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THE GENERALISED /-PROJECTION OPERATOR
WITH AN APPLICATION

KE-QING W U AND NAN-JING HUANG

In this paper, we introduce a new concept of generalised /-projection operator which
extends the generalised projection operator -KK • B* -» K, where B is a reflexive
Banach space with dual space B* and K is a nonempty, closed and convex subset
of B. Some properties of the generalised /-projection operator are given. As an
application, we study the existence of solution for a class of variational inequalities
in Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

Let B be a Banach space with dual space B*. As usual, (ip, x), denotes the duality
pairing of B* and B, where ip e B* and x € B. If B is a Hilbert space, {if, x) denotes an
inner product on B. Let A" be a nonempty, closed and convex subset of B. The metric
projection operator PK : B* -> K has been used in many areas such as optimisation
theory, fixed point theory, nonlinear programming, game theory, variational inequality,
and complementarity problems, et cetera (see, for example, [10, 11, 12, 13, 14, 16, 17,
20] and the references therein).

In 1994, Alber [1] introduced the generalised projections -KK : B* -* K and Yi.K :
B -> K from Hilbert spaces to uniformly convex and uniformly smooth Banach spaces
and studied their properties in detail. In [2], Alber presented some applications of the
generalised projections to approximate solving variational inequalities and Von-Neumann
intersection problem in Banach spaces. Recently, Li [17] extended the definition of the
generalised projection operator nK : B* -» K, where B is a reflexive Banach space
with dual space B* and K is a nonempty, closed and convex subset of B and studied
some properties of the generalised projection operator with applications to solving the
variational inequality in Banach spaces. Some related works, we refer to [3, 4, 5, 6, 7,
8, 9] and the references therein.
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Motivated and inspired by the above works, in this paper, we introduce and study
a new class of generalised /-projection operator in Banach spaces, which extends the
definition of the generalised projection operators introduced by Alber [1] and Li [17].
Some properties of the generalised /-projection operator are given. As an application,
we study the existence of solution to a class of variational inequalities.

Let B be a Banach space with dual space B*. The normalised duality mapping
J : B -* 2B' is defined by

J(x) = {j(x) e B* : (j(x),x) = \\j(x)\\ • \\x\\ = ||x||2 = ||j(x)||2},

where (•, •) denotes the duality pairing of B* and B. Without confusion, one understands
that ||.7'(2;) || is the B*-norm and ||x|| is the B-norm. Many properties of the normalised
duality mapping J can be found in Takahashi [18] or Vainberg [19]. We list some
properties below for easy reference:

(i) J is a monotone and bounded operator in arbitrary Banach spaces;

(ii) J is a strictly monotone operator in strictly convex Banach spaces;

(iii) J is a continuous operator in smooth Banach spaces;

(iv) J is a uniformly continuous operator on each bounded set in uniformly

smooth Banach spaces;

(v) J is the identity operator in Hilbert spaces, that is, J = In;

(vi) J{x) = 9( | |x | | 2 /2), where d(||x||2/2) denotes subdifferential of ||x||2/2

at x.

Let G : B* x B —• R U {+00} be a functional defined as follows:

where <p € B*, x € B and / : B —> R U {+00} is proper, convex, lower semi-continuous,
and bounded from below. It is easy to see that

From the definitions of G and / , it is easy to see that the G has the following

properties:

(vii) G(ip, x) is convex and continuous with respect to y? when x is fixed;

(viii) G(cp,x) is convex and lower-semi-continuous with respect to x when <p is

fixed;

(ix) (IMI - ll*||)2 + /(*) ^ G(V,x) $ (|M| + ||x||)2 + /(x).
LEMMA 1 . 1 . ([15, p. 94].) Let X be a Banach space. The following conditions

are equivalent.

(1) X is strictly convex;
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(2) Ifx,yeX and | | i + y|| = | | i | | + ||y||, then x = 0 or y = 0 or y = ax for
some a > 0.

DEFINITION 1.1: Let B be a Banach space with dual space B'. Let K be a
nonempty, closed and convex subset of B. We say that TT£ : B' -> 2K is a generalised
/-projection operator if

(1.1) nf
Ktp ={ueK : G(<p, u) = inf G(<p, y)} Vp e B*.

yeK

REMARK 1.1. If f{x) = 0 for all x € B, then the generalised /-projection operator
reduces to the generalised projection operator defined by Alber [1] and Li {17].

2. PROPERTIES OF THE GENERALISED /-PROJECTION nf
K

The following theorem shows that the operator nf
K is well defined for reflexive Banach

spaces.

THEOREM 2 . 1 . If B is a reflexive Banach space with dual space B* and K is a
nonempty closed convex subset of B, then TTf

Kip ^ 0 for all (p e B*.

PROOF: For any given cp e B* and x € B, we have

(IMI - NO2 + /(*) < Gfax) ^ {M + \\x\\)2 + f(x).

Since / is bounded from below, it follows that, for any given cp 6 B*, inf GUp, y) is finite
yeK

and so there exist a sequence {xn} € K such that

lim G(ip,xn) = inf G{>p,y).
n*oo y£K

Let inf G(tp, y) — a. Then for any given e > 0, there exists N > 0 such that
y£K

\G{tp,xn)-a\ <e

for all n^N. Thus,

Since f(x) is bounded from below, there exists L 6 R such that

(2.2)

On the other hand,

a - inf Gfo>,y)= inf {|M|2 -

^ m f

(2.3) ^ L.
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From (2.2) and (2.3), we know that {xn} is bounded. Since B is reflexive, there exist
a subsequence of {xn}, which after relabelling we again denote by { i n } , and a point
x0 6 K such that {xn} converges weakly to x0. For each given <p, since G(<p,x) is convex
and lower-semi-continuous with respect to x, we know that G(<p, x) is weakly lower-semi-
continuous with respect to x. Thus, we have

G((p,x0) < lim inf G((p, xn) = lim G(tp,xn) = inf G{<p,y)
n-+oo n*oo y€if

and so xo e KKV- Therefore, 7r£<p ̂  0. This completes the proof. D

THEOREM 2 . 2 . If B is a reflexive Banach space with dual space B* and K is a
nonempty, closed and convex subset of B, then the following properties hold:

(/i) For any given tp € B*, -RKip is a nonempty, closed, bounded, and convex

subset ofK;

(/2) 7r£ is monotone, that is, for any tpi, <p2 € B*, xi € ̂ Kf\ and x2 €

<x1-x2, ipi-w) ^0;

(/3) IfB is smooth, then for any given <p e B', x 6 nf
K<p if and only if

2(<p - J(x), x-y) + f(y) - f(x) > 0

for all y € K;

(/4) IfK is a closed convex cone and f : K -t R\J {+00} is positively homoge-

neous, that is, f(tx) = tf(x) for allt>0 and x € K, then for any (p € B*

and Xi, x2 € KK<P, we have Xi ^ fix2 for all n e (0, +c») with fj. ^ 1;

(/5) 7f/f is a closed convex cone, f : K -+ Rli {+00} is positively homogeneous
and B is strictly convex, then the operator n*K : B' -* K is single-valued.

PROOF: (/1) For any point (p £ B*, Theorem 2.1 implies that nf
Kip is nonempty.

Since / is bounded from below and G{<p, x) ^ (||<£>|| - ||x||) + /(x) , it is easy to see that
TTx<p is bounded. Next we prove that n^ifi is closed. Suppose {xn} € TT -̂V and xn —¥ Xo
as n -> 00. By property (viii) of the functional G, we have

G(<p,x0) ^ liminfG(<p,xn) = lim G{<p,xn) = miG{ip,y).
n»oo nfoo j/6^

Thus, x0 € 7r£-<p and so nf
K<p is closed. Finally, we prove that irf

K(p is convex. Suppose
Xi,x2 6 TT^V and 0 ̂  t ^ 1. From property (viii) of the functional G, we have

G{ip, tei + (1 - t)x2) < «G(¥», xi) + (1 - t)G{<p, x2)

= t inf G(V,») + ( l - t ) inf G(<p,y)
y£K y€K
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and so tx\ + (1 - t)x2 € nf
K<p- This implies tha t irf

K<p is convex.

(f2) For any v?i! ¥>2 € B*, Xi 6 K^fi and x2 6 ^f
K<p2, from definition irs

K, we have

(2.4) | | ^ | | 2 - 2<¥>1,x1> + Hull2 + f(Xl) < Hvill2 - 2(Vl,x2) + ||x2||
2 + f(x2)

and

(2.5) | M | 2 - 2(<p2,x2) + \\x2f + f(x2) ^ \\<p2\\
2 - 2(<p2,Xl)

It follows from (2.4) and (2.5) that 7r̂  is monotone.

ifs) We first prove that x € ft'Kip implies that

2(<p - J(x), x-y) + f(y) - f(x) > 0, Vy € K.

In fact, for any y e K and t € (0,1], it follows from the definition of Trf
K(f that

Thus,

l^ll2 - 2(V, x) + \\x\f + f{x)$ \\<p\\2 - 2{V, x + t{y-x))

+ \\x + t(y

and so

^ \\x + t(y - x)\\2 + (1 - t)f{x) + tf(y).

It follows that

(2.6) 2(<p, t(y - x)> + ||x||2 ^ \\x + t(y - x)f + t{f(y) - /(*)).

Now from the properties of the normalised duality mapping, we have

(j(x + t(y - x)),-t(y - x)) ^ i||x||2 - | | | * + t(y - x)\\2.

By (2.6), we get

2(J{x + t(y -x)),y-x)> f(x) - f(y) + 2((<p,y - x)>.

Since B is smooth, we know that J is demi-continuous. Letting t —> 0 in the above

inequality, we have

2(J{x) - <p,y - x) + f(y) - f{x) > 0.
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Conversely, suppose

2<J(x) -<p,y-x) + f{y) - f{x) > 0 for all y G K.

Then

||y||2 - ||x||2 £ 2( J(x), y-x)> 2{<p, y - x) + f(x) - f(y)

which implies that G(<p, x) < G(<p, y) for all y G K, that is, x G KK<p.

(/4) Assume xi ,x 2 € irKtp and xx = \ix2 for some real number fi > 0 with / j ^ l .
Then G((p,xx) = G{ip,x2) and so

2(^X2 - X!) = ||X2||
2 + /(X2) - Hxxll2 - f(Xl).

Replacing xx by fj.x2 in above equality, we have

2(1 -

Since fi ^ 1, we obtain

(2.7)

Let
x3 = (x2 + xO/2 = ((1 + / J ) /2 )X 2 .

It follows from (/i) that x3 e T T ^ and so G(<p, x2) = G(<£, x3). Similarly, we can get

1((2.8) 2(Vt x2) = (l + 1(1 + M)) ||x2f

Now (2.7) and (2.8) imply that 1+fi = l + ( l + / / ) / 2 and so /x = 1, which is a contradiction
to fi ^ 1. Thus, (/4) is true.

(/5) Suppose there exists <p G B* such that TTA-̂  is not a singleton. Then for any
X!,x2 € nK<p and xL ^ x2, we have G(tp,Xi) = G((p,x2). This implies

(2.9) 2{<p, x2 - xO = ||x2||2 + / (x2) -

By property (/i), for any t G [0,1], we know that X! + t(x2 - xi) G nKip. Since G{ip,x\

(2.10) 2t(V, x2 - xx) = ||xx + t(x2 - xO||2 + / ( x ! + f(x2 - xO) - \\xx\\2 -

Combining (2.9) and (2.10), we have

xl)) - \\Xl\\
2 - f(Xl)

\\Xl + t(x2 - xx)||2 + t[(x2 -
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This implies that

(2.11) t\\x2\\
2 + (1 - «)||*i||a < ||x! + t(x2 - Xl)f

and so

2t(l - 1 ) \\Xl\\ \\x2\\

Thus,

Taking t = 1/2 in the above equation, we get

INI+ IM = ||*i+sail-

From (2.11), we know that if x\ — 0, then x2 = 0. Hence x\ / 0 and x2 ̂  0. Since B
is strictly convex, according to Lemma 1.1, there exists some a > 0 such that x\ = ax2,
which contradicts (/4). This completes the proof. 0

From (/3), it is easy to prove the following result.

THEOREM 2 . 3 . Let A be an arbitrary operator acting from the reBexive and
smooth Banach space B to B", and ( e F . Then the point x* 6 K C B is a solu-
tion of the variational inequality

(Ax-S,y-x)+f(y)-f(x)20, Vy G K

if and only ifx' is a solution of the following inclusion

3. APPLICATIONS

As an application of our results, in this section, we shall study the existence of
solutions to the following variational inequality problem: Find x* € K such that

(3.1) (Ax',y-x)+f(y)-f(x')2 0, Vy € K,

where A" is a nonempty, closed and convex subset of the Banach space B, and A : K -» B*

and / : K -> RU {+00} are two mappings.
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DEFINITION 3.1: (KKM mapping) Let K be a nonempty subset of a linear space
X. A set-valued mapping G : K -» 2X is said to be a KKM mapping if for any finite
subset {j/i, 3/2, • • • . Vn} of K, we have

t = l

where cofj/j, 2/2, • • • , yn} denotes the convex hull of {yx, y2, ••• ,yn}.

LEMMA 3 . 1 . (FanKKM Theorem [20].) Let K be a nonempty convex subset of

a Hausdorff topological vector space X and let G : K —¥ 2X be a KKM mapping with
closed values. If there exists a point y0 € K such that G(yo) is a compact subset of K,
then D G(y) / 0.

THEOREM 3 . 1 . Let K be a nonempty, closed and convex subset of a reflexive and
smooth Banach space B with dual space B'. Let A : K -> B* be a continuous mapping
and f : K —>• R U {+00} be proper, convex, lower semi-continuous, and bounded from
below. Let there exist an element 3/0 € K such that

(3.2) | i € K : 2( Jx - l-Ax, yo-x)+ \\x\\2 + f(x) < ||yo|| +

is a compact subset of K. Then the variational inequality (3.1) has a solution.

PROOF: From Theorem 2.3, we only need to prove that the following inclusion has
a solution,

Define a set-valued mapping W : K -> 2K as follows:

W(y) = LeK: G(jx - l-Ax,x) < G(Jx - ^Ax,y) j .

Clearly, for each given y G K, W(y) is nonempty. Next we prove that W(y) is closed for
each given y € K. Suppose {xn} € W(y) and xn —> x0 as n —> 00. Then,

G(jxn - -Acn,xn) < G\Jxn - -Axn,yj

and so

- 2 ( Jxn - l-Axn, xn) + \\xn\\
2 + f(xn) ^ - 2 ( Jxn - l-Axn,y) + \\y\\2 + f(y).

Since J and A are continuous and / is lower-semi-continuous,

- 2 ^ Jx0 - -Ax0,so) + ll*o||2 + /(*o) < - 2 ( Jxo - -Ax0,y) + \\y\\2 + f(y).
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Hence,

G\JXQ - -Axo,xoj < G[JxQ - -Axo,y),

which implies that x0 € W(y).
Next we prove that the map W : K -> 2K is a KKM mapping in K. In fact, suppose

n n

2/i. V2, • • • , Vn 6 K and 0 < \ x , A2, • • • An ^ 1 with ^ A j = 1. Let v = ^ A ^ . By property

(viii) of G, we have <=1 i = 1

G(Jv - \Av,V) = c(jv - l-Av, J
^ t=i

i=\

This implies that

G[Jv — -Av,v) ^ max G[Jv — -Av,yi).

Hence there exists at least one number j = 1,2, • • • , n, such that

that is, u e W(j/j). Thus, W is a KKM mapping.
Ifx 6 W{y0), then G(Jx - (l/2)Ax,x) ^ G(Jx - (l/2)Ax,y0). From the definition

of G, we have

||Jx - l-Ax^ - 2{jx - l-Ax, x) + \\x\\2 + f{x)

^ || Jx - -i4s|| - 2(jx - -Ax,yo) + \\yo\\
2 + f(y0).

Simplifying the above inequality, we have

2(Jx - ±Ax, yo-x) + \\x\\2 + f(x) < ||yo||
2 + f(y0).

We get that

W(y0) = j x € K : 2( Jx - l-Ax, y0 - x) + ||x||2 + f(x) < \\yo\\ + f(x0) | .

By condition (3.2), we know that W(y0) is compact. It follows from Lemma 3.1 that
f) W(y) ^ 0 and so there exits at least one x* G p| W(y), that is,

Vy e K.
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From the definition of the generalised /-projection operator irK, we have

This completes the proof. D

THEOREM 3 . 2 . Let B be a reflexive and smooth Banach space with dual space
B* and K be a nonempty, closed and convex subset that contains the origin 6 of B. Let
A : K —» B* be a continuous mapping and f : K -± RU {+00} be proper, convex, lower
semi-continuous, and bounded from below. If the set

(3.3) {x € K : (Ax,x)+f(x)^\\x\\2 + f(6)}

is compact, then variational inequality (3.1) has a solution.

P R O O F : Taking y0 = 6'm condition (3.2) and noticing that (Jx,x) = ||x||2, it follows
from condition (3.3) that all conditions of Theorem 3.1 hold. Thus Theorem 3.1 implies
that the conclusion of Theorem 3.2 hold. This completes the proof. D

From Theorem 3.2, it is easy to have the following result.

THEOREM 3 . 3 . Let B be a reflexive and smooth Banach space with dual space
B* and K be a nonempty, closed and convex cone ofB. Let A : K —> B* be a continuous
mapping and f : K —• RU {+00} be proper, convex, lower semi-continuous and bounded
from below. If

{x&K:(Ax,x)+f(x)^\\x\\2 + f(e)}

is compact, then variational inequality (3.1) has a solution.
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