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A PRODUCT FORMULA AND A NON-NEGATIVE
POISSON KERNEL FOR RACAH-WILSON
POLYNOMIALS

MIZAN RAHMAN

1. Introduction. Physicists have long been using Racah’s [7] 6-j
symbols as a representation for the addition coefficients of three angular
momenta. Racah himself discovered a series representation of the 6-j
symbol which can be expressed as a balanced .F; series of argument 1,
that is, a generalized hypergeometric function such that the sum of the 3
denominator parameters exceeds that of the 4 numerator parameters
by 1. What Racah does not seem to have realized or, perhaps, cared to
investigate, is that his ,F; functions, with variables and parameters
suitably identified, form a system of orthogonal polynomials in a discrete
variable. The orthogonality of 6-j symbols as an orthogonality of 4F;
polynomials was recognized much later by Biedenharn et al. [3] in some
special cases. Recently J. Wilson [13, 14] introduced a very general
system of orthogonal polynomials expressible as balanced (F; functions
of argument 1 orthogonal with respect to an absolutely continuous
measure and/or a discrete weight function. Wilson’s polynomials contain
Racah’s 6-j symbols as a special case. These polynomials might rightfully
be credited to Wilson alone, but justice might be better served if we call
them Racah-Wilson polynomials.

In this paper we shall be basically interested in a particular case of
these polynomials, namely, the discrete ones which are orthogonal with
respect to a positive discrete measure. For a fixed positive integer N let x
be an integer-valued variable that can take on values 0, 1, ..., N. In
this setting the Racah-Wilson polynomials are defined by

_ F[—n, ntat+B+1, —x, x+7—N]
T a4+ 1, —N, B+~ +11"

where # = 0,1,2,..., N. The unit argument of the hypergeometric
function is suppressed for convenience. The values of the parameters are
such that the 4Fj series has finite values for all possible values of x and #.
Note that W,(x) contains the Hahn and dual Hahn [6] polynomials in
the limits y — 00 and |a| — o, respectively.
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Let us now consider the weight function

(1.2)  plx;e, 8,7, N)

@t 8+ D"TEE3) h 0,64y + (-,

A(EFEEL) (54 Dy =+ DL a5+ 2,

Using Dougall’'s well-known formula [2, p. 25] for the sum of a very well-
poised terminating ;[ series

a, 1—|—%, b, c, —N
(1.3) 5F4a -
5 1+a—-b, 1+a—¢ 14+a+ N
(U4 a)y(d+a—0b—c)y
T (lta—-0y0+a—o)y’
we obtain

10 Zoteieo ) = I EENT

The non-negativity of the weight p(x) is guaranteed in the following
cases:
15 (HN=7y, -1 <a<y—N, -1
(i)a < =N, —7 < 8 < —N.
In what follows we shall restrict the parameters to either case (i) or (ii).
Using the summation formula (1.3) we also have

N

(1.6) Z; p(x;a, 8,7, N)
N

=2 pnija,y —N—a—1,N+a+ 8+ 1,N).
n=0

Wilson {14] showed that

N
(17) Zp(x;ar'y_N_a'— 17N+a+ﬁ+lvN)Wm(x)Wn(x)
=0
— (a + ﬂ + 2)N(_’Y)N X 6mn
(6+1)N(a—7+1)N p(n;ava’Yv]V)Y

and
N

Oy
X Giar —N-a—LNFTatB+LN)"
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It is obvious that W, (x) is self-dual in the special casey = N 4+ o« + 8 +
1. In § 2 we prove the following:

THEOREM 1. Let n, x be non-negative integers and o, 8, v, v', M, M’, y be
arbitrary complex numbers such that max (n,x) £ M when M is ¢ positive
integer, and max (n,y) < M' when M’ and vy are positive integers. We also
assume that o, B8, v, v’ do not take such values as to produce singularities in
W,(x;a,8,v, M) and W,(y;a, 8,v", M'). Then

B+ Dala — v + 1),
@+ 1,8+~ + 1),

= (—n)r+s(n +a+ B8+ 1)7+s(—x -y - 'Y,)H-x
X g ; 7!5!(_M)r+s(—Ml)r+s(a - 'Y, + Do

( %), (=), (¢ +v— M), (M’+a+1—v—y)(x—M) (y = M),
@+ 1),B+y+D,(—x—y—9),B+1),

=S, r—x, r—y+v—v,M+B+1—x]
r—x—y—y , M+1l—x—s, B+v+1+r]L
This result may be seen as a generalization of Gasper’s formula [4] for
the product of two Hahn polynomials which itself is an extension of
Watson's well-known formula [12] for the product of two Jacobi poly-
nomials.
With the aid of (1.9) we prove the following theorem in § 3.

(1.9)  Wule;, 8,7, MOW, (350, 8,7, M') =

X4F3[

THEOREM 2. Let z be a non-negative integer such that z < min (M, M)
if M, M’ are positive integers. Let x, vy, n, o, 8, v, v', M, M’ satisfy the same
conditions as in Theorem 1. Let {a,}v—o be an arbitrary sequence, real or
complex. Then the kernel K ,(x, y) defined by

(1.10) K.(x,y) = K.(x,y;0, 8,7, 7', M, M")

_ ¥ Gt Daat B+ DB+ + D=1
n=0 ﬂ'(ﬁ + l)n(a + 8 + 1)2,,((1 - 'Yl + 1)n

X )\n(Z)Wn(x;ay B) Y M)Wn(y)a! B’ ’yl> M’)

has a representation

(_'Z)r+xar+s(—x e 'Y,)H-S(_(x)r(—“y)r
Z X (x + Y — M)r
(LD Keon) = 2 S = D
X @+ 1),B+~y+1),

(M'+a+1—7 b (x—M) v — M),

-8, r—=x r—y+v—7’,M+ﬂ+l—x]
r—x—y—v, M+1—-x—s, B+vy+1+rl’

X 4]1‘3[
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where

2=n

(L12) N(2) = ;;1 £l (a 1“5)1’:"3"1 2n);

Special cases of this theorem includes the Poisson kernel for W, (x):

(1'13) Z —((_;.AZ/[)—;“ p(n; aY BY ’YY *M)Wn(x;ay BY ’YY M)Wn(y;a7 6! ’yY Jl[’)

n=0

(M =2)T(M + 2)
T MM 4+ B+ 2),

2
T (_Z)r+s(a + g + ) N (Ol + ('—x s 'Y)H—s
e (EFEE I CEE EL IR
Z 45 “ r+s

w (=2) (=9, ety = M), (M +at+1—v=y),&=M (= M),
(a + 1)7(6 + v+ 1),(——30 -y — 'Y)r(,B + l)s

F[—s, r — X, r—9, M—I—B—}—l—x]
K alls r—x—y—y M+1—x—s B+y+1-+7r

z 2z

X

[l
o

r=0 g

It is easy to see that for real values of the parameters and for non-
negative integral valuesof x, y, M, M’ with0 = x £ M,0 <y = M’, the
kernel on the right hand side of (1.13) is non-negative if
(1.14) vy 2 max (M, M"), -1 <a <min (y — M,y — M), —1 < B.

In §4 we derive a projection formula for the Racah-Wilson poly-
nomials:

1.15) Wy(lx;a+v,a — v,y + v, M)

= 3> Byla,v,v,x, M)W,(x — p; e, B,v, M),
p=0

where

(1‘16) B,?(ay ‘Yv vy xy AM)

(M—‘Zx—y),,(l+M—‘)——7-—x)'(v)p(M+a+1—'y——x),-,

X (=x)pla+ 1),y +v — M+ x).,

p!(M;—l—x) M—=—y+1=x)l@+rv+1),0—M+x),
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With the aid of (1.9) and the above projection formula we finally obtain
a product formula in § 5 in the form

1.17) Wa(x;a, B, v, MO)Wy(y; o, B, v, M)

Y+

= E A(x,y,Z)Wn(Z;a,ﬂ,’)’, M)

z=|y—uz|
where the coefficients 4 (x, y, z) are given in (5.11). Unfortunately, the
author was not able to establish the non-negativity of these coefficients,
but certain conjectures are made at the end of § 5.

2. Proof of theorem 1. The principal tools of the proof are the
Pfaff-Saalschutz summation theorem for a balanced 3;F;[1;2;11] and
Whipple's transformation formula for a balanced 4F; [2, p. 56]:

Nx, oy, 2z, —n
2.1) 4ﬁ3[u, v, w ]

_ @ = 2w — 2)a 7 [u —x, u — vy, 2, —n]
N (@) (W) RLow, l4z—0v—mn l4z—w—n ’
where

ut+v+w=14+x+yv+2—mn
Using this formula on W, (x;a, 8, v, M) and the notation P,(x,y) for
the left hand side of (1.9) we obtain

('Y + l)z(_ﬁ - M)z
(5 + v+ 1)1(—M)r

- o (a +n+ l)q(_ﬂ - n)q(x +v— M)q(_x)q
X j=20 q=20 ql(“ + 1)q<_6 - M)q('Y + 1)q

(—n);m+a+B84+1),(=);++ — M),
e+ 1),(—=M),B+~ + 1), '

The Pfaff-Saalschutz theorem gives

O+ =-M), G+ —-—M+q),

gl +1); (a+149q);

xi M +a+1—7v"—y),
SrG—nlg—Na+1),M+1—5 —y—qg—3j),

(2.2)  Pulx,y) =

X

and

(=n);n+a+B8+1),; _ (l@a—v"+ 1+ 1+4q);
B++y+1),84+ 1)y B+v +Dila+14+9),

X nif (_n)r+s(n + o + B + 1)7+s(_—7’/ - q)r+s—j
s=j—T1 (7 + 5 — 7)’(6 + 1)7+s—q(a -7 + 1)r+s ’
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Using these relations in (2.2) we get

. _ ('Y + 1).(=8 — ‘M)Z(B + Dyl — v+ 1),
@3) Puley) = ) (— M) a + DB+ 2+ D

M+at+1—v —y),(=1

X Zi (_n)7+s<n+a+6+ l)r+s (a_l_ 1)7

7=0 s=0 Mo — v + 1)
(=D(=x)x + v — M),
X Z ((] - B+ 1)7+s—q( B — Ju)q('y + 1),

r+s (__y)](y + 'y' — M’ + q)j—r(—7, _ (l)r+s--j
> G=nr+s—DI(=M), :

X

However,

(2.4) Tf( DO+ Y =M +9) (= =i

~ G—=nlr+s—H(—M),
_ (=3).(= 'y~q) ﬁ[—s, v+ — M +q, r—=y ]
sl(—=M", e r— M, Y4+ 1+qg—s
(y)(y—M)(r—y~~/—q).

S'( M )7+\
Also,

~ (= 1)( )& +v =M, —y—+ —q),
@5 (= ”Z G — DB+ D=8 — Mty + 1),

_(=x), ety = M) (=y —~),

XF[r—x,x—i—'y—M—{—r, —B — s, y+v +1 ]
o y+147r, r—B—M y+~+ +1—5l"

Since the 4F; series on the right is balanced we may apply (2.1) as often
as necessary. Applying it once we get

: _ (B4 Dale =+ + 1),
(2.6)  Pulx,y) = (a + 1),(8 + v+ 1),

% i <« (_n)H-s(n +a+ 8+ 1)r+s(_x)r(_y)r(x +v = M),
== risi(— M)er(—']”l)ﬂ-s(a - 'Y/ + DB+ v+ Do

M tatl=9" =)= M)y —M)c+B+ty+1)(=y=7).
@+ 1).(8 + 1),

xﬁ‘[—s’ —B =5, M4+~ —v+14+y—x—7r—sy,
o y+y +1—s M+1—x—s,
r—x ]
—B—v—x—=sl
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If we let v, v/ = o such that 4’ — v is finite then the ,F; function
approaches 1 and the right hand side reduces to Gasper’s formula
[4, (2.3)] for the product of two Hahn polynomials.

Applying the transformation formula (2.1) once again we obtain (1.9).

3. A generalized Poisson kernel for Racah-Wilson polynomials.
Let us now prove Theorem 2. First, we use Theorem 1 on the right hand
side of (1.10), change the dummy variable n — 7 to [, and obtain

2 z—r 1 z—r—1 r+1 )
_ (—1) (a+3+1)r+l(a +:B+2)27+2l
(1) K@y =233 3 -+ Do+ B+ Darae

(“Z)r+z+k(—7' - Z)r+s(lr+z+k(7’ +l4+a+ 8 :l‘ 1)r+s(—x -y - 'Y’)T+x
ristel (e 4+ B + 2)ar2ii (= M) ras (= M) pisla — v" 4 1) g

(—x)r(_y)r(x +v - A[)r(AM’ +a+1—7v" - y)r
X (x _ *M)s(y - M,)s
B+ + 1), (=x =y =)+ 1.8+ 1),

=0 =0 s=0 &k

X

X br.s,

where

s, r—x, r—y+v—7v, M+B+1—x]

(3.2) b,,s=4l*s[ r—x—y—v, M+1—x—s, B+v+1+7

Changing the summation variables once again by setting k¥ + [ = m
we have

z z2—=r m

_ (“Z)T mr m('—x -3y - 'Y’)r s(_x)r(—y)r
(33) KZ(x’ y) B r:ZO'r;) \;0 7!S!z—ﬁ)r+s(_M/)r+s(a :'Y, + 1)r+s

E+y—M)M+a+1l—v"—3),x— My— M’)sb
(6+7+ 1)r(a+ 1)1’(_x_y—'yl)r(6+ l)s !

X vSTTV"lyS ’

where

(=D a4 B4+ Dpila + B+ 2)2r42
. i __m X(7+l+a+ﬁ+1)r+s
B L= o G TN = )@ A+ D@+ B % Dovers

In (8], where we worked with Hahn polynomials we found exactly the
same series as the right hand side of (3.4) which we could readily sum
and obtain

(35) Tr,m,s = 6m,s-
Using (3.5) in (3.3) immediately leads to (1.11).

Some special cases. As in [8] we now consider some special cases of
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(1.11) and obtain the corresponding bilinear sums for Racah-Wilson
polynomials.

(1) N\.(2) proportional to a balanced 3F,. Let
(3.6) ar = (ar)ilas)/(r + s —a — B —z — 1)y,

where a1, a» are arbitrary complex parameters. Then, by the Pfaff-
Saalschutz theorem, we can sum the series on the right hand side of (1.12)
and obtain

@+ B+2—a).lat+B+2—a),
(a+;8+2)z(a+ﬂ+2—a1—a2)z

X (_1)n(_z)n(a1)n(a2)n(a + 8+ 2)2n
@+ B8+2—a)yla+B+2—a)la+B8+2+2),

This leads to the bilinear sum

B7) M) =

(_Z)T+s<a1)r+s(a2)7+s(_x e 'YI)H-s
. L= X ('—x)r(—y)r(x + Y M)r
(3.8) ,:Zo Sg‘) risloas +as —a— B — 2z — 1),
X (_M)T-H(—M,)H—s(a A 1)r+s

M +a+1—v"—y),@x— M),y — M),
(Ot + 1)7(6 + Y + ]-)r(_x -y - ’Y/)T(B + l)s

=(a+3+2—a1)2(a+ﬂ+2—a2)2
(a+3+2)z(a+8+2—0é1—0(2)z

5 Z (—2)p(a)n(@)nla + B+ Dala + 8 + 2),,
Snlla+8+2—a),a+B+2—a)lat+B+2+32),

0+ 1,8+ + 1
@+ B+ 128 + L)le — v + 1),

X W5, B, v, MYWo(y;e, 8,7, M').

X br,s

X

Let us assume vy, M, M’, v/ — v 4+ 1 are positive integers such that
x<y< M, and 2 < M = M. Also let +1>0, M <y =7,
—1 < a <y — M' Then the kernel on the left hand side of (3.8) is
non-negative if either

@)ar>0,00> 0,01 a2 <a+ B+ 2,
or

(b) ai, s are both negative integers,
or

(C) a,ar £ —az.

A somewhat simpler form can be derived from (3.8) if we let a; or a
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equal @« — 7" + 1. Suppose a; = @ — v’ + 1. Then (3.8) gives
(—Z)T+S(a1)r+s(_x A 'Y,)H-S(—'x)r(_y)r(x + Y — l‘f)r

A - XM tat+1—v" —2),
(3.9) TZ=0 s;O rislar — v — 8 — Z)r+x(—AM)rH(—AMI)rH(ﬁ +v+ 1),
X (=x—y =17

(x = M) (y — M),

>< br,,\' -

_ e+ B +2—a).(B+7 +1).

(a + 1)7(6 + 1),

@+B8+2).8++v+1—a1).

X ZO p(nia, Byon — B — 1,2)Wolx;e, By, M)W, (y; e, 8,7, M').
If we multiply both sidesby (8 + v + 1 — a1).and leta; > 8 + 7" + 1

we obtain

( (=) (M F ot 8+ 2,
B10) 2 T Gt at BE D),

p(m;a, B, v, M YW, (x; e, 8, v, M)

(x—M).(y = M).(—x —y — 7).

X (@+B+2).

X Way;a, 8,7, M') =

- (=%) (=), (=2), (s + v — M),
x Z“;r!(a +1,8+7+ 1), (—x—y—7),
(M'+Oé+ 1 —7,_3;)7("")8_'2)7
M+1—x—2),M+1—y—2),
A =X r—y+v—7,
X"“[ r—x—y—v, M+l-x—s+r,

X

(=M).(=M) (e = v" + 1).(8 + 1),

M+B8+1—x

B+vy+1+7r
provided x + 5 £ y + 2 £ M’ £ M. In this form the non-negativity of
the kernel on the right hand side is self-evident for x <y £ M/,
=M M My, -1 <a<y —M,and B+ 1> 0. How-
ever, in the case M < min(x 4+ 3, ¥y + z) a sequence of Whipple trans-
formations of the ,/; function on the right is necessary to bring the

kernel to the following convenient form

(M+B+1_x)x(')’,_'Y'I‘lw“'y“x_z)x(a'{'ﬁ"'g)z
3.11) X (=y =7

B+ry+ 1.0 +14+y—2).(=M).(a— v + 1),
. i (=), (=) (=2),(x+v = M), (M +a+1—+"—y).(y — M),

S (—M),(—B— M), (a+1),(y—y +1—M—y+x+2),(8+1).—,

X4F3{z-M, r—x, r—y—M-—8—1—4,

r— M, r—B8B— M,
'y—]\l—I-x-l—r

Y= +1-M—-y+x+z4+7r
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Under the conditions stated above this kernel is also non-negative. One
can see easily that in the special case z = M = M’, v = 4’ this becomes
proportional to é,,, as expected.

(ii) N, (z) proportional to a balanced (F;. Let us now choose
(3.12)  ax = (a)r(a2)e (= M)/ (B)x(r a2 — 1 — M —z —a— B —1)

The corresponding \,(z) becomes a multiple of a balanced ,F;. Using
(2.1) we may have the following alternative forms,

¢ _ (_z)n(_M)n(al)n(O‘?)n
B13) Mle) = Binlar+ar— 1= M —z—a—8—1),
><F[a1+n’ as + n, n— M,
B, it —Bi—M—z—a—F—1+mn,

n —=3z ]
at+B+2+2n

_ (61+1714)z(a1+a2—61"‘2—a—,8—l)z
Bl +ar =1 —M—z—a—8-—1),

X (_Z)n(_ﬂ[)n(al)n(az)n
A= —M—-2)a+B+2—ar—a+ B

Xl{a+ﬂ+2—m+n,a+5+2—m+m n— M,
e 1—-pp—M—-—2z2+n a+B+2—ar—a+ B1+mn,

n—z ]
a+B+2+2n]’
where a1, as, 81 are arbitrary except for the normal restriction that none

of the factors in the denominators should vanish. If we now use the
special values

B14) ar=3@+B8+3),cc=3@@+B+2),6=%10—M-—2),

on the second form on the right hand side of (3.13), we obtain

(3.15) () = LM =2 (=)o MDula + B + 2)u

(L= M = 2)a, (= — o),
2
a“-l-f—l—l_!_n, a—‘—+g——+d+n, n— M, n-—z
X 4F; -
atpt2tom 2L, Mt

<

The 4F; series on the right can be summed by means of the summation
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formula [11, p. 65]
| N e 2L 1+ 3 ]
SO PR ST (R Ay

_T—-NHrg—24d
NONCENEEIN

provided d or f is a negative integer. Using this in (3.15) and simplifying,
we get

n!(B + Dyl — 7 + Dpla + B+ 1)ay

M4 a4+ B+ 2).M (—2),
T M =T (M +2) (—M),

(3.17) (—=1)"\u(2)

o(n;a, 8,7, M).

The Poisson kernel (1.13) for Racah-Wilson polynomials is obtained
by substituting (3.17) in (1.10) and then using Theorem 2.
An immediate consequence of (1.13) is the following theorem.

THEOREM 3. Let x, v, M, M’ be non-negative integers with 0 £ x < M,
0=y =< M. Leta,p, v be the real parameters satisfying the inequalities
(1.14). If ao, as, . . ., @y are constants such that

M
Z (Lan(x;(X, 67 77 M) g Oy
n=0

then
z -(—Z)n ) .
2y, Wi By, M) 2 0
forz =0,1,..., mln(]v[’ M.

This constitutes a generalization of Gasper’s Theorem 2 of [4].
A second kernel of interest may be obtained from (3.13) by choosing

(B18) ar=%@+B+2)a=3(@+B+1),8=—3(M+32)

and using the first line on the right of (3.13). Following a similar calcula-
tion we get

(B + Dala — 7 + Dala + B+ 1)2,

(3.19) (=1)"\u(2)

(M + 1),

a+B+1 ] (—2),

pnia B, M)[2n+a+ B+ 11 (—M).~

https://doi.org/10.4153/CJM-1980-118-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1980-118-3

1512 MIZAN RAHMAN

This leads to the following result

(M +1),
(M4 a+B+2),

1 2
z -t (—Z)H—s(a + g + ) (a + f + ) (—x s 'Y')r+s
7+ =~ T+s

XY ‘
7=0 =0 r!s!(— JM;}" Z) (1 i{ Z) (=M psle — v+ 1) 14y
Z 748 - T+s

(3.20)

(x + Y — M)r(M’ + o ‘l“ 1-— 'YI - y)r('—x)r(—y)r
X (= M),y = M),

X @+ D (=2 —y—41BF+7+ 1,6+ 1),
X[’": — S, r — X, 7”"3""’)’"7’, M+6+1_x]
Plr—x—y—9, M+1—-x—s BH+yv+1+7r

= D gy, | oL
_Z(_M)np(nvavByVyM) 271"‘0(*‘[—3—,—1

n=0
X Wn(x;ay 67 Y, M)Wn(yvay 61 'Y’, Ml)

The kernel on the left is non-negative for integral values of x, y, z, M, M’
with 022 M,0y = M,0=<z<min (M, M), and a, 8, v, v’
satisfying the inequalities
max(M, M) £ v <+, -1 <a<min(y — M,y — M),
-1 <B,a+pB+1=20.

Eq. (3.20) is an extension of Gasper's second kernel in [4, (3.7)].

4. Proof of the projection formula (1.15). In (1.3) we stated
Dougall’s formula for a terminating very well-poised ;F; series. The
general formula, which covers both terminating and non-terminating
cases, is given in [2, 11]. Using this formula we can derive the identity

(6)m(e + ¢ — (l)m

1) e+c+d—an
'+l +e—c—dT(1+a—d—e)T(1+a—c—e)
T I+ ae—-)rl4+ae—aA)Tl4+a—e)T(l4+a—c—d—e)
X i (@)p (1 + Fa)y(c)y(d)y(e)y
S plGa),(L+a—0),01+a—d),1+a—e),
D% (6 -+ p)m(e —a—- P)m
e+d—a) '
form = 0,1,2,...,subject to the restriction that Re(1 +a¢ — ¢ — d —
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e —m) > 0 in case the series does not terminate. If we set a =
M-—y—2x,c=v,d=M+a+1—v—x,¢= —x, then (4.1) gives

(=x)mlx +v+v— M), _ (a+ 1,00 +v—M+x),
(@+v+ 1) @+v+ 1),(v — M +x),

(M—'y—Qx),,(1+~—~—~——M_Z_2x)

~ y4

X,,gs (M—V—zx)
pl

>/,

)M +a+ 1 — v —x),(—x),
M4+1—5y—v—2¢)(—a —x),(M +1—v —x),

(a + 1)m '

X

wherem = 0,1,...,x
This immediately leads to the projection formula (1.15). It is obvious
that the coefficients B,(a, v, v, x, M) are non-negative if

43) v20vy2 M —-1<a<~y-— M.

5. A product formula for W,(x). Using a Whipple transformation we
first derive the following expression for P,(x,y) from (1.9):

_ (B + l)n(a - 7, + l)n (—6)z(x + Y — M)z
G- Pale ) = () Gy D (F — 5 + D8 F v + 1.

= (—n)TJrs(n + o+ B + 1)r+s
X r:ZO S:ZO T!S!(—M,)T‘FS(B + 1— x)r+s

( X =9 =)o (=%), (=), (M +a+1—-7v"—y),y — M),
(a_'y +1)r+s<a+1)( x_y_v)r

X P[r—i—s x—y—7, —x—v, M+8+1-—x, r—x]
! x—y—v) M+1l—vy—2, B+1l—x+r+s

Let us now consider the double sum

9 — B+ Dopla=v"+1),
RS KCE s

- (_n)th(n + o+ B + 1)r+s(k — X -y — 'Y’)H—s
X 7:20 S=ZO 7!5!(_Ml)r+s(ﬁ + 1—x + k)r-f—s(a - 7/ + 1)r+s

(k - x)r(_y)r(M’ +a+1—7"— y)r(y - M,)S
@+ 1),k —x—y—17"), '

X
fork=0,1,..., %
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It is easy to see that

(5 3) nﬁ‘: (_n)r+x(n +/a + B + 1)r+s(k 2 7/')74-3(3’ - Jl[,).s-
’ s=0 S'(—A’[ )r+s(6 +1—-x+ k)H—s(a -7 + 1)r+x

n

s (=n)mtat+ B+ k—x—y—17)
= SU=M) (e — 7" + 1),

(y — ﬂ{l)s—-r(_s)r(_l)r
B+1—-—x4+rk),

Also, by virtue of Pfaff-Saalschutz theorem, it can be proved that

(54) M +B+1—x—y+k),(y— M) (=5),(=1)7/

Gt1-st0.= % ()e 506 -t 0

-0

X

Applying (5.4) in (5.3) we obtain
(5.5) Ui
_ i‘ (k —x), (=), (M +a+1—7v" —y),
= rlia + l)r(k_x—y_'yl)r(M,'*‘B'l' L —x—y+k),

x5 ()= 65— 066 -+ 00,

XF[—n’ n+a+ 8+ 1, k—x——y——'y',y—M'—l]
e B+1—x+4+Fk—1 - M, a— v +1

(6 + 1)n<a _ ’Y, + 1)n
@+ 1.8+ + 1),

S =) (=) M a1 = =) — B — k),
Sla+ 1)k —x—y—7) (M +8+1—x—y+k),

y F[Hzﬂc, I—y, Mtatl—vy"—y+1,
e k—x—y—v 4+, M+B+1—x—y+Ek+,

B—x-l—/a]
a—i—l—|—[ Vn,k.lv

X

where

- _ B+ Die—y 4+ 1), ~[—n, n+a+g+1,
GO Vet = D,y 1, @+ 1,

y— M — | k——x—y—-’y’]
— M, B+1—x+k—11"

It should be observed that the ,F; functions in (5.5) and (5.6) are both

https://doi.org/10.4153/CJM-1980-118-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1980-118-3

RACAH-WILSON POLYNOMIALS 1515

balanced. In particular, the F; series on the right of (5.6) is a Racah-
Wilson polynomial of degree 2% in y.
Using the projection formula (1.15) we now get

J=n ntatstl, y-M =t k—x—y—y ]
5.7) 411’3[ a—y + 1, - M, B+1—x+k—1]

2+ -k

= ZO Cp(x, y; ky l, By’y’v 4M,)
p=

)| T at B Ly =M g =y =y )
e —iwlv (X—’Y,+1, B+1 .

where
(58) Cp(xv yv kv [v i8v ’y'v Ml)

(3’ ’"/ M-8 - l)z+17k(’Y' +14+y— Dot
(v + 142y =M — 2001 (= B)er ik

(v — M+ 2y — Qz)p(1 + XM z)

>< r A
ﬂ@nf%+y—0(%<M—ﬁ—Dp
~ P

?

B ALty =Dyl —x = Dy(y = M — D),
O HT=—MFx+2y—k—D, F14+y—10),"

Finally, use of (2.1) gives
| o ntat+B+1, y— M —[+p, /—y—v'—;b]
(59) ““[ —ar, «—n F1, B+ 1
_la+ 1Bty + 1),
B+ Dula =7 + 1),
y F[—n,n-l-a-’r6+l,l—P—y,y+P—l+v'— M]
e a+1, - M, B+ +1 :
Thus we have the product formula

(510) Wn(x;av ﬁv'YyM)Wn(y;“v)By'Y,v AM’) = (M(—_-ﬁ)—i—(xl)-‘r(g—:’;@rl)

 $ (E(n = O+ B4 1= ) 5 (= ) (=),
S RB+ L —x) M+ 11—y —2x), = Mt 1),
M +at+1l—v —y)ix=B—k),
k—x—yv—2) (M +B8+1—x—y+Ek),
lhk—v—y =+l MAB+1-x—y+E+],
ﬁ_x+k:|z+l_k, , ,
ot 1 1) & Cn@ kb 6y’ M)

X Wy =1+ m;a,B8,v, M.

X
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If we now set y — [ + m = z, then for y 2 x, minz = y — x and
max z = vy + x. Hence the product formula (1.17) holds with

GID 4@ = Gr T L6 4y Doy + 14 2y — ),

. (_x)lc(—x "’Y)k(M‘I—ﬁ‘i‘ 1 —x),
Xk;k!(M-i—1—7—2x)k(—x—y—7)k

M = v —x = 2y);
M+B+1—x—y)h
k== Ha T~y =) (BT = ),
X;§ X(_y_'Y)l

= Mo+ Dk—x—y—vM+B+1-x—y+k)

(M —y —x—2y+k)(=1)'

X

X (M—’Y—Qy)zz
v F[k—l—l—x, l—y, M4+a+1—v—y+1 ﬁ—x—l—k]
YNel—x—y—y, M+B+l=—x—y+b+lLa+1+1
, — M
(’y - M+ 2y — 2l)z+l~y(1 + 'Y__()_“ + y - 1) .

4 24 1—

X y— M ]
(Z + I — y)'(“?“‘ +y - Z) e (y - B - M — l)z+l—?/

X (B + Y + 1 —f— Yy — Z)z+lvy(k — X — Z)z+l~y<y - M - Z)z+l~u
v+l -Mt+x+2y—k—=Dary(0+v+1—= Doy

Although we have not been able to establish the conditions for non-
negativity of these coefficients we know that in the limit v — o0 eq. (1.17)
reduces to the product formula for Hahn polynomials for which the non-
negativity of the coefficients has been proved in [9] and [10] under the
conditions:

(5.12) (i) a £ B < —M,if B — ais a non-negative integer;
(a<B<—M,M—1<B—aif  — «aisnot an integer.

We also know that, if we set
513) B+v=a, M+p8+1=—f,sothaty = M+ + 8 + 1,

and then proceed to the limit @ — —o0, M, n — o0 such that n/M = §,
then the product formula (1.17) reduces to the linearization formula for
the product of two Jacobi polynomials for which the non-negativity of
the coefficients has been established by Gasper [5] under the conditions

—1<pg =2, +68 +1=20.
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Our conjecture is, then, that the coefficients 4 (z) are non-negative
under (5.12) as well as the additional conditions

(5.14) (i) M <y, M+~v+28+120.

REFERENCES

1. R. Askey, Orthogonal polynomials and special functions, Regional Conference Series
in Applied Mathematics 21 (Society for Industrial and Applied Mathematics,
Philadelphia, 1975).

2. W. N. Bailey, Generalized hypergeometric series (Stechert-Hafner Service Agency,
New York and London, 1964).

3. L. C. Biedenharn, J. M. Blatt and M. E. Rose, Some properties of the Racah and
associated coefficients, Rev. Mod. Phys. 24 (1952), 249-257.

4. G. Gasper, Non-negativity of a discrete Poisson kernel for the Hahn polynomials, J.
Math. Anal. Appl. 42 (1973), 438-451.

5. ——— Linearization of the product of the Jacobi polynomials I, Can. J. Math. 22
(1970), 171-175.

6. S. Karlin and J. McGregor, The Hahn polynomials, formulas and an application,
Scripta Math. 26 (1961), 33-46.

7. G. Racah, Theory of complex spectra 11, Phys. Rev. 62 (1942), 438-462.

8. M. Rahman, A generalization of Gasper's kernel for Hahn polynomials: Application
to Pollaczek polynomials, Can. J. Math. 30 (1978), 133-146.

9. ——— A positive kernel for Hahn-Eberlein polynomials, SIAM ]. Math. Anal. 9
(1978), 891-905.
10. ———— Product and addition formulas of Hahn polynomials, submitted.

11. L. J. Slater, Generalized hypergeometric functions (Cambridge University Press,
Cambridge, 1966).

12. G. N. Watson, The product of two hypergeometric functions, Proc. London Math.
Soc. (2), 20 (1922), 189-195.

13. J. A. Wilson, Three-term contiguous relations and some new orthogonal polynomaials, in
Pade and rational approximation (Academic Press, 1977), 227-232.

Hypergeometric series, recurrence relations and some new orthogonal functions,

Ph.D. thesis, University of Wisconsin, Madison (1978).

14.

Carleton University,
Ottawa, Ontario

https://doi.org/10.4153/CJM-1980-118-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1980-118-3

