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PRIMITIVITY IN FREE GROUPS
AND FREE METABELIAN GROUPS

C. K. GUPTA, N. D. GUPTA AND V. A. ROMAN’KOV

ABSTRACT.  Let M, denote the free n-generator metabelian nilpotent group of class
c. For m < n — 2, every primitive system of m elements of M, can be lifted to a
primitive system of m elements of the absolutely free group F,, of rank n. The restriction
on m cannot be improved.

Introduction. Let F = (fi,....f,) (= F,) be the free group of rankn and let
w = {wi,...,wn}, m < n, be a system of words in F. The system w is said to be
primitive if it can be included in some basis of F. Primitivity of a given system w can
be algorithmically decided (Whitehead, see Lyndon and Schupp [6], p. 30), and there
are some nice primitivity criteria in terms of certain properties of the m X n Jacobian
matrix J(w) = (dw;/ df;), over ZF, of the Fox derivatives d/ df;: ZF — ZF (Birman
[3] for the case m = n and Umirbaev [10] for the general case). In the free metabelian
groups M = (x|,...,x,) (= M,), the corresponding primitivity criteria for a system
g = {g1,...,8m} are due to Bachmuth [1] (for the case m = n) and Timoshenko [9]
(for the case m < n—3) who obtained necessary and sufficient conditions for the system
g to be included in some basis of M in terms of the m X m minors of the m X n Jacobian
matrix J(g) = (dgi/ dx)), over ZA, of the induced Fox derivatives 0/ dxj: ZF — ZA,
where ZA is the group ring of the free abelian group A = (ay,...,a,) (= A,). In these
cases, the algorithmic decidability of the primitivity in M of the given system g then
reduces to the existence of a solution of a system of linear equations over the Laurent
polynomial ring Z[a{',...,aF'] which, in turn, can be effectively decided (Timoshenko
[8D).

Let V be a fully invariant subgroup of F. We say that a system w = {wy,...,wn},
m < n, of words in F is primitive mod V if for some choice of words v|,...,v, € V,
the corresponding system { wyv, ..., wmvm} is primitive (absolutely), or equivalently,
if the system {w1 V,..., me} of cosets can be extended to some basis for F / V. Now
let V,U be fully invariant subgroups of F with V > U. Then we say that a system of
words w = {wy,...,w,}, m < n, can be lifted (via V) to a primitive system mod U if
and only if there exists v; € V such that the corresponding system {wvy,..., WyVn}
is primitive mod U. Let 7¥.(F) denote the c-th term of the lower central series of F" and
let F (: Yo F )) denote the second commutator subgroup of F. Our primary result in
this paper is the following: if w = {wy,...,wn}, m < n — 2, is a primitive system
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modulo Y41 (F)F”, ¢ > 2, then w can be lifted (via Yo, (F)F”) to a primitive system of
F (Theorems B & E). The restriction m < n — 2 cannot be improved (Remark C).

Primitive lifting in free metabelian groups. Let M = M, = (x,...,x,) =
F,/ F, be the free metabelian group of rankn > 2. Let £:ZM — Z be the augmen-
tation map and A(M), the augmentation ideal of ZM. Let A (= A,) be the free abelian

group generated by ajy,...,a, and let §:ZM — Z[af',... ,a*'] be the linear exten-
sion of the natural homomorphism: M — A. For j = 1,...,n, define induced right
partial derivative maps 9/ dx;: ZM — Z[at!,...,af'] as follows (cf. [5], p. 8): write

u—ceu = (xy— Duy + -+ (x, — Dup, w; € ZM and define du/ dx; = Ou;. Alter-
nately, define o(u + v)/ dx; = du/ dx; + dv/ dx;, d(uv)/ dx; = du/ ox;0v + eudv/ ox;,
d(x))/ 0x; = 1,0(x;)/ 0x; = 0, i # j. To each system g = {g1,...,8m} of m elements
in M there corresponds an m X n Jacobian Matrix J(g) = (dg;/ dx;) of the partial deriva-
tives. When m = n, we shall need the following criterion for g to be a basis of M (cf. [5],
p. 29).

LEMMA 1| (BACHMUTH [1]). Letg = {g1,...,8n} be a system of elements of a free
metabelian group M,,. Then g is a basis for M,, if and only if its Jacobian matrix J(g) is
invertible over Zlai!, ... at').

An arbitrary system g = {gj,...,8n} in M consists of elements of the form x{' - - -
Xru, e; € Z,u € M'. If g is primitive mod M’ then there exists a tame automor-
phism o € Aut(M) (i.e. « is induced by an automorphism of F,) such that a(g) =
{xiut,. ., Xmtm}, u; € M. A system of the form {xjuy,...,xuun}, u; € M, will be
called an [A-system. Thus primitive lifting of systems in free metabelian groups reduces
to primitive lifting of IA-systems of the form { xuj, . .. ,x,,,u,,,} ,u; € M, m < n. We say
that an 1A-system { xjuy,...,Xulm}, u; € M', m < n, is 1A-primitive if it extends to an
[A-basis of M of the form { xju1, ..., Xmlm, Xmel Umt1s - - - s Xnlhn } » Ui € M. We shall need
the following reduction lemmas.

LEMMA 2. [f an 1A-system {xjuy,...,Xplm}, u; € M), m < n, is primitive in M,
then it is IA-primitive.

PROOF. Let {y1,...,Ym>Zm+l1>---52n} be a basis for M, where y; = xu;, i =
L..,myzp=x{" - x7'v;,j = m+1,...,n,e;q €Z,v; €M,. Using Nielsen transforma-
tions of the type z; — z;y%, k € Z, the basis { y1, ..., Ym,Zms1,--.,2s} can be transformed
to a basis of the form {yi,...,ym2,,,,-.-.2,} Where z; are of the new form given by
g = x)m" .xl"V, V) € M}, Since modulo M,,, the subsystem {z,.,,...,2,} gener-
ates { X415 .- ,Xn } , it follows that by using Nielsen transformations on {z},,,,...,2,}.
the basis {Yi,...,YmsZps1s---»2,} can be further transformed to a basis {yi,...,ym,

4
m+12

-»Zn}» where 2/ = xpv/, vi' € M;,. This completes the proof of the lemma.

LEMMA 3. Let 1 < m < p < n be fixed and assume that for each e > 2 ev-
ery 1A-system of the form { x{vi, ..., XmVm, Xims1s - - - ,x,,} with v; € Y.(M,) can be lifted
to a primitive system of M, of the form { x;viwi, ..., XnVmWm, Xms1, ..., Xp} Withw; €
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Ye+1(My). Then, for any e > 2, every IA-system of the form {xju\,...,%nlm,
Xmsls--- Xp}, with u; € M), can be lifted to a primitive system of M, of the form
{xiwi, . Xy Wins X1 - - <, Xp } With wi € Yes1 (M)

PROOF. It suffices to prove by induction on ¢ > 2 that there is an automorphism o
of M, which transforms the given IA-system {xju1, ..., Xmnlm, Xm+1,...,Xp} to an IA-
system of the form {x1u1¢, - -, Xmlmc, Xm+1 - - - ,x,,} with u;. € Y.(M,). For c = 2 we
can choose « to be the identity automorphism. For the inductive step, let
{xiur, ..., Xmlm, Xms1, ..., Xp}, ui € M, be already transformed to {xjuj._,...,
XU c—1sXmels -, Xp } With uje_1 € Ye—1(M,) by some automorphism of M,. By our
assertion, {x.ulkl, .. ,x,,,u,,,,c_‘,xmﬂ,...,x,,} can be lifted to a primitive system of
M, of the form {xju1 c—1w1, ..., X;lme 1 Wms Xms1,- -, Xp } With w; € V(M) Put g; =
XIULe— W1y s 8m = XmUme—1Wms & = Xk, Kk = m + 1,...,p. Thus there exists o €
Aut(M ) such that a: x; — g,, i=1,...,p. Then a“(g,-) =x;andfori =1,....m
a (-xlulc‘ )=« ](gl ) #I(W,’_l) = xiuj. for some u;c € Y.(M,), and

a () = x fork =m+ 1, ceosP- This completes the proof of the Lemma.

LEMMA 4. If, for | < m < n, ¢ > 2, every 1A-system {xivi,x2,...,Xn} with
vi € Y2(M,) can be lifted (via Y.+1(M,)) to a primitive system of M, then every 1A-
system {X\uy,...,Xmlm} With u; € Y2(M,) can be lifted (via Yo+1(M,)) to a primitive
system of M,,.

PROOF. By induction on m > 1. For m = 1 there is nothing to prove. By the in-
duction hypothesis { xauz, . .., Xntpm } can be lifted (via V.41 (M,)) to a primitive system
of M,, so by Lemma 2 it can be lifted to a primitive [A-system. Thus, there is an IA-
automorphism o € Aut(M,) and w; € Y1 (M,) such that a: xjuw; — x;, i = 2,...,m
and a:xju; — xyvi,vi € Ya(M,). Clearly, o transforms the system { xju1, ..., Xpuln}
to {X1vi,X2W2, ..., XnWm}, Wi € Yer1(M,). Thus the problem reduces to lifting (via
Yes1(My)) of a system of the form { x1V},x2, ..., %}, V| € Y2(M,), to a primitive system
of M, which, by hypothesis, is the case.

As a corollary to Lemmas 3 and 4 we obtain the following important lemma.

LEMMA 5. If, forany ¢ > 2and 1 < m < n, every [A-system {x\vi,x2,...,Xn},
with vi € Y.(M,), can be lifted (via Y.+1(M,)) to a primitive system of M, then every
IA-system { x1uy, ..., Xnttm} withu; € Y2(M,) can be lifted (via Y.+1(M,)) to a primitive
system of M.

LEMMA 6. For each p € A% (M,), ¢ > 3, the system g = {g1,...,8n} with
g1 = x1[x, 0P ho,x]1 Y, g3 = xlx,x] P PP g = x, i £ 1,3, forms
a basis for M,,. (Notation: [x,,xj]g+ = [x,,x,]g[x,,xj] ).

PROOE. By Lemma 1 it suffices to show that the Jacobian matrix J(g) of the given
system g is invertible over ZA. Indeed, it is easily seen that with # = 6 p (under § : ZM —
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ZA), the matrix J(g) has the form,

l+(a— D % —(ay — 1)’m 0...0
0 1 0 0...0
—(@m—Dr? *x 1—(aa—Dr+(@—1)>%7% 0...0
0 0 0 1 0
0 0 0 0 1

The determinant of J(g) is easily seen to be 1, so J(g) is invertible.
We now establish primitive lifting in M,, of a single element of M, .

THEOREM A. Let g be an arbitrary element of M,,, n > 3, such that g is primitive
modulo Yer1(My,), ¢ > 2. Then g can be lifted (via Y.41(M,)) to a primitive element of
M,

PROOF. Using a tame automorphism of M,, if necessary, we may assume that g is
of the form g = xju, u € M. By Lemma 5 we may further assume that u € 7.(M,) and
write g as:

g=xi [[ beiox? [T [rix]®
2<i<n 1<i<j<n
where p;, g; € A“2(M,). Define h = {hi,...,h,} with by = x| [Ti<icj<nlxi, X119,
hi = x;, i # 1. Then the Jacobian J(h) = (dh;/ dx;) is of the form

| * %
010 ... 00
0O 0 0 ... 10
0 0 0 ... 01

which is clearly invertible. Thus, by Lemma 1 there is an automorphism 8 € Aut(M,)
which maps 4; to x; for all i. Modulo Y¢41(M,), 86 = x1 [I2<i<alx1,x:]7 and it suffices to
prove that g = x; [la<i<a[x1,X:]7" can be lifted (via 7V41(M,)) to a primitive element of
M,,. For each i # 1, choose j # 1, i, and consider the system { h;, ..., h;, } with

— 1y —p? i
hit = x1 e, 5, 1Y Ry = Xl 6] X, )PP

hiy = xx, k # 1,J. Then there is a tame automorphism 7; € Aut(M,) which maps x; to x;,
X; to x; and x; to x3. This automorphism transforms the system {hit,...,hin} toasystem
of the form { gi,..., g} where

—1
g1 = xilx, 0,1,

g3 = x3lx, 0] 7 [, u P
gi=x, i#1,3 peATM,).
By Lemma 6 the system { gi,...,gx} is a basis for M,,. Thus there is an automorphism
a; € Aut(M,) such that a;(x;[x],x;17") = x; mod Y..1(M,). By successive applications,
we obtain @; . .. ot,(x1 Ta<i<alX1, %:17") = x; mod Y41 (My). This completes the proof of
the theorem.
For the general case, we prove the following.
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THEOREM B. Forn >4 and m < n — 2, every primitive system g = {g1,...,8m}
mod Yo, (Fo)F' can be lifted (via V.1 (F,)F") to a primitive system of F,.

PROOF. Note that a system g = {gi,...,gnm} is primitive mod 7 .(F,)F) if and
only if there is an automorphism 7 € Aut(F,) such that { gi7,...,g,7} is of the form
{x1ur, ..., Xmlm}, u; € F,. Thus without loss of generality we can assume that g =
{xiur,..., xpitm}, u; € F,. When n > 4, every automorphism of F/ F" is tame (Bach-
muth and Mochizuki [2], Roman’kov [8]). It suffices, therefore, to prove that for m <
n —2 every IA-system g = {xjui,... ,x,,,u,,,}, u; € M/, can be lifted (via Vo1 (M,)) to a
primitive system of M. The case m = 1 follows from Theorem A. For m > 2, we con-
sider an arbitrary IA-system g = {xju1, xqut4, .. . , Xms2Ums2 } Of melements. By Lemma 5
we may further assume that g is of the form { x;vy, x4, ..., Xns2 }, Where v; € ¥.(M,). As
in the proof of Theorem A we may transform the system so that x;v; assumes the form:

X{V] = X) H [)C[,x,‘]pi with p; € AC?Z(M,,).
2<i<n
By Lemma 6,

5

x—1
2 )pzv-x49'-"xn}

2 xXo—1)p2 - .:, 02—
{xilxn, 0072 [x2, %3172 x, x5 [x1, 21772 [, 3 172
is a basis for M,,, which proves that { x; [x|, X217, x4, . . . , Xs2 } can be lifted to a primitive
system of M,,. Further, by Lemma 6, for each i > 3, the system { x; [x;, x;]7 [x;, x3]% 171,
2 — 2 . . .
x2, %301, %1771 [xi, x3 1P 5P xy, L X, } is a basis for M, and for i = 3, the system

. - —n2 . _ 2
{xien, 2317 [y, 21997173 ey, x3 1775 e, 20 PSP xy )

is a basis for M,. Thus there exist automorphisms o; € Aut(M,) such that with @ =
o ...a,, we obtain mod Y. (M,) the congruences a(xl [h<i<nlXi, X)) = ax,
a(x) = x;, i #1,2,3. Thus {x1v(, x4, ..., %ms2), Where vi € Y.(M,), can be lifted (via
Yer1(M,)) to a primitive system of M, and consequently, by Lemma 5, { g1, g4, ..., 8m+2 }
can be lifted (via V.41 (M,)) to a primitive system of M,,.

REMARK C. For each n > 3 there exists an 1A-system of n — 1 elements of M, .
which cannot be lifted (via Y.4+1(M,)) to a primitive system of M,.. Thus the restriction
m < n — 2 in Theorem B cannot be relaxed.

DETAILS. Choose g = x;[x1,x3,x3], g = x;, i # 1,3. We show that for any choice
of g3 = x3u, u € M/, and any choice of elements w; € Y4(M,,),i = 1,...,n, the Jacobian
matrix J(g) of the system g = {giwi,...,g.wn} is not invertible. The matrix J(g) has

the form:
2
1+(az —1)"+my T2 —(@—Da—D+m3 ... ma Tn
™1 1+ 7m0 3 P Ton
T3 T304 1+ m33+ cer T3apr M3y
Tl Tn2 Tn3 coe Tpp—1 1 + T
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where each m; € A’(A) and 3+ € A(A). If J(g) is invertible then it remains invertible
under the endomorphism mapping as to a; and g; to 1 for each i # 3. Since, for any i,
Y (Owi/ 0x)(a; — 1) = S| my(a;— 1) = 0, it follows that 7;3 gets mapped to 0 under
the above endomorphism. Thus the resulting matrix J(g)* is of the form

2 ! 7 li /!
I +(a3 —1)" +7, Ty 0 Tin
’ ’ ’ '
ﬂlzl 1 +/7T22 0 752’"71 1r,2n
71'3,. 7r32* 1 7T3‘n—]* 7r3nx
/ ' ' /
Tl Th2 0 7rn,n~l 1+ Thn

where 7, € A*(a3) and 7}, € Aas). The determinant of J(g)* is of the form 1 + (a3 —
1)? + (a3 — 1)*m and if it is invertible then we must have 1+ (a3 — 1)? + (a3 — 1)*1 = d§
for some k € Z. Working modulo A?{a3) shows that k must be zero, so that (a3 — 1) +
(a3 — 1)*m = 0 which, however, is not possible in the cyclic group ring Z{as).

Primitive lifting in F; of a single element. Let ¢ = xju,u € 7.(M3). By Theo-
rem A, g can be lifted (via Y.41(M3)) to a primitive element of M5. Since M3 admits wild
automorphisms (Chein [4]), lifting g to a primitive element of F3 does not follow in-
stantly as was the case for n > 4. For simplicity of notation we let M = M3 be generated
by x, y,z. In preparation we first prove,

THEOREM D.  Every 1A-element of the form g = x[y, zIP™>? can be lifted (via F}) to
a primitive element of F3.

PROOF. The proof consists in exhibiting a tame automorphism of M which maps
x to x[y, z)P*>9 . For each i,j k € Z, consider the tame automorphisms o and S3; of
M given by ay = {x — xy 2Py — oy, 7 — 2}, 6 = {x — x, y — x'yxd,
z — x7'zx'}, and define the tame automorphism §;x = 3, i 3;. It is easy to see that
each é;; is of the form 6 = {x — x[y,z}"iyizk, y—y,z— 7}, ue M. If bije
is also of the form 6,y = {x — x[y, z]"i,yﬂzk/, y — YW,z — z"l}, u € M, then we
see that djudiw = {x — x[y,z]*jyizk“jyﬂzy, y — ¥,z — "}, Since p(x,y,2) is a
Z-linear sum of group elements of the form xX'y/7*, i,j,k € Z, it follows that there is a
tame automorphism p € gp{é;,i,j,k € Z} which has the form p = {x — x[y, z]P®*?,
y— Y, z— 7"}, w= w(x,y,z) € M. This completes the proof of the theorem.

We can now prove the following main result of this section.

THEOREM E. Every primitive element of Ms.,c > 2, can be lifted (via Y41 (M)F”)
to a primitive element of F3

PROOE. We may assume that ¢ > 3 (the case ¢ = 2 being trivial) and by Lemma 5
that the given primitive element g has the form g = xu, u € v.(M). Since u is of the form

= [y, 2, y, 2P, 2,2 D, y, 2O,
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with g(x,y,2) € A2(M) and p(x,y,2), p'(x,,2), p"(x,y,2) € A*(M), it suffices to
prove that each of the elements of the form x{y, z]9*¥?, x[x, y, y|P™>9, x[x, y, z]P*>9,
with g(x, y,z) € A"2(M)and p(x, y,z) € A°"3(M) can be lifted (via Y ,;(M)) to primitive
elements of F3.

Primitive lifting of x[y, z]7**? (mod 7..;(M)) follows from Theorem D. For primi-
tive lifting of x[x, y, y]P®? (mod ".+1(M)) we only need to establish a tame automor-
phism of M which maps x to x[x,y,y]P™? (mod V.4 (M)). Indeed, for the given
p(x,y,z) € A3 (M) we choose, using proof of Theorem D, a tame automorphism p
of M givenby pp = {x — x[y, 2] P"),y =y, z— 2"}, w = w(x,y,2) € M and a
tame automorphism A = {x — x, y — y, z — z[x, y]) of M. Then modulo V(M) we
observe that

p(x) = xly,2 7,

—px.y.2) ) —p(xy.z
177 = iy P [y 2 P,

A(p(®) = x[y,2lxy
w (’\ (“(x))) = alx,y, y P

Also, p~! ()\ (u(y))) =y (mod M), ;f‘()\ (p,(z))) = z (mod M'). Thus ul ' has
the required form:

1

pAp = {x = alxy y P,y — yu, 2 — zv}

modulo Y41 (M).

For primitive lifting of x[x,y, z]P*"?, we choose p = {x — x[y,z] 7"y — y»¥,
z— 2"}, w = w(x,y,z) € M, as before and choose p = {x — x, y — y[y,x], z — 2}
Then, modulo Y¢41 (M), ppp~" has the required form pppu™' = {x — x[x,y, zJP™,
y — yu, z— zv}. This completes the proof of Theorem E.

Concluding Remarks. Since every [A-automorphism of M, is inner (Bachmuth
[1]), g = xju can be lifted to a primitive element of M, if and only if « is of the form
[x1, v]. Thus, for ¢ > 3, not every primitive element of M, . can be lifted to a basis of
M;.

The existence of non-tame automorphisms of M3 was first shown by Chein [4]. Specif-
ically, the automorphism { x — x[y, z, x,x], y — y, z — z} of M3 cannot be lifted to an
automorphism of the free group F3. It is easily seen that every endomorphism in M3 of
the form {x — x[y,z]P**?,y — y, z — z} is an automorphism of M3. So, for each
p(x,y,7) € ZM3, the element x[y, z]P®*? is primitive in M3 and we call it a Chein ele-
ment of M3. By Theorem D, it follows that every Chein element of M3 can be lifted to a
primitive element of F3. It is natural to ask: can every primitive element of M3 be lifted
to a primitive element of F3? Finally, by Timoshenko’s results primitivity in M,,, n > 4,
is algorithmically decidable. We conclude by asking: is primitivity in M3 algorithmically
decidable?
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