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CONTINUOUS DEPENDENCE RESULTS FOR A CLASS
OF EVOLUTION INCLUSIONS

by NIKOLAOS S. PAPAGEORGIOU*

In this paper we examine the dependence of the solutions of an evolution inclusion on a parameter A. We
prove two dependence theorems. In the first the parameter appears only in the orientor field and we show that
the solution set depends continuously on it for both the Vietoris and Hausdorfl topologies. In the second the
parameter appears also in the monotone operator. Using the notion of G-convergence of operators we prove
that the solution set is upper semicontinuous with respect to the parameter. Both results make use of a
general existence theorem which we also prove in this paper. Finally, we present two examples. One from
control theory and the other from partial differential inclusions.
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1. Introduction

In this paper we study the dependence of the solutions of a nonlinear evolution
inclusion on a parameter. Previous work in this direction was done by Stassinopoulos
and Vinter [11], Vasilev [14] and Lim [5] for differential inclusions in R" and by
Tolstonogov [13] and Papageorgiou [8] for differential inclusions in a Banach space.
However, the systems considered by Tolstonogov [13] and Papageorgiou [8] did not
allow for the presence of unbounded operators and therefore did not cover the
important case of partial differential equations with multivalued terms. Very recently
Frankowska [17] and Papageorgiou [18] studied evolution inclusions in Banach spaces.
In both the above papers the systems considered were semilinear (i.e. the unbounded
operator A was linear and generated a compact semigroup; Frankowska [17] con-
sidered also alternative compactness hypotheses, see Corollary 2.6, p. 113). Also in both
the above works the unbounded operator was time independent. For such systems the
authors established relaxation results. Furthermore Frankowska [17] went on and
obtained useful estimates and variational inclusions governing the reachable sets, while
Papageorgiou [18] allowed the multivalued perturbation term F to depend on a control
variable u and for the resulting control system studied Lagrange and time optimal
control problems. In this paper we consider evolution inclusions with nonlinear and
time dependent unbounded operators. So instead of relying on semigroup theory as in
Frankowska [17] and Papageorgiou [18], we adopt the formalism of Lions [6] and
Zeidler [19] which involves “Gelfand or evolution triples” of spaces (see Section 2). For
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such systems we prove two continuous dependence results. In the first the parameter
appears only in the multivalued term (orientor field). For this type of systems, under
some appropriate continuity hypotheses, we prove that the solution set of the evolution
inclusion depends on the parameter continuously for both the Vietoris and Hausdorff
topologies. In the second result, we allow the parameter to appear in the operator which
models the partial differential term. Using the notion of G-convergence, we establish the
upper semicontinuity of the solution set on the parameter. Both continuous dependence
results make use of a general existence result which we also prove in this paper. In the
last section we present two examples, one from control theory and the other partial
differential inclusions.

2. Preliminaries

Let (©,X) be a measurable space and X a separable Banach space. We will be using
the following notation:

P;(X)={A < X: nonempty, closed, (convex)}
and

P (X)={A < X: nonempty, compact, (convex)}.

A multifunction F:Q—P(X) is said to be measurable, if for every zeX
w—d(z, F(w))=inf{||z—x||:x€ F(w)} is measurable. A multifunction F:Q—2*\{(#} is
said to be graph measurable, if Gr F={(w,x)eQx X:xe F(w)} € X x B(X), with B(X)
being the Borel o-field of X. For P (X)-valued multifunctions, measurability implies
graph measurability, while the converse is true if there is a o-finite measure u(-) on
(Q, ), with respect to which X is complete. Fo- more details we refer to the survey
paper of Wagner [15]. By S¥(1 <p< ) we will denote the set of selectors of F(-) that
belong in the Lebesgue-Bochner space IF(X); ie. Si={fel’(X): f(w)eF(w) p-ae}.
Note that for a graph measurable multifunction F:Q—2*\{}, S% is nonempty if and
only if w—inf{||z]|:ze F(w)}eL%. In particular this is the case if w—|F(w)|=sup{||(|
:ze F(w)} € L% and such a multifunction is usually called [P-integrably bounded.

Let Y, Z be Hausdorff topological spaces, A multifunction G: Y —2%*\{¢¥} is said to be
upper semicontinuous (u.s.c.) (resp. lower semicontinuous (l.s.c.)) if for every U< Z open
G*(U)={yeY:G(y)< U} (resp. G- (U)={yeY:G(y)nU#Q}) is open in Y. If Y,Z are
metric spaces, then the above definition of lower semicontinuity is equivalent to saying
that if y,—y, then G(y)<limG(y,)={zeZ:limd(z, G(y,)=0}={zeZ:z=limz,, z,€ A,,
n=1}. Also if we assume additional structure on Y, Z and on the values of G(*), then we
can also have other equivalent definitions of upper semicontinuity. For details we refer
to Delahaye and Denel [3] and Klein and Thompson [4]. A multifunction G: Y -2%\{¥}
is said to be continuous, if it is both u.s.c. and ls.c. Note that this is continuity of G(+)
from Y into 2%\{¥} with the Vietoris topology.

Let Z be a metric space. On P(Z) we can define a (generalized) metric, known in the
literature as Hausdorff metric, by setting h(4, B)=max {sup,. , d(a, B), sup,.pd(b, A)}. If
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Z is complete, then so is (PJ{Z),h). A multifunction G:Y—>P,(Z) is Hausdorff
continuous (h-continuous), if it is continuous from the topological space Y into the
metric space (P/{Z),h). In general continuity and h-continuity are disjoint notions
but they coincide if G() is PJZ)-valued. If {4,},»,S25\{F}, then we
define limA,={zeZ:limd(z, A,)=0}={zeZ:z=limz,, 2, € A, 1y <n, < - <m<---}.
When Z is a Banach space, we can also define w-limA,={zeZ:z=
w-limz,, z, € A,,n; < - <n,<-}, where w- denotes the weak topology on Z. Note
that im A,cw—1lim A4,,.

Now let H be a separable Hilbert space and let X be a dense subspace of H carrying
the structure of a separable Hilbert space s.t. X <, H compactly. Then identifying H with
its dual (pivot space), we have X ¢, H ¢, X* with all embeddings being compact. To
have a concrete example in mind let H=1I2(0,1), X =H?7(0,1) and X*=H ~"(0, 1). The
classical Sobolev—Kondrachov embedding theorem tells us that X ¢, H o X* compactly.
Such a triple of spaces is known in the literatures as a “Gelfand triple”. By ||| (resp.
||, I-]l«) we will denote the norm of X (resp. of H,X*). Also by (-,) we will denote the
inner produce of H and by (-, > the duality brackets for the pair (X, X*).
The two are compatible in the sense that (-, -Y|y«z=(,"). Let W(T)=
{x(")eI(X):xe?(X*)} (the derivative here being the distributional derivative).
Furnished with the inner product (x,y)wr=[5(x(t), p(1))x dt + {5 (X(t), y(£))x- dt, W(T)
becomes a Hilbert space. Furthermore, it is well known that W(T) ¢, C(T, H), i.e. every
element of W(T) after possible modification on a Lebesgue null set is equal to an H-
valued continuous function. In addition, from Nagy [7], we know that the above
embedding is compact.

Let (X, H, X*) be a Gelfand triple as above and let {4,, 4},5, S Z(X, X*). Following
Zhikov, Kozlov and Oleinik [16], we make the following two definitions.

Definition 1. We say that the sequence {A,},>, G-converges to A if and only if for
every n= 1,41, A" e Z(X*, X) exist and for every x*e X*4;'x* 5 A™'x* in X (and
hence also strongly in H) as n— c0.

Definition 2. We say that a sequence of operators P,:W(T)-I(X*)xH PG-
converges to an operator P:W(T)—>I*(X*)x H as n—oo, if for all n=1 the operators
P, P L2 X*)xH-W(T) are defined and for any (f,x,)elX(X*) x
H,P7'(f,xo) % '(f,xg) in  W(T) (which implies that for all teT,
P (S, x0)(®) = P H(f, xo)(t) in H).

In our case for every n21 P,:xe W(T)—-(x(-)+ A4,(")x(*), x(0)) e X(X*)x H. So G-
convergence refers to the convergence of the solutions of a sequence of elliptic problems,
while PG-convergence refers to the convergence of the solutions of a sequence of
parabolic problems.

It must be noted that the notion of G-convergence of parabolic operators was first
introduced by Spagnolo [20], who later, in [21], obtained an important compactness
result for this mode of convergence. In [22] Colombini and Spagnolo obtained useful
conditions on the coefficients guaranteeing PG-convergence of the corresponding
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parabolic operators. The abstract theory of G and PG-convergence was developed in
Zhikov, Kozlov and Oleinik [16].

Finally if V is a Banach space and Ae2"\{¢J}, then by o,:V*—>R we denote the
support function of A4, i.e. 6 ,(v*) =sup,. 4(v*, a).

3. Continuous dependence results

We will start with a general existence theorem.
So let T=[0,r] and (X, H, X*) a Gelfand triple of spaces as in Section 2. We consider
the following multivalued Cauchy problem on T:

{)Z(t) + A(t, x(t)) € F(t, x(t)) a.e} *

x(0)=xo

Here A:T x X—X* and F:T x H-P(H). By a solution of (*) we understand a map
x(-)e W(T) o C(T, H) s.t. for some f(-)€S}.. .., we have that x(¢)+ A(t, x(t)) = f (1) ae.,
x(0) = x,.

We will need the following hypotheses on the data of (*).

H(A): A:TxX-X* is an operator s.t.

(1) t— A(t, x) is measurable,

(2) x— A(t, x) is hemicontinuous, monotone,
3) ||A(t, x)“*ga(l +”x”) a.e. with a>0,

(4) <A(t, x), x)2c||x]||* a.e. with ¢>0.

H(F): F:TxH-P,(H) is a multifunction s.t.

(1) F(-,-)is graph measurable,
(2) F(t,) has a sequentially closed graph in Hx H,, where H,_, denotes the Hilbert
space H with the weak topology,

(3) |F(t, x)| S a(t)+ b|x| a.e. with a(*)e L3, b>0.
Theorem 3.1. If hypotheses H(A), H(F) hold and xy€ H then (*) admits a solution.

Proof. First we will derive some a priori bounds for the solutions of (*). So let
x(-)e W(T) be such a solution. By definition we have

x(t) + A(t, x(t)) = h(t) a.e.
x(0) = x4

with h(-)€ S%. .- Multiply the above evolution equation with x(-). We get:
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<X(2), x(8)) + <AL, x(2)), x(2)> = (h(2), x(2)) a.e.

~ P sl 200 |xo] ac

= |x(t)|2+2c!)||x(s)||2ds§2_£|h(s)“ | x(s)| ds+]xo|?

HA

_‘[ |h(s)|? ds +j" |x(s)|? ds + |xo|?

4] 0

<] (2a(s)? +262|x(5)|?) ds+ ] [x(5)|? s+ |xo]?
0 0

=f (2a(s)* +(2b% + 1)| x(s)|?) ds + | x,|*
0

t
= |x(t)|* <[ (2a(s)* +(2b* + 1) | x(5)|?) ds + | x, |?
0
= [x(t)| < M for some M >0 and for all te T (Gronwall’s inequality).

Then we have:

t t
2¢ [ x(9)|[* ds <[ (als)? +(2b7 + YM?) ds+[xo[*, teT
0o 0
= ||x(")||L2 S M, for some M, >0.

Finally let p(-) e I2(X). We have

!

J o), pls)> ds= | Als, x|« [lps)]| ds+ [1(s)|1pts)]| ds

0
< [ (c(1 +||x(s)|)) + a(s) + b|x(s)] ||p(s)|| ds
0

Z(lle+a()+bM ||, + c[x()|eze) - 1P |2
= (% p)o=(||lc+a(-)+bM||z+cM ) ||p||L2cx)

where ((-, ")), denotes the duality brackets for the pair (I*(X), I*(X*)). Hence
”’Ellum)énc+a(-)+bM||2 +cM,=M,.

Define F: T x H— P (H) by
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F(t,x) if |x|§M
F(t,x)=
p(t,@

x|

Observe that F(t, x) = F(t, p(x)), where p,, is the M-radial retraction. Recalling that
pum(*) is Lipschitz continuous, it is easy to check that F(-,-) has the same measurability
and continuity properties as F(-,°) (ie. it satisfies hypotheses H(F) (1) and (2)) and
furthermore |F(t, x)| S a(t) + bM = 4(¢) a.e. with a(-)e L.

Now set V ={heI*(H):|h(t)|<a(t) a.e.} and define p:V—W(T) to be the map that to
each he V, assigns the unique solution of the evolution equation

) it |x|>M.

X(t)+ A(t,x(t)) = h(t) a.e.
x(0)=x,

(see Theorem 4.2, p. 167 of Barbu [1] and also Theorem 1.2, p. 162 of Lions [6]).

Our claim is that p(-) is sequentially weakly continuous. To this end let h, = h in
V < IX(H). Set x,=p(h,)e W(T). From our a priori estimation in the beginning of the
proof, we know that {x,(-)},>, is bounded in W(T), hence relatively sequentially weakly
compact in that space. Thus by passing to a subsequence if necessary, we may assume
that x, > x in W(T). We have:

X () + A(t, x, (1)) =h,(¢t) ae.
Multiply the above equation with x,(t) —x(z). We get

CXnl2), Xu(2) = x(2) + CA(L, x,,(2)), X, (1) — X(2)> = (h,(2), x,(£) — x(t)) a.e.
= 5; <.X.,'"(t), X,,(t) - x(t)> de + g <A(ta X,,(t)), xn(t) —X(l)> dt =_r£ (hn(t)’ xn(t) - X(I)) d.
From Lemma 5.5.1, p. 151 of Tanabe [12], we have

Cialt) — 3(0), xn(t)—x(t»:%% |x.(0)— x(0)|? ae.
-~ J CEal1) = %(0), Xa(t) — (1)) dt = 3], () — x(r)2

-~ (})<xn(r), xult) = x(0) de =[x, () — x(A| +  G(O), xo(t) — x(0) d.
0
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So we get

Hxxﬁ—xoﬂz+i<x0LxAﬂ—x0»dr+f@ﬂmx40Lx40~x0»dt
0

=ymmxmy«mmL

Since W(T) » C(T, H) compactly (see Section 2), we may also assume that x, = x in
C(T, H). So we have

|, —x(r)* -0

i {(x(t), x,(t)— x(t)> dt—0
¢}
and

[ (ho(8), %,(6)— x(1)) de 0.
0
Therefore if A:I2(X)—I2(X*) is the Nemitsky operator corresponding to A(t, x) (i.c.
(Ax)(t) = A(t, x(1))), we have
lim ((Ax,, x, — X))o =0.
Note that {Ax,},>, is bounded in I}(X¥) (hypothes1s H(A) (3)) and so by passing to a
subsequence if necessary, we may assume that Ax, > w in I*(X*). Furthermore, it is
easy to see that A(-) is hemicontinuous and monotone. Hence invoking Proposition 2.5,

p. 179 of Lions [6], we get that w=Ax, i.e. Ax, > Ax in [}(X*).
Then for every p(-) € [}(X), we have

(G Yo+ (A%, PDo=((hn PY)o
—((% P))o+((Ax, pYo=((h,p))o as n—>0.
= xX(t)+ A, x(1))=h(r) ae., x(0)=x,.
Also from Theorem 3.1 of Papageorgious [9], we have
h(t) e convw—Tim {h,(t)},5, Sconvw—Tim F(z, x,(t))

for all te T\Nu(N)=0 (here u(:) denotes the Lebesgue measure on T). Let te T\N and
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vew—Tim F(t, x,()). Then by definition (see Section 2) we can find {x, k=1, n,<n,<
r<m<---} and v, €F(t, x, (1) st. v, >vin H Note that (x,(t),v,)eGrF(t,-) and
the latter is sequentially weakly closed in H x H,,. So (x(t),v) e Gr F(t, -)=>v e F(t, x(1))=
w—Tim F(¢, x,(1)) S F(t, x(t)) for all te T\N, u(N)=0, =convw—Iim F(t, x,(1)) < F(t, x(t))
ae. =h(t)e F(t, x(1)) ae. =>he S} «,- Hence we deduce that x=p(h) and so indeed p(-)
is sequentially weakly continuous as claimed.

Next let R:V P (V) be defined by

R(h) =S;‘(~. p(-)

Our claim is that R(:) is us.c. on V endowed with the relative weak I?(H)-topology
(denoted henceforth by V,). Note that V, is compact metrizable. So in order to show
that R(-) is us.c., it is enough to show that Gr R is sequentially closed in V,, x V,,. So let
{(h,> f)}ns1 =GrR and assume that (h,, f,)~5 (h, f) in V, xV,. Then we know that
p(h,)(°) ¥ p(h)(*) in W(T)=p(h,)(t) S>p(h)(t) in H for all te T. Using Theorem 4.2 of [9],
we get

— (h f)eGrR

= R(‘) is us.c. as claimed.

Apply the Katutani-KyFan fixed point theorem to get heV s.t. heR(h). Then
x=p(h)e W(T) solves (*) with the orientor field F(t,x). But as in the beginning of the
proof, we can get that |x(t)l SM=F(t, x(t))=F(t, x(t)) te T=x(-) solves (*). O

Remark. It is clear from the above proof that the solution set S of (*) belongs in
P (C(T, H)) (recall that W(T) o C(T, H) compactly; see Section 2).

In the proof of our first continuous dependence result we will need the following two
lemmata.

Lemma a: If F:TxH-P,(H) is a multifunction st. t—F(t,x) is measurable,
x—F(t, x) is h-continuous and v: T—H is measurable then (t, x)—u(t, x) = proj (v(t); F(t, x))
is a Caratheodory map; i.e. measurable in t, continuous in x (here proj(-,-, F(t, x)) is the
metric projection on F(t, x)).

Proof. Note that Gru(-,x)={(t,z)e T x H:d(v(t), F(t, x)) =|v(t) —z|}. Let n:T x H>R
be defined by #(t, z) =d(v(t), F(t, x))—|v(t) —z|. Then Gru(:,x)={(t,z)e T x H:y(t, z) =0}.
Observe that #(-,-) is a Caratheodory function, hence jointly measurable. Thus
Gru(-,x)={(t,z)e T x H:5(t,z) =0} € B(T) x B(H)=t—u(t, x) is measurable.

Next let x,—x in H=F(t,x,) 5 F(t, x) = F(t, x,) 2% F(t, x)=u(t, ) is continuous. []
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Lemma B. If Z is a metric space, V is a Banach space, F:Z—P(V) is a multifunction
s.t. for every K =V nonempty, compact we have that F|x is u.s.c., then F(*) is u.s.c.

Proof. We will show that for every C<V nonempty, closed, F(C)={ze Z:F(z)n
C+# J} is closed in Z. So let {z,},>, =F(C) and assume z,—z. Set K={z,,z},>,. Then
K is compact and by hypothesis F | (") is us.c. Also since by hypothesis F(-) is
P(V)-valued, from Theorem 7.4.2 of Klein and Thompson [4], we have that
F(K)ePy(V). Let y,eF(z,)nC,nz1. Then {y,},>; SF(K) and so by passing to a
subsequence if necessary we may assume that y,—yeC. Also, since F | x is u.s.c. we have
lim F(z,) < F(z) (see Delahaye and Denel [3])=ye F(z)=ye F(z)nC=>z¢e F (C)=F (C)
is closed =F(*) is u.s.c. O

Now we are ready for our first continuous dependence result. Assume A is a metric
space (the parameter space).
The multivalued Cauchy problem under consideration is the following:

X(t)+ A(t, x(t)) e F(¢t, x(t), A) a.e. *)
x(0) =xo(4) ' '

We will denote the solution set (*); by S(1). From Theorem 3.1 (see also the remark
following it), we know that S(4) e P,(C(T, H)) for all AeA.

We will need the following hypotheses on the parametrized orientor field F(t, x, ) and
the parametrized initial data:

H(F),: F:T xH x A—P(H) is a multifunction s.t.

(1) t—>F(t, x, A) is measurable,

(2) x—F(t,x,A) is h-Lipschitz with constant k,(-)e L} and kg(-)=sup,.gk,(-)eL} for
every BE A compact,

(3) A= F(t, x, A) is continuous,

(4) |F(t,x, )| Say(t)+ by|x| ae. with a,(-)eL?, b;>0 and ag(-)=sup,.pa;()e Liby=
sup;.gb; < oo for every BS A compact.

Hg: xo:A—H is continuous.

Theorem 3.2. If hypotheses H(A), H(F), and H, hold, then S:A—P,(C(T, H)) is
continuous and h-continuous.

Proof. First we will show that S(-) is Ls.c. From Section 2, we know that it is
enough to show that for 4,—/ in A, we have S(1)<lim S(2,).
So let x(-) € S(1). We have
)Z(t)-{—A(t, x(t))=f(t) a.c., x(0)=x0=x0 Wlth fGSIZ:(.'x(.)_ )

Define u(t, ) =proj (f(t); F(t,x(t),2,)) and u(t, z, ,) =proj(v(t, 4,); F(t, 2, 2,)). Observe
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that u(z, x(t), 2,)=o(t, ,). Also from Lemma o, we know that t—u(t, z, 4,) is measurable

and z—u(t, z, 4,) is continuous.
For every n2> 1, consider the following evolution equation:

{x,,(z) + A(t, x,(8) =u(t, x,(t), 4,) a.e.}
x,(0) =xo(4,) '

From Theorem 3.1 we know that the above Cauchy problem has at least one solution
x,(') e W(T). We have:

CX(E) — X,(8), x(8) — x,4(2)> + A(L, X(1)) — A2, x,(2)), x(2) — x,(t)
=(f(B) —u(t, x,(1), 4,), x{(t) = x,(1)) ae.

= IX(I) - xn(t)]z éi (f(S) - u(S, x,,(s), in)’ X(S) - X"(S)) ds+ Ixo - Xo(ln)lz

TS () —uls, xu(s), 2o)| - [x(5) = x,(5)| ds + |x0 = xo(A)[>

(1 () —uls, x(5), A)| +us, X(5), An)—u(s, x,(5), Aa) ) - [x(5) —x,(5)]| ds + |30 — x(2,)|*

Oty = O ey -

= (f) (d(S (), F(s, %(5), 2,)) +d(u(s, A,), F(5, %,(5), A))) - [x(5) = x,(8)| ds + |x0— xo(4,) |

éj' (h(F(s, X(s), 2), F(s, x(s), A,)) + h(F(s, X(5), ) F(5, X,(5), An)).|x(5) = x,(s)]| ds
0

+ l Xg —xo(i,,)lz.

From the proof of Theorem 3.1 we know that for every n=1 |x,,(t)|§M(l,,) te T and
for B={4,, A},>1 Mp=sup, g M(A)<oco (see the proof of Theorem 3.1 and hypothesis
H(F),). Also because of hypothesis H(F)(3), we have h(F(s, x(s), 2), F(s, x(s), ,))—0 as
n—o0. So from the dominated convergence theorem, given £>0, for n=1 large enough
we will have

i h(F(s, x(s), 4), F(s, x(s), A,)) - |x(s) — x,,(s)l ds §.‘[ 2M gh(s, x(s), A), F(s, x(s), 1,)) ds<e.
0 0
Also from hypothesis H(F)(2) we have that

j h(F(s, X(3), 2), F(5, %,(5), 4,)) - |x(s) = x,(s)| ds < j kg(s) - [ x(s) = x,(s)|* ds.
] 0
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So finally, for n>1 large enough, we have
t
|x(0) = x()> Se+ [ ky(s) - |x(s) — x,(s)|? ds.
(V]

Invoking Gronwall’s inequality, we get
|x(t)—x,(1)|* <eexp|ksl|, forallteT, = x,5xin C(T,H).
Clearly x,(-)€ S(4,). So we have shown that
S(A)<lim S(4,) = S()isls.c. 1)

Next we will show that S(-) is u.s.c. From Lemma f, we know that it is enough to
show that if 1,—1 in A, then

lim 5(4,) = S(4).

Let xelim S(4,). Then we find x,, € S(A, )n, <n,<---<m<--- s.t. x, —x in C(T, H). We
have X, (t)+ A(t, x,, (1) = £,.(t) ae., x, (0)=x(4,,) with f,,keSF( (), Any- FTOM the proof
of Theorem 3.1 and hypothesis H(F), we know that ||x,,,‘ LS Mg, (| % el
SM,p, where B'={4,,,A}, Mp=sup;.p M (1)<c0 and M,p =sup, .z My(J)<co. So
{Xp 21 EW(T) is relatively sequentially weakly compact and thus by passing to a
subsequence if necessary we may assume that x,, = x in W(T). Also we know (see the
proof of Theorem 3.1), that Ax 5 Ax in (X *) while because of hypothesis H(F)(4),
and by passing to a subsequence if necessary, we may assume that f, = f in I*(H).
Then for every ve I?(H) we have

(s D2y S 053, xnto). ;"_)(U) =£ OF(t, xn, (1), i...)(”(t)) dt.

(see the proof of Theorem 4.2 in Papageorgiou [9]). Also

[ (oxq, 2o 0, in)(O(8)) = O, 2. 1(0(1))) dt
0

fIA

r r
| IUF(:. 20, i D) — O e, <), A,.k)(”(t))ldt + I Iar(z, 0, in)0(0) = OFge, xq0), ).)(U(t))l dt
) 0

IIA

g 8> (0] %, (0 —x(0)| - |o(2)] det + jh(F(t x(1), A,), F(t, x(t), ) |v(2)| dt 0.

So in the limit we have
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(f, U)LZ(H) é j O‘p(', x(‘)_ 4)(v(t)) dt = Gs%_(.' ), i)(U) v E lJZ(H)
0

2
= fESF(~.x(-),,i)'

Then X(£)+ A(t, x(t)) = f(t) ae, x(0)=x4(4) and feSF. .. »=x(")eS(A)=lmS(1,)c
S(4). Therefore we deduce that

S(°) is u.s.c. (2)

From (1) and (2) above we conclude that S(-) is continuous (for the Vietoris topology
on P,(C(T, H))). But from Corollary 4.2.3, p. 41 of Klein and Thompson [4] we know
that on P,(C(T, H)) the Vietoris and Hausdorff topologies coincide. So S(-) is also
h-continuous. ]

Now we allow operator A(t, x) to depend on the parameter 4. We will assume a quite
general A-dependence and for that we need to assume that A(t, ) is linear.
So the multivalued Cauchy problem is now the following

{x(:) + A(t, )x(t) € F(t, x(t), /1)} -
i

x(0) = xo(4)
We will need the following hypothesis on A(t, A)x.

H(A);: A:TxA-2(X,X?¥) is an operator s.t.
(1) t— A(t, A)x is measurable for every xe X,
(2) ||4(t, Ax||, Sc(2)||x|| a.e. with ¢(4)>0 and ¢(-) is bounded on compact sets,
(3) CA(t, Hx, x) = ¢ (A)]|x||* a.e. with ¢,(4)>0 and 1/c,(*) is bounded on compact sets,
(4) if ,—»21in A, then A(t, 4,) 5 A(t, 2) and given ¢>0 there exists
5(e)>0st. sup [|A(t+7,1)— A, A,)||<e for 0<1<d.

0s1sr
Theorem 3.3. If hypotheses H(A),, H(F), and H, hold

then S:A—- P (C(T,H)) isus.c.

Proof. According to Lemma f, we need to show that if 1,-41 in A, then
lim S(4,) = S(4).

So let x(-) € lim S(4,). By definition we can find x,, €S(4,), n;<n, < <m<-- st
Xn = x in C(T, H). For every k21, we have
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(1

{*X..,‘(t) + AL, )X, (1) = h, (1) a-e-}
xnk(o) = xO()‘nk)

with h, (-) e S§.. Sty Since by hypothesis H(F),(4) {h, },>, is bounded, by passmg

to a further subsequence if necessary, we may assume that h, —h in I*(H). As in the

proof of Theorem 3.2, using the support function, we can show that he S%. .., ;.
Next fix ye W(T)= ={ze W(T):z(r)=0} and set

gty = — (1) + A(t, )*y(1) a.e. (2)
Let {y,.}i>1S W(T) be the solutions of the Cauchy problems
—Yml8)+ AL, 2,)*ya () =8(1) ae., y,(r)=0.
From Theorem 7 of Zhikov, Kozlov and Oleinik [16] we know that

d - PG d -
P, =—+A(A P=—+4A(A).
nx dt+ ( nk) - dt+ ( )

So

d - PG d
P* = — — 4+ A(A,)* S P*= — —+ A(D)*
nx dt+ (nk) d+ ()

(Theorem 10 of Zhikov, Kozlov and Oleinik [16]). Hence invoking Lemma 3 of [16],
we have that y, >y in C(T, H).

Multiply equation (1) with y,(+), equation (2) with x, (‘) and then subtract the new
equation (2) from the new equation (1) and integrate over 7. We get

(I) Cn(8); Y (1) AL+ [ (P (1), X, (8)> dt + (j) CA(t, A )% (), V(2D dt
0
= A )y (0, X0 (0 dt

=§) Cha(8), ymd2)) dt —(5) <g(1), x,,(8)) dt. (€)

Using Lemma 5.5.1 of Tanabe [12], we can perform integration by parts on the
second integrand of the left-hand side and get '

(f) Im8), X, (1)) dt = (Y, (1), X (1)) = (¥, (0); X,,(0)) —g CYm(2), X, (1)) dt
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= = (Ym(0), X(0, 4,)) = [ {ynl8), %, () dt. C)
]
Substituting (4) in (3) we get

=50, (0, 22) = ] <0 (0 de = { <0 x>
= (90 (0.2) = <h). 50 di~{ <e(0 x00) d
=] CHO. (0 di={ <= 50+ A 230, (0 e
=] <hO) 0> dt=(3(0, X0, )= { <301 50> ds
=] <30, A, (0>

= !r') Xty + A(t, A)x(t), y(t)) dt =£ Ch(e), y(0)) dt.
Since y(-) € W,(T) was arbitrary and W,(T) is dense in I%(X), we conclude that
X(£) + A(t, Dx(t) = h(t) a.e., x(0)=xo(A), he S&.. 1. 2
= x(-)eS(A)
= TimS(1,)<S(A)

= S(-)isus.c. O

4. Applications

In this section we present two examples illustrating the applicability of our work.

The first example is from control theory. So let Z be a bounded domain in R" with
smooth boundary dZ=I. We consider the following nonlinear parabolic distributed
parameter control system, in divergence form:
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r%+' IZ; (=)D, A (e, 2, n(x(2))) = f(t, 2, x(1, 2), Du(t,z) on TxZ

D’x(t,z2)=0 on TxI for |Blsm—1
x(0, 2) =xo(z, 2) . r (***),

[ |ut, 2)|* dz <r(t, A)* a.e. with u(-,") measurable
¥4

Here n(x(z))={Dx(z):|x|<m} (ie. the tuple of all partial derivatives up to order m
including x()).

We denote the set of trajectories of (***) by S(1) = C(T, IX(Z)).

We will need the following hypotheses on the data of (***),.

(n+m)!
n'm!

H(A);: A TxZx R"""’—»R(n(m)= > are maps s.t.

(1) (t,z)> AL, z,n) are measurable,

(2) n— AL, z,n) are continuous,

(3) |Au(t, z, )| S B(1, 2) +c||n| ae. with ¢(-,*)e L(T x Z), ¢ >0,
(4 Vatsm(Aults2,11) = AL, 2,12)) (116 — 122 20,

(5) Liaism Aults 2, MM Zcofin||* co>0.

H(f). f:Tx ZxRxA—Risa maps.t.

(1) (t,2)- f(t, x, z, A) is measurable,
() |f(t,2,x, 2)— f(t, 2, y, A)| Skg(t, z)|x— y| a.e. for all Le BSA compact and kg(-,)eL%,
(3) A—f(t,z, x, 4) is continuous,

@) |f(t,2,x, 1)|Sag(t,z) +by(z)|x| ae. for all AeBSA compact and with
ag(*,") € LA(T x Z)bg(-) e L3(Z).

H(r):: r(-,2)eL%,r(t,") is continuous and sup,.||r(-, 2)||o=Mp<co for all BSA
compact.

Hy  xo(, 2)€IX(Z) and A—x(-, 4) is continuous from A into [*(Z).

In this case X=HJ(Z), H=1*Z) and X*=H ™(Z). Then (X, H, X*) is a Gelfand
triple of spaces with all embedding being compact (Sobolev—Kondrachov embedding
theorem).

Consider the time varying Dirichlet formula a:T x HJ(Z) x Hy(Z)—R corresponding
to the elliptic operator of our system and defined by
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a(t,x,y)= 3 | At z,n(x(2))D°¥(2}dz, x,yeH3(Z).

lalsmZ

A simple argument involving the Cauchy-Schwartz and Hélder inequalities tells us
that

la(e, x, y)|<2-[| o2, ')“U(Z)‘*’é”x”fia"(zy] ) ”y”Hb"(Z)
with ¢>0. So we can find a generally nonlinear operator A(t, ):H§(Z)~H ~™(Z) s.t.

a(t, X, y) = <A(t’ X), J’>

Clearly by Fubini’s theorem t— (A(t, x), y)> is measurable = A(-, x) weakly measur-
able and since X* is separable, by Pettis’ theorem, we conclude that r—A(t, x) is
measurable. Also for every x, = x in HZ(Z), we have

|<A(t’ xn) - A(ts X), y>| é Z j (Aa(t’ Z, n(xn(z))) - Aa(t’ 2, ﬂ(x(z)))Da)’(z) dz|—0.

la|sm|Z

because of hypotheses H(A),(1), (2) and (3). Thus A(t,:) is demicontinuous, hence
hemicontinuous too.

Also it is easy to see that because of H(A),(4), A(¢,-) is monotone, while from
H(A),(5) we have that (A(t, x), x> 2 &||x| |, With é>0. So we have satisfied hypothe-
sis H(A).

Next let f:T x I¥(Z) x A—I*(Z) be defined by

(Z)

Tt x, A)(2)= f(t, 2, x(2), 2)
ie., f(-,-,-) is the Nemitsky (superposition) operator corresponding to f. Then for every
yeIXZ), we have (f(t,x, 1), Y12z ={z f (1,2, x(2), Wy(z) dz=t—>(F(t, X, A), ¥)2(z) is mea-
surable (Fubini’s theorem)=>f(-, x, A) is weakly measurable and since I*(Z) is separable,

again by Pettis’ theorem, we conclude that f(-, x, 1) is measurable.
Also

”f(t’ X, '{) —f(ta Y, '1)”12,1(2) =£ If(t, z, X(Z), '1) _f(t’ Z, y(z)’ '?')IZ dz
< [ kylt, 22 [x(2)— Y| dz
¥4

< |lks(t, =z [l = V|| e

= f(t,-,4) is Lipschitz continuous. Furthermore through the dominated convergence
theorem we can check that (¢, x, ) is continuous.
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Next let U:T x A— P (I?(Z)) be defined by
U(t, ) ={ue Z(Z)|u|| L2z < (2, A)}-
Then because of hypothesis H(r) it is easy to check that U(-, 1) is measurable, U(t,")
is continuous and |U(t, 1)| <||r(-, 1| -
Now let F:T x IX(Z) x A—P;(I?(Z)) be defined by
F(t,x, ) =1, x, HU(t, A).
Then
h(F(t, x, 2), F(t, y, ) ]| (5, x, D= Tt 3 Dl IrCs D] = ks, e llx = llzaMs-
Also if 1,—4 in A we have
(L, x, ), F(t, y, D) Sh(f (2, x, AU, 4,), T (8, x, YU, 2,)
+h(f(t, x, YU, 1,), F(t, x, HU(L, A)
|7 x, 2) = 7(8, x, 2|z Mg (here B={2,, A}, , S A)
+|17¢, x, Dl 2zyh(ULe, 4,), U2, 2))~O0.

= F(t, x,") is h-continuous. So we have satisfied hypothesis H(F),.
Then consider the following evolution inclusion:

{x(z) +A(t, x(1)) & F(t, x(2), 4) a.e.} (*+%),.
x(0) = %o(2) = xo(", 2) ‘

A straightforward argument involving Aumann’s selection theorem shows that (***),.
is equivalent to the following abstract control problem

x(t) + A(t, x(£)) = f(t, x(t), Hu(t) a.e.
x(0)=%o(4), u(t)eU(t,4) ae. (***),~
u(-) is measurable
From all the previous work, we know that (***),.. is equivalent to (***),.

Note the problem (***),. has the form of (*), and we saw it is equivalent to (***),. So
invoking Theorem 3.2 we get:

Theorem 4.1. If hypotheses H(A),. H(f), H(r) and H, hold, then S:A— P,(C(T, I}(2)))
is continuous and h-continuous.
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Also let R(t,2)={x(t,") e IX(Z):x€ S(2)} be the reachable set at time t€T. Then, since
R(t, A)=¢,(S(1)) where e, is the evaluation map at te T, we have:

Theorem 4.2. If hypotheses H(A),, H(f), H(r) and H, hold, then R(t,-):A— P,(I}(Z))
is continuous and h-continuous.

Our second example is from parabolic partial differential inclusions. Such inclusions
arise in the study of obstacle problems and of partial differential equations with
discontinuous noninearities (see Chang [2]). Here let Z=[0, 1] (i.e. n=1).

So we consider the following initial-boundary value problem on T x Z=[0, b] x [0, 1]:

ix 0 Ox
i E(u(z’ A) Ee F(t,z,x(t,x),4) onTxX

(***),

xITx['=0’ x(O’ Z)=X0(Z, 2’)

Denote its solution set by S(1) = C(T, I*(Z)).
We will need the following hypotheses on the data of (***),.

H(A);: O0<m g=u(z, \)Sm,y for Ae B€A compact and if 1,—4, then

1 w 1
u(, 4 u(s, )

in L3(2),

H(F),: F(t,z,x,A)=[vy(t, 2, x, 1), 0,(t, z,x, A)], where v;;:TxZxRxA-R i=1,2 are
maps s.t. vy, v,
(1) (¢, z)—=vdt, z, x, 1) are measurable,
() |vdt, 2, x, A) ~v(t, 2, y, )| Skp(t, z)|x—y| ae. for all ieBSA compact and
kg(*,*) e L°(T x Z),
() |vdt, 2, x, A)|Saglt, )+ bp(z) x| ae. for all leB=A compact and with
ag(",") e Liby(-)eLT.
Here the Gelfand triple is X = Hy(Z), H=I*(Z) and X*=H~!(Z). All embeddings are
compact.

As in the first example, through the Dirichlet form corresponding to the elliptic
operator of our problem, we can define a map A:A—L(HLZ), H™(2)) s.t.

dx dy
3 = ,A)——dz.
CA(A)x, y) gu(z )62 % dz

Because of hypothesis H(A), and using Tartar’s theorem (see Sokolowski [10, Lemma
3, p. 289]), we have that if A,— 1 in A, then A(4,) 5 A(4).
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Also let F:T x IX(Z) x A—P(I*(Z)) be defined by
F(t, x, 2)=[b,(t, x, ))(*), 02(t, x, ()] = {we IX(Z):,(t, x, 2)(z) S w(z)
<b,(t, x, A)(2) ae}

where 0, i=1,2 are the Nemitsky operators coArresponding to the functions v; i=1, 2.
Using hypothesis H(F), it is easy to check that F(t, x, 1) defined as above satisfies H(F),.
Then (***), is equivalent to the following evolution inclusion:

{x(z) + A(A)x(t) € F(t, x(t), 4) a.e.}
x(0) = %o(4) = xo(*, 4) '

(***)2’

Invoking Theorem 3.3 we have:

Theorem 4.3. If hypotheses H(A);, H(F), and H, hold, then S:A— P(C(T, I*(Z))) is
u.s.c.
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