P V Q)

that contains £?;
(3) E{y) separates points offi(X, P V 0 ;
(4) E{BC*{X, P, 0 ) separates points of$(X, P V Q).

From the next result we can see that any one of the conditions of Theorem 2.4 does
not imply, in general, that C(X, P v 0 = BC*(X, P, Q).

THEOREM 2.5. C*(X, P v 0 = BC*{X, P, Q) if and only if P = Q.

PROOF. Suppose that C*(X, P v Q) = BC*{X, P, Q). Let V e P and W e Q
such that V n W ^ 0. Fix x e V n W. Since (X, P v 0 is a Tychonoff space
there is a continuous functions / : (X, P V 0 —> (/, « v /) such that/ (*) = 0 and
f(y) = l for every v e X \ (V n WO. By assumption, / e BC*(X, P, Q) and so
/- ' ([O, 1)) € P and* e / - ' ( [ 0 , 1)) c Vfl W. Therefore, Pv Q = P. Similarly
we show that P v Q = Q. The converse is straightforward. •

EXAMPLE 2.1. Consider a 2-compact bispace (K, P, 0 w i t h P ^ Q. By Theorem
2.5, C(K, P V 0 ^ BC{K, P, Q). However, we have that (K, P, Q) is 2-compact
and fi(K, P v Q) = (K, P V Q) = (faK, P V 0 .

LEMMA 2.4. Let 0 ^ 5 c R. 77iert / G BC(5, u, /) (respectively f € BC(S, /, «))
if and only iff : (S, M V Z) —> (R, M V /) is continuous and increasing (respectively,
decreasing).

PROOF. It is clear that if / : (S, u V Z) —• (K, M v Z) is increasing, then / e
SC(5, M, I). Fix / e 5C(5, u, I) and suppose that f (s) < f (t) for 5, t e S with
f < 5. Choose a e K s o that/(5) < a < f (t). Then, 5 6 /"'((—oo, a)) e u and so
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( e / ~' ((—oo, a)) which is a contradiction. The other equivalence can be proved by
an analogous argument. •

EXAMPLE 2.2. Consider the bispace (M,u,l) where N denotes the positive integers.
We shall prove that (faM, u v /) is the one-point compactification A(H) = N U {*}
of N with the discrete topology. Thus, (faM, u v Z) ^ £(N, u v /). By Lemma 2.4,
we have that every bicontinuous function / : (N, u, Z) —• (/, u, Z) is an increasing
sequence in / . Hence, every function in BC*(J62N,K, Z) can be identified with an
increasing convergent sequence of / . Assume that p, q e faM are distinct. Then, by
Theorem 2.2, there i s / e BC*(faH, u, Z) such that/(p) ^ / (q). But, (f (n))BeN is
a convergent sequence in / , which is impossible. Thus, faH \ N consists of only one
point. Therefore, fafrt = A(N).

Example 2.2 also shows that it is possible to get the equality (faX, P v Q) =
(fa Y,Svf) for two different bispaces (X, P, Q) and (Y, S, T); in fact, the bispaces
(N, M, /) and (N, /, u) satisfy the equality. So, in the bitopological context, (faX, P v
0 does not characterize the Stone-Cech bicompactification of a bispace (X, P, Q).
It is necessary to split P v Q in a more suitable way. However, our results permit us to
make an identification of (/82X, P, Q) from (ftX, P v Q). According to Proposition
2.2.2 of [Sal], (faX, P, Q) is initial, bitopologically, with respect to BC*(faX, P, Q).
But, by Theorem 2.3, the elements of BC*(faX, P, Q) are the continuous extensions
to (faX, P v 0 of the functions of BC*(X, P, Q). Therefore, (faX, P v 0 and
BC*(X, P, 0 determine (faX, P, Q).

EXAMPLE 2.3. We shall show that (fa&, u v Z) = (/, u v /). We identify R
with (0, 1). By Lemma 2.4, a function / e fiC*((0, 1)), M, Z) if and only if/ is
increasing. Hence, it is clear that every function in BC*((0, 1), u, I) has a continuous
extension to (/, u, I) and these extensions separate points in (/, u, I,) (the identity
map does the job for all points). In virtue of Theorem 2.1, we have that e(((0, 1 ) , H V
I), BC*((0, 1), u, I)) = (/, uvl). Therefore, e((R, MVZ), BC*(R, u, I)) = (I, uvl).

It follows from Lemma 2.4 that

y(ti&, u, I) = [fi v / 2 : / i is increasing and/2 is decreasing}.

By the previous example and Theorem 2.3, C*(IR, uv I) does not coincide with the
uniform closure of <^(R, u, Z)> in C*(R, u v I). On the other hand, C*(I, u v Z) is
the uniform closure of ( ^ ( / , «, /)) in C*(I, u v Z).

EXAMPLE 2.4. Let K be an infinite cardinal. Let [0, K) denote the set of all ordinals
smaller than K. We define rH = {[0,6) : d < K} and xt = {(d, K) : d < K}. Then,
([0, K), ru, T/) is a (pairwise Tychonoff) bispace and/ € BC([0, K), TU, T;) if and only
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if / : [0, K), XU v T() —¥• (IR, u v /) is continuous and increasing. Using an argument
similar to the one of Example 2.3, we have that (/52[O, K), fuvf,) = ([0, K + 1], Tuvr,),
and if cf (K) > co, then

(/32[0, K), iu v f,) = 0([O, * ) , ru V r,) = ([0, * ] , rB V T,).

3. Wallman-Sanin compactifications.

A family if of subsets of X containing 0 and X is called a ring if it is closed under
finite unions and finite intersections. If (X, P, Q) is a bispace, then 2f(X, P v Q),
2fP and 2fQ are examples of rings. If tf is a family of subsets of X, then r(^) will
denote the smallest ring that contains ^'. Let X be a space and let if be a closed base
for X that is a ring. The space

ui(X, <«f) = {& : & is a ^-ultrafilter}

with the closed base {C : C € tf), where C = {̂ " e w(X, <€) : C € &} for every
C e if, is a 7\ compact space called the Wallman-Sanin compactification of X with
respect to if (see [Cha, Na]). In general, io(X, if) is not a compactification of X, it is
necessary to add some conditions to the closed base ring *€. Indeed, if if is a closed
base ring that satisfies:

(1) (7i-base) if F is closed and x £ F, then there is C e if such that x e C and
CHF = 0,
then we may define a continuous function iff : X -> w(X, ^ ) by ^(x) = {C G if :
x e C], and if X is a 7\-space, then \j/ is an embedding. As it was showed by Sanin
(Sanin's Theorem) the Wallman-Sanin compactification of X with respect to ^ is the
only one satisfying the following conditions:

(WS1) The family {clMX,V)C : C 6 if} is a base for closed sets in w(X, if).
(WS2) If Q , . . . , C e ^ t h e n

(WS3) If p € w(X, if) \ X, {p} is closed.
(WS4) For every C e if, cZU)(X,^)C = C.

A closed 7} -base ring ^ of X is called a normal base of X

(2) if A,, A2 G if and Ai n A 2 = 0, then there are d , C2 e if such that A! n C , =
A2 n C2 = 0 and X = Ci U C2.

Observe that if X is a 7\ -space and has a normal base *£, then X is a Hausdorff space
and to (X, &) is a Hausdorff compactification of X. Conversely, if X is a 7} -space and
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w(X, *£) is a Hausdorff compactification of X, then ^ is a normal base of X. For the
details of the proofs of the facts of this paragraph the reader is referred to [Cha, Na].

If X is a space and 38 c C(X), then we put

= {Z e &{X) : Z = / - ' (0 ) for some/ e &\.

LEMMA 3.1. For every bispace (X, P, Q) we have that

2f((BC*(X, P, 0 » = r(2rP U 3TQ),

where () is taken inside ofC*(X, P v Q) and r() is taken in 2?(X, P v Q).

PROOF. Let Z e 2?{{BC*(X, P, Q))) and let / e {BC*(X, P, Q)) such that
Z = / - ' ( O ) . T h e n , / = Ej<nfo • ••• -ft,, w h e r e / / : (X, P, Q) -» ( / , « , / ) is
bicontinuous for every / < kj and for every j < n. Then, we have that

Z = PI ( U (<* G X : f!(x) > 0) : fl(x) < 0})\

and hence Z e r(3TP U ̂ e ) . Thus, ^«BC*(X, P, Q))) c r(3J. U Jfc). The proof
of 2?{(BC*{X, P, Q))) 2 r ( ^ , U 2?Q) is left to the reader. •

We omit the proof of the following lemma.

LEMMA 3.2. Let (X, P, Q) be a bispace. If Z e 2T((E(BC*(X, P, Q)))), then
znx e 2r((BC*(x,p, Q))).

We shall need in the sequel the following results:

PROPOSITION 3.1 (Taimanov, [Ta]). Let Y be a dense subspace of a topological
space X and let \{r be a continuous function from Y into a compact Hausdorff space
Z. Suppose that jft is a base for the closed sets of Z which is closed under finite
intersections. Then \fr can be continuously extended over X if and only if for every
pair M\, M2 of disjoint elements of ^ the inverse images ^ " ' ( ^ I ) and T/f~1(Af2)
have disjoint closures in X.

LEMMA 3.3. For every bispace (X, P, Q) , f ( ( £ ( B C ( X , P, Q)))) is a closed
base for (p\X, P v Q).

PROOF. By Theorem 2.2, {E(BC*(X, P, Q))) separates points in (fi2X, PvQ) and
this implies that (£(5 C*(X, P, Q))) separates points from closed sets in (p\X, P v g )
(by Lemma 2.1 of [CV]). Hence, 2r({E(BC*(X, P, Q))» is a closed base for

, P v Q). U
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THEOREM 3.1. For every bispace (X, P, Q), we have that

(faX, P V Q) < w((X, P v Q), r(2TP U 2fQ)).

PROOF. We shall show that the inclusion map

f : X -> (faX, Pv Q)

extends continuously to w((X, P v Q), r(2fP U 2?Q))- By Lemma 3.3, we have
that 2T((E(BC*(X, P, Q)))) is a closed base for (faX, P v Q). Let A, B e
2f({E(BC*(X, P, Q)))) with A n S = 0. In virtue of Lemma 3.2, ^ " ' (A) =
X n A € 2T({BC*(X, P, Q))) and V~'(B) € 5T((flC*(X, P, Q)». Hence, by
Lemma 3.1, ^"'(-A). ^ " ' ( 5 ) e r ( 5> U 2?Q) and so, by (WS2),

0 = clw((x,pvQ),narFi>2rQ))ty (A) D clul^x,pwQ),r{3rPuarg))i^ (B).

By Taimanov's theorem ^ has a continuous extension to w((X, Pv Q), r(2FP

D

QUESTION 3.1. Give an example which points out that it is possible to have the
situation: (faX, P v Q) < w((X, P V Q), r(2TP U 3TQ)).

Now we will characterize when the equality holds in Theorem 3.1.

THEOREM 3.2. Let (X, P, Q) be a bispace. The following assertions are equiva-
lent:

(1) (faX, P v 0 = w ^ , P V Q), r(3TP U 3TQ));
(2) the following equality holds

C'(ftX,PvQ)2l H Cl^x pvgjZ2 = "(/JjX.PvQjC^l n Z2)

w/ienever e/f/ier Zi, Z2 belong to 2PP or Z\, Zi belong to ^Q;
(3) c/(f tx pVQ)Zi and c/(f tx pvg)Z2 are pairwise disjoint whenever Zu Z2 are pair-

wise disjoint zero-sets either in 2fP or in 2?Q-

PROOF. We get that (1) implies (2) as an easy consequence of Sanin's Theorem and
the implication (2) implies (3) is obvious. So, it suffices to prove that (3) implies (1).

(3) implies (1): By Theorem 3.1, it suffices to show that

wax, P v Q), r(2TP U 3fQ)) < (faX, P v Q).

To do this, we have to prove that the inclusion map

f : X - • wax, P v Q), r(2TP U 3fQ))

has a continuous extension to (faX, P v Q). According to Proposition 3.1, we need
to prove
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(a) cl(fax,p\iQ)Z\ n cl(hX pvG)Z2 = 0 for all pairwise disjoint elements Z\, Z2 belong
to r(2fP U 2?Q), and

(b) w((X, P v 0 , r(3TP U 2fQ)) is Hausdorff.

To prove (a), let Z, = |J"ii Hh Z2 = |J,"li #/> with H,, Hj e 3TP U 3 ^ for
/ = 1 , . . . ,nuj = 1 , . . . , n 2 . By (3),

Then (a) follows easily. Now, to prove (b), consider two pairwise disjoint elements,
Z\ and Z2, of r(3?P U 2CQ). Because clihX pvG)Zi, clihx f>WQ)Z2 are pairwise disjoint
compact sets, we can find / e C((/32X, P v 0 ) such that f (cl(hX pvG)Zi) = 0
and / (c / ( f t x pvG)Z2) = 1. Since by Theorem 3.1 f\x admits a continuous ex-
tension to w((X, P v 0 , r(^/ . U 2CQ)), we have that clwax,pvQ),r(^uare))Zi and
c/U)((x,/'ve).r(3-Pu -̂0))Z2 are completely separated in w((X, P v Q), r(2fP U ̂ G ) ) . As
the family {c/u,((x,/>vG),r(^u^0))Z}, where Z 6 r(^/ . U Jffi) is a base for closed sets
in the compact space w((X, P v 0 , r(.2/> U 2TQ)), we have that the ring

t = {/ e C(u>((X, P V 0 , r(5> U 3TQ)) : f \x admits a

continuous extension to to((X, P v Q), r(2fP U ^G))}

separates points in w((X, P v 0 , r(^» U 2?Q)). Thus,

u;((X, P V 0 , r ( ^ P U JT0))

is Hausdorff and the proof is complete. •

Let (X, P, 0 be a bispace. From [Sal, Proposition 2.2.11], the families 2?P and
2?Q are bases for closed sets in (X, P) and (X, Q), respectively. Beginning from this
fact it seems worthy of study when the topology of w((X, P v 0 , r(2fP U 2FQ)) can
be splitted in two topologies W and S£ such that the families

\clW({x,pvQ),nzPu3rQ))P '• P € -2^} , {clW((x,pvQ),r(3rPuare))Q '• Q £ -^ej

are (sub)bases for closed sets in (w(X, r(2fPV2?Q)), ^)and(u;(X, r(3rPU3rQ)), JSf),
respectively (here w(X, / - ( ^ U 2fQ)) means for the set of r(3TP U ^G)-ultrafilter).
We close by turning our attention to this question. First, a lemma. We will denote
by JC (respectively, %) the family of all Zu-zero sets (respectively, Zrzero sets) in
(/, u, I).

LEMMA 3.4. A set Z C / belongs to 2?u (respectively, to 2?i) if and only if there
exists a € I such that Z = f~l ([a, 1]) (respectively, Z = f~x ([0, a]) for some
bicontinuous function from (I, u, I) into (I, I, u) (respectively, into (I, u, /)).
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PROOF. We only prove the case concerning 2fu\ the other one follows from a similar
argument. Suppose first that Z e 2fu. Then Z = /~ '(0) for some bicontinuous
function / from (7, u, I) into (/, /, u). By Lemma 2.4, / is a decreasing function.
So, if a = inf{x e 7 | / (x) = 0}, it is clear that / (x) = 0 if and only if x > a.
Conversely, let a e / . We can suppose, without loss of generality that a ^ 0. Consider
the bicontinuous function / from (7, M, /) into (7, /, «) defined by the requirement
that f(x) be 1 — x whenever x € 7 and let p = / (a). Let g be the bicontinuous
function from (7, /, u) into (7, /, M) defined as follows:

JO if x < 0

It is easy to check that (g o / )~ 1 (0) = [a, 1]. D

THEOREM 3.3. Lef (X, P, Q) be a bispace. The following assertions are equiva-
lent:

(1) (w(X, r($rP U 3rQ)), <%,&) ispairwise Tychonojf.
(2) (w(X, r(2Tp U 3TQ)), <%, i f ) is bitopological homeomorphic to (P2X, P, Q).

PROOF. The implication (2) implies (1) is clear. So, we only need to prove that (1)
implies (2).
(1) implies (2): First notice that, because (w(X, r{2fP U &Q)), W, i f ) is pairwise
Tychonoff and the usual topology in w((X, P v Q), r(2fP U 2TQ)) is finer than WvS?,
the (Hausdorff) space (w(X, r(2?P U 2FQ)), ^ v i f ) is compact. So, by Proposition
1.1, it suffices to show that every bicontinuous function / : (X, P, Q) -*• (I, u,l)
admits a bicontinuous extension to (w(X, r(2TP U 2?Q)), &, i f ) . L e t / be as above.
From now on, we shall identify the points of w((X, P V Q), r(2fP U 2FQ)) with
the r(2?P U Jf'e)-ultrafilters (in X): a point x e X is identified with the (only)
r(2fp\J ^°e)-ultrafilter 9) satisfying that Z e $ if and only if x € Z, and the points of
w((X, P v Q), r(2Tp U 2TQ)) \ X are identified with the free r(3TP U ^e)-ultrafilters.
In this way, if Z € r(2fP U 2?Q), we have that p e clwax,pvQ),r(&Fuare))Z if and only
if Z 6 p (WS4). Now, for each p € w((X, P v Q), r(3TP U 3^)) define pupi as
follows:

and consider the families
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Letp e w((X, P v Q), r{3TP U 3TQ)). Denote by f(p) the subset

{ZU n Z , : Z . e Jf(f, p), Z, € ^ ( / , p)}.

Since (/, M v / ) is compact, /*Q?) is nonempty. We shall prove that the subset f*(p)
is a singleton. Suppose the contrary, we claim that there exist x,y e f*(p) with
x < y. Let U and V pairwise disjoint basic open sets in u and in /, respectively, such
that x e U and y € V . By Lemma 3.4 we have that

I\Ue 2TU, I\Ve3rh

Since X = / " ' ( / \ U) Uf~l(I \ V), applying that p is a r(^> U .Te)-ultrafilter,
/ - ' ( / \ U) e p o r / - ' ( / \ V) ep. S o , / - ' ( / \ I/) e p i o r / - ' ( / \ V) € p2. Since
*, y € / * (p) we have that x e (/ \ U) n U or 3/ € (/ \ V) D V, a contradiction. Thus,
f*(p) is a singleton.

Define now g : (u;(X, r ( J^ U J^)) , "^, Jgf) -» (/, M, /) as g(p) = f*(p). It is
easy to check that g is an extension of/ to (w(X, r(2fP U ̂ c ) ) , ^ , _£?). We shall
prove that g is bicontinuous. We only show that g : (u>(X, r(Jp

/>U5?
G)), ^ ) ->• (/, M)

is continuous, the other case follows from a similar argument. Let p e w((X, P v
Q), r(2fP U 3?Q)). Consider U € u such that g(p) € U. By Lemma 3.4, we can find
two pairwise disjoint subsets W e u and V e / such that I \ W € 2?u, I \ V e 2ft,
g{p) e W and / \ V c £/. Since X = g~l(I \ W) U g"'(/ \ V), we have that
w(X, r(2rPU2rQ)) = c/u,((x,/'vQ),r(3-pua-e))g'"1(/\ WOUcZm((X,pve),r(2'fua-0))g~1(/\ V).

Now, according to the definition of g(p),ifg~l(I\W) € pi,theng(p) e ^~'('\W0
that does not make sense since g(p) G W. So, #" '(/ \ W) £ pi and, a posteriori,
g-\I\W) $ p. So, t«(X, r(2rPl) 2rQ))\clw((X,Pvo),r(vPu2rg))g-l(I \ W
neighborhood of/>. Because W D V = 0 and / \ V C U, we obtain that

U ^0)) \ cla({X^QMar^Q))g-\l \W))cU.

This completes the proof. •

QUESTION 3.2. Give an example of a bispace (X, P, Q) such that (yS2X, P , 0 is
different from (w(X, r{2fP U ̂ G ) ) , W, -Sf).
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