ON A NORMAL FORM OF THE
ORTHOGONAL TRANSFORMATION IIL

Hans Zassenhaus

§4. Equivalence invariants of matrix pairs,

Under the assumptions of case b)of theorem 1 we derive
from (3.32) the matrix equation

(P(X) (XDP (X)) -3 -2

so that there corresponds the matrix B to the bilinear form

(X, A) . N L apet
(4.1) fpL, (u,v) fp),‘, (u,v) =(-2)" *" f(u, (F) (¢DP() ) ) v)
on the linear space

(4.2) M(X A) - Mp ,  =Mpu/Mpe -1 HP(@)MAMps )

and fp , is symmetric if £ - (-1t

E(s.)"

, anti-symmetric if

The last statement remains true in the case a) if P is sym-
metric irreducible because in that case fp , is 0.

If (X,A) is any matrix pair with regular second constituent
satisfying (3.1) and with representation space M then we decom-
pose M into the direct sum of mutually orthogonal and orthogonally
indecomposable invariant subspaces for each of which the pre-
vious observations hold. Hence also on M the bilinear form de-
fined by (4.1) on the linear space (4.2) is symmetric if

¢ =(-1)**t and anti-symmetric if g =(-1)* . Moreover the
number ap u of orthogonally indecomposable components of M
of the type a) of theorem 1, the number bp u of orthogonally
indecomposable components of M of the type b) of theorem 1,
the degree dim My, , of fp » and the rank P(fp @) of
fp p# are connected by the relations

(4.3)  plipr)= [Pl bpu
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(4.4) ~ dimMp . = plfp,p )+ 2 LP] ap,m
(4.5) ap u = 0if P(x)4 x-4

where & .satisfies (3.2) and [P] is the degree of the symmetric
irreducible separable polynomial P.

The linear transformation ¢ of M induces a linear trans-
formation 6 p . of Mp , under which fp wmis invariant
such that P( ‘{P w) =0, Therefore Mp w is a linear space over
the finite extension Ep-= F[Yp] accordmg to

(4.6) Q(Yp) (uMp ) = (Q(¢ Ju)/Mp pm
for Q(x) of F{x} and u of Mp so.

We study the case LP1> 41 in which Ep has the involutoric
automorphism <tp over F that maps Yp onto Yp . According
to (3.4) one finds

(4.7) fp,p (3u,v) = fp 4 (u,ep (§)V)

for E of Ep, u,v of Mp s . This rule suggests the interpreta-
tion of fp m as trace of an hermitian or anti-hermitian bilinear
form hp u onthe Ep -module Mp such that

(4.8) fp,ao (u,v) = trhp, . (u,v)

for any two elements u,v of Mp . where we make use of the
trace function of EP,/,,, relative to F.

In order to solve (4 8) we observe that for any matrix Y
the traces of Y0 vl Y .. vanish identically if and only if the
multiplicity of each separable irreducible divisor of the charac-
teristic polynomial of Y is divisible by the characteristic of F,
Hence there is a power of the matrix Yp that has non vanishing
trace and hence the linear homogeneous system of equations

(4.9) 0=tr ((Z §w¥pShypl-l) (i-lz,..., P )
for the coefficients § § ceees § 1§ in F has ouly the

trivial solution. It féflows that for any pair of elements u,v of
MP,}" the system of linear equations

€5 u,v) = (2 TR Y e DYp ) (i21,2,.. 8
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has precisely one solution set of elements 7%, 7,,. ”LP of F.

Setting
33 k-1

bEe ()= ke (0 TE M Yp

(4.10)

it follows that (4.8) is satisfied and that each of the elements
hp 4 (v +uy,v) - hp o (up V) - hp . (uz,v),
hp . (@,v) - (-1 *L € hpp (v,u)
hp,u (§u,v) - $hy 40 (u,v)
hp s (u, ; v) - p( E ) hP,/b (u,v)

-1
satisfies (4.9) if it is substituted in place of z ’gkka so that
hp s is indeed an hermitian or anti-hermitian bilinear form

on MP,/M,.

Observing that the normal form of theorem 1 case b) is
uniquely determined by 4 and by B i.e. the equivalence class
of hp we derive from theorem 1 and the previous observa-
tions the following.

THEOREM 2, Let F be a field of reference of characteris-
tic different from 2, Let (X, A) be a matrix pair over F with
regular second constituent satisfying (3.1) such that every sym-
metric irreducible divisor P of the characteristic polynomial of
X is separable., The matrix pairs (X, A) and (Y, B) are equiva-
lent if and only if

1) X is similarto Y,
2) B is regular satisfying the condition BT = & B,

3) the bilinear forms f(x A) and £ Y3 B) are equivalent for
P(x)=x-8 subject to (3 2), -

4) for each symmetric irreducible divisor P of X, of de-
gree greater than 1 the hermitian or anti- herm1t1an
bilinear forms h( A) h(Y B) are equivalent for
M= 12,0000 4 where/"'p denotes the multiplicity of
P in the minimal polynomial of X,
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5. Application to the real field and to Galois fields.

If ¢ =(1Y* and if P(x) is a symmetric irreducible separ-
able polynomial of degree greater than 1, then hp u is an anti-
hermitian bilinear form on M over Ep. Hence the bilinear

1 P, P (X, A)
form %YP'YP- )hp pis hermitian. The equivalence of hp &>’/
hp(g‘j ) implies the equivalence of (Yp-Yp‘l)hp(,};:A),
(YP—YP"l)hP(Y};B) and conversely. By forming the trace bilinear
form we obtain the symmetric bilinear form

(5.0 8p p(w,¥) = tx((Yp_ YP~Dhp 0 (w,v)) =tr(hp (8- Hu,v))

so that the equivalence of the herrr}}tian bilinear forms
(Yp-Yp lihplX A), (YP-YP'I)hpsY,..’BB) on Mp s over Ep implies
the equivalence of gp.(}f,A), gp,()w »B) on Mp m over F

If F is the real field then hp s is obtained by solving the
equations : fp . (¢ 'u,W=h(¢iu,v)+ h(glu,v)= Yph(u,v)+Yp'h(u,v)
where § is the complex conjugate of § such that Yp = YP"1 .
Hence,

hp, s (u,v) = fp u (6 u,v) -Yplfp . (u,v)
Yp - YP_l

(5.2) gp,/‘,(u,v) = 2fp pu(¢u,v) -(Yp +YP-1) fp’/"_(u,v)

Note that two hermitian bilinear forms over the complex
field are equivalent if and only if the corresponding symmetric
trace bilinear forms are equivalent over the real field.

A symmetric bilinear form on a linear space M is called
a splitting bilinear form if M is the direct sum of two isotropic
linear subspaces.

In case a) of theorem 1 for € = 1 the bilinear form f is a
splitting symmetric bilinear form. Similarly in case b) for
€ = 1 the bilinear form f is splitting if s« is even whereas f is
the sum of a splitting bilinear form and another bilinear form
equivalent to fp u with disjoint variables if w is odd.

We note that because of (3.11) the number s must be odd
if ¢=1and P(x) = x-8 .

We denote the degree of a quadratic matrix by d(A) and its
rank by r(A). If A is symmetric over the real field then the
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number p(A) of positive characteristic roots and the number

q(A) of negative characteristic roots are equivalence invariants
so that p(A) + q{A) = r(A). For a bilinear form f on a d-dimen-
sional linear space with corresponding quadratic matrix A we
set d(f) = d(A) = d, r(f) = r(A) and if the field of reference is real
and if f is symmetric then we set p(f) = p(A), q(f) = q(A). Itis
well known that two symmetric bilinear forms f,g are equivalent
if and only if d(f) = d(g), p(f) = p(g), q(f) = q(g). The symmetric
bilinear form f splits if and only if p(f) = q(f). Two anti-symme-
tric bilinear forms f,g are equivalent if d(f) = d(g) and r(f)-r( g).

After these preparations we can answer the following ques-
tions:

A) E. Wigner's question: What are the characteristic roots of
a matrix X over the real field satisfying (0.1) for a given
regular symmetric matrix A over the real field?

Answer:

(5.3) det (Ig-xX)= (x-1)™ (x+1)™* TTJ.‘_3( (x-ei®)(x-e-i9j) )%
t
T s (x-x))(x-x .'1))‘31'[ R Ly

Taper (x-rjei®)(xx; “% )ox-75 Lel®)(x1; -1 &is) )/

subject to the conditions

(5.4) 2 4 s & tsgug v

(5.5) V; 2 0, V; integral

(5.6) 1> r if scjav

(5.7) rj>rj_‘_1 ifs4«<j&At or t4j4u,

(5.8) rjy Tyal ifusjav, and 5> g if Tj =iy
orif3&j< s, 0 < t#jc‘n’ if3&jesorucijav

(5.9) Vi+ V4225, 93*42”&” = d(A)

(5.10) Z;L-s-a-l \)j +2 Z;u+1 \)--‘E'-Min(P(A)xQ(A))

(5.11) if Y] =¥, = 0 then p(A)= Z s+ 175 = q(A) (mod 2).
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B) What are the characteristic roots of a matrix X satisfying
(0.1) for a regular skew symmetric matrix A?

Answer:

(5.3) subject to the conditions (5.4), (5.5), (5.6), (5.7), (5.8),
(5.9) and the condition

i

(5.12) Vi 2 Y, d(A) = 0(2)

C) What are the condition that two matrix pairs (X, A) , (Y,B)
are equivalent over the real field if A,B are regular matrices
satisfying A= ¢ A, B= € B(e =1, € «+1) ?

Answer:
€ =€ , dim Mpu= dim Mpwpx =dim Mps = dim Mpan

where M is a representation space of (X,A) and M is a represen-
tation space of (Y,B) and P(x) is any asymmetric irreducible
polynomial dividing the minimal polynomial of X in a multipli-
city ¥ (P) that is not smaller than m . Furthermore for any
symmetric irreducible polynomial P(x) dividing the minimal
polynom1a1 of X with aYposu:we multiplicity ¥(P) the bilinear
forms fp o are equivalent if 0 44 & V (P) and
ife= (- 1)""‘1 , and the bilinear forms gp(x A) p(’&,’“_B) are
equivalent if O« & V (P) and if ¢ =(- 1)"' ’

D) To give a complete system of independent numerical equiva-
lence invariants for matrix pairs (X, A) with representation
space M over the real field in the event that A is regular and
symmetric or skew symmetric?

Answer:

€ =zl determined by AT = £ A; moreover for irreducible
polynomials P(x) with highest coefficient 1 the numbers e, (P)
denoting the dimension of the factor space of Mp» over

P(¢d ) M A~ Mpr +Mpr-t and for symmetric irreducible
polynomials P(x) the numbers
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g\p(fp,,b) if e=(-1) #+1

Pp, =
g Plgp ) if £=(-1)*
qlfp.w) if €= (-1) )
ap,p = {
algp ) i &= (-1)"

subject to the conditions
(5.13)  ep . 2 0, ep x=0(LPF]), 22 uep.u = dX) = d(4)
(5.14)  pp .20, ap,u20, Pp = ap =0 (LA),Pp 2qp wcop,,
(5.15)  p(A) = 3 (d(A) +Z(Pp 4 -dp u)); Q(A)=%(d(A)*i(qP,P'PP,r.»
(5.16) If P(x)=x-§ and Sr-!»a-_-Othen Pp,n *dp,n " €P,p
E) To give a normal form of the equivalence class of matrix

pairs with invariants as delimited under D,

Answer:

%* Cp ((YP” Y ') I[P]P)
P NS pr/ \elrp

irreducible

+ [ p Xp w.A 0 X A .. ]
PE;P* Pu XPwAPR) L Gy (Xp o -AP 1)
irreducdble

where [P1Cp p =ep u if P+ P*, [FICppsep . = Ppp = dpp
if P = P* , Xpw= ((§ix ¥ 81, ke 1) Yp) (i,k=1,2,..., w),

Aw(lpgy) i & =(-1) K7

AP, * (-1)Le/2] Aw((-l l))if € =¢1)™

F) Another question of E, Wigner: Let A be a regular sym-
metric matrix over the real field. What are the connected
components of the multiplicative group G(A) formed by all
matrices X satisfying (0.1) after all elements of G(A) with
multiple characteristic roots i.e. the elements X of G(A) that
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satisfy R(X,,DXy) = 0 (R the resultant polynomial), have been
removed?

Answer:

The connected components of the residual space are in 1-1-cor-
respondence to the system of all sequences

Ao °(2- e g, t,u, v
subject to the conditions (5.4) and
(5.17)%; £ 0,4l if i=1,2;ol;a £ 1 if22i&s
(5.18) Z.2; okl +2T;23fKi) +2(2v-u-§) = A(A)

2
(5.19) 3 Zi.1 (oty + ) + 2123(*i + %)) +2v-u-s = p(A)

and they are formed by all matrix pairs- (X, A) subject to (5.3)
where

(5.20)v; = |¢;]| iflsies, Vi=1if sziev

G) To give a complete system of independent numerical equiva-
lence invariants for matrix pairs (X, A) with representation
space M over a Galois field of characteristic & 2 in the case
that A is regular and either symmetric or skew symmetric.

Answer: e = il determined by AT = & A, moreover for ir-
reducible polynomials P(x) with highest coefficient 1 the numbers
e . (P) denoting the dimension of the factor space of Mpm over
P(d)MAMppw +Mpp-t and for symmetric irreducible poly-
nomials P(x) the numbers

{r(fp,}w )if g=(-1) W1
rP,\L'

r(gp p ) if & =(-DM
and the numbers

g (hp o )if ex(-1) K

€. . =
PP e (vp-Yp hhp, ) if £=(-1)F
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where for any hermitian form h over a Galois field of qz elements
(q odd) it h z:l % iniq
em={-1ith ¥4 =T & 8
0 if h= o
and V is a non square of GF(q).

Conclusion: Our methods fail in the case of inseparable irredu-
cible divisors of the characteristic polynomial of X, The case
of characteristic 2 leads to more complicated equations the solu-
tion of which is not given here. Due to the results of this paper
the problem of the classification of the hermitian forms over
arbitrary fields with an involutoric automorphism has taken on
still another aspect.
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