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A CRITERION FOR VERSALITY 
OF DEFORMATIONS OF TUBULAR NEIGHBORHOODS 

OF STRONGLY PSEUDO CONVEX BOUNDARIES 

TAKAO AKAHORI 

ABSTRACT. We extend the famous Kodaira-Spencer's completeness theorem for a 
family of deformations of complex structures (see [12]). As an application, we show 
that the canonical family constructed in [9] is versai. 

1. Introduction. The purpose of this paper is to give a criterion for versality of 
deformations of complex structures over a tubular neighborhood of a strongly pseudo 
convex boundary. In the our former paper ([9]), we constructed a canonical family of 
complex structures over a tubular neighborhood of the strongly pseudo convex bound­
ary which satisfies a certain condition, from the point of view of CR-structures. In this 
paper, we give a fairly general criterion for versality in the sense of Kuranishi. And as 
an application of this criterion, we see that our family constructed in [5] is versai in the 
sense of Kuranishi. Namely, we assume: we are given a family of deformations of almost 
complex structures over Û, (</>(0> r ) , satisfying 

o is a non-singular point of T, 

where <j> (t) is defined by the standard way as in [ 10] and {f3\ }%= x generates H{l\U, T'N), 
r'TV-valued 5-cohomology, and q = dimcH(l\U, T'N). We note that we don't assume 
P[ij> (0) = Ofor all t in T. Under this assumption, we have: 

CRITERION. Assume the above. And we assume that: 

P(<t>(t))=0modH%P($(t)). 

Define T C T by T = {z7, 1 E T | p(<f> (fj) = 0} . Then our family, (</> (f), f) is versai 
in the sense of Kuranishi, where if dimcX > 4, H ^ = the harmonic projection of r e ­
valued forms of type (0,2), and if dinicX = 3, H ^ = 1 — 3^5*, where TV means the 
Neumann operator of T'Af-valued forms of type (0,1). 

The proof will be done along the lines of [3]. 
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2. A family of deformations of tubular neighborhoods of strongly pseudo con­
vex boundaries. Let X be a complex manifold. Let Q be a relative compact strongly 
pseudo convex domain with smooth boundary b£l. We consider deformations of tubu­
lar neighborhoods of the strongly pseudo convex boundary b£l. Let (7, o) be a germ of 
complex analytic subspaces of (Cr, o). 

DEFINITION 2.1. By a family of deformations of tubular neighborhoods of a strongly 
pseudo convex boundary b£l, (X, TT,T), we mean that X, T are analytic spaces, and a 
smooth morphism n: X —> (T,o) satisfying: n~l (o) is a tubular neighborhood of b£l in 
X. 

Henceforth we use the notation (X, n, T) for a family of deformations of tubular neigh­
borhoods of a strongly pseudo convex boundary b£l. Let (X, n, T) be a family of defor­
mations of a tubular neighborhood of a strongly pseudo convex boundary. And we set 
TT~](O) = U. Then we can define an element <j>(t) of T(Û\ T'N ® (T"N)*), which is 
parametrized by T complex analytically, by the standard way as in [10], satisfying: 

P(<j>(t))=0fortinT, 

where U' is also a tubular neighborhood of bQ and JJ' CC U. 

3. The notion of versality. Let (X, IT, T) be a family of deformations of a tubular 
neighborhood of a strongly pseudo convex boundary bQ. In this section, we recall the 
notion of versality (cf. [2], [3], [4]). 

DEFINITION 3.1. A family of deformations of a tubular neighborhood of a strongly 
pseudo convex boundary b£l, (X,n9 T) is called versai if the following holds: For any 
family of deformations of tubular neighborhoods of a strongly pseudo convex boundary 
bQ., (9^,k;,S) satisfying: o £ S, and u~l(o) = V is an open neighborhood of b£l in 
Â  satisfying: TT~1(O) = U CC V, there are a holomorphic map r from S to T and a 
holomorphic map g(s) from IT~1 (r(^)) to u; - 1^) , g(o) = identity map, depending on s 
complex analytically and if necessary, we must shrink S sufficiently small. 

4. A criterion. Let X be a complex manifold and let Q be a strongly pseudo convex 
domain with smooth boundary b£l. We assume that we are given a family of deformations 
of complex structures over 0, (T,<t> (/))» satisfying: o is a non-singular point of T, 

<l>(t)er(Ù,rN®(7"N)*), 

</>«= E/^A+o^2), 
A = l 

where {A\}A=I generates H{l)(U,T'N), T'N-valued 5-cohomology at degree one and 
q = dimeH{X\U, T'N), and (t\,..., tq) is a local coordinate of T at the origin. 

CRITERION. Assume the above. And we assume that P((j)(t)) = OmodHÎ^P^i ï ) ) . 
Then our family, ((j>(t),T\ is versai in the sense of Kuranishi, where if àimcX > 4, 
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H ( ^ = the harmonic projection of T'N-valued form of type (0,2), and if dim^X = 3, 
H ( ^ = 1 - dNd\ where N means the Neumann operator of r'N-valued forms of type 
(0,1). 

REMARK. Here concerning the notion of a family of deformations of tubular neigh­
borhoods of strongly pseudo convex boundaries, rigorously our ((/> (r), r ) should be read 

as (</>(/), JT')' w h e r e 

T' = {t'\ t' e r , p ( ^ ( / ) ) - o } . 

We show our criterion. Let (JJ^u.S) be an arbitrary family of deformations of a neigh­
borhood V of M2 satisfying: o G S and UJ~1(O) = V,U CC V. We assume the following: 

(4.i) o is the origin of a complex euclidean space Cr and S is an analytic subspace of 
a neighborhood D of o in Cr defined by b\ (s) — -• = bt(s) = 0. 

(4.ii) We find a finite system of open sets of fA£, { Uj}jeA, satisfying that there is an 
analytic embedding 

r/7: Uj —^WjXD with p^ • r]j = u for each y G A, 

where W/ is a neighborhood of o in Cn and /?2 denotes the projection of Wj x D 
onto the second factor. We denote by Q = (Ç (1),..., Ç(w)) and s = (s],...,sr) the 
coordinates of Wj and D respectively, and set zf = ( x • r/j; | ̂  — 1 {o) for A = 1, . . . , n 
and £// = Uj Pi Ml, where we regard ÇA as a function on Wj x D, 

(4.iii) r]j - r)^x is represented by: 

C/ = $ ( 6 , 5 ) for A = 1 «. 

s a — s a for oc — 1, . . . , r, 

and we set 

$fa t ) =$(**,*) for A = 1 - - - ^ 

(4.iv) /^ fe(0t' s)>s) = fjk (Ofc> s) modb(s), where modb(s) means mod{ b^(s), 
fi — 1, . . . , t} and henceforth we use this notation for brevity. 

To prove the versality of the family which satisfies our condition, it suffices to show 
the existence of a neighborhood D' of o in Z), of a family gi(s) of sections of T'N over 
Ui which depends complex analytically on s in D' for each / G A, and of a T-valued 
holomorphic function r{s) on D' satisfying: 

(4.0) {gi(o))X = zx for A = 1,. . . , n, r(o) = 0 

(4.1) (gi(s))X-f$(gj(s),s)=OfoTseSmd\ = \,...,n9 

(4.2) (d + (t>(r(s)))(gi(s))X =0 fo r^G5andA = 1,...,«, 

(4.3) h(r{sj) = 0 for s eS, 

where h(t) — H ( ^P(^(0) , and if necessary, we must shrink S sufficiently small, and 

gi(s) has the expression gi(s) = E" = i(^(0) d/dzf, regarded as an element of T(Ui, 

T'N) and (d + <j> (r(^)))(^-(5)) denotes the element r(£//, r'AO defined by the equation 

A _ „ / / , , \Av , / , , \ _ / / , , \ A N 
(3 + </> (r(s)))(gi(s)) (X) = X((gi(sj) ) + <t> (T(s))(X)((gi(sj)' ), for any X G r'M 
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4.1. Construction of a formai solution. First, we construct { g;(s)},GA andr(s) formally 
in s, namely we construct {g|/i)(s)}ieA andT(Ai)(s) for /i = 1,.. . satisfying: 
(4.0) (gf V = z* for À = 1, . . . , n and T ( 0 ) = 0, 

(4.1), {g^\s))X -fï{gf\s\s)=0mod(bm(s\s^), m = l,...,£, 

(4.2),, (3 + </> (T^>(5)))(g^(5))A = 0mod(fcm(5),^+1), m = 1, . . . , l, 

(4.3 V h{r^\s)) EE0mod(/?m(s),^+1),m = 1,...,£, 

(4.4),, gjM)(s) isar(t/ f , r'N)-valued polynomial in s of degree /x andr(M)(s) is aT-valued 
polynomial in s of the same degree satisfying that 

^ ( 5 ) = ^ - % ) mods' 

and 

T^\s) = T(»-l\s)modsr 

Now we construct these { g-^(s)},-^ and T(/i)(s) by induction on /x. 
For n — 0, we set 

(g«V = z* for A = 1,. . . ,n andr0 = 0. 

Suppose that {g-M_1)(s)}iEA and r^~l\s) are determined for some /x > 1. First we define 
a T((7i Pi C//, T'AO-valued polynomial in s of degree /x, a^is), by 

< ^ ) = t ( ( g r % ) ) A - ^ ( g r , ) ( S ) , S ) } 3 / a z ? m o d ^ + 1 . 
A = l 

Then we set 

fc<EA 

where { p ĵ̂ eA is a partition of unity subordinate to { Uk}keA> a nd «?( ) means the /x-
th polynomial part of ( ) with respect to s. Next we define T{UhT'N <g> (7"A0*)-valued 
polynomial w\^\s) and (/^(s) of degree ix by 

wi")w = - t [3{ (g i " - 1 ) ( S ) ) A + (g;-U(S))
A} 

A = l 

+ 4> {T<»-%)){ {g'r%)f - (£])X } ]d/ dzî m o d s ^ 

and 

C/^(5) = w^}(5) - (/> ( T ^ 1 ^ ) ) ^ . mod^+ 1 . 

We solve rjf\s) satisfying 

a~\ i£A 
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where/?{ = H%(3X, and H ( ^ means the harmonic projection of 7'yV-valued form. This 
part is the only one different from [3]. 

r r W = ( E A < ( C - ° ' ) W ) . ^ ) . 
/€A 

where (, ) is chosen satisfying: (/3J[ ,/3^) = 6\^. Then we have that gf^(s) is T(U, T'N)-
valued, since NrN is a C°° operator. Finally we set 

8\%) = g?-%) + 8?iU(s)+8fll(s) 

and 

Obviously (4.0) and (4.4),, are satisfied for all /i > 1. 

PROPOSITION 4.1. For a«^ /z > 0, 

(IV ( g ^ ) ) A - ^ ( ^ ( 5 ) ^ ) -0mod( /7( . ) ,^ + 1 )^rA = l , . . . ,n , 

(2)^ ^ ( ^ - ^ ( T ^ ) ) ^ . = 0mod(^ ) , ^ + 1 ) / o rA = l , . . . ,n , 

where 9[ (s) is a r(Ut9 T'N ® (T"N)*) -valued polynomial in t of degree [i defined by: 

(d + 6fp\s))(g^\s))X = 0 mod ̂ + 1 for X = l , . . . , / i , 

(3V h(T(il\s)) = 0mod(b(s),s»+l), 

(4), £ pk{<T%+%) ~ 4+%)} = Omod *"+I, 
keA 

(5), S™â*r^™{ E P/^+ 1 ) ( . ) - <j> ( T ^ ( . ) ) } = 0mod^+ 1 , 
/6A 

(6)„ H ( ^{ £ P,-w«"+,)(S) - <t> {TW(S))} = 0mods"+1. 
/GA 

PROOF. We prove this proposition by following the line in [31. 
For /x = 0, it is obvious. Because 

and 

ov. (51) = 0 mod s, WJ (s) = 0 mods 

4> (ri0\s)) = 0, 

(4)o-(6)o are also satisfied. 
We suppose that (1)^-1-(6)M_i are satisfied for some /x > 1. To prove (1)M, we recall 

the following lemma. 
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LEMMA 4.2. a{
kf(s) - a^\s) + of\s) = 0mod(fc(j), ^ + 1 ). 

For the proof, see Lemma 3.2 in [3]. 

PROOFS OF (1)^ AND (4)^. The proof of this part is completely the same as in page 
828 in [3]. So we omit the proof. 

Next we see (2)^ and (3)M. For this, we must recall some lemmas. 

LEMMA 4.3. 0^\s) = w^\s) - dvN^(s)\u. mod(b(s\^+1). 

For the proof, see Lemma 3.3 in [3]. 

COROLLARY 4.4. P(w(
i
fl\s)) = 0 mod(Z?0), ^ + 1 ). 

For the proof, see Corollary 3.4 in [3]. 

LEMMA 4.5. 6^\s) = 6^\s) on U, n Uj mod(b(s), ^ + 1 ) . 

For the proof, see Lemma 3.5 in [3]. 
So we have: 

COROLLARY 4.6. w\"\s) = w(f\s) on Ut H Uj mod(b(s), s»+] ). Therefore 

C^\s) = C^\s) on UiD Ujmod(b(sls^]). 

And we have: 

LEMMA 4.7. h(r^-l\s)) = 0mod(/?(5),^+1), where h(t) = H(^/>(<£(0). 

For the proof, see Lemma 3.7 in [3]. 

LEMMA 4.8. d%feeAPi<i(fi\sj) = 0 m o d ( ^ ) , ^ + 1 ) . 

For the proof, see Lemma 3.8 in [3]. 

LEMMA 4.9. 

£ p / f l / ^ ) - </> (r(^(5)) = 0 m o d ( ^ ) , ^ + 1 ) . 

PROOF. By Lemma 4.3, we have 

= E Pi^t}W " 5 ™ g > ) - <t> (r{^%)) ~ hr,(s)mod(b(sls»+l) 
i£A 

= E /><</" to - 5rÂ#™{ E P.< (C("to) - E ^ ' W , } 
/6A ieA a=\ 

-E^' to^mod^),^1) . 
CT=1 
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While by the definition of j3'a, /?a, there is an a0 satisfying: 

Pa = fa +STNaa (because of # = H^ / J , ) . 

So 

o-ârÂ^™)/^ = #. 
Hence 

/GA 

= E P.C("V) - â™â™ v̂™(E p/^c/'V))) 
/GA /GA 

- E (E P/<(C,(/J)(4^K mod(fc(S),̂
+1) 

(7=1 /GA 

= E A-Ĉ W - 5™5^A^™(E P<<(C,<M)W)) 
/GA /GA 

- H ( ^ ( E p , < (^\s))) mod(b(s), s»+l) 
/GA 

= E A<,-(M)W - « V M E P.'C(MV)) 
/GA /GA 

- H r î v ( E PiCi"}(s)) mod(b(s), s"+1 ) (by (5)M_, and (6)^ , ) 
/GA 

= 0™MX>C-(,i)<s>) 
/GA 

= 0 mod(ft(j), ^ + 1 ) (by Lemma 4.8). • 

PROOF OF (2)^. By Lemma 4.9 with Lemma 4.5, 

0^\s) = </>(T^\s))\Utmod(b(s),sfi+l). • 

PROOF OF (3)M. Since the linear term of h(t) is 0, we have 

h(T^\s)) = h(r^-l\s)) mod^+1 

= 0mod(b(s), s»+l) (by Lemma 4.7) 

PROOF OF (5)fi. 

/GA 

= dvN5*rNNTNŒPi^+\s) -<j>(r^-l\s)) - far,(s)} mod^+ 1 

/GA 

= â™3™^V™(E P/C(/i)W) - drNd*rNNrN{<l>Ms)) mod^+1 

/GA 

= 0mod^+ 1 (by the definition of T^(S) and (5)^_x). 
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PROOF OF (6)^. 

iEA 

= KNI E P/C("+1 V) - ârWa™^V™(E Ptâ^isj) - hr,(s)) 
ieA ieA 

-E((EP<<(C (^)),AOM 
a=\ iEA 

= 0mod^+ 1 (by(6)^_,). 
• 

By Proposition 4.1, we have (4.1)^ and (4.3)^ for any /i > 0. From (2)M in Proposi­
tion 4.1, we have that for any \i > 0, 

(4.2^ {d + (t>{r{fl)(s)))(g^\s))X =0mod(b(s)ys^)forX = l , . . .n . 

This completes the inductive construction of g^\s) and r(/i)(s). 

4.2. Convergence of the formal power series We see that the formal power series 
gi(s) — Yimgj \s) and T(S) = limT^Cs) converges with respect to || ||/0 rnorm 

and | | -norm respectively where m > n + 2 and | | denotes the euclidean norm on the 
finite dimensional vector space tt, where 9f is generated by (3\,..., /3q-\, (5q (for the 
definition of || H^^-norm, see [9], and we can identify T and 9-[ locally at the origin). 

To prove that { g]^\s)}iE\ and r{p\s) converge, it suffices to show the following es­
timates; for all [i > 1, 

(4.5), \\8?)(s)-g?%oJn)«Ms), 

(4.6)M | T ( " V ) | « A(5), 

where A(s) is defined by: 
oo 

A(s) = ibj \6c)J2(c'/v2)(si + ' '- + sry 

by the complete same way as in [8]. As <f> (t) is holomorphic in t and///((/, s) is holomor-
phic in (Ç, 5), we may assume the following: 

00 

(4. v) IkWlIro,») < < (bo/co) E co(?i + • • • + 'r)". 

\\f^Zj+x,s)fij(zj)-t(dfij/dzf)(ZjV - E ( ^ / ^ ) ( ^ 0 ) i a | | ; 0 , m ) 

< < (bo/ co) J2 c^(x\ + •• •+*„ +si + • • -+^r)
M for A = l,. . . ,w. 

However the proof of this part is the same as in [3]. So we omit this. Hence we have 
that gi(s) is a V(0m)(Ui, T'N)-valued holomorphic function and T(S) is a T-valued holo­
morphic function on some neighborhood D' of o in D. so we have our criterion. • 
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