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A CRITERION FOR VERSALITY
OF DEFORMATIONS OF TUBULAR NEIGHBORHOODS
OF STRONGLY PSEUDO CONVEX BOUNDARIES

TAKAO AKAHORI

ABSTRACT.  We extend the famous Kodaira-Spencer’s completeness theorem for a
family of deformations of complex structures (see [12]). As an application, we show
that the canonical family constructed in [9] is versal.

1. Introduction. The purpose of this paper is to give a criterion for versality of
deformations of complex structures over a tubular neighborhood of a strongly pseudo
convex boundary. In the our former paper ([9]), we constructed a canonical family of
complex structures over a tubular neighborhood of the strongly pseudo convex bound-
ary which satisfies a certain condition, from the point of view of CR-structures. In this
paper, we give a fairly general criterion for versality in the sense of Kuranishi. And as
an application of this criterion, we see that our family constructed in (5] is versal in the
sense of Kuranishi. Namely, we assume: we are given a family of deformations of almost
complex structures over U, (d) ), T), satisfying

o0 is a non-singular point of 7,

¢ eT(U.T @ (T'Ny),

¢ =X1_, Batr +0(7),
where 6 (¢) is defined by the standard way asin[10] and { 3, },/_, generates H'"(U, T'N),
T'N-valued 0-cohomology, and g = dime HV(U, T'N). We note that we don’t assume
P(qS (z)) = O for all t in T. Under this assumption, we have:

CRITERION. Assume the above. And we assume that:
P(¢ (1)) = 0mod H7\ P(¢ (1)).

Define ' C Tby T = {7/, € T | P(qb(t’)) = 0}. Then our family, (¢ @), T) is versal
in the sense of Kuranishi, where if dim¢ X > 4, H(ngv = the harmonic projection of 7'N-
valued forms of type (0,2), and if dim¢ X = 3, H(Y%;V = | — gNJ*, where N means the
Neumann operator of 7"N-valued forms of type (0, 1).

The proof will be done along the lines of [3].
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2. A family of deformations of tubular neighborhoods of strongly pseudo con-
vex boundaries. Let X be a complex manifold. Let € be a relative compact strongly
pseudo convex domain with smooth boundary bQ. We consider deformations of tubu-
lar neighborhoods of the strongly pseudo convex boundary bQ. Let (T, 0) be a germ of
complex analytic subspaces of (C7, 0).

DEFINITION 2.1. By a family of deformations of tubular neighborhoods of a strongly
pseudo convex boundary bQ, (X, n,T), we mean that X, T are analytic spaces, and a
smooth morphism 7: X — (T, 0) satisfying: 7! (0) is a tubular neighborhood of hQ in
X.

Henceforth we use the notation (X, 7, T) for a family of deformations of tubular neigh-
borhoods of a strongly pseudo convex boundary bQ. Let (X, 7, T) be a family of defor-
mations of a tubular neighborhood of a strongly pseudo convex boundary. And we set
77 '(0) = U. Then we can define an element ¢ () of F(U’, TN® (T”N)*), which is
parametrized by T complex analytically, by the standard way as in [10], satisfying:

P(¢(1))=0fortinT,

where U’ is also a tubular neighborhood of bQ and U’ CC U.

3. The notion of versality. Let (X, 7, T) be a family of deformations of a tubular
neighborhood of a strongly pseudo convex boundary »Q. In this section, we recall the
notion of versality (cf. [2], [3], [4]).

DEFINITION 3.1. A family of deformations of a tubular neighborhood of a strongly
pseudo convex boundary bQ2, (X, 7, T) is called versal if the following holds: For any
family of deformations of tubular neighborhoods of a strongly pseudo convex boundary
bQ, (Y, w,S) satisfying: 0 € S, and w™'(0) = V is an open neighborhood of bQ in
N satisfying: 77 "(0) = U CC V, there are a holomorphic map 7 from S to T and a
holomorphic map g(s) from 7! (T(S)) to w~!(s), g(o) = identity map, depending on s
complex analytically and if necessary, we must shrink S sufficiently small.

4. A criterion. Let X be acomplex manifold and let 2 be a strongly pseudo convex
domain with smooth boundary bQ2. We assume that we are given a family of deformations
of complex structures over U, (T, ¢ (t)), satisfying: o is a non-singular point of T,

¢ e T(U,TN® (T"Ny"),
q
6(0) =3 aty +0(7),

A=1

where {0\ }{_, generates H"(U, T'N), T'N-valued d-cohomology at degree one and
q = dim¢ HY(U, T'N), and (1, ..., 1,) is a local coordinate of T at the origin.

TN

CRITERION.  Assume the above. And we assume that P(d) (t)) = 0 mod H?) P((b (t)).
Then our family, ((j)(t), T), is versal in the sense of Kuranishi, where if dim¢ X > 4,
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H(T%,)V = the harmonic projection of T'N-valued form of type (0,2), and if dim¢ X = 3,
Hg%;, = | — dNJ*, where N means the Neumann operator of 7’N-valued forms of type
0,1).

REMARK. Here concerning the notion of a family of deformations of tubular neigh-
borhoods of strongly pseudo convex boundaries, rigorously our (gb 0, T) should be read
as (d) (1), T’), where

T ={/|/eT P(¢()) =0}.
We show our criterion. Let (A, w, S) be an arbitrary family of deformations of a neigh-
borhood V of b€ satisfying: 0 € S and w ' (0) = V, U CC V. We assume the following:
(4.1) o is the origin of a complex euclidean space C" and S is an analytic subspace of
a neighborhood D of o in C" defined by b;(s) = - - - = bs(s) = 0.
(4.ii) We find a finite system of open sets of A/, { U;}jea, satisfying that there is an
analytic embedding

n;: Uy — W; x D with py - m; = w foreach j € A,

where W; is a neighborhood of 0 in C" and p, denotes the projection of W; x D
onto the second factor. We denote by §; = ((j“), ... ,gj‘»"’) and s = (sy,...,s,) the
coordinates of W; and D respectively, and set zy’-\ = (A Nilo—1fork =1,...,n
and U; = U;N b, where we regard (;* as a function on W; x D,

(4.ii) m; - n; " is represented by:

Cj’\ = ji(g,s)for/\ =1,...,n,

Sq =Sq fora=1,...,r,
and we set
fr@) = frGro)ford =1,....n,
(4.1v) i;\(ﬁk(g,s),s) = ﬁ (&, s) mod b(s), where modb(s) means mod{b,(s),
w =1,..., £} and henceforth we use this notation for brevity.

To prove the versality of the family which satisfies our condition, it suffices to show
the existence of a neighborhood D’ of o in D, of a family g;(s) of sections of T'N over
U; which depends complex analytically on s in D’ for each i € A, and of a T-valued
holomorphic function 7(s) on D’ satisfying:

(4.0) (i)' =2 ford = 1,...,n, T(0)=0
(4.1) (6:(9)" = £ (g(s),s) = Ofors € Sand A = 1.,
4.2) (8_ +¢ (T(s)))(g,-(s))/\ =0forseSand XA =1,...,n,
(4.3) h(r(s)) = Ofors €S,

where A(t) = H*T;Z;\,P(qﬁ(t)), and if necessary, we must shrink § sufficiently small, and
gi(s) has the expression gi(s) = £} _, (g,-(t))AB/ azf, regarded as an element of T(U;,
T'N) and (5 +¢ ('r(s)))(g,-(s))’\ denotes the element ['(U;, T'N) defined by the equation

(3 +¢ (T(S)))(g,-(S))A X) = X((g,«(s))A) +¢ (T(S))(X)((g,'(s))'x), forany X € T'N.
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4.1. Construction of a formal solution. First, we construct { gi(s) }iea and 7(s) formally
in s, namely we construct { g*’(s)}iea and 7*)(s) for p = 1,... satisfying:

(4.0) (g,("))* =z forA =1,...,nand 7@ =0,

4.y (85”)(5))/\ —f,;\ (g](-")(s),s) = Omod(bm(s),s‘“‘), m=1,...,¢,
(4.2), (3 +¢ (T(“)(S)))(g?”(s))x = Omod(b,,,(s), s““), m=1,...,¢,
4.3), h(r®(s5)) = 0mod(by(s), s#*1),m = 1,..., £,

(4.4), gg“ ) (s)isa T'(U;, T'N)-valued polynomial in s of degree u and 7*)(s) is a T-valued
polynomial in s of the same degree satisfying that

g (s) = g!""(s) mod s*

and
7#(s) = 7% V(s) mod s*.

Now we construct these { g%'(s)}ica and 7(s) by induction on .
For p = 0, we set

(gl(.o))’\ :z;\ forA=1,...,n and 7 = 0.

Suppose that {gﬁ“_l)(s)},»e,\ and 7 #~D(s) are determined for some . > 1. First we define

aT'(U;N Uj, T'N)-valued polynomial in s of degree y, oi(j” )(s), by

afj”)(s) = i { (gg‘“l)(s))/\ -~ ,-;\(g](.“_”(s),s)}a/ 9z} mod s*'.
A=1

Then we set

gl =3 purt (0(9)),

kEA

where { px }rea is a partition of unity subordinate to { U }ea, and &#( ) means the p-
th polynomial part of ( ) with respect to s. Next we define F(U,-, T'N® (T”M*)-valued

polynomial w'*(s) and ¢*(s) of degree u by

W) = = S 1{ (¢ 0) + (1) )

A=1
+6 (T V) (s ) = @) 119/ 9z} mod s

and
"5y = wi(s) = ¢ (r*V(9)]y, mod s+

We solve 717)(s) satisfying

‘Z:lr;‘”(sw; = HO (S ot (G9)),

i€EA
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where 3, = H(Tlﬁvﬂ \» and H‘,l;v means the harmonic projection of 7'N-valued form. This
part is the only one different from [3].

8,(5) = =N (3 ikl (G19) = (),

iEA
q
Tu(s) = 3 7\7(5)Bs,
o=1
77(5) = (2 ikt (¢M(9)). ),

i€A
where (, ) is chosen satisfying: (33, 8,) = 6. Then we have that g/, (s) is T(U, T'N)-
valued, since Npy is a C* operator. Finally we set

8(s) = g (s) + g}]u(5) + g, (5)

and
TH(s) = THD(s) +7,(5).

Obviously (4.0) and (4.4), are satisfied for all p > 1.
PROPOSITION 4.1.  Forany u > 0,
(1), (62))" =12 ("), 5) = 0mod(b(s), s**') for A = 1,....n,

Q) 0"(s) — ¢ (T%s)) v, = Omod(b(s), s**") for A = 1,....n,
where Gi(“)(s) isa F(U,-, T'N® (T”N)*)—valued polynomial in t of degree y defined by:

(3+0i(“)(s))(g§“)(s)))‘ =0mods**! forA =1,...,n,

©F h(T%(s)) = 0mod(b(s), s**'),
(4), > ool s) — ot ()} = 0mod s,
kEA
5y Irn0pnNrn{ 3 piwitV(s) — ¢ (r*(5))} = 0mod 5!,
i€EA
(6, HO{ S oiwi™P(s) — ¢ (19(9))} = Omod s+,
ieA

PROOF. We prove this proposition by following the line in [3].
For pp = 0, it is obvious. Because

ai(j”(s) = Omod s, wﬁl)(s) =0mods

and

¢ (r%%s)) =0,

(4)0—(6) are also satisfied.
We suppose that (1),_1-(6),—; are satisfied for some ¢ > 1. To prove (1),, we recall
the following lemma.
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LEMMA 42, 0(s) — 0 (s) + 01" (5) = O mod (b(s), s**).
For the proof, see Lemma 3.2 in [3].

PROOFS OF (1), AND (4),. The proof of this part is completely the same as in page
828 in [3]. So we omit the proof.
Next we see (2),, and (3),. For this, we must recall some lemmas.

LEMMA 4.3, 0/(s) = w{"(s) — Opwg),(s)|v, mod(b(s), s*1).
For the proof, see Lemma 3.3 in [3].

COROLLARY 4.4.  P(w*(s)) = 0mod(b(s), s**').

For the proof, see Corollary 3.4 in [3].

LEMMA 4.5, 0/4(s) = 0/*(s) on U; 1 Uy mod (b(s), s*').

For the proof, see Lemma 3.5 in [3].
So we have:

COROLLARY 4.6.  wi*)(s) = wi*)(s) on U; N U; mod(b(s), s**' ). Therefore

¢"(s) = ¢*(s) on U;N Uymod(b(s), ).

And we have:

LEMMA 4.7. h(r#=D(s)) = 0 mod(b(s), s"*!), where h(t) = Hy\ P(6 (1)).
For the proof, see Lemma 3.7 in [3].

LEMMA 4.8 9\ (Siea pig"(5)) = 0mod(b(s), s#*).

For the proof, see Lemma 3.8 in [3].

LEMMA 4.9.
> piﬂi(”)(s) —¢ (T“‘)(s)) =0 mod(b(s), sht! )

icA

PROOF. By Lemma 4.3, we have

Z pigi(u)(s) —¢ (T(“)(S))

icA

=2 pw(s) — Irng () — & (T4 1()) — ¢17.(s) mod(b(s), s**")

i€A
< = q
= 2{:& p,(,-(“)(s) — dpnOpyNpn{ D pirk (Ci(”)(S)) -> Tli”)(s)[)‘,,}
ic ieA o=1

— 3 7(5)3, mod (b(s), ).
=1

[
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While by the definition of 3., 3,, there is an «, satisfying:
By, = B, +dpna, (because of B! = H(le)v ).

So
(- éY’Né;wNTN)ﬁU = ﬁ;

Hence
> e () = ¢ (T49))

i€eA
= Z PiCj(N)(S) - éTYNé;"'NNTN(z: pi"ff (Ci(u)(s)))

ieA ien
= 3 (5 ot (). 843 mod (b5, )
o=1 i€eA
=3 06" (5) = 0wy New (3 pis (GH(9)))
i€A ieA

- H%,(Z;\ pik* (Ci(“)(s))) mod(b(s), s’“l)
€
=3 06" () = Irndi N (X piG ()
ieA ieh
- H%(X}\ 0" () mod(b(s),s**')  (by (5),_; and (6), )
e
= 3(71}35(,1,)VN1W(§ Pin(“)(S))
= 0mod(b(s),s**')  (by Lemma 4.8). "
PROOF OF (2),. By Lemma 4.9 with Lemma 4.5,
Hi(“)(s) =¢ (T(")(s))|ui mod(b(s),s“”). n

PROOF OF (3),,.  Since the linear term of h(t) is 0, we have

h(r%(s)) = h(r%V(s)) mod s**!
= 0mod(b(s), s*') (by Lemma 4.7)
PROOF OF (5),,.
IrndNrn{ > piw*V(s) — ¢ (r4(9))}
= IrndpyNrv{ iezApiwt‘“cv) — ¢ (r%7D(9)) — ¢17u(5)} mod s**!
= IrndiyNrw(2 p6"(9)) = IrndiNrn(917(s)) mod s

= Omod s"*' (by the definition of 7,,(s) and (5)—1)-
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PROOF OF (6),,.
H([Iv/)v{ g\ Piwﬁﬁl(s) —¢ (T(M)(s))}
= H;i;\,{ > piC,-wH)(S) - éyw(;;vNNT'N(Z ikl ((,-“”(s)) - d),m(s))
ieA €A

- (om0

= Omods"*" (by (6), ).
n
By Proposition 4.1, we have (4.1),, and (4.3), for any p > 0. From (2), in Proposi-
tion 4.1, we have that for any p > 0,

4.2), 3+ (r'))(e/()" = 0mod(b(s), ") for A = 1,...n.

This completes the inductive construction of g\*’(s) and 7*)(s).

4.2. Convergence of the formal power series We see that the formal power series

¢i(s) = limg"(s) and 7(s) = lim7®)(s) converges with respect to || Il {o.m-nOTM
P00 HL—00 ”

and | |-norm respectively where m > n + 2 and | | denotes the euclidean norm on the

finite dimensional vector space #, where # is generated by 3,...,B,-1, 3, (for the

definition of || ||(,,,,-norm, see [9], and we can identify T and # locally at the origin).
To prove that { g\’

timates; forall p > 1,

(4.5 ||g§“)(s) - g?))”(lo.m) << A(9),

(8)}iea and 7 #)(s) converge, it suffices to show the following es-

(4.6), |7 ()| << A(s),
where A(s) is defined by:

o0
A(s) = (b/ 16¢) > (c“/uz)(sl + s )M
p=1
by the complete same way as in [8]. As ¢ (¢) is holomorphic in ¢ and fj;({, 5) is holomor-
phic in (¢, 5), we may assume the following:

(4.v) 16 (Dl om << (bo/ co) Y oty +- - +1,)",
p=I

n

1 @+ .80} @) = @}/ 90 - 2@ 7/ 95)(z. 005 ll{omy

(4. vi) .
<< (bofco) D Mxi+Hxg s+t ford =1, 0
u=2

However the proof of this part is the same as in [3]. So we omit this. Hence we have

that g(s) is a I, (U;, T'"N)-valued holomorphic function and 7(s) is a 7-valued holo-
morphic function on some neighborhood D’ of o in D. so we have our criterion. L]
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